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Abstract

The theory of phase transitions is one of the branches of statistical physics in
which smoothness and continuity play an important role. In fact, phase tran-
sitions are characterized mathematically by the degree of non-analyticity of
the thermodynamic potentials associated with the given system. In this paper,
we propose a method that is not based on cluster expansions for computing
the higher derivatives of the free energy and estimating the error between the
finite and infinite volume free energy in certain continuum gas models. Our
approach is suitable for a direct proof of the analyticity of the pressure or free
energy in certain models of Kac-type. The methods known up to now strong-
ly rely on the validity of the cluster expansion. An extension of the method to
classical lattice gas models is also discussed.

Keywords

Witten Laplacians, Analyticity, Free Energy, Kac-Models

1. Introduction

The estimation of the error between the infinite and finite volume limit of the
free energy in the continuum gas case is generally obtained under the condition
of validity of the cluster expansion on the Hamiltonian. See [1] [2] [3] [4] [5]
and references therein. The cluster expansion is the main tool for implementing
renormalization arguments in Statistical Physics. It provides a method for calcu-
lating the logarithm of the partition function. However, it is only valid under

certain assumptions on the Hamiltonian. In Section 2, we will discuss a direct
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nonpertubative method for computing the higher derivatives of the free energy
in certain high dimensional classical unbounded models of Kac-type. Our me-
thod will provide a new framework for investigating the analyticity of the pres-
sure or free energy.

There are several different thermodynamic potentials that can be used to de-
scribe the behavior and stability of a statistical mechanical system at equilibrium
depending on the type of constraints imposed on the system. For a system which
is isolated, the internal energy will be a minimum for the equilibrium state.
However, if we couple the system thermally, mechanically, or chemically, other
thermodynamic potentials will be minimized at equilibrium. The energy which
is stored and retrievable in the form of work is called the free energy. It is gener-
ally given by the logarithm of the partition function divided by the volume of the
region A containing the system. When the system becomes large A TR? or
ATZ%, this limit will actually result in a thermodynamic function. It is well
known that any singularities for these thermodynamic functions will correspond
to a change of phase of the system [6] [7]. Thus, investigating this thermody-
namic limit has led to a long-standing standing problem of computing the error
terms between the finite and infinite volume of pressure or free energy. Satisfac-
tory results have been obtained in some special cases where the validity of the
cluster expansion is taken for granted [1] [2] [3] [4] [5]. In Section 3, we will
propose a method for estimating the error between the infinite and finite volume
limit of the free energy in the continuum gas case without using cluster expan-
sions. We shall also point out a direction for extending the result to a wider class
of lattice gas cases. Similar results were obtained in [8]. However, the authors
considered a one dimensional lattice system of unbounded real valued spins with
a quadratic finite range interaction. The extension of their result to higher di-
mensional more general interactions was mentioned as an open problem. Our

method provides a new paradigm for solving this question.

2. On the Derivatives of the Free Energy

Recall that the most famous result on the analyticity of the pressure is the circle
theorem of Lee and Yang [9]. The Lee-Yang theorem theorem and its variants
depend on the ferromagnetic character of the interaction. There are various oth-
er way of proving the infinite differentiability or the analyticity of the free energy
for (ferromagnetic and non ferromagnetic) systems at high temperatures, or at
low temperatures, or at large external fields. Most of these take advantage of a
sufficiently rapid decay of correlations and/or cluster expansion methods. Re-
lated references are Bricmont, Lebowitz and Pfister [10], Dobroshin [11], Do-
broshin and Sholsman [12] [13], Duneau ef al [14] [15] [16], Glimm and Jaffe
[17] [18], Israel [19], Kotecky and Preiss [20], Kunz [21], Lebowitz [22] [23],
Malyshev [24], Malychev and Milnos [25] and Prakash [26], S. Ott [27]. We will
discuss a new method based on a convolution formula for the derivatives of the

pressure. The only known exact formula of the pressure was obtained by M. Kac
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and J.M. Luttinger [28]. Kac-Luttinger formula has a limit of validity and is a
representation of the free energy in terms of irreducible distribution functions.
Along the same line, our formula is based on the Helfer-Sjostrand representation
of the covariance of two functions in terms of the Witten-Laplacians on one-forms
[29] [30] [31]. Recall that for a given C” -function ®, the written-Laplacians on

