
Journal of Applied Mathematics and Physics, 2022, 10, 2216-2231 
https://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

DOI: 10.4236/jamp.2022.107152  Jul. 26, 2022 2216 Journal of Applied Mathematics and Physics 
 

 
 
 

Conceptual Problems in Bell’s Inequality and 
Quantum Entanglement 

Yingqiu Gu 

School of Mathematical Science, Fudan University, Shanghai, China 

           
 
 

Abstract 
The description of the microscopic world in quantum mechanics is very dif-
ferent from that in classical physics, and there are some points of view that 
are contrary to intuition and logic. The first is the problem of reality; quan-
tum mechanics believes the behavior of micro particles is random and jump-
ing. The second is the loss of certainty; the conjugate physical variables of a 
system cannot be determined synchronously, they satisfy the Heisenberg un-
certainty principle. The third is the non-local correlation. The measurement 
of one particle in the quantum entanglement pair will influence the state of 
the other entangled particle simultaneously. In this paper, some concepts re-
lated to quantum entanglement, such as EPR correlation, quantum entangle-
ment correlation function, Bell’s inequality and so on, are analyzed in detail. 
Analysis shows that the mystery and confusion in quantum theory may be 
caused by the logical problems in its basic framework. Bell’s inequality is only 
a mathematical theorem, but its physical meaning is actually unclear. The Bell 
state of quantum entangled pair may not satisfy the dynamic equation of 
quantum theory, so it cannot describe the true state of microscopic particles. 
In this paper, the correct correlation functions of spin entanglement pair and 
photonic entanglement pair are strictly derived according to normal logic. 
Quantum theory is a more fundamental theory than classical mechanics, and 
they are not equal relation in logic. However, there are still some unreasona-
ble contents in the framework of quantum theory, which need to be improved. 
In order to disclose the real relationship between quantum theory and clas-
sical mechanics, we propose some experiments which provide intuitionistic 
teaching materials for the new interpretation of quantum theory. 
 

Keywords 
Quantum Mechanics Interpretation, Mathematical Foundation of Quantum 
Mechanics, EPR Correlation, Bohm’s Hidden Variable Theory, Quantum 
Entanglement, Bell’s Inequality, Quantum Correlation Function,  

How to cite this paper: Gu, Y.Q. (2022) 
Conceptual Problems in Bell’s Inequality 
and Quantum Entanglement. Journal of 
Applied Mathematics and Physics, 10, 2216- 
2231. 
https://doi.org/10.4236/jamp.2022.107152  
 
Received: June 11, 2022 
Accepted: July 23, 2022 
Published: July 26, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2022.107152
https://www.scirp.org/
https://doi.org/10.4236/jamp.2022.107152
http://creativecommons.org/licenses/by/4.0/


Y. Q. Gu 
 

 

DOI: 10.4236/jamp.2022.107152 2217 Journal of Applied Mathematics and Physics 
 

Schrödinger Equation, Heisenberg Uncertainty Relation 

 

1. A Brief Historical Review 

The description of the microscopic particles in quantum mechanics is very dif-
ferent from that in classical physics. The coordinates of an electron in atom are 
uncertain, and the electron stays at a place according to probability. A physical 
quantity is uncertain before it is measured. The wave function of the measured 
particle collapses to an eigenstate of the corresponding operator according to a 
certain probability. The most distinctive feature of the micro-world is uncer-
tainty, observation and measurement results only obey statistical law. Conjugate 
physical quantities satisfy the Heisenberg uncertainty relation and cannot be ac-
curately measured at the same time, such as position and momentum of a par-
ticle cannot be determined simultaneously.  

There are many famous remarks about the loss of certainty and reality. For 
example, Einstein oppugned Bohr, “Does the moon exist only when someone is 
looking at it?” The Schrödinger’s cat in the black box is in a superposed state of 
both life and death. Feynman said, “I think I can safely say, nobody understands 
quantum mechanics”. Niels Bohr, one of the founders of quantum theory, pointed 
out, “If quantum mechanics hasn’t profoundly shocked you, you haven’t un-
derstood it yet.” 

As for the philosophical interpretation of quantum theory, two opposing camps 
were formed from the beginning, represented by Einstein and Bohr. The first 
encounter between the two factions was at the fifth Solvay Conference in 1927. It 
was an unprecedented summit in physics, with 17 of the 29 participants winning 
the Nobel Prize in physics. Einstein’s main points of questioning quantum theory 
are three aspects: determinacy, reality and locality. Einstein always adheres to 
that, a complete physical theory should be of realism and causality. With regard to 
certainty, he said, God does not play dice. Reality holds that the existence in the 
world is independent of human observation. Locality means that there is no inte-
raction at a distance between two points far away from each other. 

