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Abstract 
In this paper, we investigate the meromorphic solutions of the Fermat-type dif-

ferential equations ( ) ( ) ( )e  0n m Az Bf z f z c c+′ + + = ≠  over the complex plane 
  for positive integers ,m n , and , ,A B c  are constants. Our results improve 
and extend some earlier results given by Liu et al. Moreover, some examples 
are presented to show the preciseness of our results. 
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1. Introduction and Main Results 

Throughout this paper, we concentrate on such meromorphic functions that are 
nonconstant and meromorphic in the whole complex plane  . Then it is as-
sumed that the reader is familiar with the fundamental notation and terminolo-
gy of Nevanlinna’s value distribution theory (see [1] [2] [3] [4]) and in particular 
with the most usual of symbols: ( ),T r f , ( ),N r f , ( ),N r f , ( ),m r f  and the 
order ( )fρ  and so on. Meanwhile, we denote by ( )f  the family of all me-
romorphic functions α  such that ( ) ( ){ }, ,T f o T r fα = , where r → +∞  out-
side of a possible exceptional set of finite logarithmic measure. Moreover, we al-
so include all constant functions in ( )f . 

The following equation 

( ) ( ) 1n nf z g z+ =                       (1.1) 

can be regarded as the Fermat diophantine equations 1n nx y+ =  over func-
tion fields, where n is a positive integer. Montel [5] obtained that Equation (1.1) 
has no nonconstant entire solutions when 2n > . Gross [6] proved that Equa-
tion (1.1) has no nonconstant meromorphic solutions when 3n > . For 2n = , 
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Gross [7] showed that all meromorphic solutions of Equation (1.1) of the form  

( ) ( )
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z
f z
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+
 and ( ) ( )

( )2

2
1

z
g z

z
α
α

=
+

, where ( )zα  is a nonconstant me-

romorphic function. For 3n = , Baker [8] proved that the only nonconstant 
meromorphic solutions of Equation (1.1) are the functions  

( ) ( )1 1
2 3

u
f u

′℘ 
= + ℘ 

 
 and 

( ) ( )1
2 3

u
g uη ′℘ 
= − ℘ 

 
 for a nonconstant en-

tire function u and a cubic root η  of unity, where ℘  denotes the Weierstrass 
℘  function. Further, Yang [9] investigated a generalization of the Fermat-type 
equation 

( ) ( ) 1n mf z g z+ =                       (1.2) 

and obtained that Equation (1.2) has no nonconstant entire solutions when 
1 1 1
m n
+ < . For more detail, we refer the reader to the work of Hu, Li and Yang 

[10]. 
As we known, Halburd-Korhonen [11] and Chiang-Feng [12] independently 

proved the difference analogue of the logarithmic derivative lemma in 2006. Af-
terwards, a number of papers have focused on entire solutions of complex dif-
ference equations and differential-difference equations. For some works related 
to partial differential equations of Fermat type, see [13]-[18]. 

In 2012, Liu et al. [13] investigated the entire solutions of the Fermat-type dif-
ferential equation of the 

( ) ( ) 1n mf z f z c′ + + =                     (1.3) 

and obtained the following results. 
Theorem A ([13]) Equation (1.3) has no transcendental entire solutions with 

finite order, provided that m n≠ , where ,n m  are positive integers, ( )0c ≠  is 
a constant. 

Theorem B ([13]) The transcendental entire solutions with finite order of the 
equation ( ) ( )2 2 1f z f z c′ + + =  must satisfy ( ) ( )sin if z z B= + , where B is a 
constant and 2c k= π  or ( )2 1c k= + π , k is an integer. 

For 1m n= = , Liu [13] gave examples to illustrate the existence of the solu-
tions of the Equation (1.3). 

Example A ( ) 1 ezf z = +  is a solution of the equation ( ) ( ) 1f z f z c′ + + = , 
where e 1c = − . 

Example B ( ) 1 sinf z z= +  is a solution of the equation  

( ) ( ) 1f z f z c′ + + = , where 3
2

c = π . 

Since no attempts, till now, have so far been made by any researchers investi-
gating the form of the solution of Equation (1.3) When 1m n= = . Naturally, we 
pose the following questions. 

Question 1. Can we get the forms of the solutions of Equation (1.3) when 
1m n= = . 
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In addition, we recall the definition of exponential polynomial, an exponential 
polynomial of order 1q ≥ , which is an entire function of the form: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2
1 2e e e ,Q zQ z Q z k

kf z P z P z P z= + + +          (1.4) 

where ( )iP z  and ( )iQ z  are polynomials in z for 1 j k≤ ≤ , such that  

( ){ }max deg :1jq Q j k= ≤ ≤ . Following Steinmetz [19], such a function can be 
written in the form: 

( ) ( ) ( ) ( )1
0 1 ,

qq
m zz

mf z H z H z e H z eωω= + + +           (1.5) 

where ( )1 2, , , 1m k mω ω ω ≤ ≤
 are m distinct finite nonzero complex numbers, 

while ( ) ( )0 1, 2, ,jH z j m≡ =/ 
 is either an exponential polynomial of degree 

less than q or an ordinary polynomial in z for 0 m j≤ ≤ . 
In this paper, we pay our attention to the above question and prove the fol-

lowing some theorems that improve and extend Theorem B. 
Theorem 1.1. Let ( )f z  be the exponential polynomial solutions of the eq-

uation 

( ) ( ) 1,f z f z c′ + + =                      (1.6) 

where { }\ 0c∈ , one of the following conclusions hold: 

1) If 1c
e

= − , then ( ) ( ) 11 im w zez
iif z az b e b e−

=
= + + +∑ , where , , ia b b ∈ , 

iw  satisfy ( )
1

e 0 eiw
e

i iw w
−

+ = ≠ − . 

