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Abstract 
Burundi, a country in East Africa with a temperate climate, has experienced 
in recent years a worrying growth of the Malaria epidemic. In this paper, a 
deterministic model of the transmission dynamics of malaria parasite in 
mosquito and human populations was formulated. The mathematical model 
was developed based on the SEIR model. An epidemiological threshold, 0R , 
called the basic reproduction number was calculated. The disease-free equili-
brium point was locally asymptotically stable if 0 1R <  and unstable if 

0 1R > . Using a Lyapunov function, we proved that this disease-free equili-
brium point was globally asymptotically stable whenever the basic reproduc-
tion number is less than unity. The existence and uniqueness of endemic 
equilibrium were examined. With the Lyapunov function, we proved also that 
the endemic equilibrium is globally asymptotically stable if 0 1R > . Finally, 
the system of equations was solved numerically according to Burundi’s data 
on malaria. The result from our model shows that, in order to reduce the 
spread of Malaria in Burundi, the number of mosquito bites on human per 
unit of time (σ ), the vector population of mosquitoes ( vN ), the probability 
of being infected for a human bitten by an infectious mosquito per unit of 
time (b) and the probability of being infected for a mosquito per unit of time 
(c) must be reduced by applying optimal control measures. 
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1. Introduction 

Malaria is an infectious disease caused by a parasite of the genus plasmodium 
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spread by the bites of certain species of female mosquitoes, the genus anopheles. 
Of the one hundred and twenty-three species of the genus plasmodium listed, 
only four are specifically human [1]: Plasmodium falciparum responsible for a 
large majority of deaths, and three others that cause “mild” forms of malaria that 
are not usually fatal: Plasmodium vivax, Plasmodium ovale, and Plasmodium 
malariae. Malaria is one of the most widespread vector-borne disease. Every year 
we find several hundred millions of people sick with malaria and between 1 and 
3 million of deaths per year, the majority of them are children under 5 years and 
pregnant women. Eighty percent of all cases are recorded in sub-Saharan Africa. 
The disease reappears in areas where control efforts were effective and is emerg-
ing in areas considered free from the disease despite decades of eradication and 
control efforts of this epidemic [2] [3] [4]. In fact, it seems important to us, in 
this context, to make a scientific contribution in the quest for a good under-
standing of the transmission dynamics of the latter in order to optimize inter-
ventions for effective control and eradication of the disease. Globally, it is esti-
mated that nearly forty percent of the population live in areas where malaria is 
endemic as reported in World Health Organization (WHO) fact sheet (2009). 
Burundi, one the East African region member, has experienced malaria as a ma-
jor public health problem and is one of the main national health priority. Ac-
cording to data from the National Health Information System 2017, malaria is 
the leading cause of morbidity and mortality in Burundi with an incidence rate 
of 815‰. It constitutes 45.4% of the reasons for general consultations recorded 
in health facilities in 2017 with a rate of 50.5% in children under 5 years old. It is 
responsible for 50.8% of hospital deaths [5]. Among the plasmodial species re-
sponsible for malaria in humans, three exist in Burundi: Plasmodium falcipa-
rum, responsible for severe forms (81.6%), Plasmodium malariae (12.5%) and 
Plasmodium Ovale (5.8%) [5]. 

Better knowledge of the disease, planning for the future and considering ap-
propriate control measures are provided by mathematical models of the dynam-
ics of malaria transmission. Mathematical modeling of malaria originated from 
the works of Ross [6] and MacDonald who did some modification to the Ross’s 
model and included superinfection [7] [8]. This has allowed the scientific commu-
nity to refine these models until today. In order to model the disease, compart-
mental models of malaria and differential equations are constructed [3] [9] [10]. 

The remainder of this paper is structured as follows: we present the formula-
tion of the malaria transmission model in Section (2). In section (3), we develop 
the existence and positivity of solutions. The basic reproduction number is 
computed in section (4). In section (5), the stability analysis of disease equili-
brium points is developed. Simulation and interpretation of the results are given 
in section (6). A conclusion is drawn in section (7). 

