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Abstract

In this work, we introduce the new concept of fourth rank energy-momentum
tensor. We first show that a fourth rank electromagnetic energy-momentum
tensor can be constructed from the second rank electromagnetic energy-mo-
mentum tensor. We then generalise to construct a fourth rank stress energy-
momentum tensor and apply it to Dirac field of quantum particles. Further-
more, since the established fourth rank energy-momentum tensors have ma-
thematical properties of the Riemann curvature tensor, thus it is reasonable to
suggest that quantum fields should also possess geometric structures of a
Riemannian manifold.
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1. Introduction

The objective of this work is to introduce and construct a fourth rank energy-
momentum tensor with the aim of providing the new tensor with the required
mathematical structures of the Riemann curvature tensor. The compatibility
would then allow to establish field equations in terms of the Riemann curvature
tensor and a fourth rank energy-momentum tensor, in a manner analogous to
Einstein field equations which associate the second rank Ricci curvature tensor
to the second rank energy-momentum tensor in general relativity [1]. Since the
concept of a fourth rank energy-momentum tensor had emerged from our pre-
vious work on the geometric formulation of classical physics, therefore for com-
pleteness we give a brief outline of the formulation.

We have shown in our work on geometric formulation of physics that classical
physics can be formulated as field equations written in the general form [2]

V,M=1J (1)
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where M is a mathematical object, ] is a physical current, and V, is a covariant
derivative. For Newton mechanics in Euclidean space, we can set M =E with
E= (m/Z)Z:j'[:I(dX”/dt)2 +V and J=0. For Maxwell electromagnetic field,
M = F*, where the electromagnetic tensor F“ expressed in terms of the four-
vector potential A” =(V,A) as F¥ =oA Jox* —oA” [ox”  with the four-cur-
rent J=j” =(p,,J,). On the other hand, from Einstein field equations of gen-

eral relativity
1
R, :k(Taﬁ _Eg“ﬁTj (2)

we can obtain general relativistic field equations for the Ricci curvature tensor as
V,RY = j* (3)

where j“ =—(1/2k) g”v 41 - Then, also using Einstein field equations in Equa-
tion (2), general relativistic field equations for the Riemann curvature tensor in

the form of the general equation in Equation (1) can also be obtained as

V,u Rgvl = ‘]ﬂv)~ (4)

where the third rank current J,, is defined in terms of the second rank en-
ergy-momentum tensor as

Jpa =V.Ry =V, Ry, =kV, (Tﬂi - ng/Z)— kv, (Tﬁv - gﬂVT/Z) . Furthermore,
since the second rank Ricci curvature tensor is associated with a second rank
energy-momentum tensor T, , therefore we also suggested that there should be

a fourth rank energy-momentum tensor T correlated with the Riemann cur-

auv
vature tensor in the way that they should ﬂI/)lossess comparable intrinsic mathe-
matical structures. In fact, in the following we first show that such a fourth rank
electromagnetic energy-momentum tensor can be constructed from the second
rank electromagnetic energy-momentum tensor, and then we generalise to con-
struct a fourth rank stress energy-momentum tensor and apply it, as an illustra-

tion, to Dirac field of quantum particles.

2. Fourth Rank Electromagnetic Energy-Momentum Tensor

In classical electrodynamics, as the electromagnetic field tensor F,, is expressed
in terms of the four-vector potential A, in the form F, =0,A -0, A, there-
fore the electromagnetic field tensor F,, is antisymmetric with respect to the
covariant indices x4 and v. The electromagnetic energy-momentum tensor is

then given by
1
— B Ao
T = k(—FaﬂFﬂ +Zna/lF/IUF J (5)

where 7, =diag(1,-1,-1,-1) is the Minkowski metric tensor and & is a di-
mensional constant [3]. It is observed that from the energy-momentum tensor
. . . . . B v
T, in Equation (5), by renaming the contravariant index g of F; to F/,a
fourth rank electromagnetic energy-momentum tensor can be specified to take

the following form
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v 1 ol
aﬂ,u - k( FaﬁF,u +— naﬁn,u':/io'[:l j (6)