2) If 1c
e

≠ − , then ( ) 11 im w z
iif z b e

=
= +∑ , where ib ∈ , iw  satisfy  

0iw c
ie w+ = . 

Example 1.1. If 1c
e

= −  in (1.6), then the exponential polynomial solutions 

of the following equation 

( ) 1 1f z f z
e

 ′ + − = 
   

must satisfy ( ) ( ) 11 im w zez
iif z az b e b e−

=
= + + +∑ , where , , ia b b ∈ ,  

( )
1

0 iw
e

i ie w w e
−

+ = ≠ − . It is easy to obtain that the above equation has a solu-

tion ( ) ( )1 1 ezf z z e−= + + . 

Example 1.2. If 2
2

c k−
π

= + π  in (1.6), then the exponential polynomial so-

lutions of the following equation 

( ) 2 1
2

f z f z k ′ + − + = 
 

π
π

 

must satisfy ( ) 11 im w z
iif z b e

=
= +∑ , where ib ∈ , 2 0iw

ie w
π

−
+ = . It is easy to 

obtain that the above equation has a solution ( ) i i
1 21 z zf z a e a e−= + + , where 

1 2,a a  are constants. 
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Further, we study the solutions of Fermat-type differential equation 

( ) ( ) ,n m Az Bf z f z c e +′ + + =                   (1.7) 

where ,m n  are positive integers, { }\ 0c∈ , , ,A B c∈ . First of all, one fact 
needs to be clear. For n m= , the general trivial solutions of Equation (1.7) is 

( )
Az B

nf z de
+

= , where 1
n

n AcAd e
n

   + =     
. In this paper, we study the solution 

of nontrivial solutions and prove the following results. 
Theorem 1.2. Let ( )f z  be the exponential polynomial solutions of the eq-

uation 

( ) ( ) ,Az Bf z f z c e +′ + + =                    (1.8) 

where , ,A B c∈  and { }\ 0c , one of the following conclusions hold: 

1) If 0AcA e+ ≠  and 1c
e

= − , then  

( ) ( ) ( )
1

1e e e
e

ime A z w zAz B
iiAcf z az b b

A
− −+

=

 = + + + + 
∑ , where , , ia b b ∈ , iw  

satisfy 
( )1

0iA w
e

ie A w
− +

+ + = . If 0AcA e+ ≠  and 1c
e

≠ − , then  

( ) 1

1
im w zAz B

iiAcf z e b e
A e

+
=

 = + + 
∑ , where ib ∈ , iw  satisfy  

( ) 0iA w c
ie A w+ + + = . 

2) If 0AcA e+ = , 1c
e

= −  and 1Ac ≠  (namely A e≠ − ), then  

( ) ( ) ( )
0 1

1
1

ime A z w zAz B
iiAcf z e a z az b e b e

ce
− −+

=

 = + + + + + 
∑ , where  

0 , , , ia a b b ∈ , iw  satisfy 
( )1

0iA w
e

ie A w
− +

+ + = . If 0AcA e+ = , 1c
e

≠ −  and 

1Ac ≠ , then ( ) 0 1

1
1

im w zAz B
iiAcf z e a z b e

ce
+

=

 = + + + 
∑ , where 0 , ia b ∈ , iw  

satisfy ( ) 0iA w c
ie A w+ + + = . 

3) If 0AcA e+ = , 1c
e

= −  and A e= −  (namely 1Ac = ), then  

( ) 2
0 1 12

1
im w zAz B

iiAcf z e a a z z b e
c e

+
=

 = + + + 
 

∑ , where 0 1, , ia a b ∈ , iw  sa-

tisfy 
( )1

0ie w
e

ie e w
− − +

− + = . 

Example 1.3. If ic = π , 2A = , 1B =  in (1.8), then the exponential polynomi-
al solutions of the following equation 

( ) ( ) 2 1i zf z f z e +π′ + + =  

must satisfy ( ) 2 1
1

1
3

im w zz
iif z e b e+

=

 = + 
 

∑ , where ib ∈ , ( )2 i 2 0iw
ie wπ+ + + = . 

It is easy to obtain that the above equation has a solution ( ) 2 1 1
3

z zf z e e+ − = + 
 

. 
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Example 1.4. If 1c
e

= − , 1A = , 1B = −  in (1.8), then the exponential po-

lynomial solutions of the following equation 

( ) 11 zf z f z e
e

− ′ + − = 
   

must satisfy ( ) ( ) ( )11
11

1

1

ime z w zz
ii

e

f z e az b e b e
e

− −−
=

−

 
 = + + +  
+ 

∑ , where  

, , ia b b ∈ , 
( ) 1
1

1 0
iw

e
ie w

 + − 
  + + = . It is easy to obtain that the above equation 

has a solution ( ) ( ) ( )11
1

1 1
1

e zz

e

f z e z e
e

− −−

−

 
 = + +  
+ 

. 

Example 1.5. If ic = π , 1A = , 1B =  in (1.8), then the exponential polynomi-
al solutions of the following equation 

( ) ( ) 1i zf z f z e +π′ + + =  

must satisfy ( ) 1
0 1

1
1

im w zz
iif z e a z b e

i
+

=π
 = + + − 

∑ , where 0 , ia b ∈ ,  

( )1 1 0iw i
ie wπ+ + + = . It is easy to obtain that the above equation has a solution 

( ) 1 11
1

zf z e z
i

+

π
 = + − 

. 

