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Abstract

In this paper, we look for solutions to the following Schrédinger-Bopp-Podolsky
system with prescribed Z*-norm constraint

—AU+ U +q%gu = |u|p_2 u inR?
—Ap+a’A*p = 4nu®
IR3|U|2 dx = pz’

At first, by the classical minimizing argument, we obtain a ground state solu-

in R®,, where g#0, a,p>0 are constants.

tion to the above problem for sufficiently small p when p 6(2,§:|. Se-

condly, in the case p =6, we show the nonexistence of positive solutions by

using a Liouville-type result. Finally, we argue by contradiction to investigate

the orbital stability of standing waves for p e (2, g} .

Keywords

Schrédinger-Bopp-Podolsky System, Standing Waves, Normalized Solution,
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1. Introduction

When one looks for standing waves of the Schrédinger equation coupled with
the Bopp-Podolsky theory of the electromagnetic field in the purely electrostatic
situation, it is equivalent to consider the existence of solutions for the following

Schrodinger-Bopp-Podolsky system

{—Au +ou+qigu=|u""u in R (L)

~Ap+a’A*p = 4nu® in R?,
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where u,¢:R° >R, ®,a>0, q#0,and pe(2,6).From the physical stand-
point, u represents the modulus of the wave function and ¢ is the electrostatic
potential, the parameter g has the meaning of the electric charge and a is the pa-
rameter of the Bopp-Podolsky term [1]. As is known to all, the Bopp-Podolsky
theory, a second-order gauge theory of the electromagnetic field, was developed
by Bopp [2] and then independented by Podolsky [3]. According to Mie theory
[4] and its generalizations in [5] [6] [7] [8], the Bopp-Podolsky theory was in-
troduced to solve the alleged infinity problem in classical Maxwell theory.

As far as system (1.1) is concerned, there are very few papers related to the ex-
istence of solutions. Indeed, to the best of our knowledge, Siciliano and d’Avenia
in [9] for the first time showed that system (1.1) possesses nontrivial solutions
by means of splitting lemma and the monotonicity trick, when p and g belong to
different scope. Meanwhile, they also demonstrated that in the radial case, as
a — 0, the solutions they found tend to solutions of the classical Schrédinger-
Poisson system. At the same time, Silva and Siciliano [1] proved by the fibering
approach that system (1.1) has no solutions at all for large values of g and has
two radial solutions for small q'S ,when pe (2,3]. In addition, if system (1.1)
is dependent on potentials, that is, non-autonomous, or the corresponding non-
linearity is of more general case, the authors in [10] [11] considered the exis-
tence of nontrivial solutions, the main results obtained in [12]-[16] are related to
the existence of ground state solutions for system (1.1) with critical growth.

To deal with system (1.1), in the light of its variational structure, it can be re-
duced to search for nontrivial critical points of the associated energy functional.
Actually, define the Hilbert space

D={peD?(R*):age L’ (R°)]
normed by
|1, =2 lagl; +[v el

then, according to the Gauss law, it can be proved that for every ueH' (RS)
there is a unique solution ¢, € D of the second equation in system (1.1). Here,

H* (Rg) is the usual Sobolev space with standard norm

1
Jull= (vl +ul; )
In other words, a unique element ¢, € D satisfies
~Ag+a’A’¢ = 4nu’
in the weak sense. Moreover, it turns out to be that
ik
4, = ||a xu? 2 [C*u?, (1.2)

where K:R® \{0} - (O,l/a) )
In view of the solvability of ¢, , that is (1.2), system (1.1) can be naturally re-
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duced to the following single equation
~AU+ou+q°g,u :|u|p_2u. (1.3)

As for (1.3), the corresponding energy functional J:H* (R3) — R is defined
by

1 2 1
J(u)= EJRBWUF + o’ dXJquJ‘IR3 ¢uu2dx—BjR3|u|p dx.

Based on the above arguments, if Ue H' (Rs) is a critical point of /, we call
that the pair (u,¢,) isa weak solution of system (1.1). For the simplicity of the
notations, throughout this paper we just say U e H* (R3) , instead of
(u,g, ) eH! (R3)>< D, is a solution of system (1.1).

Just as mentioned above, all the existing results involving system (1.1) focus
on the case that @ is a fixed and assigned parameter. Nevertheless, as a model
coupling the Schrodinger field and the electromagnetic field, the physicists are
more interested in the existence of “normalized solutions”, that is, solutions with
prescribed Z*-norm. To this subject, we have not found any references dealing
with system (1.1), except for the recent work [17], in which the authors investi-
gated the normalized solutions to a Schrodinger-Bopp-Podolsky system defined
on a connected, bounded, smooth open set under Neumann boundary condi-
tions. However, it is must be pointed out that, although there are no results
about the normalized solutions of system (1.1), as far as we know, many results
concerning the existence or non-existence of normalized solutions to the elliptic
problems have been extensively established, see [18]-[22] and the references
therein.

Motivated by the above references, especially [1] [9] [18] [19], the purpose of
this paper is to handle with the existence of normalized solutions for system

(1.1) when p belongs to the scope (2,%} {6} . As usual, for any given p>0,

searching solution of (1.3) with ||u||2 = p (normalized solution) is equivalent to

consider nontrivial solution of following constraint problem
2.
~Au+ou+g*gu=uf"u in R

(1.4)
[ uf dx = p2.

