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Abstract

In this paper, we investigate the meromorphic solutions of the Fermat-type dif-
ferential equations f '(z)n +f(z+ c)m =e™*? (c#0) over the complex plane
C for positive integers m,n,and A,B,c are constants. Our results improve
and extend some earlier results given by Liu ef a/ Moreover, some examples
are presented to show the preciseness of our results.
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1. Introduction and Main Results

Throughout this paper, we concentrate on such meromorphic functions that are
nonconstant and meromorphic in the whole complex plane C. Then it is as-
sumed that the reader is familiar with the fundamental notation and terminolo-
gy of Nevanlinna’s value distribution theory (see [1] [2] [3] [4]) and in particular
with the most usual of symbols: 7'(r, f), N(r,f), N(r,f), m(r,f) and the
order p(f) and so on. Meanwhile, we denote by S( ) the family of all me-
romorphic functions « such that T (a, f ) = O{T (r, f )} , where » — +o0 out-
side of a possible exceptional set of finite logarithmic measure. Moreover, we al-
so include all constant functionsin S(f').

The following equation
f" (z)-i—g" (z)zl (1.1)
can be regarded as the Fermat diophantine equations x" + " =1 over func-
tion fields, where nis a positive integer. Montel [5] obtained that Equation (1.1)

has no nonconstant entire solutions when n>2. Gross [6] proved that Equa-

tion (1.1) has no nonconstant meromorphic solutions when n>3.For n=2,
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Gross [7] showed that all meromorphic solutions of Equation (1.1) of the form

1-a’(2) 2a(2)
z)=———= and z)=——>+—, where «(z) is a nonconstant me-
O RO e (=)
romorphic function. For n =3, Baker [8] proved that the only nonconstant
meromorphic solutions of Equation (1.1) are the functions

fzé{u‘o};’)} /go(u) and g%{l_%")} /go(u) for a nonconstant en-

tire function uz and a cubic root 7 of unity, where @ denotes the Weierstrass
¢ function. Further, Yang [9] investigated a generalization of the Fermat-type

equation
" (2)+g" (2)=1 (1.2)

and obtained that Equation (1.2) has no nonconstant entire solutions when

11
—+—<1. For more detail, we refer the reader to the work of Hu, Li and Yang
m n

[10].

As we known, Halburd-Korhonen [11] and Chiang-Feng [12] independently
proved the difference analogue of the logarithmic derivative lemma in 2006. Af-
terwards, a number of papers have focused on entire solutions of complex dif-
ference equations and differential-difference equations. For some works related
to partial differential equations of Fermat type, see [13]-[18].

In 2012, Liu et al [13] investigated the entire solutions of the Fermat-type dif-

ferential equation of the
f'(z) +f(z+¢)" =1 (1.3)

and obtained the following results.

Theorem A ([13]) Equation (1.3) has no transcendental entire solutions with
finite order, provided that m # n, where n,m are positive integers, c(#0) is
a constant.

Theorem B ([13]) The transcendental entire solutions with finite order of the
equation f'(z)2 +f(z+c)2 =1 must satisfy f(z)=sin(z+Bi), where Bis a
constantand ¢=2km or c=(2k+1)n, kis an integer.

For m=mn=1, Liu [13] gave examples to illustrate the existence of the solu-
tions of the Equation (1.3).

Example A f(z)=1+¢" isa solution of the equation f'(z)+ f(z+c)=1,
where ¢ =-1.

Example B f(z)=1+sinz is a solution of the equation

f'(z)+f(z+c)=1, where 0:37”_

Since no attempts, till now, have so far been made by any researchers investi-
gating the form of the solution of Equation (1.3) When m =n =1. Naturally, we
pose the following questions.

Question 1. Can we get the forms of the solutions of Equation (1.3) when

m=n=1.
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In addition, we recall the definition of exponential polynomial, an exponential

polynomial of order ¢ 21, which is an entire function of the form:
f(2)=R(2)e% + P, (z)e% 4+ B (2)e%1, (1.4)

where P (z) and Q,(z) arepolynomialsin zfor 1< j <k, such that
¢ = max {deg(Qj ) 1< < k} . Following Steinmetz [19], such a function can be

written in the form:
f(z) =H, (Z)+Hl (Z)e”"zq +-+H, (z)e“’”‘zq , (1.5)

where ,®,,---,®, (1<k <m) are mdistinct finite nonzero complex numbers,
while H; (z)#0(j=12,---,m) is either an exponential polynomial of degree
less than g or an ordinary polynomialinz for 0<m<j.

