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Abstract

In this paper, we provide an explicit expression for the full Dirichlet-to-
Neumann map corresponding to a radial potential for the Schrédinger equa-
tion in 3-dimensional. We numerically implement the coefficients of the ex-
plicit formulas. In this work, Lipschitz type stability is established near the
edge of the domain with giving estimation constant. That is necessary for the
reconstruction of the potential from Dirichlet-to-Neuman map.
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1. Introduction

Let us consider a bounded domain Q c R*® with smooth boundary, the boun-
dary value problem for the Schrédinger equation in € is given as follows
{(—A+q)u =0 inQ,

(1)
u=f on oQ2.

The boundary value is assumed to be in HY? (Q), and the potential g is
real-valued function satisfying qeL”(Q).
The inverse problem for the Schrddinger equation is related to Calderén’s

problem (see [1] [2] [3]). The inverse problem for the Schrodinger equation is to

determine the potential function g from the measurements of S—u for all possible
v

functions fon the boundary of . That is the knowledge of the map, called also
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Dirichlet-to-Neumann map for the Schrédinger equation that associates to any
ou

f e HY?(0Q) the normal derivative, 3 < H¥?(6Q), of the unique solution
v

of 1.

In the literature, the spectral geometry of the Dirichlet-to-Neumann map is a
new and rapidly developing branch of spectral theory (see [4] and references
therein). The eigenvalue problem for the Dirichlet-to-Neumann map, called the
Steklov problems, was first introduced by V. A. Steklov more than a century ago.
The geometric properties of Steklov eigenvalues and eigenfunctions have only
recently begun to be explored. In [5], A. Riiland presented her recent work on
Carleman estimates and quantitative unique continuation for solutions of frac-
tional Schrédinger equations. As an application, she has obtained an upper
bound on the vanishing order of the eigenfunctions and on the size of the nodal
set. Her work is closely related to the results of Bellova and Lin in [6], Zelditch in
[7] and Zhu in [8], since the Dirichlet-to-Neumann map could be viewed as a
special case of a fractional Schrédinger operator. In [9], Akhmetgaliyev et al
were interested by computational method for extremal Steklov eigenvalue prob-
lems and applied it to study the problem of maximizing the p™ Steklov eigenva-
lue as a function of the domain with a volume constraint. Among other things,
they reach the conjecture that the domain maximizing the p™ Steklov is unique,
has the p-fold symmetry, and has at least one axis of symmetry.

Other studies to determine a map related to the Schrédinger operator in quan-
tum mechanics and to estimate the entropy numbers of the function space have
also developed. In [10], Dhahbi ef al used a new approach, the supersymmetric
quantum mechanical (SUSY QM) formalism along with the shape invariance
condition, and took into account the recent results from non-Hermitian quantum
mechanics, to construct the quantum kinetic energy operator (KEO) within the
Schrodinger operator in order to build a new class of exactly solvable models
with position varying mass and exhibiting a harmonic-oscillator-like spectrum.
In [11], Chen et al discussed the entropy number of diagonal operator. On the
one hand, they were interested in the order of entropy number of the finite di-
mensional diagonal operator. On the other hand, the order of entropy number
of a class of infinite dimensional diagonal operators.

Other authors have been interested in Dirichlet-to-Neuman map in order to
study the inverse problem of determining the potential for Schrédinger problem.

In [12], Greenleal ef al considered the Dirichlet-to-Neuman map associated
to the Schrodinger equation with potential in a bounded Lipschitz domain in
three or more dimensions, and showed that the integral of the potential over a
two-plane is determined by the Cauchy data certain exponentially growing solu-
tions on any neighborhood of the intersection of the two-plane with the boun-
dary. In [13], Imanuvilov ef al, in the 2-dimensional case, given a Dirich-
let-to-Neuman map on a sub-boundary, proved the uniqueness of the determi-

nation of the potential under the assumption of the choice of the function space
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where the potential belongs. In [14], the authors considered the Schrédinger op-
erator with a one-step radial potential g on a disk and the A map which asso-
ciates to g the corresponding Dirichlet-to-Neuman map A,. They provide
some numerical and analytical results on the range of the A map and its stabil-
ity for g. They based their study on a similar case, see [15], where the relation-
ship between piecewise constant radial conductivities and the eigenvalues of the
Dirichlet-to-Neuman map is known by an appropriate recurrence formula.

Our contribution in this paper is to determine an explicit formula for the Di-
richlet to Neumann map for a piecewise constant radial potential in dimension
three in a ball. Lipschitz type stability is established near the edge of the domain
by giving estimation constant.

The paper is organized as follows. In Section 2, we define the Dirichlet to
Neumann map for the Schrédinger equation, and then present the radial solu-
tions of this equation in Section 3. In Section 4, we give an explicit formula for
Dirichlet to Neumann map when the potential is radial, followed by some simu-
lations. In Section 4, we study the stability of the map that associates a Dirichlet
to Neumann map to any potential. In Section 5, we present conclusions and
perspectives.

