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Abstract

In this paper, the new mapping approach and the new extended auxiliary eq-
uation approach were used to investigate the exact traveling wave solutions of
(2 + 1)-dimensional time-fractional Zoomeron equation with the conforma-
ble fractional derivative. As a result, the singular soliton solutions, kink and
anti-kink soliton solutions, periodic function soliton solutions, Jacobi elliptic
function solutions and hyperbolic function solutions of (2 + 1)-dimensional
time-fractional Zoomeron equation were obtained. Finally, the 3D and 2D
graphs of some solutions were drawn by setting the suitable values of para-
meters with Maple, and analyze the dynamic behaviors of the solutions.
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1. Introduction

Fractional partial differential equations (FPDEs) have a wide of applications in
different fields, such as biology, physics, signal processing, fluid mechanics, and
electromagnetic, and so on. In recent decades, many effective methods have been
presented to obtain the exact traveling wave solutions of FPDEs, for example,
(G'/G) expansion method [1] [2] [3], (]/G') expansion method [4] [5] [6]
[7], the eXp(—CD(f)) function method [8] [9], the F-expansion method [10]
[11], sine-cosine method [12] [13] and others [14] [15] [16]. There are many
important definitions of fractional derivative, such as Riemann-Liouville, Capu-

to, Atangana’ s-conformable and the conformable fractional derivative, etc. [17]
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[18] [19] [20] [21].

In this paper, we use the complex traveling wave transformation to deduce (2
+ 1)-dimensional conformable time-fractional Zoomeron equation into ordinary
differential equation. Furthermore, inspired by the reference [22], we introduce
the new mapping approach and the new extended auxiliary equation approach
[23] [24] [25] to investigate the exact solutions of (2 + 1)-dimensional time-
fractional Zoomeron equation [20]:

o**ul Uy | d%u|Uy oUr ,
RS Pl +2 u‘| =0,0<a<1. 1
atZa |: u :| aXZ u ata [ :Ix ( )

when « =1, Equation (1) reduces to the (2 + 1)-dimensional Zoomeron equa-
tion [26]. Aksoy E. [27] obtained two types of exact analytical solutions includ-
ing hyperbolic function solutions and trigonometric function solutions by using
sub-equation and generalized Kudryashov methods in Equation (1). Hosseini K.
[28] obtained several new wave form solutions of Equation (1) such as kink,
singular kink, and periodic wave solutions using eXp(—CD(g)) expansion ap-
proach and modified Kudryashov method. Akbulut A. [20] obtained analytical
solutions of Equation (1) with auxiliary equation method. Based on the study of
Akbulut A., Topsakal M. [21] obtained new exact solutions of Equation (1) by
using the auxiliary equation method. These methods are effective in investiga-
tion of the solutions of Equation (1), the aim of this investigation is to establish
more general solutions and some new solutions using the two methods men-
tioned above.

The organization of this paper is as follows: In Section 2, we introduce the
conformable fractional derivative. In Section 3, we introduce the new mapping
approach and the new extended auxiliary equation approach to investigate the
solutions of (2 + 1)-dimensional time-fractional Zoomeron equation, and ana-
lyze the dynamic behaviors of the solutions in Section 4. Finally, we give some

conclusions in Section 5.

2. The Conformable Fractional Derivative

In this section, we introduce the conformable fractional derivative [20] [21].
Definition 2.1. [20] Suppose a function f :[0,00) — R. Then, the conforma-
ble fractional derivative of fof order « , which is defined by

(7. £)(0) = lim ft+et)—f(t)

>0 Fod

(2)

forall t>0,0<a<1.

Properties. [20] [21] Let a € (0,1) and f,g be « -differentiable at a point
t >0, then some properties of the conformable fractional derivative are by fol-
lows:

1) Linearity: T, (af +bg)=a(T,f)+b(T,9),forall abeR.

2) Leibniz rule: T,(fg)=fT,(g)+qT,(f).

