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Abstract 
The quantization of circuits has received to be rather attractive in domains of 
solid state—molecular—and biophysics, since the quanta referred to as Q-bits 
play a significant role in the design of the quantum computer and entangled 
structures. Quantized circuits cannot be applied without modifications, since 
the energy differences are not equidistant and the polarization of the excited 
states has to be accounted for having particular importance for the creation of 
virtual states. Applications of the presented theory are scanning methods in 
radiotherapy without multi-leaf collimators, which may be realized in to-
mo-scanning radiotherapy and in the keV domain, which provides a new de-
sign of CT. The problem of lateral scatter in the target and energy storage by 
heat production is significantly reduced by a multilayer system with focusing 
the impinging electrons at the walls and by a magnetic field. The verification 
of the Heisenberg-Euler scatter of crossing beams of 9 MV is a central prob-
lem of photon physics and can be solved by the new bremsstrahlung tech-
nique. A comparison with GEANT 4 Monte-Carlo data indicates that the 
presented method also works in the GeV domain, and a multi-target can im-
prove the bremsstrahlung yield. GEANT 4 provides the spatial distribution, 
whereas the virtual oscillator states only show the created energy spectrum. In 
every case, the exploitation yield can be drastically improved by the superior-
ity of the focused multitarget system compared to a single standard target, 
and the door to new technologies is opened. 
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1. Introduction 

The forced circuit oscillator in quantum theory, which contains the addition 
term of the form U(t) = U0∙ei∙ω∙t, is significant in many disciplines of pure and 
applied physics, such as quantum electrodynamics, molecular and biophysics in-
clusive biorhythms [1] [2] [3] [4] [5], design of the quantum computers [6] [7] 
as well as in disciplines of classical electrotechnics, e.g., control theory, design of 
networks, information technology [8]. The quantum theoretical treatment of the 
mentioned physical subject appears to be rather attractive, namely the descrip-
tion of molecular and nuclear processes by circuits. However, an essential defi-
ciency is that the quantized oscillator in the charge space as well as in the posi-
tion space implies equidistant energy levels, given by  

( ) ( )01 2 0,1,2,nE n nω= + ⋅ =  . A glance at atomic/molecular, solid state or 
nuclear physics indicates that constant energy differences between the ei-
gen-states do, in general, not exist. In the present study, the polarization of the 
dielectric constant ε implying ε(ω) and entering the capacitor is accounted for. 
By that, the equal distances of the energy levels are removed, and, above all, the 
polarization increases with increasing oscillator energy superimposed by the ex-
ternal forces. This behavior is rather important to describe the creation of 
bremsstrahlung, but even in the low-energy domain, we cannot neglect the pola-
rization influences of the energy levels. In problems of classical physics, the 
forced oscillator implies further severe problems, if the force frequency ω agrees 
with the oscillator eigen-frequency ω0, and only a resistance term can overcome 
this problem. The translation of the resistance problem to quantum mechanics is 
not a trivial one, since the uncertainty relation must not be violated, and a non-
linear term in the Schrödinger equation must be accounted for [9] [10] [11] [12]. 

2. Methods 

Abbreviations: Inductivity of a coil: L; mutual magnetic coupling between coils: 
M; Capacitor: C; mutual electric coupling CI by common dielectrics ε. If ε = 1: 
vacuum or air with C0 = C; in the presence of the electric coupling the capacitor 
reads C = C0(1 + CI). However, by virtue of the time-dependence of U0(t) the di-
electric factor ε assumes ε > 1 and may become a function of the frequency ω0, 
i.e.: ε = ε(ω0). The creation of bremsstrahlung can be founded by coupled har-
monic oscillator processes, where besides the mutual magnetic coupling the 
electric coupling plays a significant role, since the role of virtual orbitals (oscil-
lator states) is closely connected to the polarizability of the dielectric properties. 
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The method even works for bremsstrahlung up to 9 GeV.  
The following denominations and explanations used in Figure 1 are used in 

this study:  
Figure 1 shows the basic principle in this study, two coupled circuits are dri-

ven by the oscillator forces U1·eiωt and U2·eiωt. In addition to the usually mutual 
magnetic coupling M the electric coupling CI is included, which may assume ei-
ther positive or negative values. The special case without electric and magnetic 
coupling and U1 = U2 = U0 yields two independent circuits. The indices of the 
charge can be omitted, and in classical electrotechnics Formula (1) plays a sig-
nificant role: 

0
0

2 0
0

1 e

e

i t

i t

L Q Q U
C

U
Q Q

L

ω

ωω

⋅ ⋅

⋅ ⋅

⋅ + ⋅ = ⋅ 

→ + ⋅ = ⋅ 





                    (1) 

