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Abstract 
This paper mainly studies the initial value problems of Kirchhoff-type 
coupled equations. Firstly, by giving the hypothesis of Kirchhoff stress term 

( )p pm m
p p

M D u D v+ , the Galerkin’s method obtains the existence unique-

ness of the overall solution of the above problem by using a priori estimates 
in the spaces of 0E  and kE , and secondly, it proves that there is a family of 
global attractors for the above problem, and finally estimates the Hausdorff 
dimension and the Fractal dimension of the family of global attractors.  
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1. Introduction 

This paper investigates the following primal value problems of a system of gene-
ralized Kirchhoff-type coupled equations: 
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where Ω  is a bounded region with a smooth boundary in nR , ∂Ω  represents 
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the boundary of Ω , ( ) ( )0 1,u x u x  and ( ) ( )0 1,v x v x  are known functions, 
where ( ) ( ) ( ), , , 1, 2j jg u v f u v j =  are nonlinear terms and external interference 
terms, respectively, and are known functions on ( )0,TΩ× , β  is the normal  

number, ( )p pm m
p p

M D u D v+  is a non-negative first-order continuous deriv-

ative function, and 1m >  is the normal number, d
p pm m
p

D u D u x
Ω

= ∫ . 

The innovation of this article is that the rigid term is changed from 

( )2 2m mM D u D v+  to ( )p pm m
p p

M D u D v+ , and we mainly make appropriate  

assumptions about this, and then use the Holder’s inequality, the Young’s in-
equality, the Poincare’s inequality, interpolation inequality, and the Gronwall’s 
inequality to obtain the required a priori estimate. 

Recently, Yang Zhijian [1] studied the long-term behavior of kirchhoff-type 
equations with strong damping on nR , demonstrating that the related conti-
nuous semigroup has a connected, fractal dimension and Hausdorff dimension 
of the global attractor in the equation 

( ) ( ) ( )2 , , in .N
tt t tu M u u u u u g u v f x R R+− ∇ ∆ −∆ + + + = ×  

At the same time, Yang Zhijian [2] processed a class of Kirchhoff-type global 
attractors and Hausdorff dimensions, and obtained the global attractors, regu-
larities and Hausdorff-dimensional equations of the Kirchhoff type produced in 
a class of elastoplastic flows 

( ){ } ( ) ( ) ( )2 2div , in .tt t tu u u u u h u g u f x Rσ +− ∇ ∇ −∆ + ∆ + + = Ω×  

In addition, Xiaoming Fan, and Shengfan Zhou [3] also demonstrated the 
presence of a tight-core section during the nonlinear vibration of the nonlinear 
elastic string in which the non-degraded Kirchhoff type strong damping wave 
equation simulates, and obtained an accurate estimate of the upper boundary of 
the Kirchhoff type of the kernel section in the equation 

( ) ( ) ( ) ( )2 d , , , , .tt t tu u u x u h u f u t g x t x t
ρ

α β γ τ
Ω

 − ∆ − + ∇ ∆ + + = ∈Ω > 
 ∫  

In addition, Lin Guoguang and Gao Yunlong [4] studied the long-term beha-
vior of a class of strongly damped high-order Kirchhoff-type equations for solv-
ing the initial edge value problem 

( ) ( ) ( ) ( ) ( ) ( ) [ )
2

, , 0, .
q

m mm
tt tu u u u g u f x x tα β+ −∆ + + ∇ −∆ + = ∈Ω× +∞  

They used the Galerkin method to obtain the understanding of the uniqueness 
of existence, and based on the attractor theorem to obtain the existence of the 
global attractor at ( ) ( )2

0
mH LΩ × Ω , and established an estimate of the Haus-

dorff dimension of the attractor. 
In paper [5], Lin Guoguang and Zhou Chunmeng studied a class of high-order 

strong-damped Kirchhoff equations on the initial edge value problems 
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Wherein 0m >  2p ≥ , nRΩ ⊂  is a bounded region with a smooth boun-
dary ∂Ω , 0β >  is a dissipation coefficient, ( )2m

tuβ −∆  is a strong dissipa-
tion term, u uρ  is a nonlinear term, and 1ρ ≥ − , ( )f x  is an external force 
interference term, when studying rigid term ( )p pm m

p p
M D u D v+ , the method 

in the literature is referred to. 
Guoguang Lin and Lingjuan Hu [6] studied a class of nonlinearly coupled 

Kirchhoff equations with strong damping 
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where Ω  is a bounded region with a smooth boundary in nR , ∂Ω  represents 
the boundary of Ω , ( ) ( ), 1, 2jg u v j =  is a nonlinear source term, ( ) ( )1 2,f x f x  
is an external force interference term, and ( )m uβ −∆ , ( ) ( )0m vβ β−∆ ≥  is a 
strong dissipation terms. 

More research on the Kirchhoff equations see [7]-[13]. 
Using the Rellich-Kondrachov compact embedding theorem, it is obtained 

that the solution semigroup ( )S t  generated by the Kirchhoff equation has a 
family of global attractors in space ( )2 2 0,1, , 2k m k k m k kE V V V V k m+ += × × × =  ; 
then proves that the solution semigroup ( )S t  has Fréchet differentiability on 
space kE ; Dimensional estimation of the family of global attractors yields that 
both the Hausdorff and Fractal dimensions are finite, and that the Fractal di-
mension does not exceed twice the Hausdorff dimension. 

2. The Existence and Uniqueness of Global Solution 

For narrative convenience, we introduce the following symbols and assump-
tions: 

Set D∇ = . Consider the Hilbert space ( )( )2 ,V D Rα
α α= −∆ ∈ , whose inner 

product and norm are ( ) ( ) ( )( )2 2, ,Vα

α α• • = −∆ −∆  and ( ) 2
Vα

α• = −∆ , re-

spectively. Apparently 
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The assumption is as follows: 
(H1) Let ( )M s  be a continuous function on interval ( )1 1D D ∈Ω , and 
( ) ( )1M s C R+∈ : 

1) ( )0 11 M sµ µ≤ ≤ ≤ , set ( ) ( )p pm m
p p

M s M D u D v= + . 
2) 

( )
( )

2 2 22 2 2
0

2 2 22 2 2
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t t t
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(H2) For any ,u v V∈ , ( ) ( ) ( )1 2, , , dJ u v G u v G u v x
Ω

= +  ∫ ,  

( ) ( )1 10
, , d

u
G u v g vς ς= ∫ , ( ) ( )2 20

, , d
v

G u v g u η η= ∫ . 