In this paper, we pay our attention to the above question and prove the fol-
lowing some theorems that improve and extend Theorem B.

Theorem 1.1. Let f(z) be the exponential polynomial solutions of the eq-

uation
f'(z)+f(z+c)=1, (1.6)
where ¢ e C\{0}, one of the following conclusions hold:
1) If ¢ _ 1 , then f(z)=1+(az+b)e™ +) " be", where a,b,b eC,
e

L
w, satisfy e ¢ +w, =0(w, #—e).

1 m Wiz .
2)If c#——,then f(z)=1+) " be"",where b eC, w, satisfy
e
e +w, =0.
1
Example 1.1. If ¢=—— in (1.6), then the exponential polynomial solutions
e

of the following equation

f’(z)+f[z—lj=1

e

must satisfy f(z)=1+(az+b)e “ + Zil b.e"* , where a,b,b €C,

1

—— W,

e +w, =0(w, #—e). It is easy to obtain that the above equation has a solu-
tion f(z) :1+(1+z)e’”.
Example 1.2. If c¢= —g+2kn in (1.6), then the exponential polynomial so-

lutions of the following equation

f'(z)-i—f(z—g—i-Zchj:l

must satisfy f(z)=1+ " be"", where b, eC, e 2 +w, =0. It is easy to
obtain that the above equation has a solution f(z)=1+gq, e” +a,e™, where

a,,a, areconstants.
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Further, we study the solutions of Fermat-type differential equation
f'(z) +f(z+¢)" =7, (1.7)

where m,n are positive integers, ¢ e C\ {O} , A,B,ceC. First of all, one fact

needs to be clear. For n=m, the general trivial solutions of Equation (1.7) is

Az+B n
f(z)=de " ,where d" {(éj +e' J =1. In this paper, we study the solution

n

of nontrivial solutions and prove the following results.
Theorem 1.2. Let f(z) be the exponential polynomial solutions of the eq-

uation
f’(z)+f(z+c):eA”B, (1.8)
where 4,B,c€C and ¢\{0}, one of the following conclusions hold:
DIf A+e™ #0 and ¢ =—l,then

f(z)=e""" (— e

A+e*

. ()
satisfy e ¢

+(az+b)e(7efA)Z +Zi”ilbiew"zj , where a,b,h,eC, w,

+A+w =0.1f A+e™ #0 and c;t—l,then
e

1 m .
f(z)=e*" [ﬁ+zi—l bl.e"‘zj ,where b, e C, w, satisfy
+e

ML grw =0,

DIf A+e™ =0, c=—l and Ac#1 (namely A4#—e), then
e

f(z)=e""* (ao + — z+(az+b)e(_g_A)Z +Z;"lb,.ew”) , where

1+ ce

—lAerl- 1
ay,a,b,b, € C, w, satisfy ef( )+A+wl.:0. If A+e" =0, c#-— and

e

Ac#1, then f(z)=e"" (ao + Z+Z::biew‘zj, where a,,b,€C, w,

1o
1+ ce”™
A+w;)e

satisfy e +A4+w, =0.

NI A+e™ =0, c=—l and 4=-e (namely Ac=1), then
e

1

1
Az+B 2 m Wz
f(z)=e (ao +alz+c2e“ 22+ " be" |, where a,a,beC, w sa-

—l(—e+w,)

tisfy e ¢ —e+w, =0.
Example 1.3.If c=ni, 4=2, B=1 in (1.8), then the exponential polynomi-

al solutions of the following equation

f’(z)+f(z+1ri) = 2!

i=1"1

1 m w;z +w; )i
must satisfy [ (z)=e”" (§+Z be" ), where b, €C, e +2+w, =0.