Example 1.6. If 1c
e

= − , A e= − , 1B =  in (1.8), then the exponential po-

lynomial solutions of the following equation 

( ) 11 ezf z f z e
e

− + ′ + − = 
   

must satisfy ( ) ( )1 2
0 1 1

im w zez
iif z e a a z ez b e− +

=
= + + +∑ , where 0 1, , ia a b ∈ ,  

( ) 1

0
ie w

e
ie e w

 − + − 
  − + = . It is easy to obtain that the above equation has a solution 

( ) ( )1 21ezf z e z ez− += + + . 

Theorem 1.3. The transcendental entire solutions of 

( ) ( )2 2 Az Bf z f z c e +′ + + =                   (1.9) 

must satisfy 

( )
( ) ( )

2 2 ,
2

Ac Az Bh z c h z ce ef z e e
i

+− − −−
=

 

where ( )h z az b= + , 
2

2

4
AcAa e= −  and 

2ln 2 i
i

2

Aa
k

c
A a

−
+ π

=
−

. 

Remark 1. Since for a particular choice of 0A B= =  in Theorem 1.3, then 
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1Az Be + = , 
2

2 1
4

AcAa e= − = − , namely ia = ± . If ia = , then 2c k= π ,  
( ) ( )sin if z z B= − , if ia = − , then ( )2 1c k= + π , ( ) ( )sin if z z B= + , k is an 

integer. The result obtained is the same as Theorem B, and Theorem 1.3 omit 
the condition of the finite order. Therefore, Theorem 1.3 improves and extends 
Theorem B. 

Theorem 1.4. The following equation 

( ) ( )n n Az Bf z f z c e +′ + + =                  (1.10) 

has no nontrivial meromorphic solutions, where 3n ≥  is positive integers and 

{ }\ 0c∈ . 

Theorem 1.5 Let ,m n  be positive integers satisfying 1 1 2
3m n

+ < , then Equa-

tion (1.7) has no nontrivial meromorphic solutions with ( ) 1fρ ≠ . 

2. Some Lemmas 

Lemma 2.1. (see [2]) Let ( ) ( ) ( )1, 2, , 2jf z j n n= ≥
 be meromorphic func-

tions, ( ) ( )1, 2, ,jg z j n= 
 be entire functions satisfying following conditions: 

1) ( ) ( )
1 0jn g z

jj f z e
=

≡∑ ; 
2) for 1    j k n≤ < ≤ , j kg g−  are not constants; 
3) for 1   ,1    j n h k n≤ ≤ ≤ < ≤ , 

( ) ( ){ }, , ,  ,  .h kg g
jT r f o T r e r r E−= →∞ ∉

 
where ( )1,E ⊂ ∞ , E is a possible exceptional set of finite logarithmic measure, 
then ( ) ( )0 1, 2, ,jf z j n≡ = 

. 
Lemma 2.2. (see [2]) Let ( )1f z , ( )2f z , ( )3f z  be meromorphic functions 

and satisfying ( )3
1 1ii f z
=

≡∑ , 1f  be nonconstant and 

( ) ( )( ) ( )
3 3

1 2

1, 2 , 1 ,j
j jj

N r N r f o T r r I
f

λ
= =

 
+ < + ∈  

 
∑ ∑

 
where 0 1λ≤ < , ( ) ( ){ }

1 3
max , jj

T r T r f
< <

= , and I has infinite linear measure, then 

( )2 1f z ≡  or ( )3 1f z ≡ . 

Lemma 2.3. (see [2]) Let ( )f z  be a nonconstant meromorphic function in 

the complex plane and ( ) ( )
( )

P f
R f

Q f
= , where ( ) 0

p k
kkP f a f

=
= ∑  and  

( ) 0
q j

jjQ f b f
=

= ∑  are two mutually prime polynomials in f. If the coefficients 

( ){ }ka z , ( ){ }jb z  are small functions of f and ( ) 0pa z ≡/ , ( ) 0qb z ≡/ , then 

( )( ) { } ( ) ( ), max , , , .T r R f p q T r f S r f= ⋅ +
 

Lemma 2.4. (see [2]) Let ( )h z  be a nonconstant entire function and  
( ) ( )h zf z e= , then ( ) ( )( ), ,T r h o T r f′ = . 
Lemma 2.5. (see [9]) Let ( )a z , ( )b z , ( )f z , ( )g z  be meromorphic  

functions and satisfying ( )( ) ( )( ), ,T r a z o T r f= , ( )( ) ( )( ), ,T r b z o T r g= . If 
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{ }max , 3m n > , { }min , 3m n ≥ , then the following equation 

( ) ( ) ( ) ( ) 1n ma z f z b z g z+ =  
has no meromorphic solution. 

Lemma 2.6. (see [11]) Let ( )f z  be a nonconstant meromorphic function 
with ( )fρ < +∞ , c∈ , then for 0ε >  we have 

( )
( ) ( )1, ,

f z c
m r O r

f z
ρ ε− + +

=  
   

for all r outside of a set of finite logarithmic measure. 
Lemma 2.7. (see [12]) Let ( )f z  be a nonconstant meromorphic function 

with ( )fρ < +∞ , c∈ , then for 0ε > , we have 

( )( ) ( )( ) ( ) ( )1, , log ,T r f z c T r f z O r O rρ ε− ++ = + +
 

for all r outside of a set of finite logarithmic measure. 
Lemma 2.8. (see [20]) Let ( )f z  be a nonconstant meromorphic function, 

then ( ) ( )f fρ ρ ′=  and ( ) ( )f fµ µ ′= . 
Lemma 2.9 (see [21]) Let ( )f z  be a nonconstant meromorphic function 

and ( ) ( )1f z f az b= + , 0a ≠ , then ( ) ( )1f fρ ρ= . 