Our motivation of this paper is to know the Dirichlet-to-Neumann map A,

for a piecewise constant radial potential ¢ in dimension three in a ball from the

knowledge of the Cauchy data ( f ,S—U
v

j in order to be able to solve the inverse
Schrodinger problem. Good knowledge of the characteristic properties of the
Dirichlet-to-Neumann map A, allows solving the inverse problem which con-
sists to determine the potential g from the knowledge of ( f A, ) . And the study
of this inverse problem also motivated us to study the Lipschitz type stability
which will allow us to obtain a result at least at the edge of ) with an estimate

constant to be determined.

2. Definition of the Dirichlet-to-Neuman Map for the
Schrédinger Equation

In this section we define the Dirichlet-to-Neuman map A, for the Schrédinger
equation formally as

A tHY2(80) > H 2 (0Q)
_ou )

- ’
OVl

f=>A(f)
where v is the outer unit normal vector to Q).
The map f - A, (f) depends linearly on £ A, encodes the measurements
of g—u for all possible functions fon the boundary of Q.
v

We need to assume that 0 is not a Dirichlet eigenvalue of (-A+q) in Q.
Now, we look more closely at the direct problem with the potential. Let the
unit ball Bin R* be defined by B= {X eR*:[x| Sl} .
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1
We focus on qel”(B) with q(x)=q(|x) is radial, feH?(dB) given
and assuming that 0 is not an eigenvalue of
{(—A+q)u =0 in|x <1,

3
u=f on|x|:1. G)

These choices guarantee the existence of a solution of (3) by the Fourier method
and 0 is not an eigenvalue ensuring the uniqueness of the solution.

Then themap f = A, ( f ) is well defined. To obtain an explicit formula for
the Dirichlet-to-Neuman map A, defined in (2), we will consider the follow-
ing results (see [15]):

1) If q(x) #0 then A, is diagonalisable in the sense that the spectrum is
discrete, {ﬁk [q], ke NO} .

In this case, if N, is the subspace of spherical harmonics of degree &, then

Aqly, =24 [a]ly, -

q

2)If q(x)=0 and ¢ €N, then Ay(4)=k¢ k=012

3) Afa]-k—>0 if k—>oo.

Then in the following, we give a recurrence relation for the explicit calculation
of the spectrum in the case where q(x) is a step potential, to give an approxi-
mation of the spectrum of a general potential. For this, we need to introduce

some properties that will be useful.

3. Radial Solutions

In this section, we present some results obtained from writing problem (3) in
polar coordinates r >0, @ € S’. We want to obtain “complex geometrical optics”
solutions or solutions of Faddeev types, see [16].

Lemma 3.1: If u is the solution of (3) and v(r,H):u(rH) in terms of

spherical harmonics, then the function v satisfies the problem

{rzv”+2rv'+Asv—q(r)r2v:0,
. 3 (4)
r>IJ,rrTLov(r’0)<°°’ v(L6)=1(6).
where —AY) =/(£+1)Y), Y eN,.
Proof Lemma 3.1: In spherical coordinates, the Laplacien is given by
10(,0 1 o(. o 1
A:_Z_ r~——m+ 7 — SINx — +#_2’
r<or or) r<sina oa Oa) r°sin“a 0¢
Or
_o 20 1
orr ror 2
where
1 o(. o 1 0
Ay =———|sina— |+———.
sina oa oa ) sin“a 0¢
Then
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(-A+q)v=0
is equivalent to
v 2ov 1
—W—Fg— 2 SV"rq(r)V:O
Or
82
rzar +2r—+Av—q(r)vr’ =0

As the solution must be finite at the origin then we have the following condition

lim v(r 0) <,

r>0,r—0

In addition, we have r=1 in S”. Then the Dirichlet condition is equivalent to
v(L,0)=f(0) where fdepends only of 6eS’. O

Lemma 3.2: If f(0)= z z f, Y (0) in HY (Sz), then the equation (3)

(=0 k=—¢
admits a unique solution of the form

v(r,0)=

where V, satisfies the problem

{rzv,”k +2rv), —£(£+1)v, —q(r)riv, =0, re(01),

> v, (F)Y(6), )

k=—1

Ms

l

]
o

lim v, (r)<owo, v,(1)=f, ()

r>0,r—0

Proof Lemma 3.2: We know, that problem (3) admits a unique solution
v(r,H) with r>0 and HeSz,following Section 2.

0 /4
If f(0)= /Z(; kZ‘I f, Y} (0) then we can write v(L,0)=

ek

{
55 6)
Using the separation of variables Vv(r,8)=v(r)g(@), the completeness prop-

erty of the spherical harmonics implies that any well-behaved function g of

0 € S, that is which is single valued, continuous and finite, can be written as

0 4
g(0)=> >, a,Y, (), 0€S* for some choice of coefficients a,, .

