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Abstract 
We consider the problem of inducing withdrawal reflex on a test subject via 
exposure to a millimeter wave beam. In our physical model, there are 10 
physical parameters affecting the occurrence of withdrawal reflex. Our goal is 
to pinpoint the roles of these physical parameters in inducing withdrawal ref-
lex. We first carry out non-dimensionalization to reduce the model to a non- 
dimensional system of only 3 composite parameters: non-dimensional beam 
power density, non-dimensional beam radius, and non-dimensional exposure 
time. If the beam power is kept on and steady, withdrawal reflex occurs 
eventually; the shortest exposure time for inducing withdrawal reflex corres-
ponds to the smallest energy consumption at the given power density and 
beam radius. In the 2D space of power density and beam radius, the overall 
minimum energy occurs at the corner of very large power density and very 
small beam radius, which also produces a very large value of maximum skin 
temperature and a long time to withdrawal reflex. To reduce the burn injury 
risk, we introduce a cap on the maximum skin temperature. At each given 
total beam power, we carry out optimizations with respect to the beam radius, 
constrained by the prescribed temperature cap. The energy consumption va-
ries negatively with the prescribed temperature cap: a lower temperature cap 
can be accommodated only with a higher energy consumption via the venue 
of a larger beam radius. The energy consumption is relatively flat with respect 
to the total beam power and attains a minimum at a moderately large total 
beam power. The time to withdrawal reflex is approximately inversely pro-
portional to the total beam power. Our analysis demonstrates that a mod-
erately large total beam power is a good compromise to achieve both low 
energy consumption and short time to withdrawal reflex. 
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1. Introduction 

Millimeter waves (MMW) are radio waves in the frequencies range of 30 - 300 
gigahertz (GHz). When human body is exposed to MMW radiation, a fraction of 
the electromagnetic energy is absorbed into the skin and it increases the skin 
temperature [1] [2]. The thermal nociceptors are activated once the activation 
temperature is reached, which leads to a heating sensation. As more nociceptors 
are activated, the heating sensation grows stronger and eventually it induces 
withdrawal reflex on the test subject and compels them to move away from the 
MMW beam [1] [2]. 

We consider the problem of inducing withdrawal reflex on a test subject while 
1) minimizing the energy consumption and 2) controlling the maximum skin 
temperature to reduce the burn injury risk. For the beam energy absorption and 
the skin temperature evolution, we assume a semi-infinite skin tissue of uniform 
material properties (a single skin layer) and a uniform initial (baseline) skin tem-
perature [3] [4]. We further assume that nociceptors are uniformly distributed 
in skin so that the heating sensation is quantitatively described by the skin vo-
lume in which nociceptors are activated (the activated volume). The occurrence 
of withdrawal reflex is determined by comparing the current activated volume 
and a threshold value on the volume. These model components, when assembled 
together, form a system that mathematically predicts the exposure time needed 
for inducing withdrawal reflex, given the MMW beam specifications [3] [4]. As a 
practical measure of energy consumption, we examine the electromagnetic energy 
absorbed into the skin, which has the advantage of being readily available in the 
model system above. To facilitate the theoretical analysis and numerical simula-
tions, the model system is non-dimensionalized, which drastically reduces it to a 
system of 3 composite parameters: the non-dimensional beam power density, the 
non-dimensional beam radius, and the non-dimensional exposure time. In the 
non-dimensional system, the occurrence of withdrawal reflex is completely de-
termined by these 3 composite parameters. In addition, the activated volume is 
proportional to the beam radius squared, which reduces its computational com-
plexity to a function of 2 parameters. 

In the non-dimensional system, we carry out two separate constrained mini-
mizations of energy consumption with respect to the beam radius, subject to a 
prescribed maximum skin temperature. The two constrained optimizations are 
respectively, 1) at each given value of beam center power density, 2) at each giv-
en value of total beam power. 
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The rest of the paper is organized as follows. In Section 2, we describe the as-
sumptions and set up the mathematical formulations of the model. Non-dimen- 
sionalization is carried out in Section 3, to reduce the number of parameters in 
the system. In Section 4, we explore the phenomenon and mechanism of con-
tinued rising of activated volume beyond the exposure time (i.e., after the beam 
power is turned off). With continued rising of activated volume, withdrawal ref-
lex may occur at a time after the beam power is turned off. The minimum expo-
sure time for inducing withdrawal reflex, at each given pair of power density and 
beam radius, is studied in Section 5. For a given beam, the minimum exposure 
time corresponds to the smallest energy consumption. In Section 6, at either a 
fixed beam power density or a fixed total beam power, we tune the beam radius 
to minimize the energy consumption while complying with the prescribed cap 
on skin maximum temperature. In Section 7, useful empirical formulas are con-
structed for the conditional minimization of energy consumption. We discuss 
and summarize the main findings in Section 8. 

2. Mathematical Model 

We consider the situation where a skin area of a test subject is exposed to an 
electromagnetic beam of millimeter wavelength [5] [6] [7]. We adopt a model 
similar to the one in our previous studies [3] [4] [8], which we now describe 
briefly. The model is based on the assumptions below.  

1) The skin surface exposed to the millimeter wave is flat, which we select as 
the xy plane of the coordinate system.  

2) The beam ray is perpendicular to the skin surface and is selected as the z 
axis.  

3) Over the xy plane, the power density has an axisymmetric normal distribu-
tion around the beam center, which we set as the origin of the coordinate sys-
tem. 

( ) ( ) ( ) ( ) ( )
2

2
b

exp 2 , ,i i
d dP P P G x y

r

 
 = − ≡ ≡
 
 

r
r r r           (1) 

In (1), ( )i
dP  is the incident beam power density at the center and br  is the 

radius of the Gaussian beam [9]. br  is related to the radius of half-maximum 
region HMr  by  

2
HM

2
b

2 ln 2r
r

=  

b HM HM
2 1.6986

ln 2
r r r= ≈                     (2) 

4) The skin’s material properties are uniform in ( ),z r .  
5) Only the heat conduction along the z-direction (the depth direction) is in-

cluded in the model; the lateral heat conduction in r  is neglected. This as-
sumption is justified since the characteristic spatial scales in the lateral directions 
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are much larger than the penetration depth of millimeter wave into the skin (less 
than 0.5 mm) [10].  