It is easy to obtain that the above equation has a solution f (z)=e**"' (— +e” j .
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1
Example 1.4. If c=——, 4=1, B=-1 in (1.8), then the exponential po-
e

lynomial solutions of the following equation

£(2)+ f[z—éjze”

must satisfy f(z)=e"" 1 —+(az+b) L g D" be" |, where

l+e ¢

(o)
a,b,b,eC, e { e] +1+w, =0. It is easy to obtain that the above equation

has a solution f'(z)=e¢"" i (142) ooz

l+e ¢
Example 1.5.If c=mi, A4=1, B=1 in (1.8), then the exponential polynomi-

al solutions of the following equation

f'(z)+f(z+rci) =™

: 1 .
must satisfy f(z)=e" (ao +ﬁz+zzlbiew’zj,where a,,b, €C,
— i

") 114w =0. It is easy to obtain that the above equation has a solution

z+1 1
f(z)=e [1+1—nizj'

1
Example 1.6. If c=——, A=—-e, B=1 in (1.8), then the exponential po-
e

lynomial solutions of the following equation
1 i,
f'(z)'i'f s——|=¢ ez+1
e
must satisfy f(z)=e " (ao +az+ez’ +)" be'r ) , where a,,a,,b, €C,

1
(—e+w;)| —
e ( "] —e+w, =0. It is easy to obtain that the above equation has a solution

f(z)=e" (l +z+ez’ )
Theorem 1.3. The transcendental entire solutions of

Iz +f(z+c) =™ (1.9)

must satisfy
h(z—c) _e—h(z—c) Ac  Az+B

f) = ——ete t
i
A
a2
P In—2 1 2kni
h — , 2 -2 _ Ac — 1
where h(z)=az+b, a 1 e’ and c y
——a
2

Remark 1. Since for a particular choice of 4A=B=0 in Theorem 1.3, then
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A* . .
e =1, aZ:T—e =—1,namely a=4i.If a=i,then c¢=2km,

f(z)=sin(z—-Bi), if a=-i, then ¢=(2k+1)n, f(z)=sin(z+Bi), kis an
integer. The result obtained is the same as Theorem B, and Theorem 1.3 omit

the condition of the finite order. Therefore, Theorem 1.3 improves and extends
Theorem B.

Theorem 1.4. The following equation
f(2) + f(z+c) =e** (1.10)
has no nontrivial meromorphic solutions, where n>3 is positive integers and
ceC\{0}.
e o 1 1 2
Theorem 1.5 Let m,n be positive integers satisfying —+—< 3’ then Equa-
m n

tion (1.7) has no nontrivial meromorphic solutions with p(f)=1.

2. Some Lemmas

Lemma 2.1. (see [2]) Let f, (z)(j=1,2,---,n)(n=2) be meromorphic func-
tions, g, (z)(/j=1, 2 n) be entire functions satisfying following conditions:
1) Z] lf ( ) E
2)for 1<j<k<n, g,—g, arenotconstants;
3)for 1<j<n1<h<k<n,

T(r’ff):"{T(hegh'g* )}r —o0,r g E.

where E < (1,%), Eis a possible exceptional set of finite logarithmic measure,
then f,(z)=0(j=12,---,n).

Lemma 2.2. (see [2]) Let f,(z), f,(z), f;(z) be meromorphic functions
and satisfying 237 f; (z) =1, f, benonconstantand

z [7}22 (. f;)<(a+o()T(r).ret

where 0<A<1, T(r)=max {T (r, S )} , and 7has infinite linear measure, then

1<j<3

fz(z)El or f3(z)El

Lemma 2.3. (see [2]) Let f (z) be a nonconstant meromorphic function in

P
the complex plane and R( /)= ﬂ, where P(f)=>" a.f*
o(f)
o(f ) =2 b b.f’ are two mutually prime polynomials in £ If the coefficients

{ak (z)} , {bj (Z)} are small functions of fand a, (z)#0, b, (z)#0, then

T(r,R(f)):max{p,q}-T(r,f)—i-S(r,f).
Lemma 2.4. (see [2]) Let h(z) be a nonconstant entire function and
f(z)=e "®) | then T(r,h") (T )
Lemma 2.5. (see [9] )Let a(z) b(z), f(z), g(z) be meromorphic
functions and satisfying T (r,a(z))=0(T(r.f)), T(r.b(z))=0(T(r.g)). If
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max {m,n} >3, min{m,n} >3, then the following equation
a(z)f"(z)+b(z)g" (z) =1
has no meromorphic solution.