It is worth mentioning that in this situation the parameter @ arises as a La-
grange multiplier, depending on the solution and is not a priori given. To solve
the problem (1.4), it can be obtained as a critical point of the following C'

functional
1 2 q2 1
I(u):EfR3|Vu| dx+TJ‘R3¢uu2dx—EfR3|u|pdx (1.5)

constrained on the I*-spheresin H' (R3)

B, :={UGH1(R3):||U||2=,D}. (1.6)
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A direct strategy to deal with (1.5)-(1.6) is to consider the constraint mini-

mizing problem

| ,:=inf I(u) (1.7)

P ueB,

and verify that the minimizers are critical points of | (u)|B

Up to now, we can state our first result as follows.

Theorem 1.1. For p 6(2,2} , there exists p, >0 (depending on p) such

that all the minimizing sequences for (7) are precompactin H ! (R3 ) up to trans-

lations provided that
O<p<p.

That is, there exists a couple of (up , a)p) e H! (R3 ) xR being solution of (1.4).

We take advantage of the techniques used in [18] [19] to finish the proof of
Theorem 1.1. In fact, for any minimizing sequence {u,} of (1.7), due to va-
nishing u, — 0 (or the dichotomy situation u, —U#0 and 0< ||U||2 <p)
may occur, which leads to the main difficulty, that is, the (bounded) minimizing
sequence {un} c B, is lack of compactness. To avoid the above two cases, the
effective procedure is to verify that any minimizing sequence weakly converges,
up to translation, to a function U which is different from zero, excluding the
vanishing case; and then, to show that ||lT||2 = p, which illustrates that the di-
chotomy property does not occur. On account of the above discussions, we
firstly check that the energy functional / defined in (1.5) for problem (1.4) satis-
fies the hypothesis of Lemma 2.1, which guarantees that the condition (MD) as
introduced in Remark 2.2 can be recovered. Furthermore, with the help of
Proposition 2.5, we can examine that | (T7)= ..

Here, it should be noted that, different from [18] [19], to find the existence of
constraint minimizers for problem (1.7), the main difficulty is caused by the in-
homogeneity of C defined in (1.2), which makes the calculation involving the
energy functional / more complicated and leads to more difficult to prove strong
subadditivity with the current method.

In addition, we prove the nonexistence of the solution when p==6.

Theorem 1.2. If p=6, forany p >0, (1.4) has no positive solution in

HY(R®).

As previously said, our Theorem 1.1 is the first attempt to consider the exis-

tence of normalized solutions for system (1.1). Notice that, if a=0, system

(1.1) reduces to the following Schrodinger-Poisson system
—AU+ou+q°gu =|ul"*u,
{ aigu =l (18)

—A¢ = 4nu?,

which has been widely studied in recent years, see [23] [24] and the references

therein. It is well known that system (1.8) is equivalent to
~Au+ou+ g2l =|u""u, (1.9)

where now
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¢ ::ﬁ*uz.

Evidently, if u(x) satisfies Equation (1.9), we are readily going to obtain
standing wave solutions being of the form y (x,t)=e"u(x) corresponding to

the following problem dependent on ¢
iy, +Ay —q° (|X|7l *|l//|2 )l// +|1//|p72 w=0.
In addition, there are also some papers dealing with the existence of normalized
solutions of Equation (1.9). For the case that 2< p < %, normalized solutions

can be found by considering the minimization problem, since the functional 1°
is bounded from below and coercive on B - Bellazzini and Siciliano in [18] [19]

proved that Igz is achieved when p >0 is small for 2< p<3 and when

p>0 islargefor 3<p< % , respectively. Subsequently, for the range

10
2<p< 3 Jeanjean and Luo in [25] explicated a threshold value of p separating
the existence and nonexistence of minimizers of Izz . Catto and Lions in [26]
8 -
showed that minimizers of Izz exist for p =3 provided that pe(0,p) for

some suitable p >0 small enough. When p is [*-supercritical and Sobolev

10
subcritical, that is, ?< p <6, the existence of normalized solutions can be

generalized to the minimization problem in [27].
Since the normalized solution u(X) obtained in Theorem 1.1 corresponds to

the standing wave y (x,t)=e""u(x) of the following evolution equation
iy, +Ay -q° (/C*Il//lz)l//+|'//|pf2 y =0.

Therefore, the stability of standing wave is the second concerned problem in
present paper. Explicitly, we will discuss the orbital stability of standing waves

with Z>-norm for the following initial problem
iy, + Ay -0’ (/C*It/llz)w+|l//|p'2 w =0,
v (x0)=w,(x)e Hl(R3).
Definition 1.3. Define

S, = {e”u(x):ae [0,27),[ul, = p. 1 (u) = |p2}-

(1.10)

Then, S, is orbitally stable if for every & >0 there exists 6 >0 such that
forany y, € Hl(R3) with infvesp ||v—1//0||H1(R3) <0 we have

vi>0, Inf ||'/’("t)“’||H1(R3) <é

Here, y (t) is the solution of initial problem (1.10).