6) The cooling effect of blood flow is neglected. The convection and radiation 
heat loss at the skin surface is also neglected. These simplifications are justified 
when the beam power is high and the exposure time is short [1] [2].  

7) Before the start of exposure, the skin’s initial temperature is uniform in 
( ),z r , which is called the skin baseline temperature and is denoted by baseT .  

8) The activation of thermal nociceptors is governed by the activation tem-
perature actT . If a local temperature is above actT , the nociceptors in that local 
region are activated.  

9) The occurrence of withdrawal reflex is determined by the total number of 
nociceptors activated [11]. We consider the simple case where the spatial density 
of nociceptors is uniform in ( ),z r . The number of activated nociceptors is 
proportional to the activated volume. When the activated volume reaches a thre-
shold value cv , withdrawal reflex occurs; the test subject turns off the beam power 
and/or moves away to avoid the beam radiation [1] [2].  

Let 0t =  be the beam start time, and ( ), ,T z tr  the skin temperature at lat-
eral location r , depth z, and time t. The temperature distribution ( ), ,T z tr  is 
governed by  

( ) [ ] ( ) ( )
end

2

m 0,2

base0
0

exp

0,

p t

t
z

T TC k P t z
t z

T T T
z

ρ α µ µ

=
=

 ∂ ∂
= + − ∂ ∂

∂ = =
 ∂

r 1
           (3) 

where  
• mρ  is the mass density of the skin,  
• pC  is the specific heat capacity of the skin,  
• k  is the heat conductivity of the skin,  
• µ  is the absorption coefficient of the skin for the beam frequency,  
• ( )P r  is the Gaussian distribution of beam power density in (1),  
• α  is the fraction of beam power absorbed into the skin, and  
• endt  is the beam end time ( 0t =  is set to the beam start time).  

In (3), [ ] ( )end0,t t1  is the indicator function for the exposure period [ ]end0, t .  

[ ] ( )
[ ]

end

end
0,

1, 0,
0, otherwiset

t t
t

 ∈
= 


1                      (4) 

Initial boundary value problem (3) does not involve any derivative with re-
spect to the lateral location r . The only influence of r  is in the coefficient 
( )P r  of the heat source term. As a result, we can separate out the dependence 

on r . We write ( ), ,T z tr  as  

( ) ( )( ) ( ) ( )base, , ,i
dT z t T P G U z tα= +r r  

where ( ),U z t  is the temperature increase per absorbed power density and is 
governed by  
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[ ] ( ) ( )
end

2

m 0,2

0
0

exp

0, 0

p t

t
z

U UC k t z
t z

U U
z

ρ µ µ

=
=

 ∂ ∂
= + − ∂ ∂

∂ = =
 ∂

1
             (5) 

The activated volume at time t is  

( ) ( ) ( ){ }
( ) ( )( ) ( ) ( ) ( ){ }

act act

act base

Volume , , ,

Volume , ,i
d

V t z T z t T

z P G U z t T Tα

= ≥

= ≥ −

r r

r r
       (6) 

Withdrawal reflex occurs when the activated volume reaches the threshold 
value, cv . For an exposure event with a prescribed exposure time, it results in 
withdrawal reflex if ( )actmaxt cV t v≥ . As we will see, ( )actmaxt V t  may be at-
tained at a time endt t>  (i.e., after the beam power is turned off). 

In the definition of activated volume in (6), on the left side of the inequality 
condition, the multiplier ( ( )i

dPα ) is the beam power density absorbed into the 
skin, the distribution of relative beam power density ( )G r  contains the effect 
of beam radius br , and solution ( ),U z t  of (5) contains the effects of exposure 
time endt  and skin material properties ( )m , , ,pC kρ µ . The right side of the in-
equality condition contains the skin baseline temperature baseT  and the noci-
ceptor activation temperature actT . Withdrawal reflex occurs when the activated 
volume reaches the threshold value cv . In total, there are 10 physical quantities 
affecting the occurrence of withdrawal reflex.  

( )( ) ( ) ( )b end m base act, , , , , , , , ,i
d p cP r t C k T T vα ρ µ              (7) 

To simplify the mathematical formulation and to pinpoint the roles of 
these physical quantities in inducing withdrawal reflex, we carry out non-di- 
mensionalization. 

3. Non-Dimensionalization and Analytical Solution 

For each physical quantity, we introduce a scale for non-dimensionalization. The 
depth scale is provided by, 1/μ, the characteristic penetration depth of millimeter 
wave into the skin. The length scale in the lateral directions is derived from vo-
lume threshold cv .  
• Length scale in the depth direction and non-dimensional depth  

s nd
s

1 , zz z
zµ

= =  

• Length scale in the lateral directions and non-dimensional lateral coordinates  

c c
s nd

s s

,
v v

r
z r

µ
π

=
π

= =
rr  

Here sr  is defined as the radius of the cylinder with volume cv  and height 

sz .  
• Volume scale and non-dimensional volume  
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2 c
s s s nd

s

,
v Vv r z V

vπ
= = =  

• Time scale and non-dimensional time  

m
s nd2

s

,pC tt t
tk

ρ
µ

= =  

• Temperature scale and non-dimensional temperature  

( ) base
s act base nd

s

,
T T

T T T T
T

−
∆ = − =

∆
 

• Power density scale and non-dimensional power density  

m s
s s nd

s

,s p

s

z C T PP k T P
t P

ρ
µ

∆
= = ∆ =  

• Scale for ( ) ( )baseU T T Pα≡ −  and non-dimensional U  

s
s nd

s s

1 ,
T UU U

P k Uµ
∆

= = =  

• Energy scale and non-dimensional energy  

m2
s s s s s nd

s

,p cC v EE P r t T E
E

ρ
= = ∆ =

π
 

For simplicity, we shall drop the subscript nd in all non-dimensional quanti-
ties. Instead, the original physical quantities will be distinguished with subscript 
phy when necessary for clarity. For example, ( )i

dP  refers to the non-dimensional 
incident beam power density at beam center while ( )

d,phy
iP  is the physical incident 

beam power density before non-dimensionalization. With this notation, the 
non-dimensional versions of baseline temperature, activation temperature and 
volume threshold are  

base act0, 1, cT T v= = = π                      (8) 

The non-dimensional beam power density distribution is ( )( ) ( )b;i
dP G rα r  

where  

phy b b,phy
c,phy c,phy

, r r
v vµ µ
π

=
π

=r r                 (9) 

( )
( )