3. Proofs of Theorems 

Proof of Theorem 1.1 
Assume that ( )f z  is the exponential polynomial solutions of (1.6), substi-

tuting (1.5) into (1.6) yields 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 11
0 0 1 1 1 1

1

1.

q q q

q q q
m m m

z c z zq

z c z zq
m m m m

f z f z c

H z H z c H z qz H z H z c e e

H z qz H z H z c e e

ω ω ω

ω ω ω

ω

ω

+ −−

+ −−

′ + +

 ′ ′= + + + + + +  
 ′+ + + + +  

=



(3.1) 

Let 

( ) ( )

( ) ( ) ( ) ( )

0 0

1

,  0,

,  1 .
q qi z c zq i i

i i i i

H z H z c i
f

H z qz H z H z c e i mω ωω + −−

′ + + == 
′ + + + ≤ ≤

    (3.2) 

0,  0,

,  1 .i q
i

i
g

z i mω

== 
≤ ≤  

Further, we get 

,  0, 1 ,

, 1 .

q
k

j k q q
j k

z j k m
g g

z z j k m

ω

ω ω

 = ≤ ≤− = 
− ≤ < ≤

              (3.3) 

From (3.2) and (3.3), for 0   i m≤ ≤ , 0    j k m≤ < ≤ , we have 

( ) ( ){ }, , ,  .j kg g
iT r f o T r e r−= →∞

 
Combining (3.1) with Lemma 2.1, we know that 
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( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1

0 0

1
1 1 1 1

1

1

1 0,

0,

0,

0.

q q

q q
i i

q q
m m

z c zq

z c zq
i i i i

z c zq
m m m m

H z H z c

H z qz H z H z c e

H z qz H z H z c e

H z qz H z H z c e

ω ω

ω ω

ω ω

ω

ω

ω

+ −−

+ −−

+ −−

′ + + − ≡


′ + + + ≡



′ + + + ≡



′ + + + ≡





       (3.4) 

We deduce from (3.4) that 1q = . If not, suppose that 2q ≥ , we have 

( ) ( ) ( ) ( ) ( )1 0, 1, 2, , .
q q

i iz c zq
i i i iH z qz H z H z c e i mω ωω + −−′ + + + ≡ =   

Namely 

( ) ( )
( )

( )
( ) ( )1 , 1, 2, , .

q q
i i i iz c z q

i
i i

H z H z
e qz i m

H z c H z c
ω ω ω+ − −

′ 
≡ − + =  + + 

   (3.5) 

Using logarithmic derivative Lemma and Lemma 2.6 in (3.5), then for 0ε > , 
we have 

( )( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( ) ( )

( )( ) ( ) ( )
( )

1

1

1

2

1

, ,

,

, 2 , , log 2

, log

,

q q
i i i iz c z q

i
i i

i i iq
i

i i i

i i q
i

i i
q

i
q

H z H z
m r e m r qz

H z c H z c
H z H z H z

m r qz
H z H z c H z c
H z H z

m r m r m r qz
H z H z c

S r H z O r O r

o r

ω ω

ε

ω

ω

ω

+ − −

−

−

− +

−

′ 
= +  + + 

′ 
= +  + + 

′   
≤ + + +      +   
≤ + +

≤

 

which implies that 1q = . Thus, we have 

( ) ( ) ( ) ( )1
0 1 ,m zz

mf z H z H z e H z eωω= + + +  
where ( ) ( ) ( )0 1, , , mH z H z H z

 are polynomials. 
Assume that 

( ) 1
0 1 1 0 .k k

k kH z a z a z a z a−
−= + + + +  

Further, we have 

( ) ( )
( ) ( ) ( ) ( )

1 2
0 1 1

1
0 1 1 0

1 ,

.

k k
k k

k k
k k

H z ka z k a z a

H z c a z c a z c a z c a

− −
−

−
−

′ = + − + +

+ = + + + + + + +





     (3.6) 

Substituting (3.6) into ( ) ( )0 0 1 0H z H z c′ + + − ≡  yields 

( )
( )

( )

( )
( )

1
1

2 2 1
1 1 2

1 1 1
1 1 1 1

1 1 2 2 1
1 1 2 2 1

1
1 1 0

0,
1 0,

1 0,

1 0,

1 0,
1 1,

k

k k k

k k k k k

i i i i
k k k k k i k i k i

k k k k
k k k k

k k
k k

a
C c a a
C c a C c a a

C c a C c a C c a a

C c a C c a C c a a
c a c a c a a

−

− − −

− −
− − − + − + −

− − − −
− −

−
−

=
 + + =

+ + + =

 + + + + + =

 + + + + + =


+ + + + + =











      (3.7) 
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where 
( )

!
! !

i
k

kC
i k i

=
−

. 
Assume that 

( ) ( )1
1 1 ,  1, 2, , .i i

i i i

t t
i t t iH z a z a z a z b i m−

−= + + + + = 

 
Further, we get 

( ) ( )
( ) ( ) ( ) ( ) ( )

1 2
1 2 1

1
1 1

1 2 ,

   1, 2, , .

i i
i i i i

i i

i i i

t t
i i t i t

t t
i t t i

H z t a z t a z a z a

H z c a z c a z c a z c b i m

− −
−

−
−

′ = + − + + +

+ = + + + + + + + =



 

(3.8) 

Substituting (3.8) into ( ) ( ) ( ) 0ic
i i i iH z H z H z c eωω′ + + + ≡  yields 