Lemma 2.6. (see [11]) Let f (z) be a nonconstant meromorphic function
with p(f)<+w, ceC,thenfor £>0 wehave

o[ 2L )

for all routside of a set of finite logarithmic measure.
Lemma 2.7. (see [12]) Let f(z) be a nonconstant meromorphic function

with p(f)<+w, ceC,thenfor &>0,wehave
T(r,f(z+c)):T(r,f(z))+0(r”"*g)+0(10g r),

for all routside of a set of finite logarithmic measure.

Lemma 2.8. (see [20]) Let f (z) be a nonconstant meromorphic function,

then p(f)=p(s') and u(f)=u(sS").

Lemma 2.9 (see [21]) Let f (z) be a nonconstant meromorphic function

and f,(z)=/f(az+b), a#0,then p(f)=p(f)-

3. Proofs of Theorems

Proof of Theorem 1.1
Assume that f(z) is the exponential polynomial solutions of (1.6), substi-
tuting (1.5) into (1.6) yields

f'(z)+f(z+c)
=H;(z)+H, (z+c)+[H{ (2)+@qz " H, (2)+ H, (z +c¢) e }e“”zq

3.1
+---+[H,; (z)+w,qz'H, (z)+H, (z+c)ew”’(”°')q*m’”zq }e’”’"zq oY
=1.
Let
Hy(z)+H,(z+c), i=0,
fi = o (3.2)
{Hi’(z)+wiqz""Hi (2)+H, (z+¢) e 1<i<m
0,i=0,
& ={a)‘.z", I<i<m.
Further, we get
@,z?, j=0,1<k<m,

& :{a)jz”—a)kzq,lSj<kSm. G-3)

From (3.2) and (3.3), for 0<i<m, 0<j<k <m,wehave
T(r,fl.)zo{T(r,egj_g" )},r —> 00,

Combining (3.1) with Lemma 2.1, we know that

DOI: 10.4236/jamp.2022.109188 2826 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.109188

D. F. Liu, B. Pan

H, (z)+H0 (z+c)—1 =0,
H/(z)+mqz " H, (z)+ H, (z+c) e " =,
: o (3.4)
H!(2)+0,qz""H, (2)+ H, (z+¢) ") =0,
H! (z)+@,qz"'H, (z)+H,, (z+c)ew”’(”c)q*w”’zq =0.
We deduce from (3.4) that ¢ =1. If not, suppose that ¢ >2, we have
Hl.'(z)+ wqz' "' H, (z)+Hl. (z +c)ew"(”8)q*""’zq =0, (i = 1,2,"‘,H1).
Namely
H! H.
eulerefest | _17) () +w,qz" — = (z) J(i=12,--,m). (3.5)
H, (Z+c) H, (z+c)
Using logarithmic derivative Lemma and Lemma 2.6 in (3.5), then for ¢ >0,
we have
m (r,e'”"(”")q*w"zq ) =m|r, =) () +@,qz"" EACR (2)
H,.(z+c) Hi(z+c)

=m|r, st 0z ————

’Hl. (z) H, (z+c) H, (z+c)

<m|r gfg;]+2m[r,%j+m(r,wiqzq_l)+10g2

<S(r.H, (z))+0(r"*)+0(logr)
o(rq_1 ),

which implies that ¢ =1. Thus, we have
f(z)z Ho (Z)+H] (Z)e“’lz +...+Hm (Z)ew”‘z,

H,.’(z) Hl.(z) g-1 Hi(Z)J

IA

where H,(z),H, (z),---,H, (z) are polynomials.
Assume that
H, (z) =az +a 2"+ +az+a,.
Further, we have

H,(z)=ka,z"" -i—(k—l)akflzk’2 +-4a,

. i (3.6)
H, (z+c) =a, (Z+c) +a,_, (z+c) ++aq (Z+c)+a0.
Substituting (3.6) into H (z)+H, (z+¢)—1=0 yields
a, =0,
C, (1+ c)ak +a,,=0,
Cic’a,+C,_ (1+c)a,_ +a,_, =0,
' (3.7)

i i -1 i1 1
Cidla, +CLc g+ +C iy (14 ¢) g, +a,_, =0,

k-1 k-1 k=2 k-2 1
C ¢ a+Cc ak71+---+C2(1+c)a2+a1=0,

ca +ca ++(1+¢)a +a, =1,
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; k!
where C, =-

il
Assume that

t

H/(z)=a,z"+a,_z"" +-+a z+b, (i=1,2,---,m).