The well-known eigenfrequency of this oscillator is given by: 

2
0

0

1
L C

ω =
⋅

                         (1a) 

With the help of the “ansatz” 0 ei tQ Q ω⋅ ⋅= ⋅  the solution of Equation (1) as-
sumes the shape: 

0
0 2 2

0

1 U
Q

Lω ω
= ⋅

−
                       (2) 

As well-known, Equation (1) yields Equation (1a), if ω = ω0 and may only be 
overcome by an additional damping term, which in electrotechnics is an Ohm 
resistance R. An immediate translation of Equation (1) by taking account for 
damping to QM might require a nonlinear Schrödinger equation in order to in-
corporate damping as already mentioned. However, this problem can be cir-
cumvented: The principal aspect in the present study is the creation of 
bremsstrahlung according to Sections 2 and 3. The creation of bremsstrahlung is 
always connected with scatter of impinging electrons and heat production in the 
related medium (usually tungsten), yet the frequency-depending dielectric factor 
ε(ω) appearing in all formulas of this study will be assumed to be complex, 
where the imaginary part describes the losses by heat production and scatter. By 
that, we shall make use of the dispersion methods in classical and quantum op-
tics, where similar tasks are treated, e.g., the absorption and emission of light. 
 

 
Figure 1. Two coupled circuits with mutual electric and magnetic coupling and two dif-
ferent driven forces. 
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2.1. Coupled Circuits with Electric and Magnetic Coupling 

In the succeeding section, it is a very essential feature that the dielectric constant 
ε in the capacitor C is itself depending on the eigenfrequency ω0, i.e., ω0 = ω0(ε), 
in order to remove the equidistant energy levels En = (n + 1/2)·ħ·ω0, which are 
not adequate neither in low-energy molecular physics nor in radiation and high- 
energy physics. 

This chapter is based on Figure 1 with 0, 0IM C≠ ≠ . The basic equations 
related to Figure 1 are: 

1 2 1 2 1

2 1 2 1 2

1 e

1 e

i tI

i tI

CL Q M Q Q Q U
C C

CL Q M Q Q Q U
C C

ω

ω

⋅ ⋅

⋅ ⋅

⋅ + ⋅ + ⋅ − ⋅ = ⋅ 

⋅ + ⋅ + ⋅ − ⋅ = ⋅


 

 

             (3) 

Using the substitutions q1 = Q1 + Q2, q2 = Q1 − Q2, U11 = U1 + U2, U22 = U1 − 
U2, λ1 = L + M, λ2 = L − M, C1 = C/(1 − CI), C2 = C/(1 + CI) and passing to the 
Lagrangean, which reads: 
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               (4) 

In Equation (3), a negative capacitive coupling is assumed, yet a positive 
coupling only requires the substitutions C1 = C/(1 + CI), C2 = C/(1 − CI), and 
Equation (4) will not be changed.  

The canonical momenta are given by:  

1 1 1 2 2 2;P q P qλ λ= ⋅ = ⋅                       (5) 

By that, both Hamiltonians assume the shape: 

2 2 21
1 1 1 1 1 11

1

2 2 22
2 2 2 2 2 22

2

1 e
2 2

1 e
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i t
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             (6) 
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                    (6a) 

The Schrödinger equation is only a slight modification of Equation (6). 
Therefore, we pass to the representation by creation—and annihilation opera-
tors: 

( ) ( )
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With the help of Equation (7) the Schrödinger equation assumes the shape: 
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2
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2
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2 2k k k k k k k
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U i
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− + − = ⋅
∂∂
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In order to introduce creation and annihilation operators we use the following 
relations: 

( )

1 1;
2 2

, 1,2

k k k k
k k

k l l k kl

b b

b b b b k l

ξ ξ
ξ ξ

δ

+

+ +

   ∂ ∂
= − + = +    ∂ ∂    

− = = 

           (7b) 

By that, Equation (7a) becomes: 

( )1 e
2

i t
k k k k k k k k k kH b b b b i

t
ωψ ω ρ ψ ψ+ +  ∂ ⋅ = ⋅ + − ⋅ + =   ∂  

        (8) 

2.2. Creation of Bremsstrahlung in the MeV Domain and  
Application in Scanning Beam Technique of Radiotherapy  
and Photon-Photon Scatter (Heisenberg-Euler Scatter) 