In 1935, Einstein and his assistants Boris Podolsky and Nathan Rosen (EPR) 
at the Princeton Institute of Advanced Studies examined the completeness of 
quantum mechanics in depth [1]. EPR’s paper puts forward a viewpoint that a 
satisfactory physical theory should not only be consistent with the experimental 
results, but also that every element of the physical system must have a corres-
ponding concept in the theory, that is, the theoretical description should be 
complete. Quantum mechanics holds that the physical system is described by a 
state function, each physical quantity corresponds to a Hermitian operator, and 
the corresponding physical quantity is determined only when the state function 
is the eigenstate of an operator. If the two operators are not commutable, the 
state function cannot be the common eigen state of the two operators at the same 
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time, so at least one physical quantity is uncertain. 
In EPR paper, the correlation between two particles after decoupling is dis-

cussed. The wave function of the correlated particles is at a mixed state before it 
is measured, If the physical quantity of the first particle is measured as 1P , the 
wave function of the second particle will also be at the corresponding eigenstate, 
so that the corresponding 2P  also has a definite value. If the conjugate variable 

1Q  of the first particle is measured, the corresponding variable 2Q  of the second 
particle also has a definite value. 

EPR believes that there is no interaction between the two particles after they 
are separated, but by measuring the physical quantity of the first particle, we can 
accurately know the physical quantity of the other particle, and both conjugate 
physical quantities have definite values. This contradicts the basic principle of 
quantum mechanics, so the description of reality in quantum mechanics is in-
complete. The correlation phenomenon between two particles leaving away was 
called quantum entanglement, but Einstein himself never believed in the exis-
tence of this correlation. Later, David Bohm changed the momentum correla-
tion of particle pairs in EPR paper to spin correlation which is easier to test [2] 
[3]. 

In order to coordinate the contradiction between classical mechanics and 
quantum mechanics, David Bohm proposed an explanation of hidden variables 
theory about quantum mechanics in 1952, which linked the classical orbit of 
particles to the probability distribution of wave function [4] [5]. The main points 
of his explanation are as follows (for simplicity, we take 1c= =�  as unit). Let 
( ),x tψ �  be the solution of the time-dependent Schrödinger equation of a par-

ticle, that is,  

( ) 21 ˆ, ,
2ti x t p V

m
ψ ψ ∂ = + 

 
�                     (1) 

where p̂ i= − ∇  is the momentum operator of the particle. ( ),x tψ �  is expressed 
in the form of absolute value and corresponding phase as follows  

( ) ( ) ( ),, , e .iS x tx t R x tψ =
�� �                       (2) 

Calculation shows that the phase function ( ),S x t�  satisfies the generalized 
Hamilton-Jacobi equation in classical mechanics  

( )2 21 0, ,
2 2

S RS V Q Q
t m mR

∂ ∆
+ ∇ + + = ≡ −

∂
�               (3) 

In which Q is the quantum potential introduced by Bohm. Let 0→� , then S 
satisfies the classical Hamilton-Jacobi equation. If the relation p S= ∇

�  in Ham-
ilton-Jacobi theory is introduced, by solving the momentum equation of the par-
ticle  

( ) ( ) 0
d , , 0 ,
d
xp m S x t x x
t

= = ∇ =
�

� � � �                   (4) 

we get a classical trajectory of the particle ( )0 ,x x t� � . Because we don’t know the 
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initial position 0x�  of particles exactly, one can only use the sets of these trajec-
tories to explain the probability distribution of particle motion.  

( ) ( ) ( )2 2
0 0 0, , , .x t x t R x tρ ψ= =

� � �                  (5) 

This is the classical explanation for quantum mechanics made by Bohm, which 
links quantum mechanics to the classical mechanics by (4) and Hamilton-Jacobi 
equations. 

At the technical level, the book “Mathematical Foundations of Quantum Me-
chanics” published by J. von Neumann is a milestone [6]. According to the op-
erator theory on Hilbert space, this book provides a strict mathematical frame-
work for non-relativistic quantum mechanics, and proves the equivalence be-
tween matrix mechanics and wave mechanics. By introducing the concept of 
density matrix, the statistical theory of quantum mechanics is established. Ac-
cording to the uncertain characteristics of quantum theory, J. von Neumann 
proved that a realistic hidden variable theory is impossible. 

John Stewart Bell carefully checked von Neumann’s proof of the impossibility 
of hidden variables and found that there is a loophole in the correspondence 
between mathematics and physics. von Neumann, in his proof, used an assump-
tion that “the average of the sum of the two observables is equal to the sum of 
the average of the observables” [3] [7]. Bell points out that if the two observables 
are conjugate variables, that is, when they obey the uncertainty principle in quan-
tum mechanics, this conclusion is incorrect. However, in Bell’s rebuttal, whether 
the conjugate variables can be summable and whether the sum has physical 
meaning were not explained. After intensive study of the theory of hidden va-
riables and the EPR paradox, Bell derived a famous inequality, whose purpose is 
to establish an experimental criterion for locality theory and quantum correla-
tion [8]. 