From the tensor T, ,

gy-momentum tensor Taﬂﬂv

then a fourth rank covariant electromagnetic ener-

is obtained by lowering the contravariant index v
T —k[-F,F, +3 FF*
abuv = ap v ¥ MapTluv o 7)

It is seen that the fourth rank electromagnetic energy-momentum tensor in
Equation (7) is essentially a tensor product of two antisymmetric tensors of rank
two. The fourth rank tensor T,
the Riemann curvature tensor, such as it is antisymmetric with respect to the two

also possesses some tensorial properties of

indices ¢ and g, and to the two indices x4 and v. Furthermore, if the

fourth rank tensor T_g

Bianchi identities for the Riemann curvature tensor, then we may form general

is also required to satisfy conservation laws, like the

relativistic field equations determined by the electromagnetic field as

Raﬂ/tv = KTaﬁ/xv (8)

In the next section, using the mathematical structures that have been estab-
lished for the electromagnetic field, we will construct a fourth rank stress ener-

gy-momentum tensor.

3. Fourth Rank Stress Energy-Momentum Tensor

In continuum mechanics, the Cauchy stress tensor o; that associates the trac-
tion vector T, with the normal vector n; across a surface is defined according

to the equation [4] [5] [6]
3
Ti= Z"ij”j 9)

In the Minkowski spacetime, the Cauchy stress tensor o; has been general-
ised to the stress energy-momentum tensor T, that represents the energy
density, the flux of energy, and the flux of momentum. The electromagnetic en-
ergy-momentum tensor given in Equation (5) demonstrates that the concept of
the stress energy-momentum tensor in continuum mechanics can also be ap-
plied to a physical field. We may in fact speculate that the established form given
in Equation (5) for the electromagnetic field tensor can be considered as a gen-
eral form of the stress energy-momentum tensor, hence if we apply the same
procedure then we may be able to generalise the second rank stress energy-mo-
mentum tensor T, to a fourth rank stress energy-momentum tensor. With this
consideration, following the tensorial structure given in Equation (5), we first
assume that the Cauchy stress energy-momentum tensor T, can also be ex-
pressed in terms of a second rank antisymmetric tensor A, in the composite

form

= k( AaﬁAf += 1 nayAwA“’j (10)
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1

Then to regain the symmetric form for the Cauchy stress energy-momentum

tensor, we let the second rank antisymmetric tensor A,; be written in the ma-

trix form
0 a a a
-a, 0 -b, b
Aup = —a, b 0 -b (1)
-a, -b, b

A convincing reason for suggesting this form for the construction of the stress
energy-momentum tensor T_, is that the spatial part of the tensor A,; canbe
used to characterize an oriented area, which is an essential element for the estab-
lishment of the Cauchy stress tensor. It is also noticed that because the compo-
nents of the Cauchy stress tensor have the physical dimension N / m?, thus the
components of the tensor A ; should have the physical dimension JN / m.
This type of physical dimension may be related to wave motion because it is
known that the quantity JN s related to the speed of the transverse wave mo-
tion on a string under tension. Consequently, the wave dynamics of a quantum
particle may be the result of coupling of two vibrations, similar to the coupling
of the electric and magnetic field in electromagnetism. Then, quantum particles
may exist as localised waves at the quantum level and their wave character can
only be revealed by a particular experimental arrangement [7]. The stress en-
ergy-momentum tensor in Equation (10) can be expressed in terms of the com-

ponents of the antisymmetric tensor A ; in Equation (11) as follows

E(2+b2) ~ab, +a,b, ab, —ab, ~ab, +a,b,
~ab, +a,b, 1(—az+a2+az—b2+b2+b2) —aa, -bpb —aa,—hb
rd z 2 X y z X y z x%y Xy x%z X~z
T =K 1 (12)
ab,—ab, -aa, -hbb, E(ax2 —al+al+bl—h +b?) -a,a, —hb,
1
-ab, +ab, -aa,—bb, -a,a, —h.b, E(af +al—al+bf +b} - bf)

Now, similar to the establishment of the fourth rank electromagnetic energy-
momentum tensor given in Section 2, a fourth rank stress energy-momentum

tensor can be derived to take the form similar to Equation (6)

v v 1 v Ao
Taﬁ,u = k(_AaﬂA,u +Z77aﬂ77,, Aﬂ.o-A j (13)
Then, a fourth rank covariant stress energy-momentum tensor T, can be
obtained as
— k 1 Ao
Taﬁﬂv = _AaﬂA,uv +ZryaﬁnwAMA (14)