( )
( ) ( )

( ) ( ) ( )

( ) ( )

( )

1

2 2
1 2

2 2
2 2 1

1 1 2 2
3 3

0,

1 0,

1 1 0,

1 1

0,

i
i

i i
i i

i i i
i i i i

i i i
i i i ii

i
i

i i i i
i ii

w c
i t

w c w c
i t i t

w c w c w c
t t i t i t

w c w c w cj j
t t j t j i t jt

w c
i t j

t t w c w c
tt

e w a

ce t a e w a

C c e a ce t a e w a

C c e a C c e a ce t j a

e w a

C c e a C c e a ce

−

− −

− + − + − +

−

− −

+ =

+ + + =

+ + − + + =

+ + + + − +

+ + =

+ + +







 ( ) ( )
( ) ( )

2 1

2
2 1

1 2 0,

1 0.

i i
i i

i i i i i
i i i

w c w c
i

t w c w c w c w c
t i i

a e w a

c e a c e a ce a e w b
















+ + + =


+ + + + + + + =  

  (3.9) 

From (3.7), we can deduce that 1 2 1 0k k ka a a a− −= = = = =  and 0 1a = , 
which implies that ( )0 1H z = . 

From (3.9), we can conclude the following 
1) If 0iw c

ie w+ ≠ , we obtain 1 1 0
i i it t ia a a b−= = = = =

, then ( ) 0iH z = , 
which contradicts that ( )f z  is nonconstant. 

2) If 0iw c
ie w+ =  and 1iw c ≠ , we obtain 1 1 0

i i it ta a a−= = = =
, then  

( )i iH z b= , where ib ∈ . 
3) If 0iw c

ie w+ =  and 1iw c = , we obtain 1 2 0
i i it ta a a−= = = =

, then  
( ) 1ii iH z a z b= + , where 1 ,

i ia b ∈ . 
From the above discussion, we can get that the case of the exponential poly-

nomial solutions of Equation (1.6) is as follows. 

Case 1. If 1c
e

= − , then the exponential polynomial solutions of Equation 

(1.6) must satisfy ( ) ( ) 11 im w zez
iif z az b e b e−

=
= + + +∑ , where , , ia b b ∈ , iw  

satisfy ( )
1

0 iw
e

i ie w w e
−

+ = ≠ − . 

Case 2. If 1c
e

≠ − , then the exponential polynomial solutions of Equation 

(1.6) must satisfy ( ) 11 im w z
iif z b e

=
= +∑ , where ib ∈ , iw  satisfy  

0iw c
ie w+ = . 

This completes the proof of Theorem 1.1. 
Proof of Theorem 1.2 
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We rewrite (1.8) as follows 
( ) ( ) ( ) ( ) 1.Az B Az Be f z e f z c− + − +′ + + =               (3.10) 

Assume that ( )f z  is the exponential polynomial solutions of (3.10) and let 

( ) ( ) ( ) ( )( )1
0 1 .

qq
m zzAz B

mf z e H z H z e H z eωω+= + + +

 
Thus, we have 

( ) ( ) ( ) ( )( )
( ) ( )( ( )

( ) ( ) )
( ) ( ) ( ) ( )(

( ) ( ) )

1

1 1

1

0 1

1
0 1 1 1

1

0 1

,

.

qq
m

q q

q q
m m

q

q
m

zzAz B
m

z zAz B q

z zq
m m m

z cAc Az B

z c
m

f z Ae H z H z e H z e

e H z H z e H z qz e

H z e H z qz e

f z c e e H z c H z c e

H z c e

ωω

ω ω

ω ω

ω

ω

ω

ω

+

+ −

−

++

+

′ = + + +

′ ′+ + + +

′+ +

+ = + + + +

+ +







   (3.11) 

Substituting (3.11) into (3.10) yields 
( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

1 1 1

0 0 0

1
1 1 1 1 1

1

1.

q q q

q q q
m m m

Az B Az B

Ac

z c z zq Ac

z c z zq Ac
m m m m m

e f z e f z c
AH z H z e H z c

AH z H z H z qz e H z c e e

AH z H z H z qz e H z c e e

ω ω ω

ω ω ω

ω

ω

− + − +

+ −−

+ −−

′ + +
′= + + +

′+ + + + + +

′+ + + + +

=

 (3.12) 

Let 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0 0 0

1

1,  0,

,  1 .
q q

i i

Ac

i z c zq Ac
i i i i i

AH z H z e H z c i
f

AH z H z H z qz e H z c e i mω ωω + −−

 ′+ + + − == 
′+ + + + ≤ ≤

(3.13) 

0,  0,

,  1 .i q
i

i
g

z i mω

== 
≤ ≤  

Further, we have 

,  0, 1 ,

, 1 .

q
k

j k q q
j k

z j k m
g g

z z j k m

ω

ω ω

 = ≤ ≤− = 
− ≤ < ≤

             (3.14) 

From (3.13) and (3.14), for 0   i m≤ ≤ , 0    j k m≤ < ≤ , we have 

( ) ( ){ }, , ,    .j kg g
iT r f o T r e r−= →∞

 
Combining Lemma 2.1 with (3.12), we know that 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1

0 0 0

1
1 1 1 1 1

1

1

1 0,

0,

0,

0.

q q

q q
i i

q q
m m

Ac

z c zq Ac

z c zq Ac
i i i i i

z c zq Ac
m m m m m

AH z H z e H z c

AH z H z H z qz e H z c e

AH z H z H z qz e H z c e

AH z H z H z qz e H z c e

ω ω

ω ω

ω ω

ω

ω

ω

+ −−

+ −−

+ −−

 ′+ + + − ≡


′ + + + + ≡




′+ + + + ≡


 ′+ + + + ≡





 (3.15) 
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We deduce from (3.4) that 1q = . If not, suppose that 2q ≥ , we have 