( )
d,phy

act,phy base,phy

i
i

d

P
P

k T Tµ
=

−
                   (10) 

( )
2

b 2
b

; exp 2
r

G r
r

 
 = −
 
 

r  

The non-dimensional version of ( ),U z t  is governed by  

[ ] ( ) ( )
end

2

0,2

=0
=0

exp

0, 0

t

t
z

U U t z
t z

U U
z

∂ ∂
= + − ∂ ∂

∂ = =
 ∂

1
                (11) 
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Notice that function ( ),U z t  has only one parameter, the non-dimensional 
beam end time  

2

end end,phy
m p

kt t
C
µ

ρ
=                        (12) 

The non-dimensional temperature distribution is  
( )( )( ) ( )( ) ( ) ( )b end b end, , ; , , ; , ;i i

d dT z t P r t P G r U z t tα α=r r  

Absorption fraction α  and incident beam power density ( )i
dP  appear only 

in the combination ( ( )i
dPα ). For conciseness, we introduce the power density 

absorbed into the skin:  

( )( )
( )

( )
d,phy

act,phy base,phy

i
i

d d

P
P P

k T T

α
α

µ
≡ =

−
               (13) 

An exposure event is completely specified by parameters ( )b end, ,dP r t . The 
corresponding non-dimensional activated volume at time t is  

( ) ( ) ( ) ( ){ }act b end b end; , , Volume , ; , ; 1d dV t P r t z P G r U z t t= ≥r r       (14) 

A change of variables new old br=r r  separates out the dependence on br .  

( ) ( ) ( ) ( ){ }
( )

b

b

2
act b end b end1

2
b act end 1

; , , Volume , , ; 1

; ,

d d r

d r

V t P r t r z P G U z t t

r V t P t

=

=

= ≥

=

r r
     (15) 

For a prescribed set of ( )b end, ,dP r t , the exposure event leads to withdrawal 
reflex if  

( )act b endmax ; , ,dt
V t P r t ≥ π                   (16) 

where the maximum may be attained at endt t> . Condition (16) is completely 
specified by 3 composite parameters ( )b end, ,dP r t , defined in (9), (12) and (13). 

The scaling property of the activated volume with respect to the beam radius 
in (15) is important for efficient numerical computation. It reduces the compu-
tational complexity of ( )act b end; , ,dV t P r t  to that of ( )

b
act end 1

; ,d r
V t P t

=
, a  

2-parameter function. 
One advantage of using the single layer skin model of uniform material prop-

erties in formulation (11) is that the solution ( ),U z t  has a closed-form analyt-
ical expression [12].  

( ) ( ) ( )end end, ; , ,U z t t u z t u z t t= − −                 (17) 

( )

2

42 e 2 e 2e erfc e erfc erfc , 0, 2 22 2 2
0, 0

z t z t z
z tz t t z t zz tu z t t t t

t

− − +
−

 − +
− − + + + >= 

≤
π




 

where ( )erfc u  is the complementary error function defined as  

( ) 22erfc e ds
u

u s
+∞ −≡

π ∫
                    (18) 
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The time derivative of ( ),u z t  satisfies  

( ), e 2 e 2erfc erfc 0
2 22 2

t z t zu z t t z t z
t t t

− +∂ − +
= + >

∂
            (19) 

It follows that for endt t<  (before the beam power ends), ( ) ( ), ,U z t u z t=  is 
an increasing function of t at any z. But for endt t>  (after the beam power ends), 
( ) ( ) ( )end end, ; , ,U z t t u z t u z t t= − −  may decrease or increase with t, depending 

on the depth location z. In the next section, we study the temporal trend of 
( )end, ;U z t t  for endt t> , which is affected by ( )end,z t , and we study the tem-

poral trend of activated volume ( )actV t  which is affected by ( )end,dP t . 

4. Continued Rising of Activated Volume after Beam  
Power Is Turned Off 

In scaling law (15), the activated volume is proportional to the beam radius 
squared ( 2

br ). For the purpose of examining the temporal trend of activated vo-
lume, we only need to study the case of 1br = , that is, we study ( )

b
act end 1

; ,d r
V t P t

=
 

as a function of t. 
At any given ( )end,dP t , the activated volume is initially zero for small t when 

the skin temperature is everywhere below the activation temperature. When the 
spatial maximum temperature (occurring at the beam center on the skin surface) 
reaches the activation temperature, ( )actV t  starts to increase from 0. While the 
beam power is kept on and steady, the activated ( )actV t  increases monotoni-
cally with t since the temperature ( ),U z t  increases with t at every depth loca-
tion, as we discussed in (19). When the beam power is turned off, the temporal 
evolution of ( ),U z t  in (11) is driven solely by heat conduction. Heat flows 
from the high temperature region near the skin surface to the low temperature 
region inside skin. Figure 1 compares the non-dimensional temperature per 
power density ( ),U z t  vs z at endt t=  and at end1.2t t=  (a short time after the 
end of beam power). The heat flow at depth z is proportional to the spatial de-
rivative ( ),U z t z∂ ∂ , which is zero at 0z = , increases in magnitude with z for 
small z, and then decreases in magnitude with z for large z (see Figure 1). As a 
result, upon the beam power is turned off, for an interval at small depth z, there 
is a net heat out-flow and the temperature decreases with time t; for an interval 
at large depth z, there is a net heat in-flow and the temperature keeps increasing 
with time t even though the active heat source is off. In Figure 1, there are two 
regions in the z-direction, separated by ( )endcz t , with opposite behaviors:  
• for small depth ( )endcz z t< , we have ( ) ( )end end,1.2 ,U z t U z t< ;  
• for large depth ( )endcz z t> , we have ( ) ( )end end,1.2 ,U z t U z t> .  