=0 k=—1

{
Choosing a, =1, then we have g(6)=) > Y/, (0), 0S*. Taking r=1

4
in v(r,0)=v(r)g(@),weobtain v(L,8)=> > v, (1)Y/(#) and then,
Vy (1)=f, in S°.
- 0 4
From ve Hl(B(O,l)),we obtain V(I’,H)zz vak(r)Yf (9).Since
/ K=—

v(r, 49) satisfies (3) then, we have

ggr:/rz () k(e)_‘_gkin p» YX ()
+,ik_i,vfk(r)AsY(/k(8)_gk_i/q(r)rzvék(r)Yfk(g):Ol
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2
with Ag :Li(sinai}r L az,where 0=(a,¢)eS*.
Sina da oa) sina 0¢

Since —AgY, =/¢(¢+1)YX, we have

> z( e V(1 )+2rav”gr(r)—f(£+1)vék(r)—q(r)rzvfk(r)]Y," (6)=o0.

or?
We know {Y/k }H "

fies (6).
Lemma 3.3: If v, is the solution of (6), then we have

A(1)=3 3V @Y (6), @

is an orthonormal basis, then v, (r) veri-
k==l =041, 01,0 }

]
o
=

L1}

|
~

Proof Lemma 3.3: We know for all f e HY? (Sz), Ay (f)= N where vis

or 52
the unique solution of (3).
Using lemma (3.2), we have
0 14 0 4
roy 2 at = Y(0)=2 2 viY/(9),
/=0 k /=0 k=—0 .
forallr>0,0¢ SZ
Then — ZZV/k()Y(k(H), r=1 and feS’. O

§2 =0 k=t
We note that the differential equation in (6) does not depend on %; so we will
eliminate the dependence on k. Then
Lemma 3.4: Ifin (6) we take T =Y,, that is, the spherical harmonic of degree
0, it follows that

Aq (Yé )(6) =V, (1)Y& (6) (8)
Then V(1) is an eigenvalue of A, with multiplicity 2(+1 and its eigen-

functions are {Y[k } .
K=—f, =041, 0-1,0

Proof Lemma 3.4: If f =Y,, then from (3.2) v(r,0)=v,(r)Y,.

It follows that from (3.3), % v (1)Y,(6) and A, (Y,)(8)=V.(1)Y,(8).
SZ

According to [15], V{(1) is an eigenvalue of A, with multiplicity 2¢+1 and

its eigenfunctions are {Y[k} .
k=—0,—(+1,---,0-1,¢

In the next section, we will use these results to give an explicit formula for the

DN map when the potential is a radial function.

4. Explicit Formula for the Dirichlet to Neumann Map
4.1. The Case Where q Is a Piecewise Constant Radial Potential
Let us introduce the theorem where the expression of the Dirichlet-to-Neuman

map is presented when ¢ is a piecewise constant radial potential, based on the

results of the previous section.
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In the following, for all /€N, p;’(r) denotes the Bessel function of the
first type |, ( |7/m|r) or the Bessel function of the second type i, ( | ;/m|r , and
g,/ (r) denotes the modified Bessel function of the first type y/( 7 r) or
the modified Bessel function of the second type (—1)M k, ( |7m| ) .

Theorem 4.1: Let the unit ball B in R® and the scaled potential qeL”(B)
with

q(r):zyml(rm,l,rm)’ I’:|X|’ (9)
m=1

where n21, y, .1, eR, with m=12,---.n and O=ry < <---<r_,<r, =1,
such that the Dirichlet problem for —A+q is well-posed.
Then there is an explicit formula for the Dirichlet-to-Neumann map defined

as follows:
Aq(¥/(0))

= [c [kn P, (1)~ "qp(l()l) a, (1)} K, S;)(]fq? (1)}} (0), (=12, (10)

with C depending onn and (.

Remark 4.1. We assume that y,, #0 to simplify the calculations. If we want
to consider this case in the simulations, we approximate it by y = -0.01.

Proof of Theorem 4.1. g is a piecewise constant radial function, ¢(r)=q (|x
defined by

),

q(r) = §7ml(rm,1,rm)' r= |X|,

with O0=r, <r <---<r_, <r =1, y, €R, and there is no case where y, =y,
forall m e{l,2,---,n—l} .

We solve the Schrodinger equation with f =Y/ for a fixed /. Thus in equ-
ation (6) we have f, =1.

We look for a solution yof (6), of type
n
y(r)=2 Y (r), (11)
m=1

where Y, is the solution of

{rzy”+2ry’—f(f+1)y—ylrzy=0, re(0,r), 2
im, ()<
For m=2,3,--,n-1,wehavea Yy, which satisfies
r2y"+2ry' = ((0+1)y—y,r’y=0, re(r,.r,), (13)
and vy, in this equation
{rzy"+2ry’—f(£+1) y-7.r?y=0, re(r,,1), a4
y(1)=1,
and the following compatibility conditions are satisfied
DOI: 10.4236/jamp.2022.102030 385 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.102030

F. Ndiaye

Y1(r1)= yz(rl)
yl'(rl): yé(rl)
Y2 (r)=Ys(r,)
y;(rz): yg(rz)

(15)

The general solution of the equation

rey"+2ry' = (¢ +1)y—y,r’y=0, re(r,_,r), m=12--n,
is

Vo (1) = A, (\ralr )+ Boy, (Jf7alr ). if 7 <00 ALBL <R,

where j, and y, are the Bessel functions of the first and second type, respec-

tively,
Yo (r)=Ar +BLr Y, if 5, =0, Al B €R,
and

Vo (1) = A, (7] ) + Bo (<1 (lrmlr). i 7 >0, ALLB; € R,

where i, and k, are the modified Bessel functions of the first and second type,
respectively,
For m=1,2,--,n, let us introduce the functions z;',p;",w;", and g such
that
e z/(r) and p;(r) will be denoted by jé( |7m|r) or i[(Mr) depend-
ing on whether y,, <0 or y,>0,
e w7 (r) and g7 (r) will be denoted by , (\[ralr) or (1)K, ({fI7al)
depending on whether y, <0 or y,>0.
Let pose k, = |)/m|,m:l,2,---,n.
As the functions y/( |;/1|r) or (—1)“1 k/( |}/l|r) goto —oo when r—0,

we have
i (r)=Az(r), or A p;(r).
For m=1,2,---,n-1, we have
Yo (1) = Azl (r)+Bw/" (r) (or ALp!'(r)+Bral(r)),
and
Yo (r)= Az (r)+Bw! (r) (or Ap](r)+Bq/(r)), with A +B, =1.