( ) ( ) ( ) ( ) ( ) ( )1 0,  1, 2, , .
q q

i iz c zq Ac
i i i iA qz H z H z e H z c e i mω ωω + −− ′+ + + + ≡ = 

 

Namely 

( ) ( )
( ) ( ) ( )

( ) ( )11 ,   1, 2, , .
q q

i i i iz c z q
iAc

i i

H z H z
e A qz i m

H z c H z ce
ω ω ω+ − −

′ 
≡ − + + =  + + 

 (3.16) 

Using logarithmic derivative Lemma and Lemma 2.6 in (3.16), then for 0ε∀ > , 
we have 

( )( )
( )

( ) ( ) ( ) ( )

( )
( )

( )
( ) ( ) ( )

( ) ( )

( )
( )

( )
( ) ( ) ( )

( )( ) ( ) ( ) ( )

1

1

1

2 1

,

, 1
( )

, 1

, 2 , , 1

, log ,

q q
i iz c z

i iq
i

i i

i i iq
i

i i i

i i q
i

i i

q q
i

m r e

H z H z
m r A qz O

H z c H z c

H z H z H z
m r A qz O

H z H z c H z c

H z H z
m r m r m r A qz O

H z H z c

S r H z O r O r o r

ω ω

ε

ω

ω

ω

+ −

−

−

−

− + −

′ 
= + + +  + + 

′ 
= + + +  + + 

′   
≤ + + + +      +   

≤ + + ≤

 

which implies that 1q = . Thus, we have 

( ) ( ) ( ) ( )( )1
0 1 ,m zzAz B

mf z e H z H z e H z eωω+= + + +

 
where ( ) ( ) ( )0 1, , , mH z H z H z

 are polynomials. 
Let 

( ) 1
0 1 1 0 .k k

k kH z a z a z a z a−
−= + + + +             (3.17) 

Further, we have 

( ) ( )
( ) ( ) ( ) ( )

1 2
0 1 1

1
0 1 1 0

1 ,

.

k k
k k

k k
k k

H z ka z k a z a

H z c a z c a z c a z c a

− −
−

−
−

′ = + − + +

+ = + + + + + + +





    (3.18) 

Substituting (3.17), (3.18) into ( ) ( ) ( )0 0 0 1 0AcAH z H z e H z c′+ + + − ≡  yields 

( )
( ) ( )

( ) ( )

( ) ( )

( ) ( )

1
1

2 2 1
1 1 2

1 1 1
1 1 1 1

1 1 2 2 1
1 1 2 2 1

0,

1 0,

1 0,

1 0,

1 0,

Ac
k

Ac Ac
k k k

Ac Ac Ac
k k k k k

i Ac i i Ac i Ac Ac
k k k k k i k i k i

k Ac k k Ac k Ac Ac
k k k k

Ac

A e a

C ce a A e a

C e c a C ce a A e a

C e c a C e c a C ce a A e a

C e c a C e c a C ce a A e a

e

−

− − −

− −
− − − + − + −

− − − −
− −

+ =

+ + + =

+ + + + =

+ + + + + + =

+ + + + + + =









( ) ( )1 2
1 2 1 01 1,k Ac k Ac Ac Ac

k kc a e c a e c a ce a A e a−
−
















+ + + + + + + = 

(3.19) 

where 
( )

!
! !

i
k

kC
i k i

=
−

. 
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Let 

( ) ( )1
1 1 ,   1, 2, , .i i

i i i

t t
i t t iH z a z a z a z b i m−

−= + + + + =        (3.20) 

Further, we have 

( ) ( )
( ) ( ) ( ) ( ) ( )

1 2
1 2 1

1
1 1

1 2 ,

  1, 2, , .

i i
i i i i

i i

i i i

t t
i i t i t

t t
i t t i

H z t a z t a z a z a

H z c a z c a z c a z c b i m

− −
−

−
−

′ = + − + + +

+ = + + + + + + + =



 

(3.21) 

Substituting (3.20), (3.21) into ( ) ( ) ( ) ( ) ( ) 0iA c
i i i iA H z H z e H z cωω +′+ + + + ≡  

yields 

( )( )
( )( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )

( )( ) ( ) ( )( )

1

2 2
1 2

2 2
2 2

1

1

0,

1 0,

1 1 0,

1 1 0,

i
i

i i
i i

i i i
i i i i

i i
i i ii

i i
i i

i
i

A w c
i t

A w c A w c
i t i t

A w c A w c A w c
t t i t i t

A w c A w cj j
t t j t jt

A w c A w c
i t j i t j

t t
t

e A w a

ce t a e A w a

C c e a ce t a e A w a

C c e a C c e a

ce t j a e A w a

C c

+

+ +
−

+ + +
− −

+ +
− + − +

+ +
− + −

−

+ + =

+ + + + =

+ + − + + + =

+ +

+ + − + + + + =







( ) ( ) ( )( )
( )( )
( ) ( ) ( )( ) ( )( )

1 2 2 1
3 3 2 2

1

2
2 1

1

0,

1 0.

i i ii
i

i

i i i ii
i i i

A w c A w c A w c
t

A w c
i

A w c A w c A w c A w ct
t i i

e a C c e a C ce a

e A w a

c e a c e a ce a e A w b

+ + +−

+

+ + + +

















+ + + +

+ + + =

 + + + + + + + =





 (3.22) 

From (3.19), we can conclude the following 

(i) If 0AcA e+ ≠ , we obtain 1 2 1 0k ka a a a−= = = = = , 0
1

Aca
A e

=
+

, then 

( )0
1

AcH z
A e

=
+

. 