We obtain the strong stability of standing waves for (1.10), which is shown in
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the following theorem.

Theorem 1.4. Let pe (2,%} . Then the set

S, ={e"’u(x):6'e[0, 2n), ull, = 2.1 (u) = Ipz}

is orbitally stable for p determined in Theorem 1.1.

This paper is organized as follows. In Section 2, various preliminary results
are presented to be used in the sequel. In Section 3, we focus our attention on the
proofs of Theorem 1.1 and Theorem 1.2. Finally, the orbital stability obtained in

Theorem 1.4 is established in Section 4.

2. Preliminaries

To prove our main results, some preliminaries are in order during this section.
We first recall an abstract framework introduced in [18], however we could not
narrate it again in order to avoid the repetition. For the simplicity, we directly
apply it to our variational framework. Explicitly, for our constrained minimiza-

tion problem (1.7), we rewrite it as follows
1 2
I(u)= EIRs [Vul"dx+T (u),
where

2
T(u):=q7jR3¢uu2dx—%fR3|u|pdx. (2.1)

Under suitable assumption on 7 defined in (2.1), we have the strong conver-
gence of the weakly convergent minimizing sequence.

Lemma 2.1. [18] Let T eCl(Hl(R3),R). Let p>0 and {u,} be a mini-
mizing sequence for Ip2 weakly convergent, up to translations, to a nonzero

function U . Assume that the following inequality is satisfied

Ip2 < I”2 + Ipzw2 forall 0< u< p, (2.2)
and that
T(u,—u)+T(T)=T(u,)+0(1), (2.3)
o’ -lal;
T (e, (u, —u))-T(u,~T)=0(1), wherea, =———2,  (24)
Ju, —;
then UeB,.

Remark 2.2. In the above lemma, (2.2) is usually called strong subadditivity
inequality. In order to ensure that any minimizing sequence on B, is relatively
compact, (2.2) is the necessary and sufficient condition and it is a stronger ver-
sion of the following inequality

I, <
o2

» + Ipzw2 forall 0< < p, (2.5)

I
1%
which is referred as the weak subadditivity inequality. It is worth mentioning

that in [18] [19], checking (2.2) for the Schrédinger-Poisson system is the essen-
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tial step to solve problem (1.7). As a matter of fact, this is also very important for
us. However, the inhomogeneity of X makes this more difficult than a#0.

To prove (2.2), we adopt the mediate approach which ensures that

l.
(MD) the function s+ —>- is monotone decreasing.
S

Indeed, assuming that (MD) holds for x (0, p), we get
2

2
,<l, and 2220, <1, .
u P P po-u

2
H
27p

Therefore, one has
Pl =i
2

P

2
I, =”—2|p2+

2=, Ip2 <I”2+Ip2_#2 for all 0< u < p.

In other words, verifying (MD) helps us to obtain (2.2), but it is not an easy
work. In order to overcome this difficulty, the following Proposition 2.5 pro-
vides one criterion for (MD).

Before presenting it, we give some necessary definitions needed in the subse-
quence.

Definition 2.3. Let ue H' RS) with U=# 0. A continuous path
9,:0eR > g,(0)e Hl(R3S
of uif

such that g, (1)=u is said to be a scaling path

0, (0)=|g, (9)”2 Jull,” is differentiable and @, (1)=0, (2.6)

where the prime denotes the derivative. Furthermore, G, is the set of scaling
paths of u.

Definition 2.4. Let U#0 be fixed and g, € G, . We say that the scaling path
g, isadmissible for the functional (1.5) if

M, (6):=1(5,(6)-0,, (€)1 (u), 920

is a differentiable function.

Proposition 2.5. Let T € C' ( H! (R3 ) , R) satisty the set of assumptions (2.3)
and (2.4). Assume that for every p>0. All the minimizing sequences {u,}
for I,,? have a weak limit up to translations different from zero. Assume finally

(2.5) and the following conditions

—o<l, <0 foralls>0(1(0)=0), (2.7)
S ISz is continuous, (2.8)

I,
lim—-=0. (2.9)

s=>0 g

is nonempty. If; in addition,

YueM/(p),3g, €g, isadmissible such that dd_ehg“ (9)] =0, (2.10)

6=1
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then (MD) holds. Moreover, if {u,} is a minimizing sequence for Ip2 weakly

convergent, up to translations, to a nonzero function U ,
(T'(un)u,)=0(1), (2.11)
(T'(Uy)=T"(uy) .U, —u, Y =0(1) asn,m—+o, (2.12)

then ||un —U||H1(R3) — 0. In particular, it follows that | (T)= |p2 .

