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Abstract

In this paper, we study the long time behavior of a class of Kirchhoff equa-
tions with high order strong dissipative terms. On the basis of the proper hy-
pothesis of rigid term and nonlinear term of Kirchhoff equation, firstly, we
evaluate the equation via prior estimate in the space E, and E,, and verify
the existence and uniqueness of the solution of the equation by using Galer-
kin’s method. Then, we obtain the bounded absorptive set B, on the basis
of the prior estimate. Moreover, by using the Rellich-Kondrachov Compact
Embedding theorem, we prove that the solution semigroup S(z) of the eq-
uation has the family of the global attractor 4, in space E, . Finally, we
prove that the solution semigroup S(r) is Frechet differentiable on E, via
linearizing the equation. Furthermore, we can obtain the finite Hausdorff di-
mension and Fractal dimension of the family of the global attractor 4, .

Keywords
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1. Introduction

In this paper, we mainly study the initial boundary value problem of the Kir-

chhoff equation with high order strong damping:

u, +M(| V"u |Z)(—A)2m u+ﬂ(—A)2m u, +|u|p u= f(x),
o’u

u(x,t)=—.=0, =1,2,--,2m—-1, xe€0oQ, (1.1)
o’

u(x,O):uo(x), ut(x,O):ul(x), xedQ, t>0,

where m>1,p>2, Qc R"(n21) is a bounded region with a smooth boun-
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dary 0Q, Q=Qx[0,) stands for the cylinder in R!xR,, the rigid term
M(s)e C' [0,00) is a general function, ﬂ(—A)zm u,(f>0) is the strong dis-
u|p u is the nonlinear term and p>-1, f(x) denotes the ex-

sipative term,
ternal force.

Kirchhoff equation is a kind of important nonlinear wave equation, which is
widely used in engineering physics, especially provides a strong support for
measuring bridge vibration. Kirchhoff equation originates from a physical mod-
el, which is obtained by German physicist Gustav Robert Kirchhoff [1] when he
studied the transverse vibration of elastic string:

) 2 2
phgT?—|:E)+§—ﬁJOL(Z_Zj dx:|271;=f’ O<x<L,t>0,

As m=1p=2,=1, Masanori et al studied Kirchhoff equations with non-

linear dissipative terms in the literature [2]:

u, —M("Vu”2 )Au +5|u|p u+ru, = f,

and they had discussed the existence and attenuation of the global solution of
the initial boundary value problem by using Galerkin’s method.

Then Igor Chueshov studied the Kirchhoff equation with strong dissipative
termfor m=1,p=2,= 0'(||Vu||2) in reference [3]:

u, —U(||Vu||2 )Au, —gD("Vu"z )Au +g(u) = f(x),

They proved that its weak solution exists and is unique. Particularly, the equa-
tion has strong exponential attractor when the nonlinear term g(u) is in a
non-supercritical state. Further, Guoguang Lin, Yuhang Chen [4] et a/ extended
the equation to a higher order Kirchhoff-type equation based on the study of

Igor Chueshov, and added a structural dissipation term A*"u :
w AN ([l )(-aY e a(e)(-4)" 0+ 2= 1 (),

They discussed the relationship between the order m and ¢, made reasonable
assumptions about the relevant terms, proved the existence and uniqueness of
the comprehensions, and made finite-dimensional estimates of the global at-
tractors. When the coefficient of structural dissipation term is not equal to 1,
they can’t get the relevant conclusion. More research results can be referred to
[5]-[16].

On the basis of previous studies, we improve the order of strong dissipation
term further in this paper. At the same time, summing up previous experience,
we discuss the difficult problem of the relationship between order m and pin the
rigid term and p in the nonlinear term, and get some theoretical results about

the long time behavior of the equation.