Bell’s discovery thus shifted Einstein and Bohr’s debate from epistemology to 
the realm of experimental physics. Within a few years, Bell’s inequalities were 
adopted to a practical scheme [9]. The first experiments were carried out in 1972 
at the University of California, Berkeley [10], and at Harvard [11] [12], then in 
1976 at Texas A&M [13]. Later, it was found that there were some loopholes in 
these experiments, and some improved schemes were put forward. Some more 
reliable experiments were carried out, but the experimental results violate Bell’s 
inequality [14] [15] [16] [17]. 

In the following sections, we directly move into the theme of this article, 
where we examine concretely the physical meaning of the Bell inequality and de-
rive the correlation functions of quantum entanglement. The interpretation of 
quantum theory involves more philosophical viewpoints and fundamental theo-
ries, we put it in the last section to discuss in detail. 

2. The Physical Meaning of Bell’s Inequality? 

If we do not consider the specific physical meaning of the inequality at first, Bell 
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and CHSH actually proved the following mathematical theorem [9]. 
Theorem Assume 
1˚ For nλ ∈ , the function ( )ρ λ  satisfies  

( ) 0, d 1.nρ λ ρ λ≥ =∫                     (6) 

2˚ For any two unit direction vectors a  and b , the functions  
( ) ( ), , ,A Bλ λa b  satisfy  

( ) ( ), 1, , 1.A Bλ λ≤ ≤a b                   (7) 

Define the correlation function between the two directions as  

( ) ( ) ( ) ( ), , , d ,nE A Bλ λ ρ λ λ≡ ∫a b a b                (8) 

Then we have the following inequality  

( ) ( ) ( ) ( ), , , , 2.E E E E′ ′ ′ ′− + + ≤a b a b a b a b             (9) 

Now we examine the above theorem by corresponding to physical processes. I. 
What is the physical meaning of the function ( )ρ λ , and does it correspond to 
specific particles and physical processes? Each term in the left hand of (9) cor-
responds to different particle and different process, but in proof of this inequali-
ty, several calculations similar to  

( ) ( ) ( ) ( ) ( ), , , , dA B A Bλ λ λ λ ρ λ λ′ ′∫ a b a b  

are also used. The proof is valid only if ( )ρ λ  used in all calculations are the 
same function. This is a universal function that contains everything, whose re-
quirement is equivalent to the theory of everything, and in which the so-called 
hidden variable λ  is not clear whether it is related to specific particles and 
processes. If the existence of the universal function and its physical meaning 
cannot be explained clearly, the physical meaning of the Bell’s inequality is also 
unclear. 

1) Let’s examine a specific example. Suppose there is a coupling positron- 
electron pair with a total spin of 0. For 0t ≥ , they are moving away relatively 
after decoupling, and their spins are opposite. Assuming the electron has coor-
dinate x�  and moves to X

�
, and the positron has coordinate y�  and moves to 

Y
�

. Their wave function is given by ( ), ,t x yψ � � . Record the spin of the  

electron measured at time at t= , place X
�

 and direction a  as ( ), ,
2aA X t

� �a ,  

and measured the spin of the positron at bt t= , place Y
�

 and direction b  as  

( ), ,
2bB Y t

� �b . 

Because we only care about spin of particle now, the coordinates ( ),x yλ =
� �  

can be regarded as part of the hidden variable according to the Bohm’s point of 
view, and the probability density function is given by ( ) ( ) 2

, ,t x yρ λ ψ= � � . These 
are the usual concepts of quantum mechanics, and they obviously satisfy the 
conditions 1˚ and 2˚ of the theorem. The time parameter t is introduced here 
because all measurements must have time to complete, but Bell’s proof uses a 
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density function of ( )ρ λ  without time, so the proof implies the requirement of 
simultaneity [18]. However, the four measurements in the Bell’s inequality can-
not be synchronized at all, and the functions ( ) ( ) 2

, ,t x yρ λ ψ= � �  for different 
particle pairs are also different. Considering the physical process, the physical 
meaning of (9) is not clear, so the Bell’s inequality cannot explain the spin cor-
relation of entangled particle pairs. 

2) We clearly assume that the spin of the entangled pair is opposite before the 
measurement, but Bell, when defining (8), says that the two measurements are 
independent. We should replace ( )ρ λ  by ( ){ }, , , |x y x yS S t S Sρ λ = −

� � � �
 to meet 

the actual situation, and it is logical to calculate the spin correlation function by 
calculating the conditional probability. Therefore, the physical meaning of cor-
responding concepts in (8) is not clear. 