Next, we need to consider the local well posedness for the Cauchy problem
(1.10). The framework established in [28] helps us to achieve this fact. To make
our problem better correspond to the abstract results in [28], we will give the
following details. In fact, the local well posedness considered in the following is

applicable to more general nonlinearity

{il//t+At//+g(V/)=0, 13
1//(0) =V,

For the nonlinearity being of the form ¢ =g, +,, we assume that there exist
G, ecl(Hl(R3),R) (j=12) such that
9,=G|. (2.14)

]

In addition, g; € C(H1 (R3), H (]R3 )), there exist some r;,p; €[2,6) such
that

g, C(H'(R),L7 (R?)), (2.15)

and for every M <oo there exists C(M )< such that
loi (9)-9; (W), <C(M)lp-vl,.vy.0cH(R.C) (2.16)

with |jy||+[¢| <M , where r/,p| represent the conjugate exponent of r;, p; .
Finally, we assume that for every y € H* (Rg,(C)

Im(gj (1/1)1,7) =0 aeinR’ (2.17)

Let G=G,+G, and define the energy Eby
1 2
E(w)=5[alVu] &x-G(v)

for e Hl(R3,(C). Then, according to ([28], Theorem 4.3.1), the following
proposition is a direct consequence.

Proposition 2.6. [28] If g is defined as above. the initial-value problem (2.13)
is locally well posed in H' (RS) . Furthermore. there is conservation of charge

and energy i.e.

v ()], =Ml E(v(1)=E(wo)

forall te (T, .. ), where y(t) isthe solution of(2.13).

min !

3. Proofs of Theorem 1.1 and Theorem 1.2

Firstly, we focus our attention on verifying the hypotheses of Proposition 2.5 to

finish the proof of Theorem 1.1. We start this section to give some properties of
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@, (see [9], Lemma 3.4), which will be used frequently in the later.
Lemma 3.1. ([9], Lemma 3.4]) For any Ue€ Hl(Rs) . @, has following prop-

erties:
1) ¢u 20, ¢tu jtz¢u;
2) |l <Clulf’s

3)if v, =V in H'(R’),then ¢, —¢, in D;
4) [ gudx<C|u]

4
12/5
Hereafter, we use C,C,,--- to denote suitable positive constants whose value

may also change from line to line. The following lemma shows that problem

(1.7) is well-defined for p e [2,%} .

Lemma 3.2. For every p>0 and pe (2,%} . the functional I as shown in

(1.5) is bounded from below and coercive on B,,.
Proof. In view of Lemma 3.1 and using the Gagliardo-Nirenberg inequality

(see [29], Proposition 1.16), we have

2

I(u)=% R3Vuzdx+qTIR3¢uU2dX—%fR3|U|pdx
e W Vi

2Jr p R (3.1)

1 -,
e Ml

Ll - ol

2

3(p-2
where y, =¥. Since p 6[2,%:| , it results py, <1, which concludes
P

the proof. o
Remark 3.3. For 0< py, <2, observing the above inequality (3.1) yields that

the functional 7is bounded from below and coercive on B ~ That is, Lemma 3.2
10

is effective for p 6(2,?j. In addition, as a consequence of this lemma,

whenever p is fixed and {u,} is a minimizing sequence for | . we obtain

that {u
In order to verify all the hypothesis of Proposition 2.5, we begin with the weak

»} isboundedin H ! (Rs) and exists a weakly convergent subsequence.
subadditivity inequality (2.5).

Lemma 3.4. For the functional I defined in (1.5). The weak subadditivity in-
equality (2.5) is satistied.

Proof. According to the definition of infimum, for any & > 0, there are
u_,v, such that

',,z <I(u,)< I#2 +é&,

2 2
2 T H

u€

(3.2)

| <Il(v, )< +&
Py? (é) P y? )

2 2 2
z_p —H,

V:S'
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where p > >0.Denote V] =v,(-+ny), where y issome given unit vector
in R®. By ([9], Lemma B.5), we get V, (-+ ny)—0 in H* (Rs) and
v, (-+ n ;() —0 ae. in R®, up to a subsequence if necessary. And, according to

Brézis-Lieb Lemma (see [30], Lemma 1.32), we have
2
.
by ([9], Lemma B.2), we derive that

I (ug +v2)—(| (u,)+1 (vj)) —0.

. 2 . . . .
Moreover, since ||u||2 and | (u) are translation-invariant, we can infer from
(3.2) that

12

&

n
u, +v,

\

+

ué'

2

2)—)0;

and

2 2

2

i=,u2+p2—,uzzpz.

n
u, +v,

n
VE

}:

As aresult, according to the definition of infimum for | ,, it is achieved that
P

u

&

+

Vé‘

2 R
s = tim [+ 2]

1, <1 ,+1 .
2 2 P22

Y’

Lemma 3.5. The functional T defined in (2.1) satisfies (2.3) and (2.4).

Proof. For the convenience of notation, we redefine (2.1)
q° 1 .
T(u)= TIR3 gzrﬁljuzdx—g_[ﬂ@|u|p dx =N (u)-M (u).

It is obvious that T e C* (Rs,R) . Therefore, we only need to verify that both
Mand Nhold true for the relationships (2.3) and (2.4). By Lemma 3.2, for {u,}
being an arbitrary minimization sequence for 1(u), {u,} isbounded in

H* (Rs) . Due to the Sobolev embedding theorem, {u,} isalso boundedin L°
-norm for se [2, 2*] and thereis U e H* (R3) such that u, —TeH* (Ra) .