2.2.1. Energy Loss Determination Based on Bethe-Bloch Equation 
The creation of bremsstrahlung in a target (usually tungsten is applied) is always 
connected with heat production and scatter in this medium. Therefore, we have 
to analyze sufficiently the co-lateral processes before we are able to apply Equa-
tions (6) - (8) to this task (Z: nuclear charge of the stopping medium, AN: mass 
number, and ρ: density) and have a look at Bethe-Bloch equation:  
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    (9) 

( ) ( )2 2 ; 4 ; exp 21I I Iv E m E E uβ β= = = −            (9a) 

( ) ( )

2

2
0

2

1 d
2

e
ed

2 2 4 2 eB

u

u
s Barkas I B I

p u

K m

u
u m E

z

p E m

β

α α α

−

−=

⋅ ⋅

++ + ⋅ +

∫

∫
    (9b) 

With reference to the weighted ionization potential of the stopping medium 
we have checked the usual value EI = 75.1 eV for water, which is tacitly assumed 
to be valid for other stopping media. For this purpose, we have used the ioniza-
tion energy levels of the atomic shells for water, lead and tungsten determined 
by ICRU [7]; these energy levels have been introduced to Formulas (9, 9a, 9b) in 
order to calculate the transition probabilities Wik induced by collisions with ex-
ternal electrons. Now the average ionization potential is obtained by the 
weighted energy levels divided by the number of energy shells, which is Z = 10 
for water, Z = 74 for tungsten, and Z = 82 for lead: 

( )1 1

1 Z Z

I k ik
i k k i

E E W
Z = = ≠

= ⋅ ⋅∑ ∑                     (9c) 
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The condition k ≠ i must hold, since transitions can only occur by different 
energy levels; it should be added that Formula (9c) is a special case of the Pauli 
mater equation, and it provides some noteworthy results: For water, this formula 
yields EI = 75.112 eV, which is in acceptable agreement with the assumed EI = 
75.1 eV. The results for lead and tungsten are more interesting, since these ma-
terials are used for radiation shielding and creation of bremsstrahlung. Thus, for 
tungsten we obtain EI = 74.45 eV and for lead EI = 84.92 eV. According to ICRU 
[13], the excitation energies from 1 s orbitals to ionization amount to 80.7556 
keV and 79.1819 keV. The main transitions induced by electrons are between 67 
keV and 60 keV, since the emission of radiation mainly occurs from energy le-
vels of about 13 keV - 15 keV above the deepest levels, and further relevant tran-
sitions are positioned between 20 keV and 10 keV. The relativistic corrections of 
the 1s-electrons of tungsten are also imposing, since a nonrelativistic calculation 
by the Schrödinger equation would only provide 74.45 keV. Similar results hold 
for lead, where the corresponding orbital excitations of 1s-electrons amount to 
101.20 keV and 99.954 keV, but the discrete emission lines are in the domain of 
80 keV and below 30 keV. The nonrelativistic determination of the 1s-electron 
energy now is 91.42 keV. This discrepancy results from the increase of the ki-
netic energy, in particular, of the innermost 1s-electrons, by Z2 and the relativis-
tic mass dependence cannot be ignored. 

The substitutions (9a) in Equation (9) yield the integration Formula (9b). The 
above Formula (9) is valid for protons and electrons, but the Barkas correction 
does not exist for projectile electrons, and, by setting αBarkas = 0, the evaluation of 
the above Formula (9b) can be made easier. It is easy to verify that the correction 
terms prevent the singularity of the integration and by putting them to zero, the 
divergent integral would remain: 

21 ed d
2

u

K m z u
u

β
−

⋅ ⋅ =∫ ∫                    (9d) 

We use the operator calculus developed by Feynman [14] in order to handle 
integration problems in quantum electrodynamics: 

[ ] ( )1 1 2 3 2 4 3 11 n n nA B A A B A B A B A B− − − − − − −+ = − + − + + −
      (9e) 

The expression (9e) provides the integration of (9a) up to arbitrary order with 
finite values [15] [16] and to take account of the relativistic Bloch corrections up 
to arbitrary order. The divergent behavior of Equation (9), which is also reflected 
by Equation (9d), at low projectile energies, above all, if E → 0, implies a severe 
aspect of Monte-Carlo calculations. The Monte-Carlo code GEANT 4 [17] uses 
cutoff values of the order 1 - 2 MeV to guarantee reasonable results in this ener-
gy domain. The application of the procedures (9b) and (9d) circumvent the di-
vergencies by mutual compensations of the different terms.  