0 and 1 forms are respectively given by

2
Vo
WéO)Z{—A+—| 4| —AT(DJ (1)
and
vol
W§)=—A+—| | —A;+ Hess® ()

These operators were first introduced by Edward Witten [32] in 1982 in the
context of Morse theory for the study of some topological invariants of compact
Riemannian manifolds. In 1994, Bernard Helffer and Johannes Sjostrand [29]

introduced two elliptic differential operators
AY = —A+VD.V 3)
and
AY == A+ VD -V + Hessd (4)

sometimes called Helffer-Sjostrand operators serving to get direct methods for
the study of integrals and operators in high dimensions of the type that appear
in Statistical Mechanics and Euclidean Field Theory. In 1996, Johannes Sjostrand
[33] observed that these so called Helffer-Sjostrand operators are in fact equiva-
lent to Witten’s Laplacians. Since then, there has been significant advances in the
use of these Laplacians for the study of the thermodynamic behavior of quanti-
ties related to the Gibbs measure Z 'e “dx. Helffer and Sjostrand used the
Witten-Laplacians to derive an exact formula for the covariance of two functions.
This formula is in some sense a stronger version of the Brascamp-Lieb inequality

[34]. The formula may be written as:
cov(f,g)= J(A(Dl)_lvf ~Vg)e’d’(x)dx. (5)

To understand the idea behind the formula mentioned above, let us denote by
(f) the mean value of fwith respect to the measure e *™dx , the covariance

of two functions fand gis defined by
cov(f.9)=((f~(1))(s~(9))- ©

If one wants to have an expression of the covariance in the form

COV( f, g) = <Vg 'W>L2(R”,R”;e""dx) ' @)

for a suitable vector field W , we get, after observing that Vg =V(g-(g)),
cov(f,g):j(g—(g))(VCD—V)-We""(X)dx. (8)
DOI: 10.4236/jamp.2022.105123 1764 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105123

A. Lo

This leads to the question of solving the equation

f—(f)=(Vd-V)-w. 9)
Now trying to solve this above equation with w = Vu , we obtain the equation

_ _ al0)
f—(f)=Au (10)
(u)=0.

Assuming for now the existence of a smooth solution, we get by differentiation

of this above equation:
v = Al'vu (11)

and the formula is now easy to see.
In [35], Marc Kac considered two dimensional bounded models whose Ha-
miltonians are of the form
1 . ..
H,, (O'A/O'Ac ) :_E-Z J(i,J)oo, - > 3, (ihi)oo;,  (12)
i,jeA ieA,jeAC
where A is a finite subset of 72, o, = (O'i )igA € {—1,1}A with boundary con-
dition o, =(0;),_c -
Marc Kac showed in that when J(r)= el

through the transfer operator

"

, this model may be studied

1 1
2790 gt g 27 0)

Kym =e , (13)

where
1 v u 2 S yﬂ
;/q(x)z—tanh(—iji —Zlncosh{ /—(xi +XM)] (14)
2 2 i=1 i=1 2

with the convention X, =X . He proved that when y approaches 0, the be-

havior of the system only depends on the Kac potential

q(x):zTi—ZIncoshNg(xi+xi+1)}. (15)
Thus by reducing the two dimensional problem into a one dimensional prob-

1
lem, M. Kac showed that the critical temperature occurs at [, = 7

The d-dimensional mean field Kac Hamiltonian
2

d)(x):x?+g(x), (16)

|

where g(x)=-2)  Incosh {\/g(xi +X; )} is a smooth function with bounded

derivatives. Observe that this result of Marc Kac is the motivation behind the
types of Hamiltonian that we use in this paper.

In the generalized framework, we shall consider systems where each compo-
nent is located at a site 7 of a crystal lattice Z° ; and is described by a continuous

real parameter X, € R. A particular configuration of the total system will be
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characterized by an element x=(x; ). of the product space ©Q =R". This set

ieA
is called the configuration space or phase space.

We shall denote by @ =®" the Hamiltonian which assigns to each configu-
ration x € R* a potential energy ®(xX): The probability measure that de-

scribes the equilibrium of the system is then given by the Gibbs measure
du® (x) = 2% *Mdx. (17)
Z >0 isanormalization constant,
2=2, = ,e"Mdx (18)
For any finite domain A of Z°; we shall consider a Hamiltonian of the phase

space Q=R" satisfying:
1) ‘I‘im |V(D(X)|:oo,

2) For some M, any 0“® with |a| =M isi/lz)ounded on R*,
3) For |a|>1, 6"(1)(X)| <C, (1+|VCD(X)|2) for some C, >0,