Note that, M and N satisfy the condition (2.3) which were proved by ([9],
Lemma B.2). Therefore, it is sufficient to verify that the condition (2.4) is satis-
fied for Mand N. Actually, by Holder inequality and Lemma 3.1, we have

2
N(Un)=q7J.R3¢un u,[ dx<C,

&,

2 2 2
Jua[liz < € Jua [ uo ez
61 "y 5

P -lul;

>-—1, we conclude
Ju,

Then, N(u,) is bounded. In addition, once «, =

the proof from

and
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Indeed, since u —0 —0 in H' (Rg) , up to a subsequence if necessary, by

Brézis-Lieb Lemma we get
Jus =Tl + [T =[], +0(2)

Hence,

Paat N

" || o

which implies that M ( ( )) (u —u) 0(1) and
N ( a, (un - u)) (u - LT) o(1 ) So we deduce immediately that
T(a,(u,—u))-T(u,~T)=0(1) and complete the proof. O
We are now concentrating on testing that conditions (2.7)-(2.9) are achieva-
ble.
Lemma 3.6. If 2< p <8/3. then condition (2.7) is satisfied.
Proof. By Lemma 3.2, we have |, >—o0 forall s>0. Hence, it only needs

1

to prove that |, <0 for every $>0.Let Ue H* (R?’) and choose the family
of scaling paths of u parameterized with SR given by

6t ~{0.(0)-0" Vu(sfo")| <,

such that ®gu (9) = 6? 9)"2 =6, where 8R" and 0, (9) is giv-
en in Definition 2.3. For the simplicity of notations, we introduce the following

quantities
j [Vul* dx, B(u J' ,u’dx, C(u J' |u|” dx,
which gives that
2
I(u)::%A(u)+qTB(u)—%C(u).

Meanwhile, some direct calculations bring the equalities as follows

A(9.(0))=0"*A(u),
_xo
1-e @’

B(g.(0))=0""][,,

C(g,(0))= o (u).
Taking [ =-2, we readily see that

Ix=v V\

10, (0) = G A0+ ] 2 (e 3y -

4p-6

C(u)—0

as >0, since 4p—6<6 and C(u)>0. This signifies that there is a small
6, such that

1, <0, Vse(0,6,].
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Letting O e (60 , \/560} , then for every s e (6,,0], we derive from Lemma 3.4
that

<
o<l 41, 0 <0,

since s° —002 < 002. That is to say, ISZ <0 for sin the larger interval (0,9].

Iterating this procedure gives that 1, <0 forevery $>0 and finishes the proof

of this lemma. m]
Lemma 3.7. If 2< p <8/3, then the function S+ I52 satisfies (2.8) and (2.9).
Proof. Firstly, we consider (2.8). Assume that p, > p as n— o, it is equiv-

alent to show lim Ip2 = Ip2 .Forevery neN,let @, €B, such that
n—ow n n
11

)<, +=<=, (3.3)

I (o, PR

n

By the Gagliardo-Nirenberg inequality (see [29], Proposition 1.16), we have

1 L R | 1 1
SlVal~Co? Vel 2 <5 IVanl,-—fenly <1 (@) <
Since 3( p2— 2) <1 and {p,} is bounded, we see that {@,} is bounded in

Hl(RS). Thus, A(w,), B(®

n

) and C(w,) are bounded sequences. So, by
Lemma 3.1 and (3.3), using the fact that p, - p as n— o, itleads to

o = (pﬁw} %[pﬁ] A(””)%(p%y B(””)_%[p%]p )y
=1(@,)+0(1)<1 , +o(2).

On the other hand, given a minimizing sequence {v,}cB , for Ip2 , the

following inequality holds

P
I/an gl(;"vnjzl(vnﬁo(l)zlpz+o(1). (3.5)
Combining (3.4) and (3.5), one has lim Ip2 = Ip2 , namely, condition (2.8) is
n—o n
established.
|
Next, we deal with Iin’(l)L; =0. Note that (2.7) implies that
=0 p
G |
"22 < L: <0,
pp

where
. 1 1
G,= 'Qj G(u) and G(u) =EIR3|VU|2 dX—BjR3|U|p dx.
Therefore, it is sufficient to verify that sz / p>—0 as p—0.Indeed,

G(u) is the functional associated to the following pure Schrédinger equation

2
u=uwu,

—Au—|ul*”

with prescribed I*-norm ||u||2 = p. It is known that, if 2<p< 8/3 , then for
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every p >0, there exists u, € B, such that sz = G(up) <0. For the details,
we refer the reader to [31] [32].
For the minimizer U, by the Gagliardo-Nirenberg inequality, there holds

0>G(up)2§"Vup"2—Cp [vu,[, 2, (3.6)

which implies that the sequence {u » }p>0 is bounded in D*? (R3) for p—>0.
On the other hand, since the minimizer u, for Gp2 satisfies the following eq-

uation in weakly sense

—Aup—|up|p_zup=a)pup, (3.7)
we infer form (3.6) that
@, _[ulvu [ dxJofu,| ox
2 [
(3.8)

1 1
y EJ-R3|VUP|2 dX_E.[R3|UP|p dx _ G(up) -0
IR3|U/J|2 dx r |

where @, is the Lagrange multiplier associated to the minimizer u,. Observe
(3.8), it reduces to prove that lim, ,,o,=0.
We argue by contradiction assuming that there exists a sequence p, —0
such that @, <—c for some ce(0,1). Since the minimizers u, :=u, satisfy
n Pn
(3.7), we are led to

clu,[” < [ s[Vu,|* dx+cf  u?dx
< J'Ra Vu, [ dx-a, J.RB uZdx
= [aJu|" dx < Cu, ",

which yields that there exists ¢'>0 such that ||Vun||2 >c'>0 dueto p>2.
However, in view of (3.6), it holds that

0>G(un)z%c’—o(1),

which is meaningless. Thus, we completed the proof. o

Based on Lemma 3.4-Lemma 3.7, we have shown that M (p) Q.