Here ( )endcz t  is the location in z where 
( )

end 0

,

t

U z t
t

+

∂
∂

 transitions from  

negative to positive. The dependence of ( )endcz t  on endt  will be examined in 
Figure 3. We are interesting in the temporal trend of activated depth upon beam 
power is turned off. By definition, ( )actd t  satisfies ( )( )act act, 1dP U d t t T= = ,  
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Figure 1. Evolution of ( ),U z t  upon beam power is turned off. For small 

z, ( ),U z t  decreases with t; for large z, ( ),U z t  increases with t. Accor- 

dingly, for low power density dP , the activated depth ( )actd t  decreases 

with t; for high dP , ( )actd t  increases with t. 

 
which becomes  

( )( )act
1,
d

U d t t
P

=                          (20) 

In (20), the interaction between 1 dP  and the decreasing/increasing regions 
of ( ),U z t  vs t leads to decreasing/increasing trends of actd  vs t, respectively, 
for low and for high dP . In Figure 1, for a relatively low power density d,1P , the 
value of d,11 P  is large, and the corresponding activated depth satisfies 

( ) ( )act,1 end endcd t z t< . Recall that ( ) ( )end end,1.2 ,U z t U z t<  for ( )endcz z t<  and 
that ( ),U z t  is a decreasing function of z. To make ( )act,1 end1.2d t  satisfy (20) 
at end1.2t , we must have ( ) ( )act,1 end act,1 end1.2d t d t< . That is, for a relatively low 
power density d,1P , upon the beam power is off, the activated depth starts de-
creasing. In contrast, for a relatively high power density d,2P , the value of d,21 P  
is small, and the corresponding activated depth satisfies ( ) ( )act,2 end endcd t z t> . 
Since ( ) ( )end end,1.2 ,U z t U z t>  for ( )endcz z t>  and ( ),U z t  decreases with z, 
(20) gives ( ) ( )act,2 end act,2 end1.2d t d t> . That is, for a relatively high power density 

d,2P , after the beam power is off, the activated depth will continue increasing for 
some time. 

Similar to the situation with the activated depth ( )actd t  described above, the 
activated volume actV  vs t also demonstrates opposite trends, respectively, for 
low dP  and for high dP . Let  

( ) ( )end act end max act, max
t

V V t V V t≡ ≡                  (21) 

Figure 2 illustrates these two distinct trends of actV  vs t. In the left panel,  
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Figure 2. Two distinct trends of actV  vs t. Left panel: 2dP =  and end 3t = . Right panel: 8dP =  and end 3t = ; maxV  is attained 
at max endt t>  with max endV V> . 

 
2dP =  and end 3t = ; ( )actV t  decreases monotonically for endt t> , and endV  is 

the same as maxV . In the right panel, 8dP =  and end 3t = ; ( )actV t  continues 
increasing for some time after the beam power is off; maxV  is attained at 

max endt t>  with max endV V> . 
In Figure 1 and Figure 2, we see that at a fixed exposure time endt  when the 

beam power density dP  is large enough, the activated volume actV  will con-
tinue rising after the beam power is off. In the discussion above we used the term 
“for a relatively large dP ” because in Figure 1 the continued rising of actV  oc-
curs when quantity ( d1 P ) is lower than the critical value ( )( )end end,cU z t t  
where ( )endcz t  is the boundary in z between ( )end 0, 0tU z t + <  and  

( )end 0, 0tU z t + > . In Figure 3, we show that both the boundary ( )endcz t  and the 
critical value ( )( )end end,cU z t t  are increasing functions of endt . In particular, at 
any given beam power density dP , when the exposure time endt  is sufficiently 
large, ( )( )end end,cU z t t  can be made larger than the given (1 dP ) and conse-
quently maxV  is attained at max endt t>  with max endV V> . In other words, any 
value of dP  can qualify as a relatively high power density when endt  is large 
enough. In summary, the continued rising of actV  beyond endt  can be realized 
at any given beam power density dP  when the exposure time endt  is large 
enough or at any given endt  when dP  is large enough. 

The temporal trend of ( )actV t  is completely determined by two parameters 
( )end,dP t . We examine the ratio max endV V  as a function of ( )end,dP t . The top 
left panel of Figure 4 plots contours of max endV V  vs ( ) ( )( )2 2 endlog , logdP t ; the 
shaded region corresponds to max endV V= . The continued rising of ( )actV t  
beyond endt , indicated by max end 1V V > , occurs when ( ) ( )2 2 endlog logdP t+  is 
large. The top right panel of Figure 4 shows contours of ( )act endd t . As expected 
from the analysis in Figure 1, the continued rising of ( )actV t  beyond endt  oc-
curs only when the activated depth is relatively large. This is most prominent at  
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Figure 3. ( )endcz t  is the boundary between ( )end 0, 0tU z t + <  and ( )end 0, 0tU z t + > , introduced in Figure 1. Left: ( )endcz t  vs 

endt . Right: ( )( )end end,cU z t t  vs endt . 

 

 
Figure 4. Comparison of contours of max endV V  (top left), contours of ( )act endd t  (top right), and contours of maxT  (bottom), in 

the 2D space of ( ) ( )( )2 2 endlog ,logdP t . 

https://doi.org/10.4236/jamp.2022.107162


H. Y. Wang et al. 
 

 

DOI: 10.4236/jamp.2022.107162 2392 Journal of Applied Mathematics and Physics 
 

low and moderate beam power densities. The bottom row of Figure 4 displays 
contours of the skin maximum temperature ( ) ( )max , ,max , ,z tT T z t≡ r r . It is clear 
that the continued rising of ( )actV t  beyond endt  occurs only when the skin 
maximum temperature is very high. To get a 10% increase of ( )actV t  beyond 

endt  (i.e., max end 1.1V V = ), the non-dimensional maximum temperature needs 
to reach max 8T = ; a 20% increase of ( )actV t  beyond endt  is associated with  

max 12T ≈ . Because of the very high skin temperature accompanying any mea-
ningful increase of ( )actV t  beyond endt , it is impractical to realize and utilize 
such a gain.  

There is another obstacle in harvesting the gain of continued rising of ( )actV t  
beyond endt  for inducing withdrawal reflex: the optimal exposure design for 
such a purpose requires a fairly small beam radius. To harvest the gain and to 
maximize the energy efficiency, we need max endV V>  and we need to place the 
occurrence of withdrawal reflex right at maxV , which gives a constraint on the  
optimal beam radius: ( )

b

2
b,gain max end 1

,d r
r V P t

=
= π . Here b,gainr  is the optimal  

beam radius for harvesting the gain of continued rising of ( )actV t  beyond endt  
to induce withdrawal reflex. This constraint leads to  

( )
( )

b

1 2

b,gain end
max end 1

,
,d

d r

r P t
V P t

=

 
 
 
 

π
=                  (22) 

b,gainr  varies with ( )end,dP t , the prescribed power density and exposure time. 
Figure 5 shows contours of b,gainr  in the 2D space of ( ) ( )( )2 2 endlog , logdP t  
and compares them with those of max endV V . The gains of 10% and 20% contin-
ued rising of ( )actV t  beyond endt  are associated with respectively b,gain 0.8r ≤  
and b,gain 0.65r ≤  for the range of power density examined. For b 1.5r > , it is 
not possible to harvest any gain of continued rising of ( )actV t  beyond endt  for  

 

 

Figure 5. Comparison of contours of max endV V  and contours of b,gainr  in the 2D space of ( ) ( )( )2 2 endlog ,logdP t . Here b,gainr  is 

the optimal beam radius for harvesting the gain in max endV V  to induce withdrawal reflex. 
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inducing withdrawal reflex. Recall that continued rising of ( )actV t  beyond endt  
occurs when endt  is sufficiently large. With a beam of radius b 1.5r > , with-
drawal reflex would occur before the endt  required for bringing on the contin-
ued rising of ( )actV t . 