We will need the following derivative formulas.
If f" denotes j', yI, if', or (=1)"" k™ with f™(r)=f,(k,r), then
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( f" ), (r) =Ky, f/(kmr) , where f, satisfies
l+1
(2)="1,.(2)-—~1.(2). 16)

z

From 15 and 16, we have the following system of (2n—2)x(2n—-2) equations

{Ale n)=Ap; (1)+B,a7(r)
A'kz, (k1) = Alk, b (ko1 )+ Bik,q! (K1)

{Az’z2 r,)+Byw. (1r,) = A pd(r,)+B,q’ (1)

Ajk,z, (K,r, )+ B,k W/(k r,) = Ak, P! (Ksf, ) + Bykyd, (Kt
{Anz )+ B (1) = ALaP] () + B (1) a7
AvknZ! (Kl )+ Bk W, (Kl ) = AviKinia P (Kl ) + BryaKina@7 (Ko f)

A2l (N + Boow ™ () = AL (ho) + Byl (1y)
{A] K2zl (Kootp )+ Booko oW (Koot oy ) = Ak o Py (Koaf o, )+ Baoikoaar (Kot )
(S(n—l)){ %—1247( )+ Baw  (ha) = Avpy () + Bl (1)
A K2y (Ko )+ Boogk Wi (Koah ) = Ak, by (Ko ny )+ Bokoay (Ko n )
where A’ and B! are related by
A (1)+B,a7 (1) =1. (18)

We recall (see 8) that our aim is to calculate y'(l) or y, (1) By condition 18,
we are only interesting in finding the unknown A, of the system 17.

Our strategy will be to find the unknowns A, and B, in terms of A’ by
solving (S1). And for m=2,3,---,n—-2, solve S(m) to obtain A ., and B,
in terms of A’. Then transform the system S(n-1) into a system of two un-
knowns A and A and two equations. At this point we solve S(n-1).

For this purpose, we introduce
F(rm’km’hm g;n+l) km+1hm(r )gzn;.l( m)_kmhl[n—l( )g;nJrl( m)' (19)

m m m m m m
where h' denotes z;' or w;,and g, denotes p, or Q.

And we will need the following formulas of the Wronskians I, see [17].
W{j,(2).y, (2)}=27,

(_1)/ T_2 (20)

The problem with including the y, =0 case is that the functions r’ and
r Y do not satisfy 19. Perhaps a linear combination of different types of func-
tions would make it easy to take into account the case y, =0 into the general
scheme.

We start by solving (S1) according to A'.
{A&/Zl( 1) = AP (1) + B0 ()

(21)
Aiklzf (klrl) = Azkz p; (k2r1)+ BﬁkZQZ (kzrl)
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C _ Aﬁf Zl r ’ r)— 2 r Zr r
et ()9 ) (02 ()
0 A{ Z%r 2 r)— 2 r Zl‘ r
A ] e T ) ()7 0]
SO IO @

e‘_#” , , o |
B i o () () () el o)

! = A 2(e)zh, (n)-k, 2+ (r,) p2, (r
BZ_k {p[( )qf( )}[klp[(l) ffl(l) k2 /,‘(l)plfl(l):l’

4
B, =— A F(q,kl,zj,pf) (23)

kW { p7 (r,), a7 (1)}

We now solve (Sm) intermsof A, and B, for m=23-.,n-2.

{Anz( )+ Bow! (0) = A (1) + Bradl ™ (1)
(24)
Anka[( m m)+Bmka£( mrm):ATHl m+1p€( m-+1 m)+Bm+1km+1q(’f(km+1rm)
We call
Fo(r)=Anz] (r,)+Bow () and G, (1) = Aknz) (Kyh )+ Brkaw! (Kot ).
: 1
Afwl: 1 1 km+lq£’ I(m+1rm Frrf q?Hl m Gé rm
KW (" (1), 0 (fm))[ (o) P 1) =67 (1) o ()
1 ,
km+lAf122n rm qé' km+lm +km+l rm q2 I(erlrm
kaer( ;ﬂ+1(rm)’q;n+1(rm))|: ( ) ( ) ( ) ( )
_kmAiq?Hl(rm)Zéy(kmrm)_k qu;m-l( m)W;(kmrm):I’
Using (16), we have
/ 1 /
Af’H—l m+1 m+1 Af’l km+lz€( )q;nJ:rLl(m) k qm+l( ) ;n—l(rm)
m+1 (pk (rm) qk (m))I: ( )
+Brf1(km+1wzn(rm)qim—zl( m)_kmq H(r ) il(r )):||
Af;ﬂ: Ml — [AﬁF(rm,km,z/,q/)+BnﬂF(rm,km,w ,q;")] (25)
m+1 (p[ ( ) q( (m))
, 1
Bp. = — — P (M) G () =Kt P (Kiaf ) P (1)
I(m+1 ( ( )q ( ))|: :|