3) T, (tp)= ptP*,forall peR.
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4) T,(4)=0, for all constant functions f(t)=4.
_ g(T,f)-f(T,9)

5) T,(f/9) 7 .

6) Additionally, if fis differentiable, then
_ tl-a ﬂ

T, (1)) =S,

Theorem 2.1 (Chain rule). [20] [21] Assume function f,g:[0,0) >R be

a -differentiable, then the following rule is obtained

T.(feg)(t)=t"g(t) F'(a()) (3)

where O<a <1.
Definition 2.2 (Conformable fractional integral). [21] Let O <« <1 and
0<a<b.A function f:[a,b]—>R is & -ractional integrable on [a,b] if the

integral
198 (x)= [0 f (x)d,x = [ (x)x* " (4)
exist and is finite.
Theorem 2.2. [29] Let f e C[a,b] and O<a <1.Then
da
dx”

1“f(x)=f(x). (5)

3. Description of the Methods

Suppose that a nonlinear fractional differential equation with the conformable
time-fractional derivative:
a 2a 2
ifo, 2 20 Fu Fu ) ©
ot* ox ot 0Ox
where H is a polynomial of U(X,t) and its partial conformable derivatives in-

cluding the highest order derivative and the nonlinear term.

We use the complex traveling wave transformation

a

u(x,y,t)=u(§),§=kx+hy—lt; (7)

where k,h,| are non-zero arbitrary constants. Equation (1) converts into a

nonlinear ordinary differential equation:

P(u,u’u”,-)=0 (8)

where Pis a polynomial of U (X,t) and its partial derivatives, ' = di .

3.1. The New Mapping Approach

We suppose the solution of Equation (8) as follow:

2N )
u(¢)=>a0' (<) %)
i=0
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where g (i =0,4---,2N ) are constants, the positive integer N can be deter-
mined by balancing the highest order derivative and the nonlinear term in Equa-

tion (8). (o(éf ) satisfies the following equation:

1 1
(¢') (&) =1+ po? +200" +§S¢6 (10)

where r,p,q and sare arbitrary constants, the solutions of Equation (10) given
by reference [23] with s=0.

3.2. The New Extended Auxiliary Equation Approach

We suppose the solution of Equation (8) as follow:

N
=z

u(é)=>aF (¢ (11)

]
o

where g (i = 0,1,---,2N) are constants and the positive integer N can be de-
termined by balancing the highest order derivative and the nonlinear term in

Equation (8). F (f ) satisfies the following equation:
() (§) =0y +&,F? (§) +0,F* (&) +cF° (¢) (12)
where C; (j =0,2, 4,6) are constants and ¢, # 0. Equation (12) has the fol-

lowing solutions:

2

(03| 2109 03

Cs

where the function f; (.f)(l =1,2,---,12) is the Jacobi elliptic function Sn(g) ,
cn(§ ) , dn(.f ) , while 0<m<1 is the modulus of the Jacobi elliptic functions.
When m-—>1 or m— 0, the Jacobi elliptic function solutions degenerate to

hyperbolic functions and trigonometric functions [24] [25].

4. Applications

We substitute Equation (7) into Equation (1), which deduce the nonlinear ordi-
nary differential equation:

khlz[”—j —k3h[u—j ~2Kkl(u?) =0 (14)
u u
We integrate Equation (14) twice, then we have

kh(I” = )u" - 2Kklu® - Bu = 0 (15)

where the prime denotes the derivative with respect to &, the second constant
of integration is zero. Balancing the highest order derivative term u” and the

highest order nonlinear term u*, we get N +2=3N,hence N =1.

4.1. Application of the New Mapping Approach

We assume that the solution of Equation (9) as follow:
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u(&)=a,+ap(&)+ap’ (¢) (16)
where a,,a,,a, are constants.