2. The Basic Assumptions

For the convenience of later narration, the space and sign mentioned in the ar-
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ticle are defined as follows:

H=0I'(Q), H'(Q)=H"(Q)NHy(Q), E, =H,""*(Q)xH, (), 4" is
the global attractor family from E;, to E,, B, isabounded absorption setin
E,, where k=1,2,---,2m, C,>0(i=0,1,2,---) are constants. The inner prod-
uct (-) andnorm || of Hare givenby (u,v)= J.Qu(x)v(x)dx . 1= |H|Lz(Q) ,
H, =@

M (s),p and psatisfy the following conditions:

(A1) For Vs>0, we have &+1<p, <M (s)<u, where g, are con-

stants, and
dj,m 2
e g
dj,m 2
wo S <o
8m
1<p< , n>4m
A2) P am ;
p=-1, n<4m
2n
2 pL——, n>2m
(A3) P n—2m ;
p=2, n<2m
2m 2m
. 2
(A4) 0<g&<min 1+&—1,2—'u,’t;L ; A, denotes the first eigen-
4 B P +1

value of —A with the homogeneous Dirichlet boundaryon Q.

3. Existence and Uniqueness of Solutions

Lemma 1. Assume (Al)-(A4) are valid. Let (u,,u,)e€E,, f(x)el’(Q),
then the initial boundary value problem (1.1) has a global solution (u,v) that
satisfies u € L” (0,+o0; H," (Q)),

ve L” (0,400 L' (Q))N I (0,7; H" (), and

e, =l I < (00 + 52, G

g [Ta™[ ar < T+, (0), (32)

2m 2
. 261 —
where v=u, +¢u, aI:mm{ 21 g g0, ST PE pe ,g(p+2)},
u

2
p+2

ol
)

2
A"u, " +

ORI
So there exists a nonnegative real number R, and ¢ =7, (Q)>0 such that

e, =Jael M < &2 (>4). (3)

Proof. Let v=u, +&u, take the inner product of Equation (1.1) with vin H,
and we get that
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(u,, +M(||D'”u||z )(—A)Z’” u+ B(=A)" u, +|ul” u,v) =(f(x)v). (4

We process the terms in Equation (3.4) by using Young’s inequality, Holder’s
inequality, Poincare’s inequality and differential mean value theorem, then we
obtain that

()= S+l =+ el 65)
(v (Joral! -y w2 &Sl + auama (3.6)
(B-AY"uv)> g"“ I +M s —ﬂ N (3.7)
(1 )= el 69)

(£ )9) el + Sl 69)

Substitute (3.5)-(3.9) into (3.4), we have

b g o 2o oy

+2&° ||u|| +(2€y—ﬂgz "A”’u” +2¢ ||u ’;2 +§"Amv"2 < gl—zuf"2 =

2m 2
Let o, = mm{%—Za—gz,ZS,M,g(/)+2)} , then
r

dy, (¢
By ”nw fc.
where y] —||v|| +&° ||u|| + u||A"u :i.

By using the differential Gronwall’s inequality, we obtain

(1)< (0)e + &
a;

2
gjoT A de < T+ 3,(0),

thus ||(u,v)||2E0 = |amul +||v||2 < y,(t), moreover

e 2 C _p2
S ), <5 = R

1
a,

Lemma 1 is proved. W
Lemma 2. Assume (Al)-(A4) are valid. If (uy,u)e€E, k=12,---.2m

f(x)e r (Q), then the initial boundary value problem (1) has a global solution
(u,v) that satisfies u e L” (O,+oo; H"* (Q)) ,
vel” (0, +oo;H(’)‘ (Q))ﬂ I’ (O,T; H"* (Q)) ,and
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2 2 B C
Al <o)
a,

AN

dt <C,T+y,(0), (3.10)

2e—e" 26— ————
MU

2m 2 2
where v=u, +su, azzmin{ﬂﬁl _ 2 ¢ pe },
k 2 2m+k 2
¥, (O) =||V v0|| +y||V ”o” .
Thus there exists a nonnegative real number R, and 7, =1,(Q)>0 such
that