1

" for all |X|Z—.
C

4) There exist w>0,C >0 suchthat x-V® >C |X|

Here and in what follows, a=(a;),_, € 7" shall denote a multiindex. We
set o=, dl=ala ). If f=(B), €z and B <a; for all
j=1,---,m, then we write g<a . For a,ﬂeZ‘f‘ such that g<a, we put

o [ . a a
( J:L If a=(q) c7Z™ and xeR® wewrite x*=[]" x4,
iJi=1,-m + i=1

B) Bl a-pB)
and 0“ =0 / O -+ 0™ / ox:™ . The Hessian of the Hamiltonian @ will be
denoted by Hess® . Finally, if 7and jare two nearest neighbor sites in Z¢ we

write i~ j.
2.1. The nth Derivative of the Free Energy

We consider the Hamiltonian given by
@7 (x)= @, (x)- 9 (x), (19)
where g isathermodynamic parameter (temperature or magnetic field), and g

satisfying

0°vg|<C,, VaeN". (20)

We shall assume that there exist £, and f, such that ®”(x) satisfies the
assumptions 1 -4 forall fe [ﬁo,ﬂl].
The finite volume pressure or free energy of the system is defined by
1 ~0(x)
PA(ﬂ)zmln[]RAdxe } 1)

We will be interested in the &times differentiability of the free energy in the

thermodynamic limit given by

P(B)= lim P, (B). (22)

‘A‘—)w

We will use the following notations:
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Z,(B)=[e " (23)
- —of (x
Oy =2 (B[ 0re™ Max. (24)
Observe that for an arbitrary suitable function f ()
0 :
%U(ﬂ))m =(f (ﬁ))AﬁJrcov(f,g). (25)
Now using the Helffer-Sjostrand formula, we have
0 _(f w*
%U (B),, =(F(B),, +<A®ﬁ (Vi ).Vg>m. (26)
Denote by A; the operator ASF () Vg ie
Ay f =AY (VF)-vg (27)

Thus,
0

S5O, :<(%+Agj f>Aﬁ. (28)

The linear operator %+ A, will be denoted by H, .

op
Observe that each S e [ By, ﬂl] is associated with a unique C” -solution, f ( p )
of the equation

H, = (i-i-Agj f. (29)

Ayt (B)=a-(a),,. (F(£)),,=0 (30)

Hence, A((Dl; v/ =Vg where v/ = Vf (). Notice that the map S+ Vv’ is
well defined and {Vﬂ pe [ B, ,Bl]} , is a family of smooth solutions on R*.

Under the notation above, we have the following Lemma:

Lemma 1. Let g be a smooth function with bounded derivatives and assume
that there exist f3, and f, such ®”(x)=®, (x)-Bg(X) satisties the as-
sumptions 1 - 4 for all f e [ By, ,b’l] . Then for all n>1, the n" derivative of the
finite volume pressure is given by

n-1
P}”>(ﬁ)=(n—1)!%, (31)
[A]
where A)™'g is the composition of the operator A,g () n-1 times.
Proof. First put 6, (f)=|A|P, (). We then have

9&(ﬂ)=<g>m,}=<[%+ jog> =(19), , (32)

o) (ﬂ):%<g>A,ﬂ =<A§3;l (vg).Vg> (33)

AB
0 )
=<(@+ ]9>M’ G4
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0r(p)= %<A§;1 (Vg).Vg>

AB

O A0 (vg).
(2 vy va)

{(Zeafs)

By induction it is easy to see that

eﬁ“)(ﬂ)=<(%+ j g> =(15"g), ,» (Vn=21).

Next, observe that

+<(A§;1V(A§gl (Vg)~Vg))~Vg>

AB

Mg = Afbl} (Vg)-Vg=A,g

0 -1 -1
Hg = Vf~Vg+(A§}, V(Aflj; (Vg)-Vg))Vg

o
-1
where fsatisfies the equation Vf = A(lz (Vg). with v? =Vf , we have
@
B _
O gp 2V aw* (Hessgv/" -vg-w’).

oB op

Hg = A((Dl}_l [Hessgv” -Vg-VW* +V(A(12,_1 (Vg)-Vg)]Vg

[}

-1
= Aﬁ), ZV(Agg)-Vg =2A%g.
We will now prove by induction that

Hy g =(n-1)L4; g for n>1.