3) Spin of a particle is a very sensitive physical quantity. Only an infinitesimal 
energy is needed to drive the spin to follow the magnetic field. The above meas-
ured results are not the actual spin values of the particles before the measure-
ment, but the spin values polarized by the magnetic field of instrument. These 
values already have little to do with the spin values before the measurement. 

To sum up, we find that the Bell’s inequality is only a strange mathematical 
theorem, which has not clear corresponding relationship with the physical 
process that Bell wants to explain. The physical content it represents is actually 
unclear. There are also a lot of studies that question Bell’s inequality from other 
aspects [18]-[25]. 

3. Spin Correlation Function of Entangled Particle Pair 

The above analysis shows that, the physical meaning represented by Bell’s in-
equality is actually unclear. Now let’s check the calculation of spin correlation 
function of entangled particles in quantum mechanics [3] [26]. As in the pre-
vious section, denoting the particle has coordinate x�  and moves to X

�
, and 

the other has coordinate y�  and moves to Y
�

. Their wave function is given by 
( ), ,t x yψ � � . Record the spin of the particle measured at at t= , place X

�
 and  

dirction a  as ( ), ,
2aA X t

� �a , and measured at bt t= , place Y
�

 and dirction b  

as ( ), ,
2bB Y t

� �b . 

The following is the expression of quantum theory, and the wave function 
matrix of this entangled particle pair is represented as “Bell state”  

( ) ( ) ( ) ( )1 1 2 1 2 .
2

ψ  = ↑ ⊗ ↓ − ↓ ⊗ ↑              (10) 

The expected value of quantum mechanics for the correlation function  
( ),E a b  is given by  

( ) ˆ ˆ, .E
ψ

ψ σ σ ψ= ⋅ ⊗ ⋅a b a b                 (11) 

However, there are the following problems in the calculation of the above 
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formula: 
1) From the point of view of quantum theory, the spin direction of the entan-

gled particles is uncertain until it is measured, and the statistical expectations 
should be calculated averagely in all directions. However, in (10), the state func-
tions of entangled pairs are polarized, and the direction can only be along the 
direction of z± , only up or down cannot be determined and the probability is 
50% each. 

2) In (10) and (11), the direct product is Kronecker product ( )klA B a B⊗ ≡ . 
Obviously, two entangled particles ( )1 , 2  are completely symmetrical, which 
particle is the first one or the second one is completely designated. Similarly, the 
two measuring instruments ( ),a b  are also completely symmetrical. But the 
calculating result of the direct product is neither symmetrical nor antisymme-
trical to ( )1 , 2  or ( ),a b , which is clearly illogical in theory. How about a 
few more entangled particles? 

3) It is clear that there is also a time-dependent problem in calculating statis-
tical expectations in (11). Although the final result of quantum theory  

( ) ( ), cos ,E
ψ
= −a b a b                     (12) 

is correct, the result was only obtained by guess, because the concept of direct 
product for multi-particle systems is not reasonably defined. The original inten-
tion of EPR’s paper is to question the unclear concepts of quantum theory, but 
the problem is still not solved. 

Now we deal with this problem according to normal logic, and calculate the 
expected value of the correlation function reasonably. For the description of par-
ticle spin, to use Clifford algebra is more convenient, and the calculation is more 
standard and simple. The element in three-dimensional Euclidean space is given 
by  

d d d ,a a
a ax xσ σ= =x                      (13) 

in which the generators { }( )1,2,3a aσ ∈  meet the 3,0C�  Clifford algebra  

2 , 2 , .a b b a ab b
a b b a ab a abσ σ σ σ δ σ σ σ σ δ σ δ σ+ = + = =  

The simplest representation of these generators is the Pauli matrices.  

0 1 0 1 0
, , .

1 0 0 0 1
i

i
σ

 −       =       −       
 

They form a natural representation of the vector basis of the 3-d Euclidean space. 
The basis of the complete Clifford algebra is given by  

0 1 2 3,  ,  ,  .c
a ab a b abc abc abcI i i Iσ σ σ σ ε σ σ ε∈Λ ∈Λ ≡ ∧ = ∈Λ = ∈Λ  

They correspond to scalar, vector, pseudo vector and pseudo scalar respec-
tively. Clifford algebra naturally converts geometric calculation into algebra op-
eration, according to which all 3-d Euclidean geometry and field theory can be 
derived, and the conclusion can be simply extended to the case of curved space 
[27] [28] [29]. 