"(u,v)"; = "Vz””ku ’ +||Vkv||2 <R}, (t>1,). (3.11)

Proof. Taking the inner product of Equation (1.1) with (—A)k v in H, and we
get that

(un +M(||D’"u||z )(—A)Z’" wt B, +[u u(-A) v) ~(£(0)(-8)" ). Ga2)

Similar to Lemma 1, each item of Equation (3.12) can be obtained

O%GM”)zmwwrz“”u o 613
( |D’” || "u,(-A) v)zgdi"vz'"*ku +gy||vz'"*"u2 (3.14)
( - ) (3.15)
B ”Vz,n " "2 pe’ ||Vzm+/c ﬁ/ﬂ H( ﬂﬂq ||Vk "2 '

(1 (-8 ) 2l )] 2 ﬁi%( SERC
(£(x).(-8)"v)< Mz —|r (%) 'Bﬂ“ (3.17)
Substitute inequality (3.13)-(3.17) into (3.12), we have
S sl o 2o o
{zgﬂ_%_ ﬂng"ku Lo 19)
ﬁﬂf”’ b O /32%"‘ e
Let a, =min{ﬂﬂ]2m —2e-&*2¢e— (2.;2 —ﬂgz},then
4 P
dyilfx) +a2y2 ,B ||V2m+k <,
where , (x "Vk ” +,u||V2 "y
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By using the differential Gronwall’s inequality, we obtain

3 (1)< 3y (0)e e + 55,
a,

fﬁf [v2| dr <, (0)+ C,T.
so (v, = [V ul + [V < 7. (), moreover

Tim (), <S =2

2
t—>+0 Ey a,

Lemma 2 is proved. W
Lemma 3. (Daprato G. [9]) Let D be the bounded region of R!xR,, g,

and gare functions of Lf (D)(l <g< 00) , "gﬂ

) <C,g, —> g ae. inD, then

Lq(D
g, g is weak convergence in L’ (D) .

Theorem 1. Assume (A1)-(A4) are valid. If f € H,(u,,u, ) € E, , then the ini-
tial boundary value problem (1.1) exists a unique smooth solution
(u,v) el” ([0,+oo);Ek )

Proof. First of all, we prove the existence of solution.

Let (—A)zmk o, :/If'"”a)j (k :1,2,-~,2m), where A; represents the eigen-
value of —A with the homogeneous Dirichlet boundary on €2, ®, represents
the eigenfunction determined by the corresponding eigenvalue A, then
®,,0,,,, constitute the standard orthonormal basis of H. Suppose
w, =u, (1) = Zﬁ,:] g (t)a)j is the approximate solution of the initial boundary
value problem (1.1), where g, (¢)(1< j<h) isdetermined by

(”;1, +M("Dm”h "Z )(_A)zm u, +B(-A)"u; + s |” (<A @,
=(f()(-a) @) (j=120h)

Equation (3.19) satisfies the initial conditions

) (3.19)

h
u, (0) =Uy, = Zajh (t)a)j —> u, (h - +OO) in Hgm+k’
=

h
uy (0)=u,, = Z:‘ﬂf” (1)o; = u, (h — +0) in Hy,

=
namely as & — +o0, (uy,,u;,) = (uy,u;) in E, . According to the basic theory
of solutions of ordinary differential equations, the approximate solution u, ()
exists on (0,7,).

Multiply both sides of (3.19) by g', +&g,, (¢) and sum over /. Let

v, (£) =u; (¢t)+&u, (t) , according to Lemma 1 and Lemma 2, estimation (3.3),
(3.10), (3.11) still hold for u, Hoz””k (Q),vh IS H(f (Q) , namely we have

o, = <f5s < % 620

Bt ar< v, 0)+ ] Gy
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then we obtain (uh (t),u,; (t)) is uniformly bounded on E, , and (3.20), (3.21)
hold the priori estimate of the solution in the Lemma 2. Moreover, we know
from (3.20) that (u,,v,) is bounded in L” ([O,+oo);Ek), from (3.21) that v,
isboundedin I? ((O,T);H(f"”k ) .