5. Energy Required for Inducing Withdrawal Reflex 

At each given set of power density and beam radius ( )b,dP r , when the exposure 
time endt  is short enough, no volume is activated and no withdrawal reflex oc-
curs. With the beam power density kept steady, as the exposure time increases, 
the temperature at each z increases unbounded, and thus, the activated volume 
increases unbounded. When the exposure time endt  is long enough, we have 

( )actmaxt V t ≥ π  and the exposure event results in withdrawal reflex, which may 
occur after the beam power is turned off (i.e., ref endt t> ). Let end,mint  denote the 
minimum exposure time for inducing withdrawal reflex. At each given set of 
( )b,dP r , the total beam power is given and the minimum exposure time corres-
ponds to the minimum energy consumption. With end,mint , withdrawal reflex 
occurs at the temporal maximum of ( )actV t , which may occur after endt . Let 

ref,minEt  denote the time of withdrawal reflex with the minimum exposure time 

end,mint . Both ( )end,min b,dt P r  and ( )ref,minE b,dt P r  vary with ( )b,dP r . It should be 
pointed out that ref,minEt  is the time of withdrawal reflex with the smallest ener-
gy consumption (i.e., the shortest exposure time), not necessarily the shortest 
time to withdrawal reflex. At a given set of ( )b,dP r , if ref,minE end,min>t t , then 
keeping the beam power on longer than end,mint  will bring on withdrawal reflex 
sooner than ref,minEt  at the expense of higher energy consumption. 

To describe the mathematical formulation for ( )end,min b,dt P r  and  
( )ref,minE b,dt P r , we introduce ( )max b end, ,dV P r t , the maximum activated volume 

achieved with the given ( )b end, ,dP r t .  

( ) ( ) ( )
b

2
max b end act b end b act end 1

, , max ; , , max ; ,d d d rt t
V P r t V t P r t r V t P t

=
≡ =     (23) 

From the definition, it is clear that ( )max b end, ,dV P r t  satisfies the scaling prop-
erty  

( ) ( )
b

2
max b end b max end 1

, , ,d d r
V P r t r V P t

=
=                  (24) 

maxV  may be attained at endt t>  with max endV V> . Given ( )b,dP r , the mini-
mum exposure time end,mint  and the corresponding reflex time ref,minEt  have the 
expressions  

( ) ( )
b

end,min b end max end 21
b

, min ,d d r
t P r t V P t

r=

  = ≥


π
 


             (25) 

( ) ( )( )
b

ref,minE b act end,min b 1
, arg max ; , ,d d d rt

t P r V t P t P r
=

=             (26) 

Given ( )b,dP r , the minimum amount of absorbed energy for inducing with-
drawal reflex is  
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( ) ( )( ) ( )

( )

b

2
min b b end,min b1

2
b end,min b

, d d ,

,
2

d d dr

d d

E P r P r G x y t P r

r P t P r

=
=

=
π

∫ r
           (27) 

Note that although maxV  is proportional to 2
br , the effect of br  on end,mint  

in (25) is complicated because of the nonlinear dependence of maxV  on endt . 
We use a 2D grid to represent the space of ( ) ( )( )2 2 blog , logdP r . At each grid 
point, we calculate end,mint , minE , ref,minEt , maxT  (the maximum skin tempera-
ture over space and over time), and ( )act ref,minEd t  (the activated depth at reflex). 
Figure 6 compares the contours of minE , ref,minEt , maxT , and ( )act ref,minEd t . In 
the top left panel, the energy consumption increases mainly with the beam ra-
dius. If energy efficiency is the only concern, low energy consumption may be 
achieved by using beams of small radius to induce withdrawal reflex. This ap-
proach, however, has several undesirable side effects  

 

 
Figure 6. Comparison of contours of minE  (top left), contours of ref,minEt  (top right), contours of maxT  (bottom left), and 

contours of ( )act ref,minEd t  (bottom right), in the 2D space of ( ) ( )( )2 2 blog ,logdP r . 
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• The time to withdrawal reflex is longer with smaller beam radius (top right 
panel of Figure 6). The longer time to reflex may not be desirable for the 
purpose of inducing withdrawal reflex as quickly as possible.  

• When the beam radius is small, the maximum skin temperature is very large 
(bottom left panel of Figure 6). To prevent thermal injury, we need to set a 
cap on the maximum skin temperature allowed [13] [14] [15].  

• Small beam radius leads to large activated depth at reflex (bottom right panel 
of Figure 6), which may not be suitable for the purpose of preventing ther-
mal injury to the tissue deep inside skin.  

Figure 7 displays minE  and maxT  vs beam radius br  at several values of 
power density dP . The energy required for inducing withdrawal reflex, minE  is 
flat with respect to br  for small br  and starts increasing with br  for b 1r > . 
The maximum temperature maxT  is high for small br  and decreases rapidly 
toward 1 as br  is increased. Since act 1T =  (nondimensional), max 1T =  is the 
lowest maximum skin temperature for having a positive activated volume and 
thus for inducing withdrawal reflex. Figure 8 examines minE  and maxT  vs 
power density dP  at several values of beam radius br . minE  is relatively flat 
with respect to dP  at each br ; the height of flat minE  vs dP  increases signif-
icantly when br  is increased beyond b 1r = . For large br , maxT  is small (close 
to 1) and is relatively flat with respect to dP . For small br , maxT  is large and 
increases with dP .  