— — Ak prtr)zl(k,r, )+ Bk, prt (o )w) (K,
kmﬂw( ()q())[ (Knfm) ()W, (kn1y)

_'A\nkmﬂz?(rm) pl( m+1 m) Bmkaerm(r ) ( m+1 m):|
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‘ 1 m+1 m r m+1
B = kmﬂw( L (6T )32 ) ! ()7 (5)

By, (Ko PP (1)W1 (1) = K W (1) PP (7)) ],

B, = L
m-+1 m+1 m+1
kW (PP (1),

m+1

T ))[AiF(rm,km,zwpé )+ BiF (s kW7, 07 ]| 26)

We define for m=2,3,---,n—2

(i) 2 [Flkaz’ o) F(nke.2a?)
'm(“‘[mf) .WJ—[ F(r kW 07) F(rkpa?))

1
{pz()%() {p(()q[()
1

W a1 (PN

1
P (m).a7 (1)

Therefore we have for m=2,3,---,n-2,
(f)/’a’ Bé = Dl(é)Af,
AM =Co(NAL Bri=Dy(N)A,
Then, we have in particular
A, =AC,,(¢), and B, ,=A'D,, ().
Finally, we solve the (8(z2 — 1)) system
{Ale?l(rnl)Jr BraW ™ (h) = APy (ha) +Boa (1a)
A K2y (Ko )+ Bok, Wi (Koar ) = Ak, by (Ko )+ Bak,dy (Kony)

Now we use that

1

G()= }h“ (1) By(f)=—

1(0),
} (4)

D, (£)=~- W }[le(ﬁ) 5 (0)+ Doa ()124(0)],

(29)

AP/ (1)+Ba(1)=1<B, =

to obtain
’ n-1 n-1 .\ n _ p;l (1) n _ q(n (rnfl)
Ai I:Cn—z (Z) Zﬂ (rn—l)+ Dn—Z (()W/ (rn—l):| A1 |:p/ (rn—l) q? (1) qk (rnl):| - qr; (1)
, L), ka0 (Ko )
A& [Cn 2 (kn 1 n—1)+ D ( )kn—1W€ (kn—lrn—l):l A\ |:k p/( n n 1)_ q? (1) knq/, (knrn—l):| q? (1)
This system is equivalent to
ll'Ai + MlZN - ( )
a; (1) (30)
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where

My =Co (£)2)7 (N )+ Doy (W™ (),
" P,
Mlz = _(pz (rnf1)_ q; ((1; q, (rnl)J,
le = Cnfz (Z) I(n—lzz (kn—lrn—1)+ anZ (Z) kﬂle/Z (knflrnfl)’

, o,
M,, =—| k. p, (k ————=k.q; (k .
22 [ np(( nrn—l) q; (1) nqé( nrn—l)j

X (1,1)
X (2,1)

(31)

If the solution of this system is ( J ,the ¢—1 eigenvalue is

k.q, (k
nql—(n), with f:llzl...

hi= X <2,1){kn o ()~ 2 qf(kn)]+

ar(y) " a’ ()
Or
n kn pln (1) n knq;—l (l)—fq? (l)
A, =X(21)] k. p,(1)- (1 ' L 0=12,---(32
(e -5 e, | SO @
where X(2,1) dependson nand /.
Taking C=X (2,1) , we have the result. O

Finally, we have obtained an explicit (although rather long and complicated)
expression of the Dirichlet-to-Neuman map.
We will illustrate that A, ;,¢>1 in (32) verify the proprieties 1 and 3 in sec-

tion 2 with various examples. We will do some numerical simulations for this.

4.2. The Case Where the Potential q Is a Continuous Radial
Function

In this section, we assume that the potential g is a continuous function with
q(r)>0 or q(r)<0 intheinterval [0,1].

Let introduce the theorems which gives us the expression of the Dirich-
let-to-Neuman map when the potential ¢ is a continuous function, based on the
results of a piecewise constant radial potential.

Forall /eN, p;"(r) denotes the Bessel function of the first type j, ( | Vi |r)
or the Bessel function of the second type i, (Mr ,and @ (r) denotes the
modified Bessel function of the first type yé( |ym|r) or the modified Bessel
function of the second type (—l)Hl k, ( |ym| ) .

Theorem 4.2: Let the unit ball B in R® and a continuous radial potential
function qeL”(B) with q(r)=q(|x|), where q(r)>0 or q(r)<0, such
that the Dirichlet problem for —A+q is well posed.