In space E,, select the subsequence {u } from the sequence {u,} such
that (u,,v,)— (u,v) is weak * convergence in L” ([0,+00);Ek ) , and we obtain
that v, isbounded in I’ ((O,T);Hg"”k) via (3.21).

Due to the Rellich-Kohdrachov Compact Embedding theorem, E, < E,,
(u,,v,) > (u,v) isstrong convergence a.e.in E,.

P p+2

u): b
o =T

According to Lemma 3, taking g, =|u, g, —>|u|p u a.e. in

L' (Q), where Q= [0,+90)xQ, then

u

s

? u, — |u|p u is weak * convergence in L” ([O,+oo);Lq (Q)) . (3.22)

Then in Equation (3.19), let ~=s and take the limit. For fixed jand s2j,

we obtain

i)(—A)Z'" u,+ B(-AY" u! +
~(£(x):(-8) @,).

Dueto u, —>u isweak* convergencein L~ ([O,+oo);H§’””‘ (Q)) , we have

(us”-i-M("DmuS u,

Pu,(-A) a)j)

(us (t),(—A)k o, ) - (u(t),/lj'.‘a)j) is weak * convergence in L [0,+),

(u’ (t),(—A)k a)) N (u'(t),/l;‘a)/) is weak * convergence in L”[0,+0).

s J

Then, we obtain (u/(r),(~A)' wj):%(u; (1),(-=8)" @, ) > (" (1), 2w, ) is

convergence in D'[0,+x), where D'[0,+0) is the conjugate space of the infi-

nitely differentiable space D[0,+).
P m k m
)ar"u(-a) @)—)[M(”D u

is weak * convergence in L~ [0, +oo) .

(M (||D”‘u5

JeaF s (e |
Due to

(B(-8)"u.(-8) )
(a8 o o (4] w4 T 0|
(B(-2)"u.(-2) o)
(B )T 0 e ) 0 )

weak * convergence in L*[0,+).

According to Equation (3.22), we have
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u

s

(

Because o, is arbitrary, for Vve H*(Q)NHy(Q) we have
(un +M(||Dmu||p )(—A)zm u +ﬂ(—A)2m u, +|u|p u,(—A)k a)/.)
b .
~(£(x).(-2)" @).

Hence, Equation (3.23) is established for all /. The existence is proved.

P u, ,(—A)k o; ) - (|u|p u,lj’.‘a)j) is weak * convergence in L” [0, +00).

(3.23)

Then we prove the solution of the initial and boundary value problem is
unique.

Assume u,,u, are the solution of the initial and boundary value problem
(1.1). Let w=u, —u,, we have

2m

w, +M(||D'“ul "Z)(—A) U, —M( D"’u2||z )(—A)z’” "

+ﬂ(_A)2m W, + | wy =[u|” uy =0, (3.24)
W(O) =0, Wi (0) =0,
we L ([0,+90); Hy" (Q)),w, € L* ([0, +%0); I (Q)).

Taking the inner product of Equation (3.24) with w, in A, and we get that
1d m m m
Sl + Bl +( (o] )=y s = (|97 )~y W)

P p—
+(|u1| u, —|u2| uz,wt)—O.

(3.25)

According to Lemma 1 and Lemma 2, the Equation (3.25) is processed as fol-

lows

(7l ) e (77 o v
ulfvul 2 ||Amw|r—M'<s>(||wuz—||vf"uz||z)(<—A>”uz,w,) 220

ﬁ 2
| 2 W|’

m

> A m

l
)
ud
2.dr

A"w |

2/3/11

P P
(|u1| u, —|u2| uz,wt)‘ = -C;

