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Abstract

In this paper, a new auxiliary equation method is proposed. Combined with
the mapping method, abundant periodic wave solutions for generalized
Klein-Gordon equation and Benjamin equation are obtained. They are new
types of periodic wave solutions which are rarely found in previous studies.
As m-> 0 and m > 1, some new types of trigonometric solutions and solitary
solutions are also obtained correspondingly. This method is promising for
constructing abundant periodic wave solutions and solitary solutions of non-
linear evolution equations (NLEEs) in mathematical physics.
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1. Introduction

NLEEs are widely used to describe complex phenomena in natural and social
sciences. Many well-known models have been developed to illustrate the dy-
namics of nonlinear waves in the field of modern science and engineering, such
as the Kortewegde Vries (KdV) [1] equation, KDV Burgers equation [2] [3],
modified KDV (mKdV) equation [4], modified KDV Kadomtsev Petviashvili
(mKdVKP) equation [5], and so on. More and more attention is focused on these
nonlinear problems, and much nonlinear identification research can eventually
be classified as NLEEs. Therefore, how to obtain their exact solutions is very
important for the related nonlinear science research, and this has always been an

important issue in the research of mathematics and physics [6]-[11]. Significant
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advancement has been produced in recent years and many strong and effective
methods have been developed to obtain accurate solutions of NLEEs. For exam-
ple, homogeneous balance method [12], algebraic method [13], the sine-cosine
method [14], tanh-sech method and the extended tanh-coth method [15] [16],
F-expansion method [17] [18], Exp-function method [19], Jacobi elliptic func-
tion expansion method [20] [21], the modified extended mapping method [22]
[23] [24], auxiliary equation method [25] [26] [27], and so on. Based on previous
original methods, the auxiliary equation method constructs the exact solution of
ELEEs by introducing auxiliary equations. The application of good auxiliary eq-
uations can obtain a large number of new exact solutions of ELEEs. Therefore,
finding appropriate auxiliary equations is of great significance to enrich the so-
lution of NLEEs. In this paper, a new auxiliary equation is developed to con-
struct new types of periodic wave solutions of NLEEs, which has not been pro-
posed in previous work. With the cooperation of the previous extended mapping

method, many new results are obtained.

2. Method

The following (1 + 1)-dimensional NLEE is considered

N (U, Uy, Uy, Uy, Uy, Uy, ) =0 (1)

Xt

Suppose Equation (1) has the following traveling wave solution
u(x,t)=u(¢), &=x-wt )

where wis a pending wave parameter. Substitute Equation (2) into Equation (1),

and Equation (1) becomes the following ordinary differential equation
N (u,u’u",-)=0 3)
where u'means du/d& Suppose Equation (3) has the following formal solution

z.” af'(& )
u(é)==0 22 (4)
() f2(&)+v
where a;and vare constants to be determined later. The positive integer 22 can be
obtained by controlling the homogeneous balance between the governing nonli-
near term and the highest order derivative of u(é) in Equation (3). £({) is deter-

mined by the following auxiliary equation:
F(&)=ptH(c)+af*(&)+r (5)

where p, g, r are parameters to be selected. In order to construct different types
of periodic wave solutions, different p, g, rare selected to determine the different
Jacobi elliptic function solutions of Equation (5). Furthermore, these solutions
include hyperbolic function solutions when m - 1 and trigonometric function
solutions when m > 0. By using the mapping in Ref. [25], Equation (5) has the
Jacobi elliptic function solutions as Table 1.

Where i%=-1. Substituting Equation (4) and Equation (5) into (3), and set-
ting the coefficients of f' (&) (&) to zero yields a set of algebraic equations
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Table 1. The mapping of Jacobi elliptic function for Equation (5).

f(£) P q r
sné,cdé = ené/dné m? ~(1+m?) 1
cné -m? —1+2m? 1-m?
dné -1 2-m? -1+m?
1
" e | (14 m?) m
dcé =dn&/cné
ncé =1/ené 1-m? —1+2m? -m’
ndg =1/dng ~1+m? 2-m? -1
csé =cné/sné 1 2-m? 1-m?
s¢& =sné/eng 1-m? 2-m’ 1
sd¢ =sn&/dng m? (~1+m?) —1+2m? 1
dsé = dné/sné 1 —1+2m? m?(~1+m?)
mené + dné -1/4 (1+ mz)/2 —(1—m2)2/4
ns& + csé,
Cng/ (msné : dng) 1/4 (1-2m*)/2 1/4
msné +idné,
sné/(1£cné)
ncé + sc&,ené /(1 sné) (1—m2)/4 (1+ mz)/z (l—mz)/4
nsé + dsé& 1/4 (—2+m2)/2 m*/4
sné +icné,
dnf/(x/Esnzficn/;) m?/4 (72+m2)/2 m?/4
dné/[ m:nz—l icné} ﬁ (1-2m*)/2 m?/4
sné/(1+dn&) m‘/4 (—2+m2)/2 1/4
dné /(1 msné) (-1+m?)/4 (1+m?)/2 (-1+m?)/4
sné/(ené + dné) (1—m2)2/4 (1+ mz)/Z 1/4
cné/(midné) m‘/4 (-2+m?)/2 1/4

for a;and v. Solving the algebraic equations, 2; and v can be obtained expressed

by p, g, r. Substituting these solutions into Equation (4) and using the mapping

in Table 1, the new type of periodic wave solutions of Equation (3) can be ob-

tained.