Let nn be a large integer number such that [0,1] = Un[r r,] with m=1---,n

1L m-1'"m

1
and where ty=0, r,=1 and r, —r, _, =—.
n

Let a denote K, = |q(r )| .

m

There is, for n enough large integer numbers and (=1,2,---, an explicit for-
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mula for the Dirichlet-to-Neumann map defined as follows:

Aq(Y ()
{é[ la(®) pldl)—%q?l ) Fq“i) L yk(a)-(%)

with C depending 1, p, 1) p¢ Jq( p“ =p,. 1 |Q( )|)

0 () =a,(JJa®)]) and o (1)=a.(
Proof of theorem 4.2. Let 1ntr0duce qI ,I —l 2 be piecewise constant radial

X ), defined by

functions, ¢, (r)=q(
ql(r)z q(rmfl)z(rm,l,rm) ()zz:lq( ) rm1rm r=|X|'

Then from theore

{ ( o) p? (1) " (1)j+ ke 07y (1)~ (q] (1)}(; o),

M=

1

3
Il

And

Aq, (Y (0))= { (kszl() k;?((l())q?_l(l)}kq“gé)()q? (1)}%(9),

forall /=1,2,--- with C; and C, dependingon nand /.
If gis increasing, then ¢, (r)<q(r)<aq,(r);ifnot, g (r)<q(r)<a,(r).
We have limg,(r)=limg,(r)=q(r), and then there is C(¢) such that
M, (n,¢) = imC, (n,£) = C (1)
Weknow that p;'(1)=p, (k,)» P (1) =Ppa(k,), a7 =0, (k)
074 =04 (k,),and k, = a(1)] . then_p;(1)= P/( ;
PV =pa(Ja@®]). @ =a(Ja@]) and ori(@)=a.({la@])-
Taking 1 goes to © in A, and A, and using the theorem 4.1, we have

the result 33. O

4.3. Numerical Simulations

In this section, we denote k=/¢-1, and then k=0,1,2,--- when ¢/=12,---,
and then we write 4, in the simulations. We will numerically compute the po-
tential ¢, A,, k-4, and Iog(|k—ﬁ4(|) » k=0,1,2,---. We will check numeri-
cally if the eigenvalues found in theorems (4.1) and (4.2) verify the properties 1
to 3 introduced in section 2. We will use the Matlab trial version [20215] for it.
We consider the case where the radial potential is defined by a piecewise con-

stant function

n

q(r) = zyml(rm,l,rm)’ r= |X|,

m=1
where n>1, y.,r,. eR,with m=12,---n, O=r, < <---<r_ <r =1,
And the case where the radial potential is defined by a continuous function

a(r), r=[x,
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with [0,1]= U;[rmfl, r,],m=1---,n where nis alarge integer number, r, =0,
r=1and r,-r, , = l, such that the Dirichlet problem for —-A+q is well-
n

posed.

At the first, we consider two examples of piecewise constant radial potential
functions where the length of interval [r, ,,r, ] is arbitrary. We denote Case 1
the case where the potential value at each interval is a random value between -2
and 0, and Case 2 where the potential value at each interval is a random value
between -2 and 2.

Secondly, we consider an example of radial continuous potential function in

[0.1]=J;[r,1.r,]. m=1---,n where the length of intervals [F

] s con-

1
stant and equal to —.
n

We denote this example Case 3 taking q(r)=0.05+r?. We approximate it
by two piecewise constant radial potential functions @, (r) and q,(r) such
that o (r) <q (r) <q, (r) Using the results of the above section for these cases,
we obtain the following results.

4.3.1.Case 1

In this case, in Figure 1 there is an example of the potential g and in Figure 2 we
see the corresponding eigenvalues. As excepted, we confirm in Figure 3 and Fig-
ure 4. These figures show that the eigenvalues defining the Dirichlet-to-Neuman

map in theorem (4.1) verify the 1 to 3 properties considered in Section 2.

Radial potential q(r)|

1.5

0.5 -

Figure 1. Radial potential q(r) in Case 1.
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Eigenvalues associated wit potentials 0 and q(x) |

45+

w B
[4)] o
T T

0,1,2,..
w
o

T

Eigenvalues )\k, k=
N N
o [6)]
T T

-
)]
T

-
o
T

I I I I I I
0 10 20 30 40 50
k=0,1,2,...

Figure 2. Eigenvalues associated with potential in Case 1.

0.6

04

0.2

0,1,2,...

k-2, k

1 ! L ! L ! L
0 10 20 30 40 50

k=0,1,2,...

Figure 3. (Eigenvalues-order)-limit in Case 1.
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=0,1,2,...

loglk-A, |, k

2+

-5+

-8

-10 I I 1 I I I

0 10 20 30 40 50
k=0,1,2,...

Figure 4. Confirmation eigenvalues limit in Case 1.

4.3.2. Case 2

In this case, in Figure 5 there is also an example of the potential g and in Figure
6 we see the corresponding eigenvalues. As excepted, we confirm in Figure 7
and Figure 8. These figures show that the eigenvalues defining the Dirichlet-to-
Neuman map in the theorem (4.1) verify also the 1 to 3 properties considered in
Section 2.

We could do the test for potential positives only and we would have the same
results. To do this, we only need to take the absolute values of y, in Case 2. We
could also do this test for fixed size intervals; the results will show that the coef-
ficients of the Dirichlet-to-Neuman map in theorem (4.1) are eigenvalues that

verify the properties 1 to 3.

4.3.3. Case 3
In this case, in Figure 9 we have the potential curve q(r)=0.05+r? inredand
this with its approximation by a piecewise constant radial potential in black. In
Figure 10 we see the corresponding eigenvalues. As excepted, we confirm in
Figure 11 and Figure 12. These figures show that the eigenvalues defining the Di-
richlet-to-Neuman map in theorem (4.2) verify the 1 to 3 properties considered
in Section 2.