Substituting Equation (16) and its derivatives and Equation (10) into Equation
(15), yields a system of equations of ¢' (f) , then setting the coefficients of

9 (£)(i=012,

nomials with the respect a,,a,,a,:
¢° (&) 2rkh(I° —k*)a, — 2kla; - fa, =0

-) to zero, we can deduce the following set of algebraic poly-

@' (£): pkh(I” —k*)a, —6klaja, — B, =0

* (£):4pkh(1* —K* )a, - 6kla, (af +2,3,) - fa, =0

¢9° (&):qkh(1? —Kk* )a, — 2Kla, (a +6aya, ) =0

o' (&): 3qkh(| —K ) 2—6k|a12(a1 +a0a2)=0

gos(f):skh( zcz)ai—GkIalaz2 =0 (17)
goe(f):gskh(lz—rc) 2kla’

Solving the above algebraic equations, we obtain the following two results:

2
Type 1. Substituting s = fGi' r=0 into Equation (17), we have
p

I 2P U Y B S B
a, == 2k|'a1_o’az_iT il W,Q—q (18)

Substituting Equation (18) and the solutions in reference [23] into Equation (16),

_i |- B B
u(&)== o 2+tanh| ¢ 2kh(|2 k2)§ (19)

LB B
u, (&) =+ o 2+coth| & 2kh(|2—k2)§ (20)

where ¢=41>0,h>0,k<0.
Type 2. Substituting r =0 into Equation (17), we have

qh(|2—k2) laZ
2a, " h(12-K?

we get

3¢°h (17 -k*)
T

a =23, =0,a, = ):q:q13:

Substituting Equation (21) and the solutions in reference [23] into Equation (16),

2 lag
sech { h(l2 —kz)é:]

2
1 la2
1-~|1+etanh |0
4[ h(lz—kz)éJ

we have

(22)

Us(f):ao 1-

DOI: 10.4236/jamp.2022.102026

337 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.102026

Z.Y.Zengetal.

U, (&)=a,|1+ > (23)
1—[1+gcoth h(lia—okz)%
laZ |
sechz[ h(lzasz)é}
Us(&)=2a,|1 - (24)
1+ etanh 12 &
L ( 2 kZ) -
lag
h2
> { h(lz—kz)gJ
Us (&) =2, 1+ = (25)
1+ ¢coth (|2ajk2)§

a

where £=+11>0,h>0,&=kx+hy—I1.
(04

4.2. Application of the New Extended Auxiliary Equation Approach
We assume the solution of Equation (11) as follow:
u(é)=a,+aF(¢)+aF*(¢) (26)

where a,,a,,a, are constants.

Substituting Equation (26) and its derivatives and Equation (12) into Equation
(15), yields a system of equations of F' (g‘), then setting the coefficients of
F! (5 )(I =012, ) to zero, we can deduce the following set of algebraic poly-
nomials with the respect a,,a,,a,:

FO(£):2¢,kh (17 =k )a, — 2klag — Ba, =0

F*(£):ckh(1” —k*)a, —6klaga, — B, =0

F?(£):4c,kh(1* —K* )a, —6Kla, (a7 +aya, ) - Ba, =0
F*(&):2c,kh (17 k) a, — 2Kla, (a7 +63,3, ) =

F*(£):6c,kn (17 —k*)a, —6kla, (& +aya, ) =0

F*(&):3cgkh(12 =k ) a, — 6Kkla,a; =0 (27)
F®(£):8ckh(I° —K* )a, — 2kla] =

)
‘)

2

Solving the above algebraic equations, we obtain the following results:
h=2a,a =043 =a
2kla? + pa, _ 6klag+p oo a3 la (28)
2kh(12-Kk?)a, * 4kh(12-k?)"" h(12-Kk?)"" 4h(12-K?)