Since the fourth rank covariant stress energy-momentum tensor in Equation
(14) also has mathematical properties similar to that of the Riemann curvature

tensor, therefore, in addition to required conservation laws, we may establish a
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system of general relativistic field equations in the form given in Equation (8) as
R 5., =KT

apuv apuv
of applying the established fourth rank stress energy-momentum tensor to Dirac

As an illustration, in the next section, we discuss the possibility

field of quantum particles.

4. Dirac Field Fourth Rank Energy-Momentum Tensor

We now show how to establish a fourth rank energy-momentum tensor for
Dirac field of quantum particles. The prospect that Dirac and Maxwell fields be-
have physically in the same manner can be predicted from the fact that, as we
have shown in our previous work, both Maxwell field equations of electromag-
netism and Dirac field equations for quantum particles can be formulated from a
general system of linear first order partial differential equations [8]. As a conse-
quence, the field equations of the two physical fields have many common fea-
tures that specify characteristics that are not typical in classical physics. The
similarity between the Maxwell and Dirac field can be extended by constructing
a fourth rank energy-momentum tensor for Dirac field which has similar struc-
ture to that of Maxwell field. For reference, we give a brief summary of our pre-
vious formulation. The system of linear first order partial differential equations
that we need to use in this work is given as

n

Zian Zn: biw, +k,c', r=212--,n (15)

j
i-1j-1 5)(,— -1

The system of equations in Equation (15) can be rewritten in a matrix form as

pv

Jl/l k,ow +k,J (16)

where ¥ =(y,,p,, ,l//n)T, oy [ox; =(6'//1/6X|'8V/2/6Xi""'al//n/axi)T’ A
i> b and ¢, and k

and k, are undetermined constants. By applying the operator Zin:lA oo ,

o and J are matrices representing the quantities al

assuming further that the coefficients aif and b are constants and Ao =0A,

then we obtain

n o° non o?
LA a_+ZZ(A‘AJ+AJ'A‘)a 4
i-1 i=1 joi Xiﬁxj
(17)
=k’c’y +kk,0J +k ZA—
iz OX;
In the case of Maxwell and Dirac field, the matrices A must be determined
to take a form so that Equation (17) can be reduced to a wave equation
3 2 az 2 2
DA —5 v =kic’y +kk,od +k, ZA— (18)
i O ia o OX
For Dirac field, the matrices A are required to satisfy the conditions
AA;+AA =0 and A?=:+1. For Maxwell field, the conditions required for

the matrices A can be determined from the classical form of Maxwell field
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equations and Gauss’s law Zin:l@y/i /oX, = p. From Equation (16), Maxwell

field equations of electromagnetism can be written in the form

[%%+A%+&£+A3%Jw=klz//+kz\] (19)
where the matrices A, are given as

-1 0 0 00O 00 0 00 O
0 -1 0 000 00 0 00 -1
0o 0o 1000 |00 001 0
A“"000100’/3“000000’
0 0 0 010 00 -100 0
0 0 0 001 01 000 O

(20)
0 00 0 01 00 00-10
0 00 0 00O 0001 00
0o 00 -100 oo 00 00
Az"001000’A3"0—10000
0 00 0 00O 1 000 0 O
100 0 00O 0000 0O

On the other hand, the Dirac field equations for a free particle can be written
in the form [9]

740,y =—imy (21)

where the matrices A =y, are given as

100 0 0 0 01
01 0 0 0 0 10
oo -1 0o 10 0]
00 0 -1 10 00

) (22)
0 0 0 -i 001 0
00 i 0 0 00 -1
270 i 0 o] |-100 o0
000 010 0

It is seen from the above formulation for Dirac field that Dirac field equations
require only four components therefore the second rank antisymmetric tensor
A,; for Dirac field is reduced to a form written in terms of the field compo-

nents as

0 v v, O
- 0 O
A = L 41 v, (23)
v, 0 0 -y,

0 -y, v; O
With the form of the second rank antisymmetric tensor A, given in Equa-

tion (23), the stress energy-momentum tensor for the Dirac field can be ex-

pressed in terms of the components of the antisymmetric tensor A_; as
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1 -
T :k(—A Aﬂ+znayA/15Al j

au af "
1
S +vs) 0 0 YW VY
1
0 Svlvi-vivwl) ey 0 (24)
—k
1
0 YW, YW, S —vi vl -yi) 0
1 2 2 2 2
YW VY 0 0 ~(vf i+ )