Then for any 0µ ≥ , the existence of 0c > , 0cµ ≥ , 0cµ′ ≥ , makes 

( )( ) ( )( ) ( ) ( )2 2

1 2, , , , , ;m mg u v u g u v v cJ u v D u D v cµµ+ − + + ≥ −  

( ) ( )2 222 , 2 .J u v u v cµε ′+ + ≥ −  

(H3) ( )( ) ( )1, 1, 2jg u v j C R= ∈  is a differentiable non-subtractive function 
that makes  
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(H4) Let 1 20 , 1κ κ< < , for kE , there are constants ( )k k kl l E= , ( )k k kl l E′ ′= , 
such that  
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where ( ) ( ) ( ) ( )
2 2

2 2, ,
m k m k

l ll m k m k
V V

u v u v D u u D v v
+ +

+ +
×

− = − + −    . 
Make a priori estimates as following: 
Lemma 1 Assumes that (H1) - (H2) holds, and ( )0 0 0 0 0, , ,u z v q E∈ ,  
( ) ( ) ( )2

1 2,f x f x L∈ Ω , then Equations (1)-(5) have solutions ( ), , ,u z v q  and 
have the following properties 

1) ( ) ( )( )0, , , 0, ;u z v q L E∞∈ +∞ ; 
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2) ( ) ( )2 2
0 1 22

1 0

21
2

C CE t f f
k C

µ

ε
 

≤ + + 
 

, 

where ( ) ( )
2 22 22 2

0 0
m mE t D u z D v q c R= + + + ≤ . 

3) There are positive constants ( )0c R  and ( )0 0 0t t= Ω > , such that 

( ) ( )
0

2 22 2 22 2
0, , , m m

E
u z v q D u z D v q c R= + + + ≤ .  

Proof: tz u uε= +  and the Equation (1) as the inner product, that is 
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d, , , d d , , .
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u
g u v z g v x g u v u

t
ς ς ε

Ω

= +∫ ∫  

Similarly, tq v vε= +  and the Equation (2) as the inner product, that is 

( )( ) ( ) ( )( ) ( )( )2 2
2 2, , , .

p p m mm m
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εε ε= − + +  

( )( )( )
( )

2

2 22 2

2 22 2
0

,

1 d
2 d

d ;
2 d

p p mm m
p p

p pm m m m
p p

m m

M D u D v v q

M D u D v D v D v
t

D v D v
t

ε

µ εµ

+ −∆

 = + + 
 

≥ +

 

( )( ) ( )
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t t
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( )( ) ( ) ( )( )2 2 20

d, , , d d , , .
d

v
g u v q g u x g u v v

t
η η ε

Ω

= +∫ ∫  
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The above result and other product terms are collated, using the Holder’s in-
equality, the Young’s inequality 

( ) ( )( ) ( ) ( )( )

( ) ( )

2 2
2 2 2 2 2 2 2 23 3

2 2 2 22 2 2 2
0 0

2 22 2 2 22 2 2 2

1 1 2 20 0
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( ) ( )2 2 2
2 .z qε+ +

 

Again by hypothesis (H2), obtained 
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ε εµ ε
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Reuse the Poincare’s inequality to obtain 

( ) ( ) ( )( )
( ) ( )

( ) ( )
( )
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2 2 2 22 2 2
0 2

2 23
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1 2
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Again by hypothesis (H2), obtained ( ) ( )2 222 , 2 0J u v u v cµε ′+ + + ≥ , 
At this point, Order  

( ) ( ) ( ) ( )2 2 2 2 2 22 2 22 ,m my t D u D v z q J u v u vµ ε= + + + + + + . 

Then there is a constant of { }1 min 1,k µ= , such that ( ) ( )1 02 0y t c k E tµ′+ ≥ ≥ , 
of which, ( )

2 22 22 2
0

m mE t D u z D v q= + + + . Since 0c > , 

Then Order 2
0 0 2

2min , 4 , , 2
2

c c
c

ε βε βε µ µ ε ε ε
µ ∗

∗

  = − − −  
  

. 

Here to denote ( ) ( ) 2y t y t cµ′= + , using the Gronwall’s inequality, that is 

( ) ( ) ( )2 2
0 1 2

d 12 ,
d 2

y t y t c f f
t µε ε

ε
+ ≤ + +  

( ) ( ) ( )0 2 2
1 22

0

2
0 e .

2
t c cy t y f f

c
µε

ε
−≤ + + +  

Therefore, 
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0 1 22

1 1 1 1 0
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k k k k c

µε
µ ε
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Well, ( ) ( )2 2
0 1 22

1 0

21
2

c cE t f f
k c

µ

ε
 

≤ + + 
 

, that is, there are positive con-

stants ( )0c R  and ( )0 0 0t t= Ω > , such that for 0t t> , 

( ) ( )
0

2 22 2 22 2
0, , , m m

E
u z v q D u z D v q c R= + + + ≤ . 

Lemma 1 is proved. 
Lemma 2 Assumes that (H1) - (H3) holds, and ( ) ( ) ( )1 2, kf x f x H∈ Ω ,

( ) ( )1 2, , 2f u f v c+ ≤ , then Equations (1)-(5) have solutions ( ), , ,u z v q  and 
have the following properties 

1) ( ) ( )( ), , , 0, ; ku z v q L E∞∈ +∞ ; 

2) ( ) ( ) 1 3

1

0 e k t
k

c
E t y

k
−≤ + ; 

3) There are positive constants ( )kc E  and ( ) 0k kt t= Ω > , such that 

( ) ( )
2 2 2 22 2 2, , , .

k

m k k m k k
kE

u z v q D u D z D v D q c E+ += + + + ≤  

Prove: ( )k z−∆  and the Equation (1) as the inner product, that is 
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22 2 2 231 d d,
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Similarly, ( )k q−∆  and the Equation (2) as the inner product, that is 
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2 2
2

2
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, .
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where,  
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22 2 2 231 d d, ;

2 d 2 d
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t t

εε ε−∆ = − + +  
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The above result and other internal product terms are sorted out 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

22 2 2 2 2 23

22 2 2 2 23 2 2 2
0

22 2 2 22 2 2 2
0

2 22
1 2

1 2

1 d d 1 d
2 d 2 d 2 d

d d d
2 d 2 d 2 d

2 2 2

, , , ,
2

, ,

k k k k k k

k k m k m k m k

m k m k m k m k

k km k

k k

D z D z D u D u D q D q
t t t

D v D v D u D u D v
t t t

D v D z D u D q

D v g u v z g u v q

f x z f x q

εε ε ε

ε µ µε εµ

β βε βεµ

βε

+ + +

+ + + +

+

− + + + −

+ + + + +

+ + − +

− + −∆ + −∆

≤ −∆ + −∆ = ( ) ( )1 2, , .k k k kD f D z D f D q+  

Again by hypothesis (H3), obtained 

( ) ( ) ( )
( )
( )
( ) ( )

1 1

1 1 1 1 1 1

1 1 1 1

1 1 1 1

1 1

22 2
1 1

2 2

2 2 2 2

2 2 2 2

2 2

, , d 1 d

1 2 2 2 d

1 1 1 2 2 d

3 1 d 3 1 .

r r

r r r r r r

r r r r

r r r r
r r

g u v g u v x c u v x

c u v u v u v x

c u v u v x

c u v x c u v

Ω Ω

Ω

Ω

Ω

= ≤ + +

= + + + + +

≤ + + + + + +

= + + ≤ + +

∫ ∫

∫

∫

∫

 

Similarly, ( ) ( )2 2

2 2

2 2 2
2 2 2, 3 1 r r

r rg u v c u v≤ + + . 