Lemma 3.8. For every p>0. all the minimizing sequences {V,} for | .
have a weak Iimit. up to translations. different from zero. Furthermore. the weak
limit defined in Proposition 2.5 is contained in M (p) .

Proof. Let {v,} be a minimizing sequence in B, for e Notice that for
any sequence {y, } = R®, the translation invariance guarantees that
{Vn (-+Y, )} is still a minimizing sequence for Ip2 . Thus, we only need to prove
the existence of one sequence {y,} = R® such that the weak limit of
{Vn ( + Y, )} is different from zero. By the Lions’ lemma (see [30], Lemma 1.21),
it follows that if
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. 2
!E';[j;g; Jepl¥e dx} =0

then v, >0e L (R3) for any QE(Z,Z*),where
B,(a)={xcR’:|[x-al<r}.So C(v,) >0 as n—>co,and then

lim,,., 1(v,) >0, which contradicts to Lemma 3.6. Therefore, we must have

2
juRp3 .[Bl(y)|vn| dx>6 > 0.

In this case we can choose {y,} = R® such that
2 1)
J'Bl(o)|vn (-+Y, )| dx > rie 0.

Due to the compactness of the embedding H*(B,(0))< L*(B,(0)), we de-
duce that the weak limit of the sequence {Vn ( +Y, )} , let us call it v, is nontrivi-
al.

In the next moment, we verify that ve M ( p) . Indeed, if ||v||2 = p, it is trivi-
al. Thus, we only discuss the case of |v], < p.If u,:=|v|, < o, then using ([19],
Proposition 3.1), we have |p2 = |#§ + |pziﬂg and |(V)= ';,g , which indicates
that veM (p)=D . O

As previously stated, the strong subadditivity inequality (2.2) is only used to
ensure that (MD) holds, which is the purpose of the following lemma.

Lemma 3.9. For small p . the function h, (0) defined in Definition 2.4 sa-
tisfies (2.10).

Proof For ueM (p) , that is ||u||2 =ue (O,p] and | (U) = |#2 , we set

3
v(6,u)= 6 2y (gj for 8>0.Itis obvious that "V(H, u)||2 = ||u||2 =u.

Furthermore, a simple calculation gives that

A(v(6,u))=072A(u),

6-3p

C(v(0.u))=6 2 C(u).

Since the map 6 | (v(&,u)) is differentiable and u is the minimizer of
I(u) on B,,we infer that

di(v(6,u))

= O’
dé
0=1
which means that
2 2 7E&lﬂ
e @ 6-3
_A(u)_qTB(u)+qTJ.R3IR3TUZ (x)u? (y)dxdy—Tf)C(u) =0. (3.9

Next, for U#0 we compute explicitly h, (&) by choosing the family of scal-
ing paths of u parameterized with S e R given by
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Gl = {gu (6)= 01§ﬂu(x/9”)} cg,

Evidently, all the paths of this family have the associated function
0, (0)= 6 where ©,, is defined in (2.6). Denote by
b

1-e ﬂ”
J.]R3J‘]R3 |X y| )uz(y)dXdy’

hy, (9) can be rewritten as follows
h,, (6) =1(9“ﬂ —ez)A(u)+i294*ﬁé(e u)—q—zezs(u)
o 2 4 ’ 4 (5.10)
3.10
—%[e(lﬁjwﬁ ech(u).

Obviously, hy (@) is differentiable for every g, e G/, ie, the paths in G’
are admissible.
Meanwhile, for g, € G/

, (1)=—paw)+ EAT gy L

4 p

\X Y\

u?(y)dxdy.

R3

Hence, it remains to demonstrate that the admissible scaling path satisfies
hg, (1) =0, which can be chosen in G/ . To prove this point, we argue by con-
tradiction. Assume that there exists a sequence {un} cM ( p) with
p= ||un||2 =p, >0 suchthatforall feR

. 1-3pp+3p-2
héun(1)=—ﬂA(un)+%B(un)_( 2 j

——c()

_[x=y

B e’
+TIR3J-R3TU5 (X)Ug (y)dXdy
=0.