3. Application of the Method

3.1. The Generalized Klein-Gordon Equation

The following generalized Klein-Gordon equation [28] is considered
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Uy + U, + U +yu’ =0 (6)

where a, B, y are constants. Substituting the traveling wave solution Equation (2)
into Equation (6) yields

(a)2+a)u"+ﬁu+7u3:0 (7)

By controlling the homogeneous balance between uz”and « in Equation (7),

n=1 can be obtained. So the solution of Equation (7) can be expressed as
_a+af(f)
u (5) T g2
f2(&)+v

Substituting Equation (8) into Equation (7) and use Equation (5) to yield a set

(8)

of algebraic equations for a,;, a,, and v. Solving the algebraic equations, a,, a,, and

v can be obtained as follows

20, 3, :i\/—Zﬁv—(Zr—qu+2v2p)(w2+a)
Y

6r(a)2+a) . B
e =% |-g+——
(0’ +a)+p —q+./pr

By selecting different values of p, gand r, the new type of periodic solutions of

(9)

generalized Klein-Gordon equation can be obtained, and these solutions are
rarely reported in other documents. Such as, if p=m?, g :—(l+ mz) and
r=1, f(&)=sné and f(&)=cd&, the generalized Klein-Gordon equation

has the following formal periodic solutions

\/—2/3v—(2+6(1+ m? v+ 2m? ) (o +a)

sn&
Uy (&)= Snfgw (10)
—2Bv—(2+6(1+m?)v+2m*?)(0® +a
[t
/4
Uy (§) == 2
cd“E+v (11)
—2Bv—(2+6(1+m?)v+2m*v? (o’ +a
J pro{ersfiemt)vramvi)otea)
=+ /4
- cn’é +vdn?é
6(0” +a
where v = g 5 ) , E=X-ot, o=+ —a++. As
—(1+m )(a) +a’)+,3 I+m*£m
m — 0, it has the following new type of trigonometric solutions
2pv—(2+6v)(0® +a
\/ v )( )sin§
4
u == 12
2 (4) sin® & +v (12)
28v—-(2+6v)(0’ +a
\/ A= )( )cos§
v
u == 13
2(¢) cos? £ +v (13
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6(w2+a)
—(0)2 +a)+ﬂ

following new type of hyperbolic solutions

\/—2ﬁv—(2+12v+2v2)(a)2 ‘o)

where v = , E=X—-wt, o=%J-a+f. As m—1, it has the

tanh &
Y
u == 14
o () tanh? & +v (1
6(a’ +a
where Vzg, E=X-ot, o=% /—a+i
—2((02 +a)+ﬁ 2+1
If p=m?/4, q:(—2+m2)/2 and r=1/4, f(&)=sn&/(1+dn&)
—2ﬂv—(i—3(—2+m2)v+m v2/2)(0f+a)
1_dn
Usl(é:):i ! 2 s (15)
sn°é&
2tV
(1+dn&)
30 +a)/2
where v = ( )/ , E=x—ot,
(—2+m2)(a)2 +a)/2+,8
w==* [-a+ p . As m—0, its trigonometric solution is the
(—2+m2)im/4
same as Equation (12). As m —1, it has the following new type of hyperbolic
solutions
—2pv— ( +3v+v2/2j(a) +a') tanh &
1% 1+seché&
—4 16
Uiz (¢) tanh?® & (16
(1isech§)2
3(0° +a)/2
where v = ( )/ E=x-ot, o=t |-a+ p

—(a)2+a)/2+ﬂ) 1+1/4 "
The generalized Klein-Gordon equation still has other forms of solutions ac-

cording to Equations (5), (8) and (9) and Table 1, limited to space, we will not
give examples one by one.

3.2. Benjamin Equation
The following Benjamin equation is considered [29]
Uy +oz(u2)xx +Bu,, =0 (17)

where a, B are constants. The traveling wave Equation (2) is substituted into
Equation (17) and integrated twice, and then the integration constant is set to

zero to obtain

o*U+au’+pu"=0 (18)
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By homogeneous balance, the solutions of Equation (17) can be expressed as

u(é)zaﬁai:z(g)iaifz(f) (19)

Substituting Equation (19) into Equation (18) and use (5) to yield a set of al-
gebraic equations for a), a;, a, and v. Solving the algebraic equations, a, a,, a,

and v can be obtained as follows

2 2 2 CO4
3289° —4(w +4ﬁp)\/ﬂqi(—prﬁ +16j

%= 16a5p - a=0
—(4ﬂq+w2)+6[ﬂqi1/—prﬂ2+fgJ
a, = . , (20)
zﬂqi,/—prﬂ%fg' wZi(lqu_wprﬁz)M
2pp