Ap

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

We have already checked the result is true for n=1,2,3. For induction, assume

that
Hy g =(n-1)!A;"g. (43)
if nis replaced by Ai<n.
n- 0 0
H, g :(£+Agj((n—l)!¢49 ') (44)
_(n-1) ZArig e ar
_(n_ )ﬁ g g+ gg . (45)
Now
Aig = [Afi%_ V(Ag”’zg)]Vg =Vg,-Vg (46)
where Vg, = [AE}AV(AS’ZQ)} . We obtain,
iw O iwt"*zg +HessgVep, -Vg-V(Ve,) |  (47)
6,8 n b 8,3 g n n
Hence,
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O grig- 9y, .
aﬂAg g—aﬂvcon Vg (48)

= [Afpl;l (%wgzg +HessgV e, -Vg-V(Vg, )H-Vg (49)

(0 e
= {A((Dlt) (%VAQ ’9+V(Ve, Vg )H-Vg (50)
a n— n-
=Ag[£¢49 g+ Ay (A 2g)} (51)
e 1 n_
=AM, (A]g) = AH, (m”& Z)QJ (52)
1 ()
= 53
(n-2)r 9 % (53)
1 ((n-1)147"g) 54
_(n_z)!Ag g g ( )
=(n-1)Ajg. (55)
Thus,
Hyg =(n-1)!(n-1+1).4]g =nlA]g. (56)
The result follows. u
Next, we propose to find a formula of P{" (/) that only involves ®”(x)
and g(x).

Proposition 2. Let g be a smooth function with bounded derivatives and as-
sume that there exist [, and [ such ®"(x)=®, (x)—B9(X) satisfies the
assumptions1 - 4 forall f e [ By, ,Bl] . Then for all n>1, we have the following
formula for computing the o derivative P\") () of the free energy.

_1<gk>A,ﬁ' P/Sn_k)(ﬂ) _ 1 <gn>A,ﬁ'
o kU (n—k-1)! (n-1)! A

>

, h>1, (57)

Observe that the derivatives of all orders P\" () can be computed by recur-
sion.

Proof. First observe that

(gPA h> =<gPA<”’IVh-Vg> (58)
g AB of AB
Lt <A(1)71Vh~Vg "+1> (59)
p+1 o/ AB
1 p+1
=oev(eh) (60)

=ﬁ[<gp+lh>m—<gp+1>Aﬁ<h>Aﬁ], p=0,1,--- (61)

Setting k=p+1 and h= A;’kflg , yields
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(0),, (4" 79), , = (0" 4 ),k

Now dividing by k!, summing over k and noticing that on the right hand side

(9 A", - (62)

one obtains a telescoping sum, yields

{9, (4"7),, 1

k=0 k! _(n_]_)!<g >A,,5' (63)
Now using Lemma 1, we have
gy ARV (B)
(A7), = (n—k-1)1 (64)
Hence,
w(9), P 1 (9, n>1 (65)
k=0 k! (n k — ]_) (n_1)| |A| , 21,
|

2.2. Towards a Direct Method for the Analyticity of the Free
Energy

Proposition 3. Let g be a smooth function satistying (20) and assume that there
exist ff, and f, such ®”(x)=
4 forall pe [ﬂo,ﬂl]. If
n+l
<g >A,,5*

(9",

then forany A —Z°, the finite volume pressure P, (/) isanalyticon [4,,/4,].
Proof. Let " be an arbitrary point on [f,,4,]. Putting =" in the re-
sult of proposition 2, we get

®, (x)-Bg(x) satisfies the assumptions 1 -

lim

n—oo

<o Vf° e[ﬂolﬁl]l (66)

(o k> (-KR(E) (9,
5 (ot ey @
=
2 (99), . (KPR (p) 1 (97),,
2 I
Now multiply both sides of the equation by ( p-5 )n to get
n ﬁ 3 P,f’) ia -
” A | i (69)
_ 1 <gn>A,,3* (ﬂ_ﬂ*) _in<gn>/\ﬁ* ('B_ﬂ*)
~(n-1)! |A| A n! '
Put
G (B)=].. 9" (x)e ™ Mdx (70)
DOI: 10.4236/jamp.2022.105123 1770 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105123

A. Lo

If
n+l A *
|im|<gn>”* = lim ”f(ﬁ* )|<oo, (71)
) | e ()]
then the power series z< > (ﬂ ﬂ) and i<g >A'ﬂ* (ﬂ_ﬂ) have
n=0 (n 1) n=0 n!

infinite radius of convergence. Summing with respect to n, we obtain the Cauchy

[2< s - ﬁ)}[inﬂlo?&ﬂ ﬂ)]

product

n=0

(72)
1 eM9'),, (85 *
:mn; ﬂn! , for p=p".
(o), (5-5")
PV (B), 1 T *
Y———(B-F) =% —, fEf. (73
= W (o), (5-5)
Zn:O n!
Multiplying both sides of this last equation by ( B-5 )_1 , we get
ool L (B-)"
© nPIEn) (ﬂ*) L\n-1 1 Zn:o < > - IEI )
2, ! (8-£) N " PP
o N o {2), (8-)
Zn:O ' nl
: (74)
. nGr(g)(B-£)"
D
:7| — — p+p.
Al el (8)(8-5)
n=0 n!
<~
. d a;G?OTﬂﬂ—ﬁﬁn
- Pn * ) _—
8Py Lop™ e 09
= A el (m)s-7)
Zn =0 n!
Now integrating both sides, we obtain
= P a1 le p-F
A R LA J
(76)
1 = G ) (B-8)
:|A|In +n2:; " ‘ +C,
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Now taking limit when B — ", on both sides of this last equation, we see that
C, =0.Thus