Any unit vector r̂  in the spherical coordinate system can be represented as  
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1 2 3ˆ ˆ sin cos sin sin cos .a
ar x σ θ ϕσ θ ϕσ θσ= = + +             (14) 

The spin operator ˆ
rS  along the direction of r̂  can be represented by matrix 

form  

cos sin eˆ ˆ .
2 2 sin e cos

i

r iS r
ϕ

ϕ

θ θ
θ θ

− 
= =  

− 

� �                  (15) 

Originally, 2Ŝ ∈Λ  corresponds to a pseudo vector, for the sake of simplicity,  

we ignore the factor abciε . It is easy to check the eigenvalues of ˆ
rS  are 1

2
± �   

and the corresponding characteristic vectors are given by  

( )
( )

( )
( )

cos 2 sin 2 e
, .

sin 2 e cos 2

i

ir r

ϕ

ϕ

θ θ
θ θ

−  
↑ = ↓ =     −   

           (16) 

Therefore, before the spin of the particle is polarized, the correct form of the 
state vector represented by (10) should be  

( ) ( )1 2 .r r r
ψ = ↑ ⊗ ↓                     (17) 

The spin direction of a particle is just the direction of the symmetry axis of the 
wave function. Because the electromagnetic interaction has dissipation effect for 
a particle at the non-energy eigenstate, the steady state wave function of each 
charged particle cannot be a combination of several energy eigenstates. There-
fore, representations such as (10) are contrary to logical and physical laws and 
cannot be realistic. The expected value of the correlation function ( ),E a b  
should be  

( ) 1 22

1 4 ˆ ˆ, sin d d
4

ˆ ˆ sin d d ,
4

r

r

E g S S

g r r

ψ ψ θ θ ϕ

ψ ψ θ θ ϕ

Ω

Ω

= ⋅ ⋅ ⊗ ⋅

= − ⋅ ⊗ ⋅

π

π

∫

∫

�
a b a b

a b
        (18) 

where Ω  represents the unit sphere, and the integral is the expected value of 
quantum mechanics, which is the pure geometric projection average. The above 
formula uses the conditions 1 2S S= −

� �
. g is a measuring factor, which reflects the 

dynamic effect of the measuring instrument on the particle spin, that is, the po-
larization of the magnetic field on the particle spin. 

In accordance with the logical rules, the calculation of correlation function 
should be under the conditional probability, which is equivalent to the calcula-
tion of the direct product in the above formula is just ordinary multiplication, 
and the spin projection calculation of two particles is separated as follows,  

( )

( )

( )

( )

1 2 3

1 2 3

ˆ ˆ, sin d d
4

sin cos sin sin cos
4

sin cos sin sin cos sin d d

1 1 cos , .
3 3

r r

gE r r

g a a a

b b b

g g

θ θ ϕ

θ ϕ θ ϕ θ

θ ϕ θ ϕ θ θ θ ϕ

Ω

Ω

= − ↑ ⋅ ↑ ⋅ ↓ ⋅ ↓

= − + +

⋅ + +

= − ⋅

π

π

= −

∫

∫

a b a b

a b a b

     (19) 
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If 3g = , (19) is the same as (12). 
3g =  has a profound physical meaning and reflects the polarization of par-

ticle spin by the instrument. An extremely weak magnetic field can turn the 
original spin in the other two vertical directions into the direction of the mag-
netic field. The projection calculation of quantum theory obviously does not in-
clude this dynamic effect of measuring instruments on particles, and such effect 
cannot also be simply explained by the uncertainty relation. (19) shows that the 
correlation of spins of the entangled particle pair does not have any mysterious 
content that goes beyond the classical concept and the normal logic, so the pre-
vious dispute may be caused by incorrect correspondence between concept and 
physical reality. 

4. Polarization Correlation of Entangled Photons 

Let the angles between the two direction vectors ,a b  and the x axis be a and b,  

respectively, then 
2

a a= +
π , 

2
b b= +

π  are the angles of two vertical directions.  

Let a  and b  represent the states of polarization of photons in a  and b  
directions respectively, in the form of a matrix we have  

cos cos
, .

sin sin
a b

a b
a b

   
= =   
   

 

The calculation of state function for tangled photon pair in the published lite-
rature is given by [3] [26]  

( ) ( ) ( ) ( )1 1 2 1 2 ,
2

x x y yψ  = ⊗ + ⊗             (20) 

in which  

1 0
, ,

0 1
x y   
= =   
   

 

is the line polarization state functions in the direction of x and y respectively. 
(20) obviously does not represent the state of all associated photon pairs. For 
example, if the angle between the polarization direction of a photon and the 
x-axis is 0 ϕ≤ < π , the polarization state functions of this photon and the pho-
ton with perpendicular polarization direction are respectively given by  

cos sin
, .