(] sl oot o

C, (3.27)
m 6

vl Sy LU

Substituting (3.26)-(4.1) into (3.25), we obtain

> —

d 2 m 2m
Sl s wn) L

C6
B /1{” 7

Let o, =max {| BA" —C | }, by using the integral Gronwall’s

inequality we receive that

I O st <( OF + st o -
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Hence w,(1)=0,A"w(t)=0, a.e. w(t)=0,u, =u,. The uniqueness of solu-

tion is proved. W

4. Global Attractor and Dimension Estimation

Theorem 2. [9] Assume F is a Banach space, and {S (t)}tzo are the semi-
group operators on E. S(1):E—E, S(t+s)=5(t)S(s)(Vt,s20), S(0)=1,
where 7is the unit operator. Suppose S(¢) satisfies the following conditions:

1) S(¢) is uniformly bounded, ie. VR >0, ||u||E <R, there is a constant
C(R)

, such that

|S(e)u], <C(R), (ve[0,4+w));

2) There is a bounded absorbing set B, c E, ie. VBCE, there exists a

constant £, so that

S(t)B=B,, (Vt=t,);

3)As t>0, S(r) isacompletely continuous operator.

It is said that the semigroup operator S(¢) exists a compact global attractor
A.

If S(¢) is the solution semigroup that generated by the initial boundary val-
ue problem (1.1), Ze. u(t)=S(t)u,, according to Lemma 1 and Lemma 2 we
obtain the existence theorem of the following family of global attractors.

Theorem 3. Under the assumption of Theorem 1, let S(¢) be the solution
semigroup that generated by the initial boundary value problem (1.1), then the
initial boundary value problem (1.1) exists a family of global attractors, Ze. exists

compactset 4, c E, C E, and

4, =o(By) =S (¢) By

520125
where B, ={(uv) € B ()}, =il gm0y SR} 0 B s the
bounded absorbing set in E, and satisfies:

1) S(t)4, =A4..(1>0);

2) lim dist(S(t)BOk,Ak) =0, where for arbitrary bounded set B,, c E,,

we have

t—>+0

dist(S(t) By, 4, ) = Xselllgg }12}; ||S(t)x—y||Ek :

Proof. The proof can be obtained by verifying the three conditions in Theo-
rem 2. Under the conditions in Theorem 1, suppose that the Equation (1.1) has a
solution semigroup S(r):E, > E, .

(1)According to Lemma 2, for arbitrary B, c E,, it contains the bounded set
of the sphere {"(u,v)"Ek < R} such that there exists a constant C, then we have

IS ) o w ), = el + Mgy < B €

0

where 20, (u,,v,)e By, {S(t)}tzo is uniformly bounded in E, .
2) Further, V(u,,v,)€ E,,t>max(t,t,), we have
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"S (1) (o vy )"; - "“"i]&m" @t [vo "12115(9) <R; +R;,

so B, isabounded absorption set of the semigroup S(¢).

3) Dueto E, < E,, we obtain that the bounded set in E, is the compact
setin F;. Hence, S(z) is completely continuous operator.

Theorem 3 is proved. W

In order to estimate the Hausdorff dimension and Fractal dimension of the

family of global attractor, we linearize the problem (1.1):

i)("vmu":) VU (-A)" u
+ﬂ(—A)2m U, +(p+1)u”U =0, (4.1)
U(x,t) =0,x€0Q, t>0,

U(x,0)=¢,U,(x,0)=n,

where (&,n7)eE,, (u,u,)eS(t)(uyu,) is the solution of question (1.1) ob-

V"u

U, +M(||V’”u||z )(—A)z”’ U+M’(

tained by (u,,u,)e€ A4,. Then for a given (uy,u;), S(1):E, — E,, it can be
proved that for arbitrary (&,77)e E,, there is a unique solution
(U(Z),Ut (t)) el” ([0,+oo);Ek) to the linear problem (4.1).

Lemma 4. For V¢>0,R>0, the mapping S(¢):E, — E, is differentiable
on E, . Then the derivative of ¢ =(u,,u,) isalinear operator of
G(t):(&m)—> (U(l),Ut (t)), where (U(t),U[ (t)) is the solution of the linear
initial boundary value problem (4.1).