By interpolation inequality, there is 
( ) ( )1 4 1

2 4 4
2

j j j

j j
j

n r mr n r
m mr mr

ru c D u u
− − −

≤ , 

This can be concluded 

( ) ( )

( ) ( )

1 4 1
2 2 2 2
2

1 4 1
2 2 2 2
2

j j j
j

j

j j j
j

j

n r mr n r
r m m m
r

n r mr n r
r m m m
r

u c D u u

v c D v v

− − −

− − −


 ≤



≤

 

where, [ ] ( )0 2 4 4 ,0j jr n n m n m r+< ≤ − = < < +∞ , 
Therefore, ( ) ( )2 2

1 2 1, ,g u v g u v c+ ≤ . 
Reuse the Young’s inequality and the Sobolev-Poincare’s inequality, thus 

( ) ( )( ) ( ) ( )( ) ( ) ( )
2 2

1
1 2, , , , ,

2 2
k k k kcg u v z g u v q z qε

ε
 −∆ + −∆ ≥ − − −∆ + −∆ 
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( ) ( ) ( )2 2 2 2

2 .
2 2

k k k kz q D z D q
c

β ε β ε

∗

− − −∆ + −∆ ≥ + 
 

 

In summary, according to the Holder’s inequality, the Young’s inequality is 
obtained 

( ) ( )( )
( ) ( )

( )
( ) ( )

2 2 2 2 2 22 2 2

2 2 2 22 2
0 2

2 23

1
1 2

d
d

2
2

2

2 , , ,

m k m k k k k k

m k m k k k

k k

k k k k

D u D v D z D q D u D v
t

D u D v D z D q
c

D u D v

c D f D z D f D q

µ ε

βε β εε µ

ε

ε

+ +

+ +

∗

+ + + + +

 − + − + + +  
   

+ +

 ≤ + + 

 

that is 

( ) ( )( )
( ) ( )

( )
( )

2 2 2 2 2 22 2 2

2 2 2 22 2
0 2

2 23

2 21
1 2

d
d

2 4
2

2

1
2

m k m k k k k k

m k m k k k

k k

k k

D u D v D z D q D u D v
t

D u D v D z D q
c

D u D v

c D f D f

µ ε

βε β εε µ ε

ε

ε ε

+ +

+ +

∗

+ + + + +

 − + − + + − +  
   

+ +

≤ + +

 

At this point, Order  

( ) ( ) ( )2 2 2 2 2 22 2 2m k m k k k k ky t D u D v D z D q D u D vµ ε+ +′ = + + + + + , 

So there are ( ) ( )1 3
d
d

y t k y t c
t

′ ′+ ≤ , 1 0 2

2min , 4 ,2
2

k
c

ε βε β εµ ε ε
µ ∗

 − = − −  
  

,  

Reuse the Gronwall’s inequality, 

( ) ( ) 1 3

1

0 e , 0.k t c
y t y t

k
−′ ′≤ + ≥  

( )

( )
( ) ( )
( ) ( ) 1

2 2 2 22 2

2 2 2 22 2

2 2 2 2 2 22 2 2

3

1

0 e .

m k k m k k
k

m k m k k k

m k m k k k k k

k t

E t D u D z D v D q

D u D v D z D q

D u D v D z D q D u D v

c
y t y

k

µ

µ ε

+ +

+ +

+ +

−

= + + +

≤ + + +

≤ + + + + +

′ ′= ≤ +

 

that is ( ) 3

1
k

c
E t

k
≤ . 

Thus, there is a positive constant, there is a positive constant ( )kc E  and 
( ) 0k kt t= Ω > , so that for kt t> , there are  

( ) ( )
2 2 2 22 2 2, , ,

k

m k k m k k
kE

u z v q D u D z D v D q c E+ += + + + ≤ . 
Lemma 2 is proved. 
Theorem 1 (The existence and uniqueness of solution) Suppose (H1) - 
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(H3) holds, and ( )0 0 0 0, , , ku z v q E∈ , ( ) ( ) ( )1 2, kf x f x H∈ Ω , then Equations (1) 
- (5) have an unique solution 

( ) ( ) ( ) ( )( ) ( )( ), , , , , , , 0, ; ku x t z x t v x t q x t L E∞∈ +∞ . 

Proof: Using the Galerkin method, combining lemmas 1 and 2, where the first 
a priori estimation has been proved; the second step: approximate solution. 

We can take sequences ( ) ( )( )2 2
1 2 0, , , , , m k

r iw w w w H L i+∈ Ω Ω ∀   , r∀ , 

1 2, , , rw w w , ( ),i i iw u v= , where the linear combination of iw  is dense in 
( ) ( )2 2

0
m kH L+ Ω Ω , so jw  represents the eigenvalue function corresponding 

to the eigenvalue, and 1 2, , , rw w w  is the standard orthogonal basis that con-
stitutes 2m kH + ; and jλ  is the eigenvalue of ( )−∆  with a homogeneous Di-
richlet boundary condition on Ω , then there is  
( ) ( )2 2 0,1, 2, , 2m k m k

j j jw k mw λ+ +−∆ = =  . 
Set the approximate solution of the initial edge value problem (1)-(5), 

( ) ( )
1

r

r r jr j
j

u u t g t w
=

= = ∑ , ( ) ( )
1

r

r r jr j
j

v v t f t w
=

= = ∑ . 

Easy ( ),r ru v  is dense in 2 2m k m kH H+ +×  and satisfies the following condi-
tions 

( )( ) ( ) ( )( )( ) ( )( )
( ) ( )( ) ( ) ( )( )( ) ( )( )

( )( ) ( ) ( )( )( ) ( )( )
( ) ( )( ) ( ) ( )( )( ) ( )( )

2

2
1

2

2
2

, ,

, , , , ,1 ,

, ) ,

, , , , ,1 .

p p mm m
r j r r r jp p

m
r j r r j j

p pm m m
r j r r r jp p

m
r j r r j j

u t u M D u t D v t u t u

u t u g u t v t u f x u j r

v t v M D u t D v t v t v

v t v g u t v t v f x v j r

β

β

 ′′ + + −∆

 ′ ′ ′+ −∆ + = ≤ ≤

 ′′ + + −∆



′ ′ ′+ −∆ + = ≤ ≤

  (6) 

And the above nonlinear system of ordinary differential Equations (6) satisfies 
the initial conditions: 

( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

1
0 , , , in

r
m k

r r j j
j

u u u w w u r H L+

=

= = → →∞ Ω Ω∑     (7) 

( ) ( ) ( ) ( ) ( )2
1 1 1 0

1
0 , , , in

r
k

r r j j
j

u u u w w u r H L
=

′ = = → →∞ Ω Ω∑      (8) 

( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

1
0 , , , in

r
m k

r r j j
j

v v v w w v r H L+

=

= = → →∞ Ω Ω∑     (9) 

( ) ( ) ( ) ( ) ( )2
1 1 1 0

1
0 , , in

r
k

r r j j
j

v v v w w v r H L
=

′ = = → →∞ Ω Ω∑      (10) 

The general conclusion of the system of nonlinear ordinary differential equa-
tions is easy to know, which ensures that the approximate solution of the prob-
lem (6)-(10) exists on the interval [ ]0, rt . 