Further, we get

H/(z)=t,a, z"" +(t, = 1)a, ;2" +--+2a, z+q,

(3.8)
. =1 .
H, (z+c)=a,l_ (z+c)t’ +a, (z+c)t’ +oota (z+c)+bi (1 =1,2,---,m).
Substituting (3.8) into H,'(z)+a),.H,. (z)+H,. (z+c) e’ =0 yields
(ew,c +1’V,')at[ = 0’
(cew"” +1)tiat‘, +(ew"” + W, )atrl =0,
C,lz_czew"cati +(cewfc +1)(tl. -1) a,., +(ew"” +w, )atﬁ2 =0,
Cijcjem»cat[ +‘.'+C[ff_j+2czeW[cat[,j+2 +(Cew;c +1)(ti —j+1) a, ;. (3.9
+(emc +1’Vi)at,-fj = O,
Ct”’flc”’flew"ca,[ +o+Cic’e"a +(cew"C +1)2a2, +(ew"“ +w,.)a1[ =0,
ce'a, 4tk cteay +(ceW‘C +1)a1,- +(ew"” +w, )bl. =0.
From (3.7), we can deduce that g, =a, ,=a, , =-=a,=0 and q, =1,

which implies that H (z)=1.

From (3.9), we can conclude the following
o ==a =b=0, then H, (z)=0,
which contradicts that f(z) is nonconstant.

1) If €"“+w %0, we obtain a, =a

2)If " +w, =0 and wc#1,weobtain a, =a, , =---=q, =0, then
H, (z)=b,, where b, eC.
3)If €% +w, =0 and wc=1,weobtain a, =a, , =---=a, =0, then

H,(z)=a, z+b,, where q, ,b eC.
From the above discussion, we can get that the case of the exponential poly-

nomial solutions of Equation (1.6) is as follows.

1
Case 1. If ¢=——, then the exponential polynomial solutions of Equation
e

(1.6) must satisfy f(z)=1+(az+b)e™™ +Z£1biew"z , where a,b,beC, w,

i

_L
satisfy e © ’ +w, :O(wl. i—e).

1
Case 2. If ¢#——, then the exponential polynomial solutions of Equation
e
(1.6) must satisfy f(z)=1+)_" he"",where b, €C, w, satisfy
e +w, =0.
This completes the proof of Theorem 1.1.
Proof of Theorem 1.2
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We rewrite (1.8) as follows
e () r e f(z4c) =1 (3.10)
Assume that f'(z) is the exponential polynomial solutions of (3.10) and let

f(z)=e""" (HO (2)+H,(2)e” +-+H, (z)e™" )

Thus, we have
f'(z)=A4e™* (HO (z)+H, (z)e““q - (Z)e(umzq )
4ot (HO' (Z)+Hl'(z)ewlz" +H, (Z)wlqzq_lewlzq .
+H, (z)e"" +H, (z)w,qz"" e ) (3.11)
f(z+c)=e" e (Ho (z+¢)+H, (Z+c)ea)1(z+c)q e

+H, (z+c¢) eOnE+e)’ ) )

Substituting (3.11) into (3.10) yields
e—(Az+B)f, (Z) + 8_(AZ+B)f (Z + C)
=AH, (Z)+H0' (z)+eAcH0 (z+c)
+(AHl (z)+H/(z)+H, (z) w,qz"" +e*H, (z+c)e““(”c)q*wq )e“"zq +-- (3.12)

7 — o,

+(AHm (z)+H) (2)+H, (z)0,qz"" +e*H, (z+c)e ) )e‘”mzq
=1.
Let
AH, (z)+H (z)+e"H,(z+¢)-1, i=0,
/= {AHI. (z2)+H/(z)+H, (z)wqz"" +e*H, (z+c)ew"(z“)q*“"'zq ,1<i<m.

0,i=0,
&= oz, 1<i<m.

Further, we have

oz, j=0,1<k<m,
gms=t 614
w;z' —o,z" 1< j<k<m.