6. Minimization of Energy Subject to a Prescribed  
Temperature Cap  

From the top left panel of Figure 6, the unconstrained minimization of energy 
consumption with respect to ( )b,dP r  is attained at the smallest beam radius br  
and the highest power density dP  (the bottom right corner of the panel). 
The combination of small beam radius and large power density, however, is  

 

 
Figure 7. minE  and maxT  as functions of beam radius br  at several values of power density dP . Both the horizontal and 
vertical axes have logarithmic scales. 
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Figure 8. minE  and maxT  as functions of power density dP  at several values of beam radius br . Both the horizontal and 
vertical axes have logarithmic scales. 
 

accompanied by undesirable features of a very high maximum skin temperature 

maxT  (see the bottom left panel of Figure 6) and a very long time to reflex 

ref,minEt  (see the top right panel of Figure 6). For practical applications, we con-
sider the constrained optimization problem of minimizing energy consumption 
subject to max capT T≤  where capT  is the prescribed cap on the maximum skin 
temperature. 

Recall that at each given set of ( )b,dP r , the shortest exposure time for induc-
ing withdrawal reflex is ( )end,min b,dt P r  given in (25). Associated with this shortest 
exposure time, we have i) the energy consumption ( )min b,dE P r , ii) the time of 
withdrawal reflect ( )ref,minE b,dt P r , which may be later than ( )end,min b,dt P r , iii) 
the maximum skin temperature over space and time ( )max b,dT P r , and iv) the 
activated depth at withdrawal reflex ( )act b,dd P r . 

6.1. Minimization at a Given Beam Power Density Pd  

At each given value of dP , we optimize ( )min b,dE P r  with respect to variable 

br , subject to the constraint ( )max b cap,dT P r T≤ . The conditionally optimal br  
and the corresponding minE , end,mint , ref,minEt , and actd  are given by  

( )
( )

b max b cap
b cap min b =given,s.t. ,

; argmin ,
d

d
d d Pr T P r T

r P T E P r
≤

  =             (28) 

( )min cap min b cap; , ;d d dE P T E P r P T   =     

( )end,min cap end,min b cap; , ;d d dt P T t P r P T   =     

( )ref,minE cap ref,minE b cap; , ;d d dt P T t P r P T   =     

( )act cap act b cap; , ;d d dd P T d P r P T   =     

In Figure 9, we plot the optimal b cap;dr P T    and the corresponding minE , 

end,mint , ref,minEt , and actd  as functions of dP  at { }cap 1.5, 2.0, 2.5,3.0,3.5T = .  

https://doi.org/10.4236/jamp.2022.107162


H. Y. Wang et al. 
 

 

DOI: 10.4236/jamp.2022.107162 2397 Journal of Applied Mathematics and Physics 
 

 
Figure 9. Conditional minimization of minE  at each given power density dP , subject to max capT T≤ . Plots of optimal  

( )b min end,min ref,minE act, , , ,r E t t d  vs dP . 

 
These are the results of conditional optimization given cap;dP T   . At any given 

dP , when the prescribed cap on the maximum skin temperature capT  is lower, 
the optimal beam radius br  is larger (top left panel); the energy consumption 

minE  is higher (top right panel); both the exposure time end,mint  and the time to 
withdrawal reflect ref,minEt  are lower (bottom left panel); and the activated depth 
at reflex actd  is smaller (bottom right panel). In the bottom left panel, the ex-
posure time end,mint  is plotted as lines while the time to withdrawal reflect  

ref,minEt  is represented by symbols. For cap 3.5T =  and 42 16dP > = , we have 

ref,minE end,mint t> , implying that in this regime the gain of continued rising of actV  
beyond the beam end time is realized. Away from this regime, ref,minE end,min=t t , 
indicating that it is impossible to realize the gain of continued rising of actV  
beyond the beam end time when both dP  and capT  are moderate or small. At 
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each capT , the conditionally optimal beam radius ( )b dr P  is an increasing func-
tion of dP  (top left panel); the corresponding energy consumption ( )min dE P  
exhibits a minimum with respect to dP  at a moderate value of dP  (top right 
panel); both the exposure time ( )end,min dt P  and the time to withdrawal reflex 

( )ref,minE dt P  are approximately inversely proportional to dP  (bottom left pan-
el), and the activated depth at reflex ( )act dd P  decreases with dP  for small dP  
and is flat for large dP  (bottom right panel). In summary, when the conditional 
minimization of energy is carried out at each given beam power density dP , 
subject to constraint max capT T≤ , the minimum energy consumption minE  is 
predominantly determined by the prescribed capT  while both the exposure time 

end,mint  and the time to withdrawal reflect ref,minEt  are mainly influenced by the 
beam power density dP . Overall, a moderately large beam power density dP  
with the corresponding optimal beam radius satisfying the constraint max capT T≤  
is a good compromise to achieve 1) low energy consumption, 2) short expo-
sure time and short time to withdrawal reflex, and 3) small activated depth at 
reflex. 

6.2. Minimization at a Given Total Beam Power PT  

For a Gaussian beam with radius br , the beam center power density dP  and 
the total beam power TP  are related by  

2 T
T b 2

b

2,
2 d d

PP r P P
r

=
π

π
=                       (29) 

At each given value of TP , we optimize T
min b2

b

2 ,PE r
r



π


 
 

 with respect to varia-

ble br , subject to the constraint T
max b cap2

b

2 ,PT r T
r

 
≤ 

 π
. The conditionally optimal  

br  and the corresponding dP , minE , end,mint , ref,minEt , and actd  are given by  

{ }
T Tb max b cap2
b

T
b T cap min b2

2 b =given,s.t. ,

2; argmin ,
P Pr T r T
r

Pr P T E r
rπ 

 ≤
 
 π

 
=  

 
          (30) 

{ }
{ }( )

T
T cap 2

b T cap

2;
;

d
PP P T

r P Tπ
=  

{ }
{ }( )

{ }T
min T cap min b T cap2

b T cap

2; , ;
;

PE P T E r P T
r P T

 
 =  

π 


 

{ }
{ }( )

{ }T
end,min T cap end,min b T cap2

b T cap

2; , ;
;

Pt P T t r P T
r P T

 
 = 
 π


 

{ }
{ }( )

{ }T
ref,minE T cap ref,minE b T cap2

b T cap

2; , ;
;

Pt P T t r P T
r P T

 
 = 
 π


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{ }
{ }( )

{ }T
act T cap act b T cap2

b T cap

2; , ;
;