Proof. Let ¢, =(uy,v,)€E, , ¢,=(uy+&v,+n)€kE, , and "%"Ek <R,
“%“E <R, define (u,v)=S(t)g,, (1,v)= S(z‘)(;0 , then S§(¢) has Lipschitz

k

property on the bounded set E, :

Nor —s(z)(;g“; <e

&, (4.2)

Let ®=i—u—U is the solution of the linear initial boundary value problem
(4.1), then we have
m. ||1? 2m 2m _
o, +M(||v u"p)(—A) O+ B(-A)" O, =h +h,, W
©(0)=0,(0)=0.

= (M(||vmu||z)_M(

ar (vl )(|vel ) v (-ayta,

7

P 2m ~

p))(—A) @
hy =[u” u=a|” i+ (p+1)u” U,

Let s=V"u, §=V"i, u=ii-u, &=(1-0,)5+a,s,

& =(1-a)s+ad, N(E) =M (s )(Is) » anars <(0.1).
Then

DOI: 10.4236/jamp.2021.95071

1050 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.95071

G. G. Lin, C. M. Zhou

==N(&)V"T(-a)"7-N'(&)(1-a,)(V u) (—A)zm
~N(s)V"O(-A)"u
h, :—(p |§3| u+ p+1 |u|p p+1 |u|p
=p(p+1)&]” i —(p+1) lu|” ©

Taking the inner product of Equation (4.3) with s =V"u, we receive that

d m+ m+
Lol Lu(ap) 2ol ool
—(h1+h2,(— ) @,),
(n(-a)" @, )| <[ (&)], v al oo~ o)
+ G |N(&), [voE “l(-a) u
[N (), J(-2)" uf|v e (4.5)
<( Cx 10]||Vk® " Cy ||V2m+k®|2
22 A
+§||vzm+k®,|r [—MM
et L etlolt bEperel s

— Cll
2/114m
According to (4.4)-(4.6), we obtain

2meky; 4 n C,

Livoff «alvo

S(C ;:C“ +C10+C12J|

|2)+ﬁ||V“‘*’f®f||2
[ Co + &J ||V2m+k®
A" /Lzm

(C-ﬁ- Cz o ||v2m+k1/—l4.
ﬂﬂ'lerk Aq4m

Cp C12
HA" "

|2

G +C .
Let a, =max /11 0+t Ch, , We receive

%("Vk(at "2 + ,Ll||V2m+k®||2 ) <a, ("Vk@t || + #”VZW"@"z ) +C, ||V2m+kﬁ||4 @7)

By using the differential Gronwall’s inequality, we have

4

o f +ufroff <c.efen.

2
According to the Lipschitz property of S(¢),as “(f,n)T

E
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2

|s()e =5 (1)o, =G (0)(£m)
ey

E,
L <CLe —0.

(&n)'

2
Ey

2
Ey
That means S(¢) is uniformly differentiable on E£,. M

Theorem 4. Under the conditions of Theorem 3, the family of global attractor
A, of the initial boundary value problem (1.1) have the finite Hausdorff dimen-

N 3N
?’dF (Ak)<_

Proof. In order to estimate the dimension of the family of global attractor 4,,

sion and Fractal dimension, and d, (Ak ) <

we rewrite the initial boundary value problem as a first-order evolution equation

W, AW+ g (W)= F (W),
where ¥ = (u,v)T =(u,u, +8u)T, g(¥)= (0,|u|p u)T , F(¥)= (O,f(x))T,

el -1
A =

| (mll)-esjar e pray et
P
Further, let L(¥)=Y¥,=F(¥)-A,¥Y—-g(¥), where L:E, > E, is Fre-
chet differential.