= P (' o1 B)B-5
T T )\ "
n=0 n=0 -
Now observe that
(m
W=z m=ci) 9
|G _ o G(s)].
lim ﬁ <o (uniformly in 8°) = ﬁ is bounded. (79)
There exists a >0 such that
A ®
M <a foralln. (80)
G, (£
By iteration, we obtain
A *
G”+l(’8 ) <a™t (81)
Z,(8)
Hence,
G (B") <Ma" (82)
where
M= sup Z,(8) (83)
B e o]
Thus, there exists positive constants a2 and M such that
()
g?[zA (8)]|sMa" VB <[, 8] (84)

We conclude that Z, () isanalyticon [4), /4] and

z0(p)(B-5) :iGnA(ﬂ*)(ﬂ_ﬂ*)n, (85)

n! o n!

M

ZA (,8) =

>
I
o

forall g in some neighborhood of f°.Now using Equation (57), we obtain

(n) *
z B 1
z ( )(/3 s _W'n( A(8)=P.(8) (86)
forall g insome neighborhood of S e[f,,4,]. |

Remark 4. Observe that the left-hand side of Equation (57) in proposition 2 is

k
9 kP
a circular convolution equation of the sequences " IA’ﬂ and {AT(’H)} .

k

Thus a suitable deconvolution may give a more exact formula for the derivatives

DOI: 10.4236/jamp.2022.105123

1772 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105123

A. Lo

of the pressure. This issue will be investigated further to extend the result to the
infinite volume case (' lim P,E") (B)). One may also use equation (57) to obtain a
A

-
more precise estimate of the truncated correlations.

3. Estimating the Error in the Thermodynamic Limit:
The Continuum Gas Case

We shall consider the usual continuum gas model composed of NV particles con-

d
-/
fined in a box A, = (?,E} c R with ¢>0. The state of such a system is

given by the collection ( P;.q; ) of the momentum p; e R® and the po-

j=1---N

sition q; €A, of each particle. The configuration space or set of microstate
N

spacesis €, . :(]Rd ><A£) .

The usual Hamiltonian giving the sum of the kinetic and potential energy is

2
q)(pllqv"'va’qN):iM_'- Z V(qj_qi)’ (87)

i 2M G Gen

where m is the mass of each particle and the potential V" determines the contri-
bution to the total energy resulting from the interaction between the / and the
Jt particles generally assumed to depend only on the distance, ||q i — i "2 be-
tween the particles. It is well known that in the canonical ensemble distribution,
the momenta have no effect on the probability of events depending only on the
position.

Thus, we shall consider Hamiltonians is of the form

oY (a)= > V(a4;-a) a=(g.ay)eA). (88)

I<i<j<N

over the configuration space Q,  =A" (A=A,), where VR’ >R U{w}
N
and p= m is the particle density assumed to be constant. We shall also assume

that the particles interact via a stable pair potential. ie., there exists K positive
such that

> V(g;-g)=-KN, (89)

1<i<j<N
for all Nand all configuration q=(q,,---,qy)eA".

The probability measure that describes the equilibrium of the system is then
given by the Gibbs measure

du’ (q) = Z;AYNe”“’x @dg (90)
Z,',y >0 is the canonical partition function of the system and is given by,
1 ool
Z= Zﬁ,A,N :m AN g A da. (91)

B >0 is a thermodynamic parameter representing the inverse temperature.
Note that here, we are using a zero boundary condition Hamiltonian. ie., we are

assuming that there are no particles outside of A=A, .
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The finite volume free energy is given by

fn (N)=—

_ 1 0
o In(Z,,). where|A|=¢" is the volume of A (92)

In the thermodynamic limit, |A|,N — oo but the density p:=% remains

constant. The infinite volume free energy obtained by taking the thermodynamic

limit is potentially dependent on the density p and is given by
£,(p)= fim £, (N). (93)

‘A‘, N —w
‘;“\—‘:pzconst

In [1], the authors showed that given the validity of the cluster expansion, this
limit exists and is given by