(ii) If 0AcA e+ =  and 1Ac ≠ , we obtain 1 2 0k ka a a−= = = = ,  

1
1

1 Aca
ce

=
+

, then ( )0 0
1

1 AcH z z a
ce

= +
+

, where 0a ∈ . 

(iii) If 0AcA e+ =  and 1Ac = , we obtain 1 3 0k ka a a−= = = = ,  

2 2

1
Aca

c e
= , then ( ) 2

0 1 02

1
AcH z z a z a

c e
= + + , where 0 1, a a ∈ . 

From (3.22), we can conclude the following 
(i) If ( ) 0iA w c

ie A w+ + + ≠ , we obtain 1 1 0
i i it t ia a a b−= = = = =

, then  
( ) 0iH z = , which contradicts that ( )f z  is nonconstant. 

(ii) If ( ) 0iA w c
ie A w+ + + =  and ( ) 1iA w c+ ≠ , we obtain  

1 1 0
i i it ta a a−= = = =

, then ( )i iH z b= , where ib ∈ . 
(iii) If ( ) 0iA w c

ie A w+ + + =  and ( ) 1iA w c+ = , we obtain  

1 2 0
i i it ta a a−= = = =

, then ( ) 1ii iH z a z b= + , where 1 ,
i ia b ∈ . 

From the above discussion, we can get that the case of the exponential poly-
nomial solutions of Equation (1.8) is as follows. 
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Case 1. If 0AcA e+ ≠  and 1c
e

= − , then  

( ) ( ) ( )
1

1
ime A z w zAz B

iiAcf z e az b e b e
A e

− −+
=

 = + + + + 
∑ , where , , ia b b ∈ , iw   

satisfy 
( )1

0iA w
e

ie A w
− +

+ + = . If 0AcA e+ ≠  and 1c
e

≠ − , then  

( ) 1

1
im w zAz B

iiAcf z e b e
A e

+
=

 = + + 
∑ , where ib ∈ , iw  satisfy  

( ) 0iA w c
ie A w+ + + = . 

Case 2. If 0AcA e+ = , 1c
e

= −  and 1Ac ≠  (namely A e≠ − ), then  

( ) ( ) ( )
0 1

1
1

ime A z w zAz B
iiAcf z e z a az b e b e

ce
− −+

=

 = + + + + + 
∑ , where  

0 , , , ia a b b ∈ , iw  satisfy 
( )1

0iA w
e

ie A w
− +

+ + = . If 0AcA e+ = , 1c
e

≠ −  and 

1Ac ≠ , then ( ) 0 1

1
1

im w zAz B
iiAcf z e z a b e

ce
+

=

 = + + + 
∑ , where 0 , ia b ∈ , iw  

satisfy ( ) 0iA w c
ie A w+ + + = . 

Case 3. If 0AcA e+ = , 1c
e

= −  and A e= −  (namely 1Ac = ), then  

( ) 2
0 1 12

1
im w zAz B

iiAcf z e z a a z b e
c e

+
=

 = + + + 
 

∑ , where 0 1, , ia a b ∈ , iw  sa-

tisfy 
( )1

0ie w
e

ie e w
− − +

− + = . 

Thus, we complete the proof of Theorem 1.2. 
Proof of Theorem 1.3 
Assume that ( )f z  is a transcendental entire solution of (1.9), we rewrite (1.9) 

as follows 

( ) ( )
2 2

2 2 1,
Az B Az B

e f z e f z c
+ +

− −   
′ + + =      

   
            (3.23) 

then 

( ) ( ) ( ) ( )2 2 2 2i i 1.
Az B Az B Az B Az B

e f z e f z c e f z e f z c
+ + + +

− − − −  
′ ′+ + − + =    

    

It then follows that ( ) ( )2 2i
Az B Az B

e f z e f z c
+ +

− −
′ + + ,  

( ) ( )2 2i
Az B Az B

e f z e f z c
+ +

− −
′ − +  have no zeros. With Welerstrass factorization 

theorem for entire functions, we have 

( ) ( ) ( )

( ) ( ) ( )

2 2

2 2

i ,

i ,

Az B Az B
h z

Az B Az B
h z

e f z e f z c e

e f z e f z c e

+ +
− −

+ +
− − −


′ + + =


 ′ − + =

            (3.24) 

where ( )h z  is a entire function. From (3.24), we get 
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( )
( ) ( )

( )
( ) ( )

2

2

,
2

.
2i

Az Bh z h z

Az Bh z h z

e ef z e

e ef z c e

+−

+−

 +′ =


− + =

                (3.25) 

From (3.25), on the one hand, we obtain ( )
( ) ( )

2 2

2i

Ac Az Bh z c h z ce ef z e e
+− − −−

= , on 

the other hand, we have 

( ) ( )( ) ( ) ( ) ( ) ( )2i .
2 2

Ac
h z c h z c h z h zA Ae e e h z e h z e+ − + −   ′ ′+ = + + −   

   
   (3.26) 

Next we divide our discussion into two cases. 
Case 1. If ( )h z  is a constant, then 

( ) ( )( ) ( ) ( )2i ,
2 2

Ac
h z h z h z h zA Ae e e e e− −+ = −

 

from the above identity, we can deduce that ( )
2

2

i1 2ln 2 i
2

i
2

Ac

Ac

A e
h z k

A e

 
+ 

 = +
 

−


π




. 