From (3.13) and (3.14), for 0<i<m, 0<j<k <m,we have
T(r,fl.)zo{T(r,egjfgk )}, 7 —> oo.
Combining Lemma 2.1 with (3.12), we know that

AH, (z)+Hy (z)+e" H, (z+¢)-1=0,
AH, (2)+ H) (2)+ H, (z) 0,gz"" +e* H, (z+¢) e

0,

(3.15)

AHi (Z)+H;(Z)+HI- (Z)a)iqzq—l +eAcHi (Z+C)ew[(z+c)‘tw/zq 0’

At (2) H) (2)+ H, (2) 0,02+ H, ()T =0,
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We deduce from (3.4) that ¢ =1. If not, suppose that ¢ =2, we have
(A +col.qzq71 )Hl. (z)+Hi'(z)+ eAcHi (z+c)ewf(z+c)€7w’zq =0, (i = 1,2,"',m).

Namely

Qo) -0zt 1 ( H!(z)

e (Z+C)+(A+a)iqz"’l)

H.(2) ) (g
m}, (l = 1, 2, ,m). (3.16)

Using logarithmic derivative Lemma and Lemma 2.6 in (3.16), then for V& >0,

we have

= Hi(z) +(A+wqz"" (%)
- r’Hl. (z+¢) (A 4 )Hl.(z—i-c)J 1)
Hl.'(z) H, (z) H (Z)

H.
<m|r, +2m r,# +m(r,A+a)l.qzq_1)+O(l)
H (z) H, (z+c)
< S(r, H, (z))+ O(rq_“‘g )+ O(log r) <o (rq_1 ),
which implies that ¢ =1. Thus, we have
f(Z) = oAtB (H() (Z)+H1 (Z)e@z +...+Hm (Z)e“’mz)’

where H,(z),H, (z), -+, H, (z) are polynomials.

Let

H, (z):akzk +a, 2+ tazta, (3.17)
Further, we have

H,(z)=ka z*" +(k-1)a,_ 2"+ +a,,
0( ) ' ( k ) - k=1 1 (3.18)
Ho(z+c):ak (Z+c) +ak_1(z+c) +oota, (Z+C)+a0,

Substituting (3.17), (3.18) into AH, (z)+H, (z)+e"H,(z+c)—-1=0 yields
(A-i—eA")ak =0,
C, (1 +ceAC)ak +(A+eAC )ak,l =0,

Cle*c’a, +Cy (1 +ce’“)ak71 +(A+e™ )akfz =0,

(3.19)
i Ac i i-1 Ac i1 1 Ac Ac _
Ce“ca, +C_ec"a,_ ++C,_,,, (1+ce )ot,H.+1 +(A+e )akﬂ, =0,

Cile*ca +Cl e Pa,  ++C) (1 +ce™ )a2 + (A + eA")al =0,

ecta, +e*ca_ +t+e™cta, +(1 +ceA”)al +(A + eAC)aO =1,

l. k!
where Ck = l'(k——l)' .
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Let

H, (z):atiz”‘ +atiflz”‘7l +eeta z+D, (i=1,2,---,m). (3.20)

Further, we have

H/(z)=t,a,z"" +(1

i

—-1)a, 2" ++2a, z+a,,
. ' . ' x (3.21)
H, (z+c)=a[[ (z+c)’ +a, (z+c)’ +eetay (z+c)+bl. (i=1,2,---,m).

Substituting (3.20), (3.21) into (Ad+@, ) H, (z)+H/(z)+e " H, (z+¢)=0
yields

(e(AW")C +A+w, )a,,, =0,
(Ce(A””f)” + 1) ta, + (e(“w")c +A+w, )a;,q =0,

Cicze(ﬂw,v)cati +(Ce(A+w,-)c +1)(l‘[ _1)‘1;,._1 +(e(A+w,~)c +A+W,‘)a,i_2 0,

Ct’_'c”e(mw")cat’ 4ot Ctlz_fﬂzc2 i a, ;.

(A+w,)c . (A+w,~)c _ (3'22)
+(ce +1)(t,.—]+1)a[1_j+1+(e +A+w,.)a[i_j =0,
C[t_iilctiile(AHﬂ)catl _*__”_'_Cy.?)zcze(Aer,)ca3 +C£ (Ce(/ﬂw‘.)c +1)a2
+(e(A+W’)" +A+w, )al =0,
¢l e(“w")cati +---+cze(A+W")Ca2/ +(ce(A+M)C +1)a1/ +(e(A+w‘)" +A+wl.)bl. =0.