1 ﬂpml
fo(p)==| p(Inp-1)-> = : 94
o(#) ﬁ{p(np ) E n+1} o4
where
1 (e g
ﬂn :m Z .{Rdn _ H (e ﬂV(ql qJ) _1)dq2 "'dqn+1' ql = 0’ (95)
* geBhyg {l,j}eE(g)

where V:R’ >RU{w}, B, is the set of 2-connected graphs g on (n+1)
vertices and E(g) is the set of edges of the graph g In [2], the terms contri-
buting to the finite volume correction of the free energy are computed. More
precisely, the author showed that there exists a constant x = K( 5, B) >0, in-
dependent of Nand A, such that if

Pl —qu <k, then (96)
1 C,
mln(zﬂ,A,N)_ﬂfﬁ (p) sm, for some C, > 0. (97)

Recall that again here, the proof of this result heavily relies of the validity of
the cluster expansion.
In this paper, we propose a method for estimating the error without using

cluster expansions under a lower regularity assumption of the interaction. Put
_aaN
£(N)=~1n([ e ") (98)

We first need the following classical Lemma.
Lemma 5. ([36]) Let D a given fixed positive constant D, and §(N) be a
sequence of real numbers satistying

|£(N+M)-&(N)-&(M)|<D, foreach N and M eN. (99)
- g(N) .
The limit of the sequence B exists and
N N
EWN) i £ D (100
N Nowo N N
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Proof. Let
N
a(ny= ), (101)
N
Using
|£(N+M)-&(N)-&(M)[<D, foreach Nand M eN, (102)
we have
N M D
N+M)- N)-— M 103
a(N+M) N+Ma( ) N+Ma( ) N+M (109
In particular, for M =N , we get
D
2N)-a(N)[£—. 104
[a(2N)-a(N)| =55 (104)
and by iteration:
k+ k D
‘a(z 'N)-a(2 N)‘ssz (105)
:>a*(N):=|imk_ma(2kN) exists and
a*(N)—a(N)|£%. (106)

Now replacing Nand Min (103) by 2N and 2“M respectively, and taking
the limitas k — oo yields

N
N+M

M

*(IN+M)=
a(+) N+M

a"(N)+

Next, we define &£"(N):=Na"(N) and rewrite (106) as

a’"(M). (107)

E(N+M)=& (N)+&(M). (108)

This implies
a’"(N)=a"(1). (109)
The result follows from (106) and (109). u

Proposition 6. Assume that the interaction V : R — R U{wo} is stable and
that there exists a differentiable function y :R — R with bounded first deriva-
tive satistying w(0)=0 such that

V) <y (X)), vxeRr". (110)

There exist (>0 and Ny, eN such that

|fﬂ’A(N)—fﬂ(p)|SM for >/, and N > N,. (111)
plA
Remark 7. Note that compared to Theorem 2.1 in [2] this result does not use
the cluster expansion at all. We only need a lower regularity assumption of the
type used in [37] and [1]. Moreover, the result provides an explicit expression of
the constant C (p) in the right-hand side.
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Proof. Put
E(N)==In([, & )dq) )
CD:\\‘ (CI)= Z V<qj_qi) (113)
1<i<j<N
Slgi;:gNW(”(qj ~ )Hz) (114)
:1<i§<NJ.:%W(SH(qj —4 )“z)ds (115)

= 2 l@-a) Lv (s|(a,-a)l,)os  a1e)

Il 2 o, -, 1)
SWLITE Vwona)ent o)
- Iy Va3 (i-1 1)
| AN (N -1 (120

For >0 and ¢€][0,1], define

q)E\N,M)(q,glé):: (1—8976/N2)®1’:+M (q)—i-ee"wz [(Dx (-BCDXI (CI)] (121)

where

@y @@} (a) =P} (ay)+ @Y (ay ) witha=(ay.ay)eA™™.  (122)