sin cos
ϕ ϕ

ϕ ϕ
ϕ ϕ⊥

−   
= =   
   

                 (21) 

Therefore, before the measurement, the state function of the entangled polarized 
photon pair should be  

( ) ( ) ( )1 2 , 0 .ψ ϕ ϕ ϕ= ⊗ ≤ π<                 (22) 

Denote the operators of projection onto the direction of a  and b  respec-
tively by  

2

2

cos cos sinˆ ,
cos sin sina

a a a
P a a

a a a
 

= =  
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2

2

cos cos sinˆ .
cos sin sinb

b b b
P b b

b b b
 

= =  
 

 

The projection expectation function is given by  

( )

( ) ( ) ( ) ( )

( )

0

0

1 ˆ ˆ, d

1 ˆ ˆ1 1 2 2 d

1 1 cos 2 .
4 8

a b

a b

R a b P P

P P

a b

ψ ψ ϕ

ϕ ϕ ϕ ϕ ϕ

π

π

≡ ⊗

= ⋅

= + − 

π

π



∫

∫           (23) 

Then the expected value of quantum mechanics for the correlation functions of 
the two measurement directions is as follows:  

( ) ( ) ( )
( ) ( ) ( ) ( )

( )

0
ˆ ˆ ˆ ˆ, d

, , , ,

1 cos 2 ,
2

a a b b
kE a b P P P P

k R a b R a b R a b R a b

k a b

ψ
ψ ψ ϕ

π
= − ⊗ −

 = + − − 

= −

π

 

∫
        (24) 

where k is the measuring factor, reflecting the dynamic effect of the polarizer on the 
measurement results. If 2k = , (24) is the same as the experimental result [26]. 

5. Discussion and Suggestion 

The mathematical framework of modern quantum mechanics is mainly the fol-
lowing four basic assumptions [6] [30]: 

A1. Any isolated physical system has a Hilbert space as the state vector space, 
and the state of the system is completely described by a unit state vector. 

A2. The evolution of a closed quantum system can be characterized by a uni-
tary transformation of a state vector, that is, from t0 to t we have  

( )0,U t tψ ψ′ = . 

A3. An observable quantity corresponds to an Hermitian operator M, the ei-
genvalue m of operator M is a possible result of the experimental measurement 
of observable quantity, and the modular square of the projection from the state 
vector ψ  to the eigenvector m  is the probability of measuring the value of 
m, that is,  

( ) , , .m m m
m

p m m m Iψ ψ
∀

= ≡ =∑M M M           (25) 

A4. The state space of a composite physical system is the tensor product of the 
state space of each subsystem. If the state function of the k-th subsystem is 
| kψ 〉 , the state function of the composite system is given by  

1 2 nψ ψ ψΨ = ⊗ ⊗ ⊗� . 

As mathematical axioms of linear operators on a Hilbert space, the above 
framework may be elegant and effective. However, as the physical theory that 
emphasizes the correspondence between theory and reality, the above frame-
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work and concept are broad, vague and fallible. The misunderstanding and de-
bate about quantum mechanics are related to the abstraction and ambiguity of 
the framework. In what follows, we analyze the defects of the above framework 
on the specific issues already involved in this paper. From these analyses, we can 
also see the similarities and differences between the academic styles and re-
quirements of mathematics and physics. 

1) In order to be clear, the evolution law of a physical system must be de-
scribed by specific dynamics, as is the case with all classical theories such as 
Newton mechanics, electrodynamics and general relativity. But the above frame-
work of quantum theory has lost this scientific tradition, which is the main cause 
of the confusion. The hypothesis A2 is used to characterize the evolution process 
of the system, but it is only said that there is a unitary transformation of a state 
vector. However, the specific information about this unitary operator is not giv-
en clearly, the concept is similar to the “Tao” in Chinese philosophy, so this hy-
pothesis is too vague. 

Then, can all unitary transformations describe physical systems? Of course 
not, so this assumption is too broad. But is it certain that all microsystems can be 
characterized by a linear unitary transformation? Nor is it, because the evolution 
operator is nonlinear for an elementary particle with nonlinear potential, this 
assumption is too grudging in this case. Mathematical axiom system pursues ab-
straction, generality, purity and compatibility, but physical principles pursue the 
accuracy of description, the simplicity of expression, the clarity corresponding to 
reality, and of course, logical compatibility. Then, what assumptions should we 
choose to describe the evolution of a system? In the author’s opinion, in the 
non-relativistic case, it should be the Schrödinger equation, and if the potential 
contains spin-magnetic coupling term, the dynamic equation should be the fol-
lowing Pauli’s equation [31],  

1 1

1, ,
2

N N

t k kl
k k l k

i
= = ≠

∂ Ψ = Ψ = +∑ ∑∑H H H P                (26) 

in which H  is the total Hamiltonian operator of the system, kH  is the energy 
operator of the k-th particle in external fields, klP  is the interaction potential 
between k-th and l-th particles. In the case of N electrons we have  

2
21 ˆ , .