A practical problem in radiotherapy is to construct individual panels within 
an electron tube (lead allow, thickness: 1 cm), since electrons create bremsstrah-
lung at the panel surface. 
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According to Formula (10) the mean stand standard deviation of Rcsda 
amounts to 0.008 cm and of E0 to 0.004 MeV, if compared with ICRU, which 
may be downloaded by ICRU [13]. With regard to the ratio charge to mass 
number (Zw to Aw) the center-of-charge and center-of-mass of H2O is more ac-
curate. Please note that Equations (10, 10a) refer to water with C = 1. The cor-
rection factors C and C−1 have also to be accounted for, if one passes to high Z 
media with different values of EI. Thus, for tungsten we have to use C = 0.992 
and for lead C = 0.989. A further correction refers to the factor f, which is f = 1 
for water (this makes sense, since water is used as the reference medium in the 
dosimetry), but by the fixations Zm, Am and ρm referring to the considered me-
dium a general modification factor f has to be accounted for: 

m m w

m w

Z A
f

A Z
ρ⋅ ⋅

=
⋅

                       (10b) 

Based on Equations (10, 10a, 10b) the energy E(z) and the stopping power 
−dE/dz are given by: 
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 (11) 

A particular feature of Equation (11) is that the stopping power (−dE/dz) re-
mains finite at the endpoint track of the electron (Figure 2(a)): 

( ) ( )1 2
d 1 if
d csda
E f a a z R
z C

ε− = ⋅ ⋅ + + =               (11a) 

With respect to the ranges of electron energies, we have restricted ourselves to 
30 MeV, although we explicitly consider bremsstrahlung production of 6 MeV 
and 9 MeV electrons with tungsten targets, but this restriction is implied by two 
specific cases, whereas the further electron energies mainly serve to provide in-
formation on shielding problems in the radiotherapy with electrons (Figure 
2(b)).  

2.2.2. Bremsstrahlung by Virtual States of the Oscillator Circuit and  
Applications 

Equipped with the energy deposition methods for electrons in the MeV domain  
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(a) 

 
(b) 

Figure 2. (a) Range of electrons depending on the initial energy E0 and on the stopping 
material; (b) Section of (b) to indicate the differences between lead and tungsten. 
 
we now pass to the bremsstrahlung creation of the differences between a con-
ventional tungsten target and a novel target design according to Figure 3, which 
we reconsider with regard to a novel bremsstrahlung model [18] [19] for a new 
configuration of a linear accelerator (abbreviation: linac).  

The thickness of each plate amounts to 0.01 mm, and the tungsten plates are 
surrounded by a tungsten wall and a ferromagnet.  

The distance between the plates (in vacuum) is 1 mm, but the above construc-
tion can easier be realized, if the thickness of each plate is 0.02 mm and the dis-
tance between the plates 2 mm.  

Figure 4(a) completes the necessary backbone of Figure 3. The tungsten plate 
(red) is enveloped by a tungsten wall and a ferromagnet. With respect to the 
plates and the wall tungsten should be preferred, since it is paramagnetic, whe-
reas gold is diamagnetic and weakens the magnetic field strength in the target 
channel. In contrast to the novel multitarget design Figure 4(b) provides the ba-
sic principle of a linac installed usually in radiotherapy stations. The incident 
electrons (yellow) meet the tungsten target (1 mm thick) for creation of 
bremsstrahlung; the succeeding plate (copper, green) primarily serve to control 
the target temperature, the primary collimator and the flattening filter (blue) 
form the profile of the outcoming radiation beam. 
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Figure 3. Cross-section of a multilayer target with 100 tungsten plates within 10 cm 
length from incident electron beam to the outgoing bremsstrahlung rays. 
 

 

 
(a) 

 
(b) 

Figure 4. (a) Top view of Figure 3; (b) Schematic representation of the head of a 
conventional Linac. 
 

The solution function of Equations (7a, 8) and the energy eigen-values are 
given by: 
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The general solution of Equation (12) is given by: 
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               (14) 

Since the incoming electron beam has a Gaussian distribution (see also the 
appendix) we make use of the fixations: The field length at entrance is as usual 4 
mm, the height of the 6 MeV Gaussian distribution at the boundaries amounts 
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to 6/e2 = 0.135335 = 0.8120117 MeV. Therefore, we have to choose e0·U1 = 6 
MeV and e0·U2 = 0.8120117 MeV, i.e., e0·U11 = 6. 8120117 MeV and e0·U22 = 
5.1879883 MeV. The transition probabilities related to the yield of the bremsstrah-
lung spectra is received a modified version of Equation (9c) for the absorption 
and emission processes:  