Known tz u uε= + , tq v vε= + , binding lemma 1, lemma 2, in space kE , 
and we can pick subsequence { }su  from sequence { }hu  and subsequence 
{ }sv  from sequence { }hv , such that ( ) ( ), , , , , ,s s s su z v q u z v q→  is weak * 
convergence in 
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[ )( )0, ; .kL E∞ +∞                        (11) 

and ,r rz q  is bounded on ( )( )2 2
00, ; m kL T E + . 

By the Rellich-Kondrachov compact embedding theorem, kE  is compactly 
embedding in 0E , ( ) ( ), , , , , ,s s s su z v q u z v q→  is strong convergence almost 
everywhere. 

This can be obtained from the above assumptions and lemmas  

( ) ( )( )( ) ( )

( ) ( )( )( ) ( )

2

2

p p mm m
m m rp p

p p mm m
m mp p

M D u t D v t u t

M D u t D v t u t

+ −∆

→ + −∆
 weak converges in  

( )( )2
00, ; m kL T H∞ + Ω , and ( ) ( ) ( ) ( )2 2m m

ru t u tβ β′ ′−∆ → −∆  weak converges in  
( )( )2

00, ; m kL T H∞ + Ω , ( ) ( )( ) ( ) ( )( ), ,r rg u t v t g u t v t→  weak converges in  
( )( )2

00, ; m kL T H∞ + Ω . 
Thus it is possible to take r µ=  in (1), (2), and take the limit. To the fixed j 

and jµ ≥ , get 

( ) ( ) ( )( )( )( ) ( )( )
( ) ( )( )( ) ( )( )

2 2

1

, , ,

, , , .

p p m mm m
j r r j jp p

j j

u u M D u t D v t u u u u

g u t v t u f x u

µ µ µβ′′ ′+ + −∆ + −∆

+ =
 

it satisfies all j, and thus for ( ) ( )( )2 2
00, ; m ku L T H L∞ +∀ ∈ Ω Ω , 

( ) ( ) ( )( )( )( ) ( )( )
( ) ( )( )( ) ( )( )

2 2

2

, , ,

, , , .

p p m mm m
j r r j jp p

j j

v v M D u t D v t v v v v

g u t v t v f x v

µ µ µβ′′ ′+ + −∆ + −∆

+ =
 

it satisfies all j, and thus for ( ) ( )( )2 2
00, ; m ku L T H L∞ +∀ ∈ Ω Ω . 

It is easy to obtain that the system of Equations (1)-(5) exists 

( )( ) ( )( ) ( ) ( ) ( )
( )( ) ( )( ) ( ) ( ) ( )

2 2 2
1 1 2 2 1 1 1 1 2 2

2 2 2
1 1 2 2 2 1 1 2 2 2

, , 0

, , 0

m m m
tt t

m m m
tt t

u M s u M s u u g u v g u v

v M s v M s v v g u v g u v

β

β

 + −∆ − −∆ + −∆ + − =


+ −∆ − −∆ + −∆ + − =
 (12) 

where, 

( ) ( ) ( ) ( )1 1 1 2 2 2

1 2 1 2

, ,

, .

p p p pm m m m
p p p p

M s M D u D v M s M D u D v

u u u v v v

= + = +

= − = −
 

Use ,t tu v  and Equation (12) as the inner product in turn, and get it 

( ) ( )
( )( ) ( )( )( )
( )( ) ( )( )( )
( ) ( )( ) ( ) ( )( )

2 22 2 2 2

2 2
1 1 2 2

2 2
1 1 2 2

1 1 1 1 2 2 2 1 1 2 2 2

1 d
2 d

,

,

, , , , , , 0.

m m
t t t t

m m
t

m m
t

t t

u v D u D v
t

M s u M s u u

M s v M s v v

g u v g u v u g u v g u v v

β+ + +

+ −∆ − −∆

+ −∆ − −∆

+ − + − =

     (13) 

Using the Young’s inequality and the Sobolev-Poincare’s inequality, it is de-
rived 
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( )( ) ( )( )( )
( )( ) ( )( ) ( )( )( )

( ) ( )( )

2 2
1 1 2 2

2 2 2
1 1 2 2 2

2 22
0 1 2

22
4

,

,

d ,
2 d

d .
2 d

m m
t

m m m
t

mm
t

m
t

M s u M s u u

M s u M s u M s u u

D u u u
t

D u c u
t

µ µ µ

µ

−∆ − −∆

= −∆ + −∆ − −∆

≥ + − −∆

≥ +

     (14) 

In summary 

( )( ) ( )( )( ) 22 2 2
1 1 2 2 4

d,
2 d

m m m
t tM s v M s v v D v c v

t
µ

−∆ − −∆ ≥ +      (15) 

( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( )
( )( ) ( )( )
( ) ( )

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1 2 2

1 1 1 1 1 2 1 1 2 1 2 2

1 2 1 2

1 1 1 1
1 2 1 2

1 1 1 1
1 2 1 2

2
22 2 2 2 2

5 5

, , ,

, , , , ,

, ,

1 , 1 ,

1 1

2

t

t

r r r r
t t

r r r r
t t

r r r r
t t

t m

g u v g u v u

g u v g u v g u v g u v u

v v u u u u

c v v v u c u u u u

c v v v u c u u u u

u
c v u c c D v c D

− − − −

− − − −

∞ ∞

∗ ∗

−

= − + −

≤ − + −

≤ + + + + +

≤ + + + + +

 
 ≤ + + ≤ +
 
 

2
22 .

2
tm u

u
 
 +
 
 

    (16) 

Similarly, 

( ) ( )( )
2

2 22 2 2 2
1 1 1 1 2 2 5, , ,

2
tm m

t

v
g u v g u v u c c D v c D u∗ ∗

 
 − ≤ + +
 
 

    (17) 

Substituting (14)-(17) into Equation (13), combining lemmas 1 and 2, using 
the Poincare’s inequality, to obtain 

( )( ) ( )

( )

2 22 2 2 22 2
4 52

2 22 2 2
5

d 2 2
d

4 0.

m m
t t t t

m m

u v D u D v c c u v
t c

c c D u D v

βµ
∗

∗

 
+ + + + + + + 

 

+ + ≤

 

Order ( ) ( )2 22 2 2 2m m
t ty t u v D u D vµ′′ = + + + , 

Then there are ( ) ( )4
d 0
d

y t k y t
t

′′ ′′+ ≤ , 2
4 4 5 52

2min 2 ,4k c c c c
c
β

∗
∗

 
= + + 

 
, 

Using the Gronwall’s inequality, get ( ) ( )0 e ty t y −′′ ′′≤ , 0t ≥ , 

So ( ) ( )2 22 2 2 2 0m m
t ty t u v D u D vµ′′ = + + + ≡ . 