Then, combining just the above with (3.9), we deduce that

%B(un)+2;ppc(un):0. (1)

As aresult, it gives that

C(u,)= %A(un)— 4(pq_2 IR3IR3 eaa u? (x)u? (y)dxdy,
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- ;Z’ AU LRS IR3 02 (x)u? (y) dxdy.
(3.12)

In the sequel, we derive the contradiction to four different situations by

showing that the relationships (3.12) are impossible for pe (2,%} and p is

small. Actually, by continuity, we know that

{I( W)=1, -0,

A(Un),B(un),c(un)_)()_ (3.13)

Case 1: 2< p<12/5.
By the Hardy-Littlewood-Sobolev inequality (see [33], Theorem 4.3) and the
interpolation inequality (see [34], Lemma 6.32), we have

\x V\
IR3IR3 |X y| 2 (y)dXdy
L@In@ |X y| dXdy

<Cll, [

< Clu [ Jun [

3p
2(6-p)

(3.11), one has

where o =

. Then, according to Sobolev embedding theorem and

4a 4(1-a)

B(u)<CB(u,)» A(u,) 2

Since p< % , it results in da >1. Therefore, we are able to deduce that

4a 4(1—0:)

1<CB(u,)»

which is a contradiction with (3.13).
Case 2: p=12/5.
Due to (3.11) and Lemma (3.1), we obtain that

Jun[i5e =3a°B(u,) < Cus[;

12/5 12/5

which is impossible, since B (un ) —0.
Case 3: 12/5< p<8/3.
Using the interpolation inequality, it follows that

2
ol =B (u,) <Clun s <l [ = i Ju, 1
2(p-2)
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5p-12 . . o —a)-
where «a = 6(pp—2) . Since p<4(l-a), we infer that 1< p; "Un"‘;(1 e
which contradicts (3.13).
Case 4: p=8/3.
To this situation, one has
B(U,) < Cluy s < Clu, IIM Junlle ™ < Coifualie.

where « =1/3. Noting that B(u,)= 27 ||u ||8/3, we also get a contradiction

evidently. m

Remark 3.10. It is worth mentioning that in the above lemmas, except for
Lemma 3.9, all the conclusions are effective for 2< p < 10/ 3. Unfortunately, we
could not say anything more when pe(8/3,6) as did in Lemma 3.9. In fact,
when 8/3< p <10/3, as usual, we want to establish the strong subadditivity
(2.2). However, the appearance of B in hgu , see (3.10), makes it impossible for
us. In addition, since the functional | (u) is unbounded from below on B Y if
10/3 < p < 6, the above minimizing method is invalid any more.

Lemma 3.11. The functional T defined in (2.1) satisfies (2.11) and (2.12).

Proof. Based on Lemma 3.2, any minimizing sequence {u,} is bounded in
H* (Rs) . Hence {u

} is bounded in all L° norms for Se [Z,Z*J and up to
a subsequence, by Lemma 2.1, there exists U € H' (R3) such that

n

U, —UeB,. According to the Gagliardo-Nirenberg inequality, using Lemma
2.1 and Lemma 3.5, we have
a 1-c
Jus =, < flun =ua [V (0 —u )
< (o, el +un ~al, ) [ (o, v ).
=0(1),

1
_1 and 2<p <?0 discussed in Remark 3.10. As a result,
p

using the Holder inequality, we obtain that

jR3|un|p_1|un—um|dxs(j lu, |pdx) (jR3|u -u |pdx)p—o(1)

and then

l-a

(TR TR AT
= Ims|un|pfl(un —uy, )—|Um|p71(Uln —Um)dx‘ (3.14)
=0(1).
Additionally, by the Hélder inequality and Lemma 3.1, it holds that
[ 0 (= <[y, s =

<Cllun][ . ], Ju ~va (3.15)

=o(1).

“n
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On the basis of (3.14), (3.15) and
<T’(un)—T’(um),un —um>
= [.o (U~ 4, U0 ) (U, —um)dx-jR3(|un|p—1 _|um|p*1)(un ~u, )dx,

(2.12) is a direct consequence. Moreover, the boundedness of {un} in I*-norm
for se [2, Z*J brings that

|<T’(un),un>

qZJ‘R3 ¢unU§dX—J.R3|Un|p dX‘
<o’ qﬁunurdeJrU]R3 |u, | dx‘

<C|u,fiz +C,
5

—0(1).

Thus, (2.11) is achieved. O

Proof of Theorem 1.1.

Proof. Summing up, we have verified all the hypotheses of Lemma 2.1 and
Proposition 2.5. Therefore, the limit U of the minimizing sequence {u,} makes
problem (1.7) solved. In other words, u, =0 and the corresponding Lagrange
multiplier @, is a couple of solution for problem (1.4). mi

Next, to prove Theorem 1.2, we first recall a Liouville-type result, see ([35],
Theorem 2.1).

Proposition 3.12. Assume that N >3 and the nonlinearity

f:(0,00) > (0,0) is continuous and satisfies

N
liminfs ¥-2£(s)>0.

Then the differential inequality —Au > f (u) has no positive solution in any
exterior domain of R" .