2. Model Formulation 

A mathematical model for the transmission dynamics of malaria is formulated. 
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Using compartmental approach, our model is shown in Figure 1. The human 
population is divided into the SEIR compartmental model which consists of four 
classes: susceptible hS , latent (exposed) hL , infectious hI  and recovered hR . 
As the continuous exposure is necessary to ensure immunity [3], we assume that 
the immunity is temporary. Those who have recovered have immunity against 
the disease for a certain period. Acquired immunity exists but the mechanisms 
are not yet fully understood [11]. A human is susceptible to give birth at hα  
rate and loses immunity at γ  rate. The size of this class decreases as a result of 
natural mortality at hµ  rate as well as when an infectious mosquito bites a sus-
ceptible human with a probability b of being infected for a human bitten by a 
mosquito infectious per unit of time. 

On the side of mosquito population, two compartments have been established: 
susceptible vS  and infectious vI . There is no recovered class for the vector as 
mosquitoes never recover [9] [10] or latent class (for simplicity of the model). A 
vector is susceptible to give birth at vα  rate. Susceptible mosquitoes that bite 
infectious human take gametocytes in the blood meal [7] and after fertilization, 
sporozoites are produced and migrated to the salivary glands ready to infect any 
susceptible host with probability c of being infected for a mosquito biting an in-
fectious human per unit of time. The vector is then considered as infectious. 

2.1. The Assumptions of the Model 

1) All new borns are susceptible to the disease in these two populations. 
2) Both susceptible, Latent (Exposed), Infectious and Recovered humans die 

at the same natural rate hµ  except for the class of infectious humans which has 
an additional death rate η  caused by the disease. 

3) Both susceptible and Infectious mosquitoes die at the same natural rate 

vµ . 
4) Neither human nor mosquito total population is constant. 
5) Recovered humans are still able to transmit the disease but at a lower rate, 

therefore negligible in our case. 
6) Human recover from infection (without immunity) and move right back to  

 

 
Figure 1. Flow diagram for the transmission dynamics of malaria. 

https://doi.org/10.4236/jamp.2021.910156


E. Ndamuzi, P. Gahungu 
 

 

DOI: 10.4236/jamp.2021.910156 2450 Journal of Applied Mathematics and Physics 
 

susceptible state or gain temporary immunity before losing it and returning to 
the susceptible class. 

The differential equations describing the transmission dynamics of disease are 
given in the following section according to the compartmental model in Figure 
1 and the Balance Law.  

2.2. Establishment of the Model Equations 

The equations modeling this dynamic are: 
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= − + +
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 = − +
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
 = − −


 = −

               (1) 

2.3. Description of Parameters and Variables 

1) The considered parameters are: 

hα : birth rate for humans; 

vα : birth rate for mosquitoes; 
σ : number of bites of a mosquito to a human per unit of time; 
b: the probability of being infected for a human bitten by an infectious 

mosquito per unit of time; 
c: the probability of being infected for a mosquito biting an infectious hu-

man per unit of time; 
δ : rate of progression from latent to infectious state for humans; 
λ : rate of progression from infectious to recovered state for humans; 
γ : rate of progression from recovered to susceptible state for humans; 

hµ : human (natural) mortality rate; 
η : human malaria-induced death rate; 

vµ : mosquito mortality rate. 
2) The considered variables are: 

hN : total population for humans (host); 

vN : total population for mosquitoes (vector); 

hS : class (number) of susceptible humans; 

hL : class (number) of latent humans; 

hI : class (number) of infectious humans; 

hR : class (number) of recovered humans; 
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vS : class (number) of susceptible mosquitoes; 

vI : class (number) of infectious mosquitoes. 
Remark. All parameters of the model are assumed to be non-negative. 

3. Existence and Positivity of Solutions 

We show that the system is epidemiologically and mathematically well-posed in 
the feasible region Ω  given by 

( ){ }6, , , , , : 0 , 0h h h h v v h h v vS L I R S I µ α µ α+Ω = ∈ ≤ ≤ ≤ ≤        (2) 

Theorem 1. The system (1) always admits positive solutions for all positive 
initial conditions and the biological region 6

+Ω∈  is positively invariant and 
globally attractive for the same system. 