Pd P T d r P T
r P T

 
 =  

π 


 

For clarity, in (28) we used the notation cap;dF P T    to represent the results 
of minimization at a given beam power density dP  whereas in (30) we used 
{ }T cap;F P T  for the results of minimization at a given total beam power TP .  
In Figure 10, we plot the optimal { }b T cap;r P T  and the corresponding dP , 

minE , actd , end,mint  and ( ref,minE end,mint t ) as functions of the total beam power 

TP  at several values of prescribed temperature cap { }cap 1.5, 2.0, 2.5,3.0,3.5T = . 
These are the results of conditional optimization given { }T cap;P T . The optimal 
beam radius br  increases with TP  while decreasing as capT  is raised (top left 
panel). The corresponding beam power density dP  increases both with TP  
and with capT  (top right panel). The energy consumption minE  is relatively flat 
and exhibits a minimum with respect to TP  while decreasing rapidly to a limit 
as capT  is raised (middle left panel). The activated depth at reflex actd  de-
creases with TP  while increasing with capT  (middle right panel). The mini-
mum exposure time for inducing withdrawal reflex end,mint  is approximately in-
versely proportional to TP  while decreasing to a limit as capT  is raised (bottom 
left panel). In the bottom right panel, the ratio ( ref,minE end,mint t ) is above 1 only 
for cap 3.5T ≥  and 4.6

T 2 24.25P ≥ = . This result indicates that the gain of con-
tinued rising of actV  beyond the beam end time cannot be realized when both 

capT  and TP  are moderate or small. Even when this gain is clearly realized at  

cap 3.5T =  and ( )2 Tlog 7P = , the amount of energy saved is fairly small (com-
paring minE  for cap 3.5T =  and for cap 3.0T =  in the middle left panel). In 
summary, when the conditional minimization of energy is carried out at each 
given total beam power TP , subject to constraint max capT T≤ , the minimum 
energy consumption minE  is again predominantly determined by the prescribed 
cap on the maximum skin temperature capT . The optimal beam radius varies 
slowly with ( )2 Tlog P  and as a result the corresponding power density dP  is 
nearly proportional to TP . Both the exposure time end,mint  and the time to with-
drawal reflect ref,minEt  are nearly inversely proportional to the total beam power 

TP . Overall, a moderately large or large TP  with the corresponding optimal 
beam radius satisfying the constraint max capT T≤  is a good compromise to achieve 
i) low energy consumption, ii) short exposure time and short time to withdrawal 
reflex, and iii) small activated depth at reflex. 

7. Empirical Formulas for Optimal Quantities 

The results presented in Sections 5 and 6 are obtained by analytically solving the 
skin temperature evolution model (11) and numerically computing the activated 
volume in (15). Based on the simulated results, we now construct empirical 
formulas for the conditional optimization at each given total power TP , subject 
to the constraint max capT T≤ . Specifically, we first construct empirical formulas 
for the optimal beam radius { }b T cap;r P T  and the minimum energy consumption  
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Figure 10. Conditional minimization of minE  at each given total power TP , subject to max capT T≤ . Plots of optimal  

( )b min act end,min ref,minE end,min, , , , ,dr P E d t t t  vs TP . 

 

{ }min T cap;E P T . Then we use these two formulas to derive the empirical formulas 
for the corresponding power density { }T cap;dP P T  and the exposure time  
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{ }end,min T cap;t P T . 
In the dimension of TP , we use a quadratic of ( )2 Tlog P  as the function 

form for both { }b T cap;r P T  and { }min T cap;E P T .  

{ } ( )( ) ( )( ) ( )2
T cap 2 cap 2 T 1 cap 2 T 0 cap; log logF P T f T P f T P f T= + +        (31) 

In the dimension of capT , the three coefficients in the quadratic form (31) are 
set to  

( )
( )

,1
cap ,0

cap ,2

j
j j

j

c
f T c

T c
α= +

−
                   (32) 

where 1α =  for br  and 3 2α =  for minE . Fitting the simulated results of  
{ }b T cap;r P T  and { }min T cap;E P T  to the two-variable function form specified by 

(31) and (32), we obtain the empirical approximations below.  

( ) { } ( )2
emp 2 T

b T cap
cap

2 T

cap cap

log0.301; 0.325
1 100

log1.204 0.9290.611 0.406
0.681 10 0.681

P
r P T

T

P
T T

 
= − +  − 

   
+ + + +      − −   

   (33) 

( ) { }
( )

( )

( ) ( )

2
emp 2 T

min T cap 3 2
cap

2 T
3 2 3 2

cap cap

log15.19; 1.305
1000.848

log0.475 9.1218.242 8.647
101 1

P
E P T

T

P

T T

 
 = +
 − 
   
   + − + + +
   − −   

   (34) 

( ) { }
( ) { }( )

emp T
T cap 2emp

b T cap

;
0.5 ;

d
PP P T

r P T
=

π
               (35) 

( ) { }
( ) { }emp
min T capemp

end,min T cap
T

;
;

E P T
t P T

P
=                   (36) 

In Figure 11, we compare the optimal quantities ( )b min end,min, , ,dr E P t  ob-
tained in accurate numerical simulations and the corresponding quantities pre-
dicted using empirical formulas (33)-(36). These quantities are compared as 
functions of ( )2 Tlog P  at several values of capT . Figure 11 demonstrates that 
the empirical approximations (33)-(36) (represented as symbols) match very 
well the accurate numerical results of the model system (plotted as lines) in the 
range of { }T cap;P T  considered.  

To measure the accuracy of empirical formulas quantitatively, we examine the 
relative errors in these approximations. For quantity F, anyone of  
( )b min end,min, , ,dr E P t , we define the relative error of the empirical approximation 

( )empF  as  

( ){ } ( ) ( )( )
( )emp

emp empErr ln ln F FF F F
F

−
≡ − ≈             (37) 

In Figure 12, we plot the relative errors of empirical approximations (33)-(36)  
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Figure 11. Comparison of the simulated ( )b min end,min, , ,dr E P t  (plotted as lines) and the corresponding empirical approximations 

(33)-(36) (represented as symbols). 
 

as functions of ( )2 Tlog P  at several values of capT . The relative errors are well 
below 2% in the range of { }T cap;P T  considered.  