By selecting different values of p, gand r, the new type of periodic solutions of
Benjamin equation can be obtained, and these solutions are rarely reported in
other documents. Such as, if p=-m?, q=-1+2m? and r= —(1+ m? ) s

f (£)=cné, the Benjamin equation has the following formal solutions

324(-1+2m?) ~[-40? +4p(-1+2m" )]\/ﬂ(-u ZmZ)i{—mz (1+m?) 2 +;";}

~16apm’
B(-1+ 2m2)i\/—m2 (1+m?)p? +%
2m?
—[/3(—1+ 2m2)+a>2}+6{/34_r\/—m2 (l+ mz)ﬁ2 J{Z}
2a
plteam)= - (tem)t+ &
2pm?

u11(§):

cn® (&) +
(21)

cn’ (&)

cn? (&) +

2)? 2 2\ g2 V!
where {=X—-ot, o= 1[16,3(—1+ 2m ) —48m (1+ m )ﬂ . The trigono-
metric solution does not exist in this type of Jacobi elliptic function solution. As

m — 1, it has the following new type of hyperbolic solution as

16ap 2a

e /—2/32 +“’—4
tanh® (&) + 16

2p

328+ tanh? (&)

(22)

U, (f):
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where £=x-at, 0=+(168-965)".
If p=(-1+ mz)/4, q=(1+ mz)/z and r=(-1+ mz)/4,
f (£)=dn&/(1£msné), the Benjamin equation has the following formal solu-

tions

8p(1+m?) ~4[w? + pp(-14m)] /;(l+ mz){_(u me)’ ]/32 Lo

2 16 16
()= 4ap(-1+m’) 2
dn? (&) +2ﬁ(1+m2)i\/—(—1+m2) p+ o
(1£msn¢)’ 2p(-1+m?)
(23)
—p(L+m?)-o +6 ﬁ(l+m )i\/—(_1+m ) s
2 16 ,
dn® (&)
~ 20 (limsné)2
(&) +2ﬁ(1+m2)i\/—(—1+m2)2 B+
(1£msng)’ 2ﬁ(—1+m2)

2)? 22 oo T . .
where £=X-ot, a):i[4ﬂ(1+m ) —3(—1+m ) p :| . The trigonometric

solution and hyperbolic solution all do not exist in this type of Jacobi elliptic
function solution.
2

If p=(1-m*) /4, q=(1+m*)/2 and r=ya, f(&)=sng/(cné+dng),

the Benjamin equation has the following formal solutions

8p(L+m?) —4[0)2 +ﬁ(1—m2)2] ﬁ(1+m2) J_{(lmz)z Vi +i’;}

2 16
Uy (&)= tap(i-m) =
o () _2ﬂ(l+m2)i\/—(l—m2) £+
+dn&)’ 2p(1-m?
(cné +dn¢) /i‘( m) o1
o), o) o
N T e Pt
sn? (&)
~ 20 (cng +dng)’
(&) _2[)’(1+m2)i\/—(1—m2)2ﬁ2+a}4
(cné +dng)’ 2p(1-m?)

4
where {=x-ot, w= i[lGﬁqz —3(1— mz)2 ,82} . The hyperbolic solution

does not exist in this type of Jacobi elliptic function solution. As m — 0, it has

the following new type of trigonometric solution as
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Us, (5) =

2p-4(0” + B) 8B +(-5 +0') —[G(Zﬁi\/—ﬂzm“ﬂ sin? (£)

af 8a (cosé J_rl)2 (25)
sin®(§)  2B+y-p* +o
(cos&+1)° 2

where &=x-ot, o=+(4p-35)"

There are still a large number of new types of periodic wave solutions for
Benjamin equation, according to Equations (5), (8) and (9) and Table 1. Accor-
dingly, these solutions may also have trigonometric function solutions and
hyperbolic function solutions under the conditions of m—0 and m—1, of
course, they may not exist. Limited to the scope, we will not give examples one
by one

4. Conclusion

In this paper, with the use of a new auxiliary Equation (4) and the extended
mapping method (Table 1), abundant new types of Jacobi elliptic function solu-
tions for the generalized Klein-Gordon equation and Benjamin equation are
constructed. Some new types of periodic wave solutions and solitary wave solu-
tions have been obtained which have not been found in previous work. The ob-
tained periodic wave solutions and solitary solutions imply that the correspond-
ing periodic wave and solitary wave can be generated under certain conditions of
phase space (x, y) and time £ Our method is only to find new periodic solutions
and solitary solutions of NLEEs mathematically. The experimental verification
needs to design experiments in specific fields to verify the physical significance
of our solutions, which we can’t do in this paper. But, despite all this, this me-
thod is still promising for constructing abundant periodic wave solutions and
solitary solutions and can serve as a useful guide for a broad class of nonlinear

problems in the study of mathematics and physics.
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