From (3.19), we can conclude the following

1
(i) If A+e™ #0, we obtain a =a, ,==a,=0a,=0, a,= —> then
A+e”
1

H, (z)= .

0( ) A+eAc

(i) If A+e™ =0 and Ac #1, we obtain a, =a,_, ==a,=0,
a, = ,then H, (z)= z+a,,where a, €C.

" l4ce™ o (2) 1+ ce™ 0 0

(ii) If A+e™ =0 and Ac =1, we obtain a =a,_,==a,=0,
a,=———,then H,(z)=———z"+a,z+a,, where a,,a, €C.

c e ce™

From (3.22), we can conclude the following
() If "™+ A+w, 20, weobtain a, =a, , =-=a, =b =0, then

H, (z) =0, which contradicts that f(z) is nonconstant.

() If &™) +4+w =0 and (A+w,)c =1, we obtain

a =a,_,=--=a =0,then H, (z)=b, where b cC.
(i) If €™ + 4+w, =0 and (A+w,)c=1, we obtain
a, =a,_,=--=a, =0,then H, (Z)zall_z-i-bl.,where a.,b eC.

From the above discussion, we can get that the case of the exponential poly-

nomial solutions of Equation (1.8) is as follows.
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Case 1.If A+e™ 20 and c:—l,then

f(z)=e"" (— )

o +(az+b)e(_g_A)Z +Z;"lbiew"zj, where a,b,h, €C, w,
+e

1 A+w; ) 1
satisfy ee( )+A+w[:O.If A+e™ #0 and c#-—,then
e
N 1 mo oz .
f(z)=e""* [—AC+ZHbie’ j,where b, eC, w, satisfy
A+e
A4 A+ w =0,

Case 2. If A+e™ =0, c=—l and Ac#1 (namely A4#—e), then

f(z)=e"" [— e

T z+a,+(az+b) o) +ZZ1 biew"zj , where
+ce

—lAerl- 1
ay,a,b,b, € C, w, satisfy ef( )+A+wl.:0. If A+e" =0, c#-— and

e

Ac

z+a, +Z;n_1biew"zj, where a,,b, €C, w,
1+ce

Ac #1, then f(z) =**B (
satisfy "+ 4+w =0,

. 1
Case3.If A+e¢™ =0, c=—— and A=-e (namely Ac=1),then
e

2 _Ac i

1
Az+B 2 m w;z
f(z)=e* (72 +a,+az+y, be" |, where a,,a.,b€C, w sa

1
tisfy eig(iem‘) —e+w, =0.
Thus, we complete the proof of Theorem 1.2.
Proof of Theorem 1.3
Assume that [ (z) is a transcendental entire solution of (1.9), we rewrite (1.9)

as follows

{eAZ;Bf'(z)J +(eA22+Bf(z+c)] =1, (3.23)

then

(eAZQ Cp(e)ie T f(z+c)j(eAZ; ()i ® f(z+c)J Y

7AZ+B 7Az+B
It then follows that e 2 f'(z)+ie * f(z+c),

Az+B Az+B
e > f'(z)-ie > f(z+c) have no zeros. With Welerstrass factorization

theorem for entire functions, we have

_Az+B _AZ+B
e 2 f'(z)+ie 2 f(z-i—c):eh(z),
(3.24)
7Az+B 7Az+B
e 2 f’(z)—ie 2 f(z+c):e7h(z),
where £ (z) is a entire function. From (3.24), we get
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fE)= e
h(z) _ (=) Az+B (3.25)
z+c)= e ?
f(z+c) 5
eh(zfc) _efh(zfc) Ac Az+B
From (3.25), on the one hand, we obtain f(z) =fe 2e 2 ,on
i
the other hand, we have
Ac
i (eh(ﬂc) ye ) ) e? = (h' (2) +£j PUS (h’ (z) —éj e (3.26)
2 2
Next we divide our discussion into two cases.
Case 1. If /(z) isa constant, then
Ac
. z —h(z T A z A —h(z
1(eh( ) oM ))ez G ),
2 2
ﬁ
TS +ie?
from the above identity, we can deduce that /(z)= 5 an—AC+ 2kmi |.
2 _je?
2
Case 2. If & (z) is a non-constant entire function, then from (3.26), we get
w(z)+ 2 w(z)-2
_e2h(z+c) +—Aczeh(z+c)+h(z) + - 2 eh(z+c)—h(z) -1 (3.27)
.2 2
ie ie
Denote
W)+ w(z)-4
2h(z+c h(z+c)+h(z h(z+c)-h
f=- ( ),f2= — pt )(),f3= — hzre)hz)
2 .2
ie ie