That’s 
2 22 2 2 2 0m m

t tu v D u D v= = = = , hence  
( ) ( ) ( )( ) ( ), , , , 0,0w x t u x t v x t= = . 
Theorem 1 is proved. 

3. The Family of Global Attractors and Dimension  
Estimation 

Theorem 2 [7] Assume E is a Banach space, and ( ){ } 0t
S t

≥
 is the operator 
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semigroup on E, 

( ) :S t E E→ , ( ) ( ) ( ) ( ), 0S t r S t S r t r+ = + ∀ > , ( )0S = I . 

where Ι  is the identity operator，if ( )S t  satisfies 
1) Semigroup ( )S t  is uniformly bounded in E; 
2) There exists a bounded absorbing set 0B  in E; 
3) ( ){ } 0t

S t
≥

 is completely continuous operator. 
That is to say that operator semigroup ( )S t  has compact global attractor A. 
Where (1) means 0R∀ > , exists a constant ( )C R  such that when 

Eu R≤ , 
there is ( ) ( )E

S t u c R≤  [ )( )0,t∀ ∈ ∞ , and (2) means for any bounded set 
B E⊂ , there exists a constant 0 0t > , such that ( ) 0S t B B⊂  ( )0t t∀ ≥ . In 
theorem 2, if ( )S t  is a solution semigroup generated by the initial boundary 
value problem (1)-(5), ( ) ( ) ( ) ( )( ) ( )( )0 0 0 0, , , , , ,u t z t v t q t S t u z v q= , and Banach 
space E is changed into Hilbert space kE , there will be family of global attrac-
tors. 

Theorem 3 Let ( )S t  is a solution semigroup generated by the initial boun-
dary value problems (1)-(5), under the hypothesis of lemma 1 and lemma 2. As-
suming that the existence and uniqueness of solution, then the equation has a 
global attraction subfamily. That is: 

( )0 1, 2, , 2k kA E E k m⊂ ⊂ =  , and ( ) ( )0 0
0

k k k
s t s

A B S t Bω
≥ ≥

= =


. 

where 

( ) ( ){ }2 2 2 22 2
0 , , , : ,m k k m k k

k k kB u z v q E D u D z D v D q c R+ += ∈ + + + ≤  

1) Invariability: ( ) k kS t A A= ; 
2) Attractiveness: kA  attracts all bounded sets of kE , that is, any bounded 

set 0k kB E⊂ , ( )( ) ( ) ( )
0

0 , sup inf 0 0
kkK

K k Ey Ax B
dist S t B A S t x y t

∈∈
= − → → . 

Then compact set kA  is called family of global attractors of semigroup 
( )S t . 
Proof: Verify theorem 2 to prove the existence of family of global attractors, 

under the condition of theorem 1, and the initial boundary value problems 
(1)-(5) generate solution semigroups ( ) : k kS t E E→ . 

1) So for any bounded set 0k kB E⊂ , having 

( )( ) ( )
2 2 2 22 2 2

0 0 0 0, , , ,
k

m k k m k k
kE

S t u z v q D u D z D v D q C R+ += + + + ≤  

where 0t ≥  and ( )0 0 0 0, , , ku z v q B∈ , shows that ( ){ } 0t
S t

≥
 is uniformly 

bounded in kE ; 
2) ( )0 0 0 0, , , ku z v q E∀ ∈ , when { }0 0max , kt t t≥ , there is 
( )( ) ( )2

0 0 0 0, , ,
k

kE
S t u z v q C R≤ , thus kB  is a bounded absorption set of semi-

group ( )S t ; 
3) kE  is compactly embedded in 0E , i.e., the bounded set in kE  is a com-

pact set in 0E , so the operator semigroup ( )S t  is completely continuous op-
erator. 
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Theorem 2 is proved. 
Since the solution semigroup ( )S t  has a family of global attractors in space 

kE , the dimensionality estimates of the global attractors subfamily are now 
made, and the resulting Hausdorff and Fractal dimensions are finite to prove. 
Linearize the problems (1)-(5) first, as follows: 

( )( ) ( )( )

( )( ) ( ) ( ) ( )

( )( ) ( )( )

( )( ) ( ) ( ) ( )

( )

2

2 2
2 2

2

2 2
2 2

, , 0,

, , 0,

0, 0,

,0

p p p p mm m m m m m
tt p p p p

p p m mm m
t u vp p

p p p p mm m m m m m
tt p p p p

p p m mm m
t u vp p

i i

i i

U M D u D v D u D v D U D V u

M D u D v U U g u v U g u v V

V M D u D v D u D v D U D V v

M D u D v V V g u v U g u v V

U V t
n n

U x

β

β

∂Ω ∂Ω

′
′+ + + + −∆

+ + −∆ + −∆ + + =

′
′+ + + + −∆

+ + −∆ + −∆ + + =

∂ ∂
= = ≥

∂ ∂

( )
( ) ( )

1 2

1 2

, ,0 ,

,0 , ,0 .
t

t

U x

V x V x

ξ ξ

η η
















 = =
 = =

(18) 

where ( )1 1 2 2, , , kEξ η ξ η ∈ , ( )0 0 1 1, , , ku v u v A∈ , ( ) ( )( )0 0 1 1, , , , , ,t tu v u v S t u v u v=  
is the solution to the problem (18) obtained by ( )0 0 1 1, , , ku v u v A∈ , Given 
( )0 0 1 1, , , ku v u v A∈ , ( ) : k kS t E E→ , it can be proved that for any  
( )1 1 2 2, , , kEξ η ξ η ∈ , there is a unique solution to the linear initial edge value 
problem ( ) ( ) ( ) ( )( ) ( )( ), , , 0, ;t t kU t V t U t V t L E∞∈ +∞ . 

Theorem 4 for the arbitrary 0t > , 0r > , map ( ) : k kS t E E→  is a Fractal 
differentiable. ( )T

0 0 0 1 1, , ,u v u v=Φ  the differential is a linear operator on 
( ) ( ) ( ) ( ) ( )( )TT

1 1 2 2: , , , , , ,t tF U t V t U t V tξ η ξ η → , where  
( ) ( ) ( ) ( )( ), , ,t tU t V t U t V t  is the solution to the problem (18). 

Proof: Set ( )T
0 0 0 1 1, , , ku v u v E= ∈Φ , there is  

( )T
0 0 1 0 1 1 2 1 2, , , ku v u v Eξ η ξ η= + + + + ∈Φ , so 0 kE r≤Φ , 0

kE
r≤Φ . 