0:
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Substituting Equation (28) into (13), we have
1
4 2
F(r§)=—{—a—a°(1i f (5))} (29)
2
Substituting Equation (28) and (29) into (26), we get the solution
u(&)=vaf (&) (30)

where f(£)(i=12,--,12) given by reference [24]. Insetting them into Equa-

tion (30), we obtain the following Jacobi elliptic function solutions of Equation

(1):
cy(m’ -1 ci(5m*-1
DIf ¢, = 4( 5 2),C2= 4< 5 ),Ce>0,then
32¢csm 16¢,m
U (&) =Fa,sn Lg m (31)
R K PN [RPe
uz(f): $a02 (32)
lag
msn ,m
[ mzh(lz—kz)g }
2 a
where cf=kX+hy+T¢.
akag (m’ +1)
If m—1,then sn(&)— tanh(&), we get the hyperbolic function solutions:
lag
u (¢)=Fa,tanh| ——— 33
la;
uy(&)=7a,coth| |——2— 34
2(5) +dy { h(lz—kz)gl (34)
where §:kx+hy+2£tka§.
c(1-m? cZ(5-m?
2)If ¢, = 4( 5 ), 2 = 4< ),C6>0,then
32¢; 16¢;
Uy (&) =Fa,msn lag E,m (35)
=+ . N9
? ’ h(12-k?)
)
u, (£)= = (36)
la,
sn| |[——2—<&m
{ h(|2—|<2)‘f J
e _ pte
where sn s elliptic sine, &=kx+hy+——"—"— .
akag (m’ +1)

If m—1, then we get the same solutions with Equation (33)-(34).

DOI: 10.4236/jamp.2022.102026 339 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2022.102026

Z.Y.Zengetal.

If m—0,then Sn (cf) —sin (Zj ) , we get the periodic function solution:

: lag
u =7Fa,05C| [——2— 37
4(65) +a0 [ h(lz—kz)éJ ( )
where §:kx+hy+’8—ta.
oKay
3 cZ(4m* +1
I =t C, = i ~ ),CG<0,then
32c;m 16¢,m
Us (£) =Fayen S S (38)
m?h(I* -k*)
_|a§
— 1_ 2 . —
P Sn[ wh(” k) m]
us (&) = 2 (39)
_|a0
d )
n[ mzh(lz—kz)f m}
2 a
where &=kx+hy-— m°pt

akag (1-2m*)’
If m—1,then cn(&)—> sech(&), we get the hyperbolic function solution:

2

ug (&)= —aosech( ﬁf} (40)

where & =kx+hy+ st

aka?

3 Ci’m2 3 Cf (5m2 -4
O G = 32¢Z (m? -1)’ €= 16¢ (m? -1}

u (£)= HOdnw h(r —I::?il_mz)f.m}

,Cs <0, then

(41)
1-m?
s (€)= o (42)
dn ~lay £m
h(I” —k?*)(1-m*)™
m? —1) pt*
where &= kx+hy—¢.
aka’ (Z—mz)
If m— 0, then dn(ﬁ) — 1, we get the solutions:
u7 (&) =z () =3, (43)
where &= kX+hy+%.
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o3 c; (4m* -5
5 If ¢, = - ,C, = ,Cs >0, then
32¢2 (1-m’) 16c, (m* ~1)
Fa,
ik (44)

Uy (Eg)_ 2
2 8
Jl‘—ms“[\/ (k) (- ) ”‘]
(mz—l)ﬂt“

where &=kx+hy—-————.
: akal (1-2m?)

If m—0, then cn(&)—>cos(&), sn(&)—»>sin(&), dn(&)—>1, we get the

periodic function solutions:

: lag
u =7Fa,sec 46
, lag
u =Fa,CSC| [———— 47
() =74 [ h(|2_k2)J (47)
where &=kx+hy+ ﬁt“z‘
aKa,
32 cZ(m®+4
2l 4( ),C6<0,then

6)If C,=——,c,=
G 32¢2" % 16c,

iﬁf, m} (48)

o viom (49)

_p

aka? (2 -m’ ) '

If m—0,then dn(§) — 1, we have the same solutions with Equation (43).
If m—1,then dn(&)—>sech(&), we get the hyperbolic function solutions:

where &=kx+hy+
uj; (&) = Fagsech ié (50)
h(I*-k?)

Bt

akal |

where & =kx+hy+
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4.3. Dynamical Behaviors

In this section, we analyze the dynamic behaviors of the solutions in (2 +
1)-dimensional time-fractional Zoomeron equation.