Similarly, we rewrite the linear Equation (4.1) as

P+A,P+g'(¢)P=0, (4.8)

where P=(U.,U, +SU)T , P=L(¥), g'(¢)P= (0,(p+l)|u|p U)T , Uis the
solution of Equation (4.1),

el -1

A= (M("V’"u"i)—gﬁ)(—A)zm+521+D B(-A)" —el |

DU= M("V’"u"; )("V”’u”: ) VU (-A)" u.

For every fixed (u,,v,)€ E,, assume that U, (7),U,(t),--,Uy (t) are N so-
lutions to Equation (4.8). The initial value U, (0)=¢,U,(0)=¢,,---,Uy (0)=¢&,,
where & € E, (i = 1,2,~-,N).

Then

2

AEy

~20r (L, (9)- 0y ())& A& A n [, =0,

%"Ul () AU, (1) - AU, (0)

where A represents the cross product, ¢ represents the trace of the operator,

O, represents the orthogonal projection from E, to

span{Ul (1).U,(t),---.Uy (t)} .
According to uniform Gronwall’s inequality, we obtain
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[V, () AU, () A AU ()]

AE}

) ) (4.9)
< ||g“l AE A A é‘N”AEk exp(J'O trl, (‘I’(r))-QN (T)dT).

For arbitrarily given time 7, let ,(7)= (é‘ (7).m (r))T (j=12,,N) are
)

the orthogonal projection of span{U, (t),U, (),"-,Uy (t)} . Then, we have

||V2m+k§j|| +||V"77j "2 —1 (4.10)

Define the inner production on E, as
((5:):(.7)) = (V" 6, V2" ) +(Vin,V'7).
According to the above conditions, we receive

oL, ((7)- 0, (7)) = (L, (¥(7))-0y (), (¢, (5)),

k

f;l (4.11)
= /Z:;(L‘ (‘I’(z’))a)j (7). 0, (r))Ek ,
(B E)e ()0, (), = (L (¥ @)e, ()0, (),
(/\_gw, a)j) (g'(¢)a)j,a)j)
(o0, )=( (s = (fonul - ap a6 v+
“p(-8)" 0, ~en, ). (&)
—el[vg o (b ([0l |- o -1) (vt o)
(4.12)

& (V& Vi, )+ ﬁ||V2’”*"'L~ "2 - g”kaf "2 (V4D V')

>(g_ & (ﬂ_l)J"V2m+k§j"2 N (B+) A"

— 2_
; R

8 +25+C16

[ve -
(g'(¢)a)j,az,) - ((0’p|”|p ’7./)’(5./‘”7/ ))

, . (4.13)
2 =plull [V*n, | = ~Cr[V'n [ -
According to (4.10)-(4.13), let

2 2m 2

5=mm{g_s (p-1) (B+DA" -2 =C, C} ,_EH2Cs

2 2 2

tain
N N
ZI(L,(\P(T))@(T),@].(T))& S—N5+7Z;"ch§j"2. (4.14)
J= J=

For almost all # we have

2m-1

Sef <3
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where A, is the eigenvalue of (—A)zm . Thus

N 2m—1

tr(L, (¥)(7)-Oy (r)) <-No&+ 7;%— m

Suppose

gy (t)=sup inf G.f;trLt (S(r)‘PO)-QN (r)drj,

WoedSj<Er

gy =limg, (t)

t—w©

Due to (4.14), we have

N 2m-1

4y S-NG+yS L
j=1

Therefore, the Lyapunov exponents o,,0,,-:,0, of B, are uniformly
bounded, moreover

n _2m-1
2
0,+0,+ - +0y S—N5+7Z/1j ",
=

such that
a 2m-l N 2m-l
(qj) S—N5+;/Z/1].2”’ S;/Z/ljz’" S—N—é‘,
y = = 3
y &2 2No
<-NS|1-—=> 1.2 |<— )
I ( No 2 J 3
Further,
max <qj)* Sl.
1N |q | 2
Thus, we obtain dH(Ak)<%,dF(Ak) % |
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