Thus one obtains the Lipchitz property of ( )S t  on bounded set kE , hence 

( ) ( ) ( )2 2
0 0 1 1 2 2e , , , .

kk

ct
EE

S t S t ξ η ξ η− ≤Φ Φ  

Let ,u u U H v v Vσ = − − = − −  be the solution to the problem, then 

( )( ) ( )

( )( ) ( )

2 2
1 11 12

2 2
2 21 22

p p m mm m
tt tp p

p p m mm m
tt tp p

M D u D v h h h

H M D u D v H H h h h

σ σ β σ

β

 + + −∆ + −∆ = = +

 + + −∆ + −∆ = = +


 (19) 

where 

( )( ) ( )( )

( )( ) ( )( )

2
11

2 2 ,

p p p p mm m m m m m
p p p p

p p p pm mm m m m
p p p p

h M D u D v D u D v D U D V u

M D u D v u M D u D v u

′
′= + + + −∆

+ + −∆ + + −∆
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( ) ( ) ( ) ( )12 1 1 1 1, , , , ,u vh g u v g u v g u v U g u v V= − + + +  

( )( ) ( )( )

( )( ) ( )( )

2
21

2 2 ,

p p p p mm m m m m m
p p p p

p p p pm mm m m m
p p p p

h M D u D v D u D v D U D V v

M D u D v v M D u D v v

′
′= + + + −∆

+ + −∆ + + −∆
 

( ) ( ) ( ) ( )22 2 2 2 2, , , , .u vh g u v g u v g u v U g u v V= − + + +  

Take the inner product with the first equation of (19) and ( )k
tσ−∆ , and get it 

( )( ) 21 d, ,
2 d

k k
tt t tD

t
σ σ σ−∆ =  

( )( ) ( )( )
( )

2

22

,

1 d ,
2 d

p p m km m
tp p

p pm m m k
tp p

M D u D v

M D u D v D
t

σ σ

σ+

+ −∆ −∆

= +
 

( ) ( )( ) 22 2, .m k m k
t t tDβ σ σ β σ+−∆ −∆ =  

this is,  

( )
( )( )

2 2 22 2

1

1 d 1 d
2 d 2 d

, .

p pk m m m k m k
t t tp p

k
t

D M D u D v D D
t t
h

σ σ β σ

σ

+ ++ + +

= −∆
 

Order  

, , , , , ,m m m ms D u w D v s D u w D v u u u v v v= = = = = − = −   

( ) ( )1 1 1 3 3 31 , 1 ,s s w wθ α α θ α α= − + = − +  

( ) ( )2 2 2 1 4 4 4 31 , 1 .s wθ α α θ θ α α θ= − + = − +  

( ) ( )( ) ( )1 2 3 4, , , , 0,1 .p p p p
p p p pN M s w s wθ α α α α′′= + + ∈  

get  

( )( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )( ) ( )

( ) ( ) ( ) ( )

( )( )( ) ( ) ( ) ( )

2 2
11 1 3

2 2 2

22 2
1 3 2 4 1

2 2
1 3

2 2 2
2 4 3

,

  , , 1

,

, 1 .

m mm m m

m m mm m m

m mm m

m mm m

m mm m

h N D u D v u N D u u

N D u N D v u N D H u

N D u u N D u u

N D u N D v u

N D v u N D H u

θ θ θ

θ σ θ θ

θ θ θ θ α

θ σ θ θ

θ θ α θ

= − + −∆ + −∆

− −∆ − −∆ − −∆

′= − −∆ − − −∆

− −∆ − −∆

′− − −∆ − −∆

  



  

 



 

So 

( )( )
( )

( ) ( )

( ) ( )

( )

11

2
1 3

22
1 2 4

2

2
1 3

,

,

,

,

k
t

m k m m k
t

mm k
t

m m k m k
t

m k m m k
t

h

N D u u D

c N D u u

N u D D

N D v u D

σ

θ θ σ

θ θ σ

θ σ σ

θ θ σ

+ +

∞

+
∞

+ +
∞

+ +

∞

−∆

≤ ∆

′+ −∆

+ −∆

+ ∆
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( ) ( )

( ) ( )

( )
( )

22
1 2 4

2

2 2 22 2 23 4
5

1 1

2 2 22 26 7

5 1

,

2

.
2 4

mm k
t

m m k m k
t

k m k m k m k
t tk m

m k m k
m k

c N D v u

N u D H D

c cD D D H c D

c c
D u D v

c

θ θ σ

θ σ

σ σ σ
λ λ

λ

+
∞

+ +
∞

+ + +

+ +
+

′+ −∆

+ −∆

≤ + + +

 
+ + + 
 



 

 

In the same way, the second equation of (19) and ( )k
tH−∆  is used to take 

the internal product and organize it 

( )( )(
( ))

( )
( )

2 2 2 22 2

2 22 2

2 2 22 2 23 4
5

1 1

2 2 22 26 7
12 22

5 1

1 d
2 d

2

.
2 4

p pk k m m m k m k
t t p p

m k m k
t t

k m k m k m k
t tk m

m k m k
m k

D D H M D u D v D D H
t

D D H

c cD D D H c D

c c
D u D v h h

c

σ σ

β σ

σ σ σ
λ λ

λ

+ +

+ +

+ + +

+ +
+

+ + + +

+ +

≤ + + +

 
+ + + + + 
 

 

 (20) 

At the same time, when tU U Pε+ = , tV V Pε ∗+ = , there is 

( ) ( ) ( )( ) ( )( )( )12 1 1 1 1, , , , ,u vh g u v g u v g u v u u g u v v v= − − − − − −  

( ) ( ) ( )( ) ( )( )( )22 2 2 2 2, , , , .u vh g u v g u v g u v u u g u v v v= − − − − − −  

From there, get 

( ) ( )( ) ( ){ }( )

( ) ( )( ) ( ){ }( )

1
12 1 1 1 10

1 1 1 1 1

, ,

        , , d ,

u u

v v

h g u P u u v P v v g u v u u

g u P u u v P v v g u v v v P

= − + − + − − −
+ + − + − − − 

∫
 

( ) ( )( ) ( ){ }( )

( ) ( )( ) ( ){ }( )

1
22 2 2 2 20

2 2 2 2 2

, ,

        , , d ,

u u

v v

h g u P u u v P v v g u v u u

g u P u u v P v v g u v v v P

= − + − + − − −
+ + − + − − − 

∫
 

Get [ ]1 2, 0,1P P∀ ∈ , 

( ) ( )( ) ( ) ( ) ( ) 11

2 2
1 1 1 1 1, , , , ,

m k m k
u u k V V

g u P u u v P v v g u v l P u v u v
κκ

+ +×
+ − + − − ≤ −  

( ) ( )( ) ( ) ( ) ( ) 11

2 2
1 1 1 1 1, , , , ,

m k m k
v v k V V

g u P u u v P v v g u v l P u v u v
κκ

+ +×
+ − + − − ≤ −  

( ) ( )( ) ( ) ( ) ( ) 21

2 2
2 2 2 2 2, , , , ,

m k m k
u u k V V

g u P u u v P v v g u v l P u v u v
κκ

+ +×
′+ − + − − ≤ −  

( ) ( )( ) ( ) ( ) ( ) 21

2 2
2 2 2 2 2, , , , .