Obviously, f, is a nonconstant and by Lemma 2.4 and 2.9, we can obtain
that T(r, h'(z)) = o(T(r,eZh(”C) )) . Thus, we obtain

3 —
> N(r, Lj +2>° N(r, ’ ) =0 (T (r, e )) (3.28)
j=2
Combining (3.28) and Lemma 2.2, we get f, (z) =1 or f, (z) =1.

Now two subcases will be considered in the following.

Subcase 2.1. If f, (z)=1, then from (3.28), we have

e / 4
() _ ie? h (Z)_E
) A de
h (Z)+E ie 2

Further, we get
A2

—e = (h’(z))2 4

which implies that /(z) must be a polynomial and deg(4)=1. Note that
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eh(z+c)+h(z)

is a transcendental entire function and is a constant, which

is a contradiction.
Subcase 2.2. If £, (z)=1, then from (3.28), we have

% h'(z +é
eh(_+c)fh(z) — le — 2
wie)-4 LS
z)—— ie 2
(-2
From the above identity, we can get that
Ac ’ 2 AZ
- =(h'(z)) —, 3.29
() -2 329

which implies that 4(z) must be a polynomial and deg(h)=1. Assume that

A
a2
, In—2 4 2kni
h(z)=az+b, from (3.29), we have a ZT—eA" and c= IA
“—a
2

This completes the proof of Theorem 1.3.

Proof of Theorem 1.4

Now we divide our discussion into two cases.

Case 1. Assume that f (z) is a nonconstant entire solutions of (1.10), we

rewrite (1.10) as follows

[e 0 f’(z)] +(e 0 f(z+c)] iy (3.30)

Az+B Az+B

Denote F=ein'(z), G=ein(z+c), from the references [[5],

Theorem3], we get the equation F>+G* =1 has no nonconstant entire func-
tion solution when # > 2. Thus, Equation (3.30) has no nontrivial entire func-
tion solution when n>2.

Case 2. Assume that f(z) is a meromorphic solutions with at least one pole
of (1.10), we rewrite (1.10) as follows

fl(z=c) =e®* - f(2)". (3.31)

Suppose that z, is p multiplicity pole of f(z).From (3.31), we get z, —c
is p multiplicity pole of f”(z), which implies that z, —c is p—1 multiplicity
pole of f(z). Thus we get z,—2c is p—1 multiplicity pole of f'(z),
which implies that z;—2c¢ is p—2 multiplicity pole of f(z). Sequential
recurrence, we can get that z; —pc is 1 multiplicity pole of f’(z), this con-
tradiction with f'(z) is a meromorphic function with at least one pole.

This completes the proof of Theorem 1.4.

Proof of Theorem 1.5

Assume that f(z) is a meromorphic solutions of (1.7), we rewrite (1.7) as
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follows
eiAszf'(Z)n +e7Az*Bf(Z+C)m =1. (3.32)

Next we discuss the following two cases.

Case 1. If p(f(z)) >1, then by lemma 2.8 and lemma 2.9, we can obtain
that p(f(z)) = p(f’(z)) = p(f(z+c)) >1. This means that
T(r,e’Az’B)zo(T(r,f’(z))) and T(r,e’Az’B)zo(T(r,f(z+c))) . This,

combining with lemma 2.5, we can get that the Equation (3.32) has no nontrivial
meromorphic solutions when 1 +—< E
m n 3

Case 2.1f p(f(z))<1, then by lemma 2.8 and lemma 2.9, we get
p(f(z)) = p(f'(z)) = p(f(z+c)) < 1. This means that
T(r.f'(z))=T(r.f(z+c))= O(T(r, f(z))) =0(r). Now, comparing the cha-
racteristic functions of both side of (1.7), by lemma 2.3, we have
T(r,f'(z)" +f(z+c)" ) =0(r), and we know that T(r, eA”B)z O(r), which
is a contradiction. Thus Equation (1.7) has no nontrivial meromorphic solutions
with p(f)<1.

This completes the proof of Theorem 1.5.
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