Remark 4.2. Theorems are essential tools to determine the explicit expression
of the DN map when f, defined in S?, is usually written as Fourier series

F(0)=3 3 f,v4(0).

=0 k=—¢
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Radial potential q(r)|

1.5

q(r)

0.4 0.6 0.8

Figure 5. Radial potential q(r) in Case 2.

Eigenvalues associated wit potentials 0 and q(x) |

-
(o2}
T

N
S
T

0,1,2,..

-
N
T

-
o
T

Eigenvalues Ao k
[oo]

| I I ! I
10 20
k=0,1,2,...

Figure 6. Eigenvalues associated with potentials in Case 2.
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=0,1,2,...

k-2 k

Figure 7. (Eigenvalues-order)-limit in Case 2.

=0,1,2,...

loglk-A, |, k

0.8

0.6

0.4

0.2

1 1

10 15 20
k=0,1,2

L R

10 15 20
k=0,1,2,...

Figure 8. Confirmation eigenvalues limit in Case 2.
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0.5

q(r)

15+

-2

Aproximation potential q1(r)
Aproximation potential q2(r)
Ratial potential q(r)

-0.2

Figure 9. Continuous radial potential in Case 3.

25 -

Eigenvalues )\k, k=0,1,2,..
= N
(6)] o
T T

ik
o
T

0.8 1 1.2

Eigenvalues associated wit potentials 0 and q(x)

20 25 30

Figure 10. Eigenvalues associated with Continuous radial potential in Case 3.
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0.8 -

06

0.4

0,1,2,...

k-2, k

1 I 1 I 1 I 1
0 10 20 30 40 50

k=0,1,2,...

Figure 11. (Eigenvalues-order)-limit in Case 3.

2+

4k

0,1,2,...

-5+

-6

Ioglk-Akl, k

8+

9+

-10 | | | | | |
0 10 20 30 40 50

k=0,1,2,...

Figure 12. Confirmation eigenvalues limit in Case 3.

These results are very important for studying the inverse problem for our
Schrodinger equation. We are interested in the stability of the map that associates
a Dirichlet-to-Neumann map to any potential. That is the purpose of the fol-

lowing section.
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4.4. Stability
In this section, we are interested in the map
AL (S7) > £(H¥2(87), H 2 (s?))
ar A,

(34)

where the Dirichlet-to-Neumann map A, is defined in theorem (4.1). This is
an important role in the inverse potential problem, which consists to study its
inversion. In the mathematical literature, the Dirichlet to Neumann map is in-
vertible in its range. Taking into account how the measurements for the inverse
problem for our Schrédinger equation are made at the S?, we know that there
may be some noise in the measured Dirichlet-to-Neumann map and that the
noisy version of the real Dirichlet-to-Neumann map may not be a Dirich-
let-to-Neumann map corresponding to piecewise constant potentials. Therefore,
the stability analysis of A, possibly including a regularization strategy useful for
the numerical algorithm, would be interesting.

Let us consider the following map A:q+> A . We are interested in a quanti-
fication of the difference of two potentials in the L” topology in terms of the
distance of their associated Dirichlet-to-Neumann maps. This stability is neces-
sary for all reconstruction algorithms to recover the potential from the Dirich-
let-to-Neumann map, see [18] [19]. Then we would like to estimate ¢, —Q, ina

certain norm defined by

“(Aql ~ Ay, ) f HH‘W(SZ)

A

sup

HY2 u¥2 — feH¥2(s?), f0 " f "HI/Z(SZ)

Ll _A%

There are stability results when the potential ¢ has some smoothness.

In [20], Joel et al estimate the difference @, —@, in a lower norm in terms
d
of the difference of the Dirichlet-to-Neumann data maps for 5 <seN, d>3
and |q,|,, <M, with dthe space dimension.

In [21], for any d >3 and m>0, Mandache proved that there is o >0
such that for every M >0 thereis C(M)>0, so that o ||Cm <M,i=12 im-
plies

:wqu ))a : (35)

He shows that (35) is optimal, in the sense that it cannot hold with
a>m(2d-1)/d.

According to [21], for arbitrary potentials g, the Lipschitz stability cannot be
held.

In [18], M. Salo proved for ¢, e L”(Q) that a log-stability estimate holds
when g, —-q, e H™*(Q), Q< R" is a bounded open set with C” boundary,

0.~ -0 =€ (M) log 1A, - A,

and dimension d >3.

We work in the case of piecewise constant arbitrary potentials g. Let us intro-
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duce for n>1 and finite, m=12,---,n and O=r, < <---<r_, <r =1, the

space
Q —{q el oo(E )Q(r) zjml(rm_l,rm):r —‘|X|,rm 6[0'1]’7m ER}
m=1

In the case where y, =0,m=12,.--,n, we approximate it by —0.01.

Here, we establish Lipschitz stability by giving a constant, which depends on n
and ¢ inthe dimension 1 of the potential space.

Our method follows the ideas in [22] [23], where Alessandrini et al consi-
dered special classes of piecewise constant conductivities, and the method of Be-
reta et al in [24], for n>2.

The Lipschitz stability of an inverse boundary value problem for a Schrédin-
ger type equation is proved by Bereta ef al in [24], for n>2.