We have
0 s (a.2.0)
gln(jAN+M e a dqj
) peNM) o s
'BefafNZJ'AMM |:q)/l\:+M (Q)—(D/’\\‘ (_B(D/I\(I (Q)Je Ao (a, ,a)dq (123)
- g™ (4.0.0) '
[ e **)dq
. o ogs N ’ \/E
Now using the stability condition and @) (q)< |y, - N(N-1)¢ forall N,
we have
(@)™ (q)-@) @@} (q)]
>-K(N+M) (124)
d
—||.,/||w§z[N(N -1)+M (M -1)], (125)
and
(@)™ (q)-@) @@} (q)] (126)
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£||¢//'||wg(N+M)(N+M—1)£+K(N+M). (127)
Thus,
@3 (q)- o) @@} (q) (128)
s||y/’||wg(N+M)(N+M—1)(+K(N+M) (129)
g d
=(M +N)[CN/+CM¢+K —C],| where C =y "°°T (130)
<2N(2CN/+K-C) (with M <N) (131)
=4CN%/ K=C 4 (132)
2CN/
It then follows from (123) that
0 — o™ (q.s.5) j 9 —5IN? (K -C J
—1In e’ dg || <4pCiIN‘e —+1| 133
o ( [ q|<4p N (133)
Observe that
lim (N e‘f”NZ(K_Cﬂj:o forall0<5<1. (134)
o 2CN/
Hence, there exist ¢, >0 and N; €N such that
Nzeont [ K=C g) g for £>¢, and N > N,. (135)
2CN/
Thus,
0 —pal™)(g,0,5)
—In[ [ e’ dg | <4pC, for¢>¢, and N>N,.  (136)
o€ A
Next, we integrate with respect to ¢ €[0,1] to get
10 7ﬁ(D(N‘M)(q’S’5)
jogln(.[AM e " dgde
0 (N.M) (137)
N.M
< j; —In( [ e ™ (q‘g"s)dng) <4pC
og
=
tim ([*-Zin( [ ., &% " @e)dqq; ) < 4pc (138)
50" 0 ag AN+M q -
=3
10 -p[(1-2)o} M (q)re[ o) @0} (a)]
—In| [ e dgde |[<4pC  (139)
0 68 A
=3
|E(N+M)-&(N)-£(M)[<D (140)
where
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D = 24|y, Vd. (141)

The result follows from Lemma 5. |
The result of Proposition 6 may be extended to the case where y is given by
y(t)=at+at’+-+at", with a >0(i=1---,m-1) and a, >0.Indeed,

“(qj—qi)Hstgﬁ”, V(4. Gy ) e A" (142)
Hence,
(D,’\\‘ (CI) Slﬁi<zjgNW(“(qj =0 )Hz)
-3 3 (al(a-a)l, 2o, -a ) +au (0, -0
SZN:Z(aid;€+a2d€2+-~-+amdn;£m] (143)
j=1i<j
:%N(N —1)[a1d;£+a2d€2+---+amd2£m]
—IN(N-2)a(7),
where

1 m m
a(l) :(aid 2™ ya,dl ™%+ +a d? J —a,d? asl{—>o. (144)

Now repeating the argument of the proof of Proposition 6 with
o™ (q,¢,6):= (1—ge*5"m’“2 )@%*M (q)+ee”™ [0} @@} (q)], (145)

we obtain the following result
Proposition 8. Assume that the interaction V :R" — R U{wo} is stable and
that there exists a polynomial function

w(t)=a, +at+a,t’ +--+a,t" (146)
with @, ZO(i:l,---,m—l) and a, >0 such that

V) <y (X)) vxeRr". (147)

There exist (>0 and Ny eN such that

m
< 4a,d?

|fM(N)— fﬂ(p)|_ oA for £>¢,and N > N,. (148)

4. The Lattice Gas Case

We will indeed consider systems where each component is located at a site 7of a
crystal lattice A — Z?; and is described by a continuous real parameter X, € R.
A particular configuration of the total system will be characterized by an element
x=(%),, oftheproductspace Q=R".

We shall denote by ® = ®* the Hamiltonian which assigns to each configu-

DOI: 10.4236/jamp.2022.105123

1778 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.105123

A. Lo

ration x € R" a potential energy ®"(x): The probability measure that de-
scribes the equilibrium of the system is then given by the Gibbs measure

_ A
du” (x)=2,'e " ®gix.
Z Ap > 0 isa normalization constant,

2=2,,=]. """ Mdx

f where |A| = the number of sites in A.

-1
=——In(Z ,
BA ﬁ|A| ( Avﬂ)
The thermodynamic limit is taken in the sense of |A| —> 00,

f,=1Ilimf

B A ow B

As in [38], we shall make the following assumptions on ®*.
1) ®" is measurable.

2) Strong Regularity. There exists a bounded function W

|W (x)| <C forall x (149)

such thatif A, and A, are disjoint finite subsets of Z* and
X=(x;,X,) e R* xR" isa configuration in R™“"2,

@MVr2 (X):(DAl ()(1)-|-(I)A2 (X2)+W (X) (150)
Put

§(N)=—|n(jRA e""bA(x)dx),

where N is the number of sites in A . (Assuming that each site houses one
component)
Let A, and A, be disjoint finite subsets of Z° and denote by N, and
N, their number of sites, respectively.
For ¢e [0,1] , define
02 (x) = (1-£) DM (x) + [ @™ @ D™ (x) | (151)
where @™ @ ®*? (x) = D™ (x,)+ D" (X,), Xx=(x,X,)eR™ xR" is a con-
figuration in R™“"2 .
D) (x) = (1-£) DM (X) + £ D™ @ D™ (x) |
=M (%) + D™ (X, ) +(1- )W (x) (152)
= QMM (x)— W (X).