Proof. The system (1) can be written in the form ( ) ( )( )x t f x t=  where 

( ) ( )1 2 3 4 5 6, , , , , , , , , ,h h h h v vx x x x x x x S L I R S I= =             (3) 

and 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 2 3 4 5 6, , , , ,f x f x f x f x f x f x f x=           (4) 

Then, the system (1) becomes 
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     (5) 

where , h hA Bµ δ η µ λ= + = + +  and hC µ γ= + . 
As the second member of the system (1) is locally Lipschitzian, then it admits 

a unique solution. It is clear that 1, ,6j∀ =  , ( ) 0jf x ≥  if [ ]60,x∈ +∞ , hence 
the positivity of the solution. 

Added member to member, the first four equations of the system (1) and the 
last two equations of the same system, we notice that the total population of 
human and vector satisfies the following equations: 

,h h h h h h

v v v v v

N N N I

N N N

α µ η

α µ

 = − −


= −





                    (6) 

From the Equation (6), we have 0h h h h h hN N N Nα µ≤ − ⇒ ≤   if h hα µ≤ . So 
( ) ( ) ( )0 exph h h hN t N tα µ ≤ −  . In the same way, we have 0vN ≤  if v vα µ≤  

and ( ) ( ) ( )0 expv v v vN t N tα µ ≤ −  . We conclude that the region Ω  is posi-
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tively invariant. 
Moreover, if h hα µ<  and v vα µ< , we see that the solution of the system (1) 

enter in Ω  in finite time, i.e. ( )hN t  asymptotically approaches hα  and ( )vN t  
approaches vα  asymptotically. 

Therefore, all solutions in 6
+  eventually enter Ω  i.e. the biological region 

Ω  is globally attractive for the same system. So the problem is then mathemat-
ically and epidemiologically well posed. Hence, every solution of the model (1) 
with initial conditions in Ω  remains in Ω  for all 0t > .  

4. Basic Reproduction Number 

In order to assess the stability of disease equilibria, the computation of the basic 
reproduction number 0R  is needed. The next generation matrix method for 
calculating 0R  as established by Watmough and Van Den Driessche [12] will 
be used for our case. We know that 

, : infected states,
with

, : uninfected states.
h h

h h h h h
h h

L I
N S L I R

S R


= + + + 


       (7) 
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: infected states,
with

: uninfected states.
v

v v v
v

I
N S I

S


= + 


             (8) 

In the infection free state, we have 0h h h h hL I R N S= = = ⇒ =  and  
0v v vI N S= ⇒ = . So for ( ), ,h h vL I I  and using the expressions for hN  and 

vN  that we have just found above, we have the following linear system: 
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( )
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 = − + +
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
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                   (9) 

Let ( ), ,h h vX L I I ′=  where the prime denotes the transpose. The infection 
subsystem linearized is then in the form: 

( )X T X= + Σ                        (10) 

where T is the transmission matrix and Σ  is the transition matrix such that: 

( )
( )

0 0 0 0
0 0 0 and 0

0 0
0 0

h

h

v v

h

b
T

cN
N

σ µ δ
δ η µ λ

σ µ

 
   − +    = Σ = − + +    −   
 
 

    (11) 

So, the next generation matrix 1K T −= − Σ  where 1 .1 Adj−Σ = ⋅Σ
Σ

,  

( ).Adj Com ′Σ = Σ    and ( )Com Σ  is the matrix of cofactors of Σ . Thus, 
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( )( ) ( )
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By computation the dominant eigenvalue of K which is the reproduction 
number basic, we have 

( ) ( )0  v

h v h h

bcN
R K

N
δρ σ

µ δ µ η µ λ
= =

+ + +
            (13) 

As ( ) 0det K = , we notice that the K found is the next generation matrix with 
large domain denoted LK . So, from this LK , we deduce *K  which is the next 
generation matrix (i.e. *K  is the reduction of LK ), knowing that  
( ) ( )*