8. Concluding Remarks 

In this paper, we considered the problem of inducing withdrawal reflex on a test 
subject via exposure to a millimeter wave beam. If we keep the beam power on 
and steady, the volume of skin tissue where nociceptors are activated grows 
without bound, and eventually withdrawal reflex occurs when the heating sensa-
tion is above the subject’s tolerance. 

The occurrence of withdrawal reflex is affected by 10 physical parameters of 
beam specifications, exposure time, skin material properties, skin baseline tem-
perature, activation temperature of thermal nociceptors, and critical threshold 
on the activated volume for withdrawal reflex (see the list in (7)). To pinpoint 
the roles of these physical parameters, we carried out non-dimensionalization to 
reduce the model to a non-dimensional system of only 3 composite parameters:  
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Figure 12. Relative errors of empirical approximations (33)-(36), defined in (37), for optimal quantities ( )b min end,min, , ,dr E P t . 

 
non-dimensional (absorbed) beam power density, non-dimensional beam ra-
dius, and non-dimensional exposure time (see the model described in (14) and 
(16)). Another benefit of non-dimensionalization is that the non-dimensional 
temperature distribution is written in terms of a parameter-free function of ( ),z t  
that has a simple closed-form expression (see the solution given in (17)). 

With the 3-parameter non-dimensional system, we explored the phenomenon 
and mechanism of continued rising of activated volume beyond the beam end 
time. While the beam is on and steady, the temperature is monotonically in-
creasing with time at all depth. After the beam power is turned off, near skin 
surface the temperature decreases with time while deep inside skin the tempera-
ture keeps increasing with time, driven by the heat flow from the hot region near 
skin surface. For a given beam end time, there is a critical depth separating the 
skin tissue into two regions: for depth smaller than the critical value, the tem-
perature decreases with time after the beam power is off; for depth larger than 
the critical value, the temperature continues increasing with time after the beam 
end time (see Figure 1). If, by the beam end time, the activated depth has 
reached the critical depth, then the activated depth and the activated volume will 

https://doi.org/10.4236/jamp.2022.107162


H. Y. Wang et al. 
 

 

DOI: 10.4236/jamp.2022.107162 2404 Journal of Applied Mathematics and Physics 
 

continue increasing with time after the beam power is off. At any given beam 
end time, the activated depth increases with the beam power density. It follows 
that when the beam power density is sufficiently high, the activated volume will 
continue increasing with time after the beam end time (see Figure 2). We also 
demonstrated that at any given beam power density, with a sufficiently long ex-
posure time, the activated volume will continue increasing with time after the 
beam end time (see the results in Figure 3). The continued rising of activated 
volume after the beam end time, however, is associated with very high values of 
maximum skin temperature (see Figure 4), which makes it impractical to utilize 
this gain due to the need of reducing the burn injury risk. 

At each given set of ( )b,dP r , there is a minimum exposure time such that the 
maximum activated volume over time reaches the critical volume threshold for 
withdrawal reflex, which may occur after the beam end time. This minimum 
exposure time corresponds to the minimum energy consumption at the given 
( )b,dP r . We found that the minimum energy consumption is relatively flat with 
respect to dP  and increases significantly with br . Lower energy consumption 
is achieved with a smaller beam radius, which is associated with several unde-
sirable features: high value of maximum skin temperature, long time to with-
drawal reflex, large activated depth at reflex (see Figure 6 and Figure 7). 

To find a compromise between reducing the energy consumption and pre-
venting the maximum skin temperature from getting too high, we carried out 
two constrained minimizations of energy with respect to br , subject to  

max capT T≤ , respectively, 1) at a given beam power density dP  or 2) at a given 
total beam power TP . The results of the two constrained minimizations depend 
on, respectively, cap,dP T    or { }T cap,P T . In the two constrained minimiza-
tions, the minimum energy consumption is relatively flat with respect to dP  or 

TP ; it increases rapidly as the temperature cap capT  is lowered, indicating the 
trade-off that a lower value of maximum skin temperature can be achieved only 
with a larger beam radius at the price of a significantly higher energy consump-
tion (see Figure 9 and Figure 10). When the beam power density dP  is fixed, a 
lower value of capT  (achieved with a larger beam radius) yields a shorter time to 
withdrawal reflex (see Figure 9). In contrast, when the total beam power  

2
T b

1
2 dP r Pπ=  is fixed, a lower value of capT  (achieved with a larger beam radius)  

yields a slightly longer time to withdrawal reflex (see Figure 10). When the 
temperature cap capT  is fixed, the time to withdrawal reflex is approximately 
inversely proportional to dP  or TP  in both constrained minimizations. The 
activated depth at reflex varies positively with the temperature cap capT : a lower 
value of capT  yields a smaller activated depth at reflex. In addition, the activated 
depth at reflex varies negatively with dP  or TP : at a fixed value of capT , the ac-
tivated depth at reflex can be reduced significantly with a higher value of dP  or 

TP  (see Figure 9 and Figure 10). In the two constrained minimizations, the 
continued rising of activated volume beyond the beam end time does not occur 
at the optimum unless capT  is large or dP  is large or both. In most of the pa-
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rameter region examined, with the optimal beam radius, withdrawal reflex oc-
curs before the onset of the continued rising of activated volume. As a result, in 
most of the parameter region examined in Figure 9 and Figure 10, withdrawal 
reflex occurs right at the beam end time (the minimum exposure time required 
for inducing withdrawal reflex). Given a prescribed cap on the maximum skin 
temperature capT , a moderately large or large total beam power with the corres-
ponding optimal beam radius satisfying the constraint max capT T≤  is a good 
compromise to achieve 1) low energy consumption, 2) short exposure time and 
short time to withdrawal reflex, and 3) small activated depth at reflex. The 
minimum energy consumption varies negatively with the prescribed capT . A 
lower value of capT  can be accommodated only with a higher energy consump-
tion via the venue of a larger beam radius. 

All conclusions obtained in this paper are based on accurately solving the skin 
temperature evolution model (11) and numerically computing the activated vo-
lume in (14). From the accurate numerical solutions, we constructed simple em-
pirical formulas for the constrained optimization as functions of the given total 
beam power and the given temperature cap (see formulas (33)-(36)). The em-
pirical formulas involve only rational functions of the input variables; they are 
easy to implement, require very little computing power, and are very accurate. 
These empirical formulas provide a quick and practical way of obtaining ap-
proximately the results of constrained optimizations without running full simu-
lations. 
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