(A1.A2)
’ﬂd)zr X
o In(f e’“’i‘ALAZ)(X)dX)z Ploncns W (X)e ax
aé‘ RAlqu

(153)

(A1.A2)
—BO T (x)
_[]RAlqu dX

ﬂJ.RAwAZ |W (X)| e—ﬂogf\l‘/\z)(x)dx

_ﬂmngl-AZ)(x)dX

<

0 -pal*? )
—In ( [oon @ dx

<Cp.
Py <Cp. (154)

-[R AJUAY

Next, we integrate with respectto ¢ € [O,l] to get
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E(N+M)=&(N)-&(M)| <b|w],, (155)

where Nand M are the number of sitesis A, and A, respectively.
Using Lemma 5, we obtain
Proposition 9. If the Hamiltonian ®" is measurable and strongly regular in

the sense of Assumption 2, then there exists a positive constant C such that

C

fﬂ|sW (156)

[fa.-

Remark 10. /n the case where the Hamiltonian is regular in the sense of [38].

Le., there exists a decreasing positive function Y on the natural integers such
that

> (Jif) <o (157)

iezd
Furthermore, if A, and A, are disjoint finite subsets of Z° and

X = (Xl’ X, ) e R™ xR™ s a configuration in R™""2 ,
e (x)= ol (X1)+(DA2 (X2)+W (X)’ (158)

where W is not necessarily bounded but satisties

wios T 3 Ui a9

ieA; jeA,

Using the logarithmic derivative approach as above, we have

o(AA2)
% In (.[RAlUAZ e o " (x)dX)

< ﬂijlqu |\N (X)|e—ﬁq>g/\1,/\2)(x)dx

J-RAlqu 7ﬁ®(gALA2)(X)dX (160
J‘ ¥ (| i- '|) (X_z 2 )e—ﬁwﬁ"l"‘z’(x)dx
RAVA2 2 i i
< IBZ z a2 )
ieA jeAy J‘RAlqu & dX
= ﬁz Z <gij >(D(_A1,A2) )
ieA) jeA, ¢
where
w(li_i
0, ), o)
and
. ‘ﬁ'q’E:Al’AZ)(X)dX
<'>¢(£A1,Az) — .[]RAlqu 7/”)(/\1‘/\2)()() . (162)
ImAlUAZ ) dx

To estimate <gij >®(A1,A2) , one may use the Witten-Laplacian formalism [8] [29]
[31] [33] under additional assumptions on the Hamiltonian. Indeed, let v be

the solution of
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Vg =(~A+ VOV )yt Hessal™y, (163)

&

Under the existence of solution assumptions on ®" (see [29] and [30]), one
can see that Vv Is also a solution of the system
(A1.A2

9; =<gij >®(ALA2) +V-VO ) —divv. (164)

It turns out that if0 is a critical point of ®" forall A then
<9ij ><D(A1-A2J =divv(0). (165)

The problem is now reduced to find suitable estimate for divv(0). This will be
the topic of further investigation. Some possible ideas may be found in [6] and
[29].

5. Conclusion

We took advantage of the Witten Laplacian formalism to provide a direct (clus-
ter expansion-free method) for calculating the higher derivatives of the free
energy. The discrete convolution formula obtained in Proposition 2 gives an im-
plicit relationship between the higher derivatives of the free energy and the mo-
ments of the source term g in the form of a discrete convolution. We used the
Cauchy formula for the product of two series to determine the convergence of
the power series of the free energy with respect to the corresponding thermody-
namic parameter. However, we believe that a more appropriate discrete decon-
volution transform may result in a better formula of the n™ derivative of the free
energy. This issue is currently being investigated. The approach taken in this
paper provides a framework for dealing with one of the limitations mentioned in
[8]. Indeed, the results in [8] are restricted to unbounded one dimensional mod-
els with quadratic interactions. The authors pointed out that the extension of
their results about the decay of correlations and mixing properties to more gen-
eral interactions is left as an open problem. Because of the relationship that ex-
ists between the higher derivatives of the free energy and the truncated correla-

tions, our formula may be used to provide an extension of the results obtained in

[8].
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