LK Kρ ρ= . We have 
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1 0
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0 1
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 
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( )( )

*

0

0

v

v

h h h

b

K
cN

N

σ
µ

δσ
µ δ η µ λ

 
 
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              (14) 

Since *K  is a 2 2×  matrix, we have 

( ) ( ) ( ) ( )

( )

2* * * *
0

1 4
2

 v

h v h h

R K tr K tr K det K

bcN
N

ρ

δσ
µ δ µ η µ λ

 = = + −  

=
+ + +

         (15) 

5. Stability Analysis of Disease Equilibria 

There are two types of disease equilibria, which are obtained by solving the sys-
tem (1), for 0h h h h v vS L I R S I= = = = = =     . In particular the disease-free equi-
librium point (DFE), 0E , which is obtained by adding the condition  

0h h h vL I R I= = = = . With these conditions, the resolution of the system (1) 
then gives 

0 ;0;0;0; ;0h h v v

h v

N N
E

α α
µ µ

 
=  
 

                  (16) 

And the endemic equilibrium “EE” point, 1E , is obtained with the condition 
0; 0; 0; 0; 0; 0h h h h v vS L I R S I≠ ≠ ≠ ≠ ≠ ≠ . Implicitily, we have 

( )* * * * * *
1 ; ; ; ; ;h h h h v vE S L I R S I=                    (17) 
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5.1. Stability of DFE 

Theorem 2. The disease-free equilibrium, 0E , (DFE) of Equation (1), given by 
Equation (16), is locally asymptotically stable if 0 1R < , and unstable if 0 1R > . 

Proof. Let ( )J M  be the Jacobian of Equation (1) at point  

( ), , , , ,h h h h v vM S L I R S I=  

( )

( )
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 =

− + 
 
 − − −
 
 
 − 
 

 

(18) 

The Jacobian matrix in Equation (1) at point 0E  then becomes: 

( )
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  (19) 

Consider ( )*P λ  the characteristic polynomial of ( )0J E , we then have: 
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=
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(20) 

By expanding, we have: 
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( ) ( )
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where  , , h h hA B Cµ δ µ η λ µ γ= + = + + = +  and 
2

h v v

h v h

bc N
D

N
σ δα α
µ µ

= . 

With Descartes’ rule of signs [13], if 0 1R < , all the coefficients of ( )*P λ  
are strictly positive then ( )*P λ  does not have a positive root. So, ( )0J E  has 
all its eigenvalues with strictly negative real part, hence 0E  is locally asymptot-
ically stable by the Poincarré-Lyapunov theorem [13]. Otherwise, with the same 
rule, if 0 1R > , there is a variation of coefficients of ( )*P λ , then ( )*P λ  has at 
least one positive root. So, ( )0J E  has at least one eigenvalue with a strictly posi-
tive real part, hence then 0E  is unstable by the Poincarré-Lyapunov theorem.  

Theorem 3. The disease-free equilibrium point (DFE) of the model, denoted 

0E , is globally asymptotically stable if 0 1R <  and unstable if 0 1R > . 
Proof. Consider then the following Lyapunov candidate function for 0E : 

2 2
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Its first derivative gives us 
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h h

v v v h v v h h v h h
v v v h h

v h h h h

h h h v h
h h h h h h

h h

v v
v v v v

v

b S I bS L I
V N S S R L I I R

N

c N S I cS I I bS I N
N S S

N N N

N R cS I
L I R

N

N
S I

σ α σ
α γ δ λ

µ

σ α σ σ α
α µ

µ µ

γα σ
µ δ η λ µ γ µ

µ

α
µ µ

µ

= + + + + +


+ + + − + +




+ − + + + + + + + 
 


+ + + 





  (23) 

We notice that if 0 1R < , the Lyapunov candidate function V thus defined is 
in the strict sense in the whole domain of Ω . Hence, the largest compact inva-
riant set in ( ){ }, , , , , : 0h h h h v vS L I R S I V∈Ω <  is the DFE, 0E . Therefore, by 
Lyapunov-Lasalle’s Invariance Principle, the disease free equilibrium is globally 
asymptotically stable in Ω  if 0 1R <  and unstable if 0 1R > .  