m k m k
v v k V V

g u P u u v P v v g u v l P u v u v
κκ

+ +×
′+ − + − − ≤ −  

thereupon 

( ) ( ) 1

2 2

+1
12 12 , , ,

m k m kV V
h c u v u v

κ

+ +×
≤ −  

Similarly, 

( ) ( ) 2

2 2

+1
22 12 , , .

m k m kV V
h c u v u v

κ

+ +×
′≤ −  
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By assumptions, the Formula (20) can be obtained 

( )( )
( ) ( )
( )( )

( )
( ) ( ) ( ) ( )1 2

2 2 2 22 2
0

2 2 2 22 23 4

1 1

2 22 2
5

2 4 42 27
6

5 1

1 1
1 1

1 d
2 d

2
2

2

2

4 , , 4 , ,
k k

k k m k m k
t t

k k m k m k
t tk m

m k m k
t t

m k m k
m k

E E

D D H D D H
t
c cD D H D D H

c D D H

c
c D u D v

c

c u v u v c u v u v
κ κ

σ µ σ

σ σ
λ λ

β σ

λ

+ +

+ +

+ +

+ +
+

+ +

+ + +

′ ′
≤ + + +

′+ − +

 ′
′+ + + ′ 

′+ − + −

 

 

( ) ( ) ( )
( )

2 2 2 25 2 23 4
4

1 1 1

2 4 42 27
6 8

5 1

22
2

.
2

k k m k m k
t tk m m

m k m k
m k

cc cD D H D D H

c
c c D u D v

c

β
σ σ

λ λ λ

λ

+ +

+ +
+

′ −′ ′
≤ + + + +  
 
 ′
′+ + + + ′ 

 

 

Order 
( )53 4

4
1 1 0 1

44
max ,k m m

cc cβ
α

λ λ µ λ

′ −′ ′ = + 
  

, 

Then there is 

( )( )
( )( )

( )

2 2 2 22 2
0

2 2 2 22 2
0

4 42 2
10

d
d

.

k k m k m k
t t

k k m k m k
t t

m k m k

D D H D D H
t

D D H D D H

c D u D v

σ µ σ

α σ µ σ

+ +

+ +

+ +

+ + +

≤ + + +

+ + 

 

Using the Gronwall’s inequality, there is 

( )( )
( )12

2 2 2 22 2
0

4T
11 1 1 2 2

d
d

e , , , .
k

k k m k m k
t t

c t

E

D D H D D H
t

c

σ µ σ

ξ η ξ η

+ ++ + +

≤
 

Then when ( )
2T

1 1 2 2, , , 0
kE

ξ η ξ η → , 

( ) ( ) ( )( )
( )

( )12

2T
0 0 1 1 2 2 2T

11 1 1 2 22T
1 1 2 2

, , ,
e , , , 0.

, , ,

k

k

k

E c t

E

E

S t S t F
c

ξ η ξ η
ξ η ξ η

ξ η ξ η

− −
≤ →

Φ Φ
 

Theorem 4 is proved. 
The Hausdorff and Fractal dimensions of the global attractors subfamily are 

estimated below. 
The problem of linearization is reduced to ( ) ( ) ( )1 2′ + = +PΨ Ψ Ψ Ψϕ ϕ ϕΓ Γ . 
At this point, ( )T

, , , kU P V P E∗= ∈Ψ , tP U Uε= + , tP V Vε∗ = + ,  
( )T, , , ku z v q E= ∈ϕ  are the solutions to Equation (21), ( ) { }0 , , , kEξ ζ η σ= ∈Ψ , 

0t > . 
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( ) ( )( ) ( )

( )( ) ( )

2 22

2 22

0 0

1 0 0
,

0 0

0 0 1

m m

m m

I I

I I
I I

I I

ε

βε ε β ε
ε

βε ε β ε

− 
 

− −∆ + −∆ − 
=  − 
 − −∆ + −∆ − 

P ϕ  

( ) ( ) ( )

( ) ( )

1 1
1

2 2

0 0 0 0
, 0 , 0

,
0 0 0 0

, 0 , 0

u v

u v

g u v g u v

g u v g u v

 
 − − =  
  − − 

ϕΓ  

( )
( )( )( ) ( ) ( )( )

( )( )( ) ( ) ( )( )

2 2

2

2 2

0

1 2
.

0

1 2

m mm m

m mm m

M s U M s s D U D V u

M s V M s s D U D V v

 
 

′ ′− −∆ − + −∆ 
=  
 
  ′ ′− −∆ − + −∆ 

ΨϕΓ  

where 
p pm m
p p

s D u D v= + , Order 

( )( ) ( )2
1 ,

p p p p mm m m m m
p p p p

D M D u D v D u D v D U u
′

′= + + −∆  

( )( ) ( )2
2 ,

p p p p mm m m m m
p p p p

D M D u D v D u D v D V u
′

′= + + −∆  

( )( ) ( )2
3 ,

p p p p mm m m m m
p p p p

D M D u D v D u D v D U v
′

′= + + −∆  

( )( ) ( )2
4 .

p p p p mm m m m m
p p p p

D M D u D v D u D v D V v
′

′= + + −∆  

Theorem 5 Under the conditions of theorem 4, problems (1)-(5) the global 
attraction subfamily kA  has the Hausdorff dimension and the Fractal dimen-
sion, and 

( ) 11min | , ,
2

k
N

t
H k j

j
d A N N N

N
λ −

+

 
≤ ∈ < 

ϒ 
∑   

( ) ( )2 , 1,2, , 2F kd A N k m≤ =   

Proof: Let +N N∈ , the N solutions of the problem (21) are 1 2, , , Nχ χ χ , 
considering N of them, given time τ , there is  

( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( )

1 2

1 2 0
0 0 0 exp d .

N
k

N
k

N E

s
N NE

s s s

TrF B

χ χ χ

χ χ χ τ τ τ

∧

∧

∧ ∧ ∧

′= ∧ ∧ ∧ ⋅∫



 ϕ
 

where ( ) ( ) ( ) ( ) ( )( ), , ,u p v qτ τ τ τ τ=ϕ , ( ) ( ) ( )( )0 1, ; 0 , , 0N N NB Bτ τ χ χ= ϕ  is 
an orthogonal projection from kE  to ( ) ( ){ }1 , , Nspan χ τ χ τ , and  

( ) { }, , , , 1, ,j j j j jy j Nτ ξ ζ η σ= =   is  
( ) ( ) ( ) ( ){ }1 2, , ,N k NB E spanτ χ τ χ τ χ τ=   standard orthogonal radicals. 