Proof of Theorem 1.2. First of all, we assert that if ue B, is a minimizer to
problem (1.7) for p =6, then the associated Lagrange multiplier ® is nega-
tive. Indeed, firstly we have the following Pohozaev type identity ([9], A.3)

Tyo 2 3 g2 50° 1—e’@
SIVE 3ol 2 ofl T (0 () ey
2 _[x=y]

q a SiylP —
*aa R3J'R3e UZ(X)UZ(y)dXdy—E"U”z =0,

which can be rewritten as

x-

2 2 |x=y]
%A(u)+37w,oz+l‘:’iB(u)—%C(u)+g—ajR3 € ui(x)u’(y)dxdy =0. (3.16)

4
In addition, it is easy to see that
A(u)+wp®+9°B(u)-C(u)=0. (3.17)

Thus, (3.16) together with (3.17) gives that
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2 3p-6 2 _x=y]
A(u)+q—B(u)—z—pC(u)—g—aj'R3 € 2 uf(x)u’(y)dxdy =0. (3.18)

As a result, substituting (3.17) into (3.18), it derives that

2 [x=y|

2(6—P)A(U)—(5p—12)q23(u)—%fw w8 T U UE(y)ddy )
=2(3p-6)wp’.

For p =6, obviously one has
2

2(6-p) =0, ~(5p-12)0 <0, ~*1-<0, 2(3p-6)=24>0,

which, combining with (3.19), brings that @ <0.
By Lemma 3.1, we know that
0<g, =K=u? = [ K(x)u?(y-x)dx
M
l-e @

= [ 5 u?(y—x)dx (3.20)

1 1
sjkgmuz(y—x)dx:m*uz.

Moreover, note that ([36], Lemma 2.3) gives that

lim (|x|71*u2)(x)=0. (3.21)

x>

Thus, together with (3.20) and (3.21) means that
lim (K*uz)(x)zo. (3.22)

‘X‘A)w

Assume that ueH* (Rg) is positive satisfying problem (1.7). In view of (3.22)
and ® <0, thereexists R, >0 large enough such that

(/C*u2)(x)£—2—:)2 for |X| >R,.

Therefore, we infer that
—Au(x) = (—a)—q2¢u +|u (x)|4)u (x)

2(—w+%~q2ju(X)=—%u(x) for [x| > R,.

By applying Proposition 3.12 with f (s)= —%S , we have —Au2> —%u and

reach to a contradiction. O

4., Proof of Theorem 1.4

In this section, we consider Cauchy problem (1.10). To do this, the first task is to
establish the local well posedness with aid of Proposition 2.6. In addition, to
discuss the orbital stability, the solution with given initial value should exist glo-
bally.
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According to the framework discussed in Section 2, for problem (1.10) our

nonlinearity is of the following form
9(¥)= 0 (w)+9, () =0 (Kxp? )y + [y v

Observe that K defined in (1.2) satisfies the following conditions: X is an
even real-valued potential and K € L2 (RS). Then, by ([28], Proposition 3.2.9),
g, holds (2.14)-(2.17). Moreover, according to the discussion in ([28], Remark
3.2.6), we see that ¢, satisfies (2.14)-(2.17) evidently. So, g fulfils the hypo-
theses of Proposition 2.6, which means that the local well posedness is estab-
lished.

Lemma4.1. T, =». ie the solution of problem (1.10) is global.

Proof Let y(x,t) be the solution of (1.10) and T, €(0,%0] is its maximal

time of existence. Then we either have

T =ow

max

or

T < and lim ||V1//(x,t)||z =0,

t—>Tmax

If T, <o,dueto
2
I(l//(x,t)):%jm3|vw(x,t)|2 x+ L[, (x )y (x0) o
_%J'R3|y/(x,t)|pdx
1 2 1 P
ZEIR3|VW(x,t)| dX_E.[R3|’/’(X’t)| dx

2 2w (et -y () 7w (e

2

2w -co i (xo)”

7 1

where y, =

3(2—;2) and py, <2, we infer that | (l//(X,t)) —> o as

t > T, - However, this contradicts the conservation of energy

I(w(xt))=1 (1//0 (X)), Vte(0,T,y). Hence, T, =. o
Proof of Theorem 1.4. Observe that S, is invariant by translation, namely,

if veS, thenalso V(-— y) €S, forany ye R®. Assume that for some

p>0 small enough S  is orbitally unstable, that is, there exist £>0, a se-

quence of initial value {'//n,o} cH! (Rg) and {t,} R such that the solution

, » which is global and y, (-,0) =y, ,, satisfying

. > . (4.1)

lim inf ||1//n'0—v||H1(R3):O and inf [y, (-t,)-v

n—>woVesS, veS,

Consequently, there exists U, € H* (R3) minimizer of | , and #€R such
P

N1
that v=e u,»

Vaol, > M, =2 and 1 (o) > 1(v)= | ..
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l//n,l)
such that a,w,,€B, and | (an‘/’n,o) - Ip2 . In other words, y,, can be re-

Indeed, we can assume that v, , € B, , because there exists &, = p / | |2 -1
placed by a,, . Thus, {'//n,o} is a minimizing sequence for Ipz . Since

I (l//n (-,tn)> =1 (l//n,O)’ we know that {',!/n (.t )} is also a minimizing sequence
for Ip2 . However, we have proved that every minimizing sequence has a subse-
quence converging (up to translation) in H'-norm to a minimizer on the sphere

B,, which leads to a contradiction with (4.1). O
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