5.2. Existence and Uniqueness of EE 

Proposition 4. Endemic Equilibrium “EE” exists if and only if 0 1R > . 
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Proof. Recall that the endemic equilibrium point, 1E , found previously was 
determined implicitly due to the complexity of this system. With the notions of 
the equilibrium point, the system (1) becomes: 

( )

( )
( )

* *
* *

* *
*

* *

* *

* *
*

* *
*

0 ,

0 ,

0 ,

0 ,

0 ,

0 .

h v
h h h h h

h

h v
h h

h

h h h

h h h

v h
v v v v

h

v h
v v

h

bS I
N R S

N

bS I
L

N

L I

I R

cS I
N S

N

cS I
I

N

σ
α γ µ

σ
µ δ

δ η µ λ

λ µ γ

σ
α µ

σ
µ


= − + −



 = − +



= − + +


= − +

 = − −


 = −


                (24) 

From this system, we deduce that 

( )

( )

*
*

*

* *
*

* *

* *

*
*

* *
*

,

,

,

,

,

h h h h
h

v h h

h v
h

h h

h h
h

h h
h

v v h
v

h v h

v h
v

h v

N N R
S

bI N

bS I
L

N

I L

R I

N N
S

cI N

cS I
I

N

α γ

σ µ

σ
µ δ

δ
η µ λ

λ
µ γ
α

σ µ

σ
µ

 +
 =

+

 = +

 = + +

 = +


= +

 =


                    (25) 

By making substitutions, we notice that the EE satisfies the following poly-
nomial function: 

( ) ( )* * *
1 2 0h h hP I I Iψ ψ= + =                    (26) 

where 

( )
( )

2 2
1

2 2
2

 ,

 .

v v v v h v h

h v h v h v h

bc N ABC bc N c N

N C bc N AB N

ψ σ δγλα σ α σ µ µ

ψ σ δα α µ µ

= − +

= −
        (27) 

From Equation (26), we have: * 0hI =  which is the solution of DFE, or 
*

1 2 0hIψ ψ+ = , hence the uniqueness of endemic equilibrium whenever 0 1R > , 
otherwise, no endemic equilibrium.  

5.3. Stability of EE 

Theorem 5. The endemic equilibrium point (EE), noted 1E , is globally asymp-
totically stable if 0 1R > . 
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Proof. The proof of this theorem is based on the Lyapunov-Lasalle’s Inva-
riance Principle. Consider then the following Lyapunov candidate function for 

1E : 

( ) ( ) ( ) ( )

( ) ( )

2 2 2 2* * * *

2 2* *

1 1 1 1
2 2 2 2
1 1
2 2

h h h h h h h h

v v v v

V S S L L I I R R

S S I I

= − + − + − + −

+ − + −
      (28) 

By deriving this function once, we have: 

( ) ( ) ( )
( ) ( ) ( )

* * *

* * *

h h h h h h h h h

h h h v v v v v v

V S S S L L L I I I

R R R S S S I I I

= − + − + −

+ − + − + −

  

 

 

( ) ( )

( ) ( )

( )

( )

* *

*
* *

* * *

*
2

h v h v h
h h h h h h h h h h

h h

v h v
h h h h h h h h h h v v v

h

v h v h v
v v v v v v h h h h h h h

h h

h v h
h h

h

bS I bS I L
S N R S I L L

N N

cS I S
L I I I I R R R N S

N

cS I I bS I
S S I I S s S N R

N N

bS I L
L

N

σ σ
α γ µ µ δ

σ
δ η µ λ λ µ γ α

σ σ
µ µ µ α γ

σ
µ δ

  
= + + + + + +  
  

+ + + + + + + + +

  
+ + + − + + +  

  

+ + + ( ) ( )

( )

2 * 2 *

2 *
2 2 *

h h h h h h h h

v h v h v
v v v v v v

h h

I L I R I R

cS I cS I I
S I N S

N N

η µ λ δ µ γ λ

σ σ
µ α

+ + + + + + +


+ + + + + 



 (29) 

Consequently, the largest compact invariant set in  
( ){ }, , , , , : 0h h h h v vS L I R S I V∈Ω ≤  is the EE, 1E . Therefore, by Lyapunov-La- 

salle’s Invariance Principle, it follows that every solution in Ω  approaches 1E  
for 0 1R >  as t →∞ . So the EE, 1E , is globally asymptotically stable. The ep-
idemiological implication of this result is that malaria will persist and invade 
population whenever 0 1R > .  