2 4k k k kl
kl

e ep e S B
m m r

= + Φ − ⋅ =
π

� �
H P  

The total state function is defined by  

1
1 2

2

, .k
N k

k

φ
ψ ψ ψ ψ

φ
 

Ψ = ⊗ ⊗ ⊗ =  
 

�  

Because the Hamiltonian operator is Hermitian, the state function Ψ , as 
the solution of Schrödinger equation, satisfies the normalization condition. So, 
the evolution of the state function satisfies ( ) ( ) ( )0 0,t U t t tΨ = Ψ , which is 
indeed equivalent to the unitary transformation of a unit vector. However, at 
this time, the transformation operator ( )0,U t t  is an operator determined by 
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H , not a general linear operator in mathematical sense. Since H  is equivalent 
to the total energy of the system, it has the clearest physical meaning and cor-
respondence to reality. It is natural choice to adopt (26) as the basic principle of 
quantum mechanics in the case of non-relativistic theory, which is the same as 
the classical mechanics using Newton’s second law as the basic principle. 

2) In the case of non relativity, if (26) is used as the basic dynamic equation, 
then the assumption A1 is superfluous, because the solution of Schrödinger equ-
ation or Pauli equation is equivalent to a unit vector in Hilbert space, the as-
sumption A1 is actually a theorem. In addition, the assumption A4 is also super-
fluous, because the solution of Schrödinger equation of composite system is just 
like this. The detailed derivation of this conclusion were given in [31] [32] [33], 
and this result is also used in the calculation of (18) and (19). In the above 
framework, only the assumption A3 is reasonable to some extent, which pro-
vides the physical interpretation of the solution to Schrödinger equation and the 
corresponding rules between theory and measurement. This point has long been 
discussed in the literature [31]: “The only essentially new concept of the quan-
tum theory imposed on the classical field theory is the hypothesis that an initial 
state A  evolving into a final state B  is undetermined in some cases and 
the probability is in proportion to 2

B A . However B A  is the projection 
of B  on A , and 2

1 B A−  is a measurement of distance between the 
two vectors, so this interpretation is really reasonable in logic.” Thus it can be 
seen that the above framework A1-A4 may be not very suitable as a physical 
theory. 

Besides, the Schrödinger Equation (26) has an important advantage, if an op-
erator A  can commutate with the Hamiltonian H , then they have common 
eigenstates, which is the condition to solve the equation by separating variables. 
If the Hamiltonian H  can be decomposed into two commutating Hermitian 
operators = +H A B , and satisfy [ ], 0=A B , then the Equation (26) can be 
decomposed into two independent Schrödinger equations,  

, .t A A t B Bi i∂ Ψ = Ψ ∂ Ψ = ΨA B  

This decomposition is the condition that quantum mechanics can analyze some 
properties of the subsystems separately, such as the coupling effect of spin and 
magnetic field. 

3) The above framework is misleading to researchers. For example, in EPR’s 
paper [1], let the eigenvalues of the physical quantity A acting on system I be 

1 2 3, , ,a a a � , and the corresponding eigenfunctions ( ) ( ) ( )1 1 2 1 3 1, , ,u x u x u x � . 
Then the wave function of the composite system of two particles is given by  

( ) ( ) ( )1 2 2 1
1

, ,n n
n

x x x u xψ
∞

=

Ψ = ∑                   (27) 

where 2x  is the coordinate of the particle II, ( )2n xψ  is just coefficients of the 
series expansion of wave function ( )1 2,x xΨ . If we measure the particle I of the 
correlated system obtain a physical quantity kA a= , then the state function of 
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the composite system will reduce to a pure state ( ) ( )2 1k kx u xψΨ = . 
However, at first, the coefficient of ( )2n xψ  is not necessarily the eigenstate 

of A acting on particle II, and ( )1 2,x xΨ  is also not necessarily the solution to 
Schrödinger equation. For two particles moving away relatively, the solution of 
the Schrödinger equation should be time-dependent, that is, the coefficients in 
the series (27) should be time-dependent ( )2,k k t xψ ψ= . Therefore, according 
to Schrödinger equation, when the particle I is measured, the particle II does not 
necessarily collapse to eigenstate. Secondly, if the particles are charged, the elec-
tromagnetic interaction has dissipative effect on the non-energy eigenstate, so 
the non-energy eigenstate is unstable, which has energy exchange with the envi-
ronment. In this case the system is in the quantum process. The wave function 
can only steadily stay at the energy eigenstate, i.e., the particle state, but cannot 
stay at the mixed state depicted by (27). Similarly, (10) is a mixed state rather 
than an energy eigenstate, so it is not a solution to Schrödinger equation. If we 
do not refer to the Schrödinger equation, but only refer to the framework A1- 
A4, these problems will be overlooked and concealed. 