Here, we study the Lipschitz stability of the map that associates a Dirichlet to
Neumann map to any piecewise constant potential g.

Theorem 4.3. Let the unit ball B in R® and the scaled potential g,i=12
verifes

qi(r)=z;/r‘n;(( i=12, r=[x],

o] fm1:fm )’

where n>1, yi.r eR, with m=12,---.n and 0=r, <f, <---<r,_, <r =1,

and k! = |7r'n , such that the Dirichlet problems for —A+(; is well-posed.
Assume that y* xy? >0 and there is a positive constant M such that
”qi ”L‘”(B) <M.
Then there is a constant C =C(n,M, (), such that:
1 2
i -7 <cC (||Aq1 Sy - ) (36)

The result gives us the Lipschitz stability near to the edge S*.
Proof of theorem 4.3. , €Q,i=1,2, then we can write

n n
q1(r):z7r1nl(r11r1) and qZ(r):z%il(er)' r:|x|, for n>1,
m=1 m=1'm m=1 m-1:'m

m=12,-,n, yo,roy2r2eR, O=r < <---<r’, <r'=1 and
O=r’<r’<--<r’, <r’=1.Weassumethat r; =r’>=r  forall m=0,12,-
We have forall Y/ e H¥*(S?), /=1,

||Aql -A sup

vk eHl/Z(SZ),(zl

(Aql ~A,, )Y[k

A2 [[qYy2 Y2 = H’l/z(sz)

From theorem (4.1), we obtain

(8~ A )Y ’

Hfl/Z(SZ) = ‘(14171 - ﬂvngl )‘2 ||Yék ||2 forall 7>1

where A} ,,A7, verify the relation (32) forall n>1 and finite, />1.Then
[A -4 (2,22, )‘

=Ssu
A2 ||q¥2_,y-Y2 /{le

n ’ 1
Let denote Pnlj[ql]zki[xl(Z,l)[pl'(ki)—p‘n'—(l)q’(ki)}uﬁ} where

ar (1) a’ (1)
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X'(1,1
(Xl((Z 1;] is the solution of 30 associated to ¢, and P;,[q] the /-1 ein-

genvalue associated to ¢, .

And P! [g,]=k; [XZ (2,1)( [ (k:)_ pr{. 8)) a (knz )]-i- q;n(kf)] where

a a/ (1)

X%(1,1
(Xz EZ 1%} is the solution of 30 associated to g, and PB?[q,] the (-1 ei-

genvalue associated to Q,.

We have
/1?71 - %271 = Pnl,/ [ql] - Pnz,é [qZ]

Then

Let denote A= X*( [p( k1

A H1/2%H-1/2 2 Pnl,é [ql]_Pnz,f [q2]|

P/ (1) ,<k1)}rq;(ki)

— (K, p >
a/ (1) ' a/ (1)

:XZ(Z,l)[p;(kz) qf((; ; (K )J q(l((l)) and D=inf(AB).

Pnl,é‘ [ql]_ Pnz,é‘ [qz ]| 2 |kr11 - I(r$| D=

¢>1 and M >0.
We have D is positive real depending on n,/ and y!xy?>0. Then for all
M >0

2

Vo~

We have D for all n>1 finite,

D(4n) ,
>_\ 1 J _
2 lHY2 n Y2 — ZN n
M
D(¢4n)’
Remark 4.3. The study of stability for a continuous radial potential function
would follow from the study of stability in the case where the potential is a

|+

.

If we take C(/,n,M)= then we have the result. O

plecewise radial function. It is sufficient to approximate this continuous function

by two piecewise radial functions.

5. Conclusion

We can conclude that when we consider that the potential q(r) is radial func-
tion for the Schrédinger equation defined in the unit ball which has no zero on
the interval (0,1), there exists an explicit formula for the Dirichlet-to-Neumann
map given in theorem (4.1) for all piecewise constant radial potential function,
and in theorem (4.2) for all continuous radial potential function. We have estab-
lished a Lipschitz stability result near the edge of the domain with a constant
depending on the dimension of the potential space and the order of the eigenva-
lues. The Lipschitz stability result of the map that associates a Dirichlet to Neu-
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mann map to any radial potential g is essential for the study of its inversion.
This explicit formula of the Dirichlet-to-Neumann map A, ( f ) in dimension 3
is a first in the literature; it will open the way to the development of important
research on inverse problems. In this perspective, we will consider, among other
things, the numerical study of the Dirichlet to Neumann map in the unit ball in
R®, the reconstructing of the potential from the Dirichlet-to-Neumann map
both theoretically and numerically, and then the analytical study of the Dirichlet
to Neumann map in the case where the potential has one or more zeros on the
interval (0,1). In addition, Lipschitz type stability in the depth of the domain

will be studied by giving an estimation constant.
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Appendix

We consider the spherical Bessel functions

()= (20,40 (0= {20, (),

that satisfies the equation
rzy”+2ry’+(r2 —é(f+1))y =0.

The modified spherical Bessel functions

2r +3 2r +>
that satisfies the equation.
If f/ = j/l y/,i/,(—l)(% k¢ then
' f+1
f/ (r) = f[71 —T f[ (r)

(37)

(38)

(39)
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