Figure 1 and Figure 2 are the 3D and 2D graphs of the solutions (19) and (20),
(22) and (23), where the solutions are kink and anti-kink soliton solutions with-

in the interval —10< x,y <10 with the values of parameters

a,=t=e=h=q=y=1, pg=8, azé, =2, k=-1. And we only give
graphs of the solutions with the parameter a,=t=¢=h=q=y=1, =8,
azl, 1=2, k=-1

2

Figure 3 is the 3D and 2D graphs of the solution (31), where the solution is
Jacobi elliptic function solution within the interval —-5<x,y <5 with the values

of parameters a, =t=h=y=1, a:m:%, 1=2, k=-1, #=8. While 2D

graph of the solution (31) is in the interval —-10<x<10.

44
4]
35
3.5
3.
ul 3_ u,
2.5 2.5
2
2..
1.59
10 5 10 - - ]
-10 -5 0 5
Y X X
(a) (b)
101
10" 8
81 61
1 uz
o 41
u, 4 N
27 f—
07 -10 -5 5
- X -2‘
10 5 0 -5 _10-50 510 4
¥ % 6

(©) (d)
Figure 1. (a), (b) are the 3D and 2D graphs of the solutions (19); (c),

—~

d) are the 3D and

, 1=2, k=-1,

N |-

2D graphs of the solutions (20) with the values of parameters o =

t=e=h=q=y=1, £=8.(a)3D graph; (b) 2D graph; (c) 3D graph; (d) 2D graph.
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Figure 4 is the 3D and 2D graphs of the solutions (46) and (47), where the

solutions are the periodic function solutions within the interval -5<x,y <5
1
with the values of parameters a, =t=h=y=1, « =E, 1=2, k=-1, p=8.

While 2D graphs of the solutions (46) and (47) are in the interval —10<x <10.

u, 5
“ _ ;

) > -

10 B

-6

-5
y o 4510 -8
(©) (d)

Figure 2. (a), (b) are the 3D and 2D graphs of the solutions (22); (c), (d) are the 3D and
2D graphs of the solutions (23) with the values of parameters « =%, 1=2, k=-1,

a,=t=e=h=q=y=1, p=8.(a)3D graph; (b) 2D graph; (c) 3D graph; (d) 2D graph.

11
1 05'
u, -10 - 0 5 10
X
-1
(b)

Figure 3. The 3D and 2D graphs of the solution (31) with the values of parameters

azm:%, 1=2, k=-1, a,=t=h=y=1, p=8.(a)3D graph; (b) 2D graph.
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301 ty
20

“ 107 -1 s o 5 10
01 2]
41

-4
y x -6°
(a) (b)
6.
4.
-400 v,
=300 21
"o 200]
1001 -10 s 0 5 10
o -2
4 4
2 0 -2 -4 -4 -2 0 2 -4
X y
() (d)
Figure 4. (a), (b) are the 3D and 2D graphs of the solutions (46); (c), (d) are the 3D and
2D graphs of the solutions (47) with the values of parameters o =%, 1=2, k=-1,

a,=t=h=y=1, B=8.(a)3D graph; (b) 2D graph; (c) 3D graph; (d) 2D graph.

5. Conclusion

In conclusion, (2 + 1)-dimensional time-fractional Zoomeron equation has been
investigated by the new mapping approach and the new extended auxiliary equ-
ation approach. Singular soliton solutions, kink and anti-kink soliton solutions,
periodic function soliton solutions, Jacobi elliptic function solutions and hyper-
bolic function solutions of (2 + 1)-dimensional time-fractional Zoomeron equa-
tion have been obtained, where Jacobi elliptic function solutions are new solu-
tions. When m—>1 or m— 0, the Jacobi elliptic function solutions degene-
rate into the hyperbolic function solutions and the periodic function solutions.
Consequently, it is obvious that the application of these two methods is effective

to the time-fractional equations.
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