Set the corresponding inner product and norm, 

( ) ( ) ( )
( ) ( )

2 2

2 2

, , ,

, , ,
k

m k m k k k
j j j j j jE

m k m k k k
j j j j

y y D D D D

D D D D

ξ ξ ζ ζ

η η σ σ

+ +

+ +

= +

+ +
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( ) 2 2 2 22 2 2, 1.
k k

m k k m k k
j j j j j j jE E

y y y D D D Dξ ζ η σ+ += = + + + =  

( )( ) ( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )( )
1

1

,

, .

k

k

N N j j Ej

N

j j Ej

TrF B F B y y

F y y

ϕ τ τ τ τ τ τ

τ τ τ

+∞

=

=

′ ′⋅ = ⋅

′=

∑

∑

ϕ

ϕ
 

so, 

( )( )
( ) ( )
( )( )( ) ( )( )
( ) ( )( )( )

( )( ) ( )

2 2 2 2 2 2

2 22

2 2

2

,

, ,

1 , ,

, 1 ,

, ,

j j

m k m k m k m k m k m k
j j j j j j

m mk k k k k
j j j j j

mk k k k k
j j j j j

m k k k k
j j j j

P y y

D D D D D D

D D D D D

D D D D D

D D D D

ϕ

ε ξ ζ ξ ε η σ η

βε ξ ε ξ ζ β ζ ζ

ε ζ ζ βε η ε η σ

β σ σ ε σ σ

+ + + + + +

−

= − − − −

− − −∆ + − −∆

− − − −∆ +

− −∆ −

 

2 22 2 22 13 1

22 2 22 2 214
1

2
2 2 2

42 2 .
2 2 2

m
m k k k

j j j

m k m k k
j j j

c
D D D

cD D D

βε λβ εε ξ ζ ξ

εβ εε η βλ ε σ η

+

+

−
≤ + +

−−  + + + + 
 

 (22) 

( )( )
( )( ) ( )( )
( )( ) ( )( )

( ) ( )
( ) ( )

1

1 1

2 2

1 1

2 2

2 2 2 215 17 15 16 16 18 17 18

,

, , , ,

, , , ,

, ,

, ,

.
2 2 2 2

k
j j E

k k k k
u j j v j j

k k k k
u j j v j j

k k k k
u j j v j j

k k k k
u j j v j j

k k k k
j j j j

y y

g u v D D g u v D D

g u v D D g u v D D

g u v D D g u v D D

g u v D D g u v D D

c c c c c c c c
D D D D

ϕ

ξ ζ η ζ

ξ σ η σ

ξ ζ η ζ

ξ σ η σ

ξ ζ η σ

∞ ∞

∞ ∞

Γ

= − + −

+ − + −

≤ +

+ +

+ + + +
≤ + + +

 (23) 

( )( )
( )( ) ( )( ) ( ) ( )
( )( ) ( )( ) ( ) ( )

( )( )( ) ( ) ( )
( )( )( ) ( ) ( )

2

2
1 2

2
3 4

2 2
1 2

2 2
3 4

,

1 , 2 , 2 ,

1 , 2 , 2 ,

1 , 2 , 2 ,

1 , 2 , 2 ,

k
j j E

m k k k k k k
j j j j j j

m k k k k k k
j j j j j j

m k m k k k k k
j j j j j j

m k m k k k k k
j j j j j j

y y

M s D D D D D D D D

M s D D D D D D D D

M s D D D D D D D D

M s D D D D D D D D

ϕ

ξ ζ ξ ζ ζ ζ

η σ ξ σ ζ σ

ξ ζ ξ ζ ζ ζ

η σ ξ σ ζ σ

+ +

+ +

Γ

= − −∆ − −

+ − −∆ − −

= − − −

+ − − −

 

( ) ( )

( )

( )

( ) ( )

2 2 2 22 20
19 19 20 22

2 2 2 22 20
21 21

2 22 20 0

2
223 0 1

19 20 22

2
224 0 1

21 19 21

1
2

2
1

2
1 1

2 2
1

2
2

1
2

m k m k k k
j j j j

m k m k k k
j j j j

m k m k
j j

m
k

j

m
k k

j j

D D c D c c c D

D D c D c D

D D

c
c c c D

c
c D c c D

µ
ξ ζ ξ ζ

µ
η σ ξ σ

µ µ
ξ η

µ λ
ζ

µ λ
σ ξ

+ +

+ +

+ +

−
≤ + + + + +

−
+ + + +

− −
≤ +

 −
+ + + +  
 
 −

+ + + +  
 

2
.

(24) 
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According to Formulas (22), (23) and (24), there is 

( )( ) ( ) ( ) ( )( )( )
( )

( )

1 2

222 23 0 120 13 1 15 16

2 220
19 20 22

2
224 0 12 2 17 1814

1 21

2
15

, ,

112
2 2 2 2 2

122
2 2

14
2

2 2 2

2

k
j j j jE

mm
m k

j

k m k
j j

m
m k

j

F y y P h h

cc c c
D

c c c D D

cc cc c D

c

ϕ ϕ ϕ ϕ

µ λµ βε λβ ε ξ

µβζ ε η

µ λε
βλ ε σ

ε

+

+

′ = − + Γ + Γ

−− +− ≤ + + + + 
  

− − + + + + +  
 

 −+−
+ + + + +  
 

+ +
22 217 16 18

19 212 2 2
k k

j j
c c c

c c D Dεξ η
   + +

+ + + +   
   

 (25) 

Order  

( )

( )

2
0 13 1 15 16

2
23 0 1

19 20 22

2
24 0 12 2 17 1814

1 21

12min ,
2 2 2 2

1
2 ,

2
14

2 ,
2 2 2

m

m

m
m

c c c

c
c c c

cc cc c

µ βε λβ ε

µ λ

µ λε
βλ ε

− +−= + − −


−
+ − − −

−+− − − + − 




 

2 2
15 17 16 18

19 21max , ,
2 2 2 2

c c c c
c cε ε + +

ϒ = + + + + 
 

 

To all time τ , there are 0 1
2k

kt
m k

< = <
+

, making 

( )( ) ( ) ( ) ( )( )( )

( )
1 2

1 1

2 2

1

, ,

2 ,

k

k

N N

j j j jE
j j

N
k k

j j
j

N
t
j

j

F y y y y

N D D

N

ξ η

λ

= =

−

′ = − + +

≤ − + ϒ +

≤ − + ϒ

∑ ∑

∑

∑

P





ϕ ϕ ϕ ϕΓ Γ

 

If 11
2

k
N

t
j

jN
λ − <

ϒ∑  , 

( ) ( )( ) ( )
0

1
0

1 2sup sup d ,k

k j k

Nt t
N N j

A E j
q s F N

t Nϕ χ
τ τ τ λ −∗

∈ ∈

 ϒ ′= ≤ − −   
   

∑∫ Tr P ϕ  

then ( )lim sup 0N Ns
q q s

→∞
= < . 

Theorem 5 is proved. 
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