6. Simulation and Interpretation 

In this section, we will analyze the model (1) numerically. In particular, we will 
be interested in the numerical analysis of the infected human population with 
malaria. To do this, we collect a reasonable set of data for the parameters of the 
model. Most of these are obtained from models developed in the literature and 
other parameters will be assumed. 

In what follows, we will use the below parameters: 

hα : The human birth rate is 38.377 per year per 1000 inhabitants [14]. 

vα : The vector birth rate is 130 adult female mosquitoes per year per 1000 
female mosquitoes [15]. 
σ : 20.425 bites per man per might (average bites per man per day inside and 

outside the home) [Assumed]. 
b: The probability of being infected for a human bitten by an infectious mos-

quito per unit of time is 0.0181 [5]. 
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c: The probability of being infected for a mosquito biting an infectious human 
per unit of time is 0.11 per day [16]. 

δ : Rate of progression from latent to infectious state for humans is 0.1 [As-
sumed]. 

λ : Rate of progression from infectious to recovered state for humans is 
0.0022 per day [17]. 

γ : Rate of progression from recovered to susceptible state for humans 5.5 × 
10−4 [17]. 

hµ : Human (natural) mortality rate is 7.766 per year per 1000 inhabitants 
[14]. 

η : Human malaria-induced death rate is 32% [18]. 

vµ : Mosquito mortality rate is 0.003 [15]. 
The data of confirmed cases used, are obtained from the Ministry of Public 

Health and the Fight against HIV/AIDS for the period 2012 to 2018 [19]. As 
given in the literature, we initialize parameters and use minimize function with 
noise in python for obtaining parameter values corresponding to the data in 
study. Initial conditions of states are 498901hS = ; 374176hL = ; 823hI = ;  

560hR = ; 3582vS = ; 66vI =  for the following Figure 2. 
Using the parameters derived from the fitted model above and taking  

1000vN =  [Assumed]; 11890781hN =  [13], the basic reproduction number as 
mentioned in section (4) is 0.8092009797722537. 

According to this value and to the section (5), we conclude that the average of 
an individual infected produces less than one new infected individual during 
their infectious period, hence the disease-free equilibrium, 0E , (DFE) of Equa-
tion (1), given by Equation (16), is locally asymptotically stable. 

When we assume 10000vN =  [assumed], using the same parameters and let fix 
11890781hN =  [14] then, the value of basic reproduction is 2.5589181809201627. 

That implies that each infected individual produces an average of more than 
one; the infection and disease persist and invade the human population. It im-
plies that the infection is greater than recovery rate. Therefore the strategy is to  

 

 
Figure 2. Infected human population. 
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take all possible measures to avoid/reduce transmission and improve recovery. 

7. Conclusion 

In this paper, a malaria model was developed and analyzed to study the stability 
of both disease-free and endemic equilibrium point. Using matrix generation 
approach, the basic reproduction number 0R  was computed. Therefore, the 
disease-free equilibrium of the model obtained is both locally and globally stable 
for 0 1R < . It is also shown that the endemic equilibrium solution of the model 
is globally asymptotically stable if 0 1R > . The results from our model show 
that, in order to reduce the spread of disease, the number of mosquito bites to a 
human per unit of time (σ ), the vector population of mosquitoes ( vN ), the 
probability of being infected for a human bitten by an infectious mosquito by 
unit of time (b) and the probability of being infected for a mosquito biting a 
human infectious per unit of time (c) must be decreased significantly. Hence 
there is a need to use mosquito nets and insecticides or other strategies that can 
reduce these parameters. 
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