There is nothing mysterious about the explanation of probability. For particles 
in metastable state, the wave function takes an energy eigenstate or “particle 
state”. It is the critical point of the energy functional. At this state, the Schrödin-
ger equation is very sensitive to external interference, and at what time the wave 
function will evolve into which possible eigenstate is indeed uncertain. This sit-
uation is similar to a small ball at the top of a smooth sphere, what time and 
which direction the small ball will roll off are uncertain. However, the “quantum 
process” is a deterministic process, and the quantum transition is transient. 

4) Newton mechanics for N particles is only a 6N dimensional dynamic sys-
tem, while Schrödinger equation (26) is infinite dimensional, so Schrödinger 
equation contains far more information than momentum, coordinates and so 
on. With regard to the relationship between quantum theory and classical me-
chanics, the correct procedure should be to explain classical mechanics by 
Schrödinger equation. This procedure requires a logical conceptual system and 
rigorous reasoning. It is not difficult to solve these problems, see the literature 
[31] [32] [33] for details. 

However, the current interpretation of quantum mechanics is not feasible. For 
example, quantum mechanics holds that particle momentum is the eigenvalue of 
momentum operator, but in general, a solution to Schrödinger equation is im-
possible to be the eigenfunction of i∇ . On the other hand, according to Noether’s 
theorem, the energy and momentum of particles correspond to the translation 
invariance of spacetime, and the momentum of any system must exist accurate-
ly. This leads to contradiction. In addition, the traditional view that classical 
mechanics is the limit of quantum mechanics as 0→�  is also improper, how 
can a basic physical constant take a limit? The real reason should be that when 
the moving scale of a particle is much larger than its own scale, then its motion 
can be described by classical mechanics. If a particle goes inside an atom, it has 
to be described by wave function. In fact, the macro body is also the case. In the 
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solar system, the treatment of the earth as a point particle is accurate, but to 
study the earth’s movement near the earth, it must be treated as continuous me-
dium. Of course, Schrödinger Equation (26) itself has limitations, and it can only 
describe the motion and properties of electrons in atoms and molecules. For 
more complex cases, it is not enough. For example, in the case of high-speed 
motion, the relativity effect must be taken into account; the nonlinear potentials 
are obviously contained in the elementary particles, and so on. In these cases, 
nonlinear Dirac equation must be used. Although this is another problem, all the 
researchers should keep these boundaries in mind. 

5) For Schrödinger Equation (26), any reversible and differentiable 1-1 cor-
responding transformation of the wave function Ψ, such as (2), is mathematical-
ly equivalent to the original representation. This is the same as the legal coordi-
nate transformation in the general theory of relativity, and an improper repre-
sentation of the wave function will only make the problem more complicated. So 
the Bohm’s explanation of hidden variables for quantum mechanics is super-
fluous. Wave function is the basic property of an elementary particle. Like the 
electromagnetic field of a charge, there is nothing more important for elementa-
ry particles than these fields. The classical concepts such as coordinates, mo-
mentum and energy of a particle can be defined strictly by wave function, and 
the electric charge, the strong charge and so on are only some interaction coeffi-
cients in the dynamic equation [31] [32] [33]. The microscopic particle is firstly 
a 4 dimensional field, then a particle in macroscopic view. 

6) With respect to the relationship between quantum theory and classical 
mechanics, some experiments can be designed to illustrate. These experiments 
should be related to the wave properties and particle properties simultaneously. 
The experiment to test the Einstein’s mass-energy relation is this type [33]. Here 
we propose again a simpler experiment. In the Stern-Gerlach experiment, as-
sume the particles move along y-axis. The magnetic field to measure the mag-
netic moment of particles is substantially uniform along this direction, but it is 
symmetrical with respect to z-axis and non-uniform in the z direction, so that 
the particle beam is split into two beams in the z direction. This confirms that  

the spin of an electron is 1
2

± . 

If we set up a rotating magnetic field distribution along the y-axis, that is, we 
convert the magnets in multi-stage Stern-Gerlach experiment into a continuous 
and spiral one, and set a movable display screen perpendicular to the y-axis. 
When the particle beam passes through the magnetic field along the y-axis, it 
also leaves two bright spots on the screen. If the screen moves slowly along the 
y-axis, we should see two bright spots rotating around the y-axis. This proves 
that the spin of the particles follows continuously the force line of magnetic field, 
rather than jumping as described by quantum theory.  
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