Case 2. If ( )h z  is a non-constant entire function, then from (3.26), we get 

( )
( )

( ) ( )
( )

( ) ( )2

2 2

2 2 1.

i i

h z c h z c h z h z c h z
Ac Ac

A Ah z h z
e e e

e e

+ + + + −
′ ′+ −

− + + =      (3.27) 

Denote 

( )
( )

( ) ( )
( )

( ) ( )2
1 2 3

2 2

2 2,  , .

i i

h z c h z c h z h z c h z
Ac Ac

A Ah z h z
f e f e f e

e e

+ + + + −
′ ′+ −

= − = =

 
Obviously, 1f  is a nonconstant and by Lemma 2.4 and 2.9, we can obtain 

that ( )( ) ( )( )( )2, , h z cT r h z o T r e +′ = . Thus, we obtain 

( ) ( )( )( )3 3
2

1 2

1, 2 , , .h z c
j

j jj

N r N r f o T r e
f

+

= =

 
+ =  

 
∑ ∑          (3.28) 

Combining (3.28) and Lemma 2.2, we get ( )2 1f z ≡  or ( )3 1f z ≡ . 
Now two subcases will be considered in the following. 
Subcase 2.1. If ( )2 1f z ≡ , then from (3.28), we have 

( ) ( )

( )

( )2

2

i 2 .
i2

Ac

h z c h z
Ac

Ah zee
Ah z e

+ +
′ −

= =
′ +

 
Further, we get 

( )( )
2

2
,

4
Ac Ae h z′− = −

 
which implies that ( )h z  must be a polynomial and ( )deg 1h = . Note that  
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( ) ( )h z c h ze + +  is a transcendental entire function and 
( )

2

2

i
Ac

Ah z

e

′ −
 is a constant, which 

is a contradiction. 
Subcase 2.2. If ( )3 1f z ≡ , then from (3.28), we have 

( ) ( )

( )

( )2

2

i 2 .
i2

Ac

h z c h z
Ac

Ah zee
Ah z e

+ −
′ +

= =
′ −

 
From the above identity, we can get that 

( )( )
2

2
,

4
Ac Ae h z′− = −                    (3.29) 

which implies that ( )h z  must be a polynomial and ( )deg 1h = . Assume that 

( )h z az b= + , from (3.29), we have 
2

2

4
AcAa e= −  and 

2ln 2 i
i

2

Aa
k

c
A a

−
+ π

=
−

. 

This completes the proof of Theorem 1.3. 
Proof of Theorem 1.4 
Now we divide our discussion into two cases. 
Case 1. Assume that ( )f z  is a nonconstant entire solutions of (1.10), we 

rewrite (1.10) as follows 

( ) ( ) 1.
n nAz B Az B

n ne f z e f z c
+ +

− −   
′ + + =      

   
            (3.30) 

Denote ( )
Az B

nF e f z
+

−
′= , ( )

Az B
nG e f z c
+

−
= + , from the references [[5], 

Theorem3], we get the equation 2 2 1F G+ =  has no nonconstant entire func-
tion solution when 2n > . Thus, Equation (3.30) has no nontrivial entire func-
tion solution when 2n > . 

Case 2. Assume that ( )f z  is a meromorphic solutions with at least one pole 
of (1.10), we rewrite (1.10) as follows 

( ) ( ) .n nAz Bf z c e f z+′ − = −                  (3.31) 

Suppose that 0z  is p multiplicity pole of ( )f z . From (3.31), we get 0z c−  
is p multiplicity pole of ( )f z′ , which implies that 0z c−  is 1p −  multiplicity 
pole of ( )f z . Thus we get 0 2z c−  is 1p −  multiplicity pole of ( )f z′ , 
which implies that 0 2z c−  is 2p −  multiplicity pole of ( )f z . Sequential 
recurrence, we can get that 0z pc−  is 1 multiplicity pole of ( )f z′ , this con-
tradiction with ( )f z  is a meromorphic function with at least one pole. 

This completes the proof of Theorem 1.4. 
Proof of Theorem 1.5 
Assume that ( )f z  is a meromorphic solutions of (1.7), we rewrite (1.7) as 
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follows 

( ) ( ) 1.n mAz B Az Be f z e f z c− − − −′ + + =               (3.32) 

Next we discuss the following two cases. 
Case 1. If ( )( ) 1f zρ > , then by lemma 2.8 and lemma 2.9, we can obtain 

that ( )( ) ( )( ) ( )( ) 1f z f z f z cρ ρ ρ′= = + > . This means that  

( ) ( )( )( ), ,Az BT r e o T r f z− − ′=  and ( ) ( )( )( ), ,Az BT r e o T r f z c− − = + . This, 

combining with lemma 2.5, we can get that the Equation (3.32) has no nontrivial 

meromorphic solutions when 1 1 2
3m n

+ < . 

Case 2. If ( )( ) 1f zρ < , then by lemma 2.8 and lemma 2.9, we get  
( )( ) ( )( ) ( )( ) 1f z f z f z cρ ρ ρ′= = + < . This means that  

( )( ) ( )( ) ( )( )( ) ( ), , ,T r f z T r f z c O T r f z o r′ = + = = . Now, comparing the cha-
racteristic functions of both side of (1.7), by lemma 2.3, we have  

( ) ( )( ) ( ), n mT r f z f z c o r′ + + = , and we know that ( ) ( ), Az BT r e O r+ = , which 
is a contradiction. Thus Equation (1.7) has no nontrivial meromorphic solutions 
with ( ) 1fρ < . 

This completes the proof of Theorem 1.5. 
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