2

Also, as in the case of the general stress energy-momentum tensor, we obtain
fourth rank stress energy-momentum tensors for Dirac field of quantum parti-
cles which take the form given in Equations (13) and (14). It is also noted that
these forms of energy-momentum tensors may be related to the spin of quantum
particles because, as shown in the case of electromagnetism, that the Poynting
vector can be used to describe a circulating flow of internal energy, which in
turns indicates the existence of an intrinsic angular momentum [10]. In fact,
these intrinsic dynamic properties of Dirac quantum particles can be realised
from Dirac field equations given in Equation (21) when they are rewritten as a
system of real equations [11]

_%:@I//4+5VI3 Oy, Oy, Oy,

, - (25)
ot OX oz ot OX oz
Oy _Oy, Oy Oy 0y 0w, (26)
ot OX oz ot OX oz
Ve my,, Vs, Yooy, W my, (27)

11 21 31
oy oy oy oy
From the system of real equations in Equations (25)-(27) we can derive the

system of equations for all components y, as

%y,
aTV;'_ m?y, =0 (28)
Oy, v Py
POV (29)
Solutions to Equation (28) are
v =cy(x2)e™ +cy (x,2)e™ (30)

where c; and c, are undetermined functions. These solutions give a distri-
bution of physical matter along the y-axis. On the other hand, solutions to Equa-
tion (29) describe the dynamics, for instance, of a vibrating membrane. In polar
coordinates X=rcosd, Z=rsind, the two-dimensional wave equation in

Equation (29) becomes [12]

2 2 2
So-gy 2w oo G
c” ot or ror r<oé

General solutions to Equation (31) can be found as
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w(r,0,t)= iJO( %mr)(COm €08 2 Ct + Dy, SN AOmct)

+ i Jn( ﬂnmr)(A1m cosné + B, sinnd) (32)

m,n=1

x((Cnm €08 /2 Ct + D, SIN \/Kct))

where Jn( anr) is the Bessel function, and the quantities A, B Cc

nm > nm
and D,, are determined from the initial and boundary conditions. Further-
more, real-valued Dirac field equations can be used to describe a standing wave
in a fluid due to the motion of two waves in opposite directions. At its steady
state in which the system is time-independent, the system of equations in Equa-

tions (25)-(27) reduces to the following system of equations

Yy, +%_ Oy, Oy,

=0, =+ =0 (33)
OX oz OX oz
Wi, Vs =0, Ws Wi _ (34)
OX oz OX oz

Dirac field equations for steady states with the field (t//l,t//z) and (t//g,t//4)
satisfy the Cauchy-Riemann equations in the (X,z)-plane, therefore it is possi-
ble to consider a Dirac quantum particle as a physical system which exists in a
fluid state as defined in the classical fluid dynamics. Finally, it should also be
mentioned that with the real-valued tensor for Dirac field in Equation (24), we
can apply Einstein field equations R, =K (Taﬁ =0T / 2) to describe geometric
structures of Dirac quantum particles, and their most intrinsic geometric struc-
=xT

tures can be described by using the Riemann field equations R v+

afuv
5. Conclusion

We have shown that it is possible to construct a fourth rank energy-momentum
tensor which may be considered as a generalisation of the second rank electro-
magnetic energy-momentum tensor and the second rank Cauchy stress energy-
momentum tensor. Despite the fact that the generalisation is rather speculative,
it is possible to test experimentally for the case of the fourth rank electromag-
netic energy-momentum tensor. On the other hand, the Cauchy fourth rank stress
energy-momentum tensor may be used to construct geometric structures of a
quantum particle, such as Dirac field, by applying Einstein and Riemann field
equations.
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