Thus, Wkl is related to the transition probability and Pk to the probability of 
the state with index k. The evaluation of the induced transitions with help of 
Formulas (12) - (14) is rather manageable by the harmonic oscillator state func-
tions. With regard to the energy deposition of the incident electrons we have as-
sumed further assumptions: For tungsten (W) we assume Z = 74 and AN = 
183.840; 2cµ ⋅  is the electron rest energy with reduced electron mass, which 
can be replaced by mel·c2. The ionization potentials Iionp,11 and Iionp,22 are 6.812 
MeV and 5.188 MeV, respectively, and the ground state energy E0 is assumed to 
be the electron rest energy. The density of tungsten serves as the reference value, 
δref = 19.25 g/cm3. By that, the multitarget provides the ratio δ/δref = 
0.48125/19.25 = 0.025, Er represents the remaining electron energy, which is 
neither absorbed to produce dose deposition (heat) nor to create bremsstrahlung 
above 15 keV. The index is either p = s, if Us = U1 + U2 or p = d, if Ud = U1 − U2, 
and Iionp,p as well as En,p refers to the same index “p” (Iionp,p: Iionp,11 or Iionp,22, En,p: 
En,11 or En,22). It should also be pointed out that the zero point of Iionp,p has been 
shifted to the harmonic oscillator ground state energy, since this item remains 
unchanged and, therefore, Formula (14) could be slightly simplified to avoid too 
long formulas, in particular with regard to Formula (15). 

0
2

, , ,1 e
p
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n Z e U

A c
n p ionp p ionp pE I I

δ

µ δ

⋅ ⋅ ⋅ ⋅
−

⋅ ⋅ ⋅
 
 = − − ⋅  
 

              (14a) 

Therefore, the principal question is, what are the differences to the case with 
one single uncoupled circuit. The most interesting property of Equations (12) - 
(14) result from the choice of U1 and U2, and for this purpose, we consider the 
creation of 6 MV bremsstrahlung based on two different model. The use of 
coupled oscillators enables to simulate the energy spectrum of the incident elec-
trons. Formula (14a) reflects the idealistic situation that the total energy of the 
incident electrons would be converted to bremsstrahlung. 

However, Figure 5 does not correspond to the physical reality, since besides 
bremsstrahlung creation some additional competition effects are ignored leading 
mainly to heat production, but also scatter losses in spite of small angle reflec-
tion at the tungsten wall and focusing of scattered electrons by a magnetic field 
(field strength: 0.5 - 1.5 Tesla, in the GeV domain the field strength should be of 
the order 4 - 6 Tesla). The average attenuation of the photon radiation along the 
multitarget amounts to 0.949, beginning with 0.99 down to 0.91. However, the 
creation of radiation at the tungsten plates and the immediately attenuation is 
not the main contribution to heat production, since the electrons contribute to 
dose deposition, too. The Bragg peak of 6 MeV electrons in tungsten is at 1.64 mm;  

https://doi.org/10.4236/jamp.2021.94051


W. Ulmer 
 

 

DOI: 10.4236/jamp.2021.94051 717 Journal of Applied Mathematics and Physics 
 

 

Figure 5. Calculation of the energy spectrum created by a multitarget (6 MeV electrons, 
Formula (12)). 
 
therefore, the dose deposition in the length of 1 mm amounts between 25% and 
40% of the incident energy. The third part of energy loss of the electrons by 
passing through the multitarget results from those electrons, which could not be 
attributed to small angle scatter and, by that, a further possibility to create 
bremsstrahlung is prevented. These three influences do not render to put λ = 1, 
which would yield the creation of bremsstrahlung by the complete energy of the 
incident electrons, but λ = 0.7071 turned out that the spectral distribution of 
Figure 5 is converted to Figure 6. The contribution of the imaginary part re-
sulting from 21 λ−  amounts to 0.7072. 
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With regard to the standard target according to Figure 4(a), we have to be 
aware of that the total length of the single tungsten target amounts to 1 mm. 
Therefore, we have to put δ = δref = 19.25. The thickness for the copper plate 
amounts to 1 mm, too, used to control the temperature of the tungsten target; 
the effective atomic charge and effective atomic number are: Zeff = 76.4 and AN,eff 
= 194.5 and λ has to be replaced by 0.438 → (1 – λ2)1/2 = 0.899. By using these 
modifications Equation (14a) reads: 
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Figure 6. Calculation of the energy spectrum created by a standard target (Figure 4(a)). 
 

Thus, En,p now contains a real and an imaginary part, the latter contribution is 
connected to losses described above and can be associated to a heat reservoir 
(energy dissipation). Figure 8(b) refers to the case of 9 MeV: λ = 0.76, →

21 0.65λ− = . Eaverage = 4.00798418482664 MeV, Emaximim at 2.98 MeV. 
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The imaginary part of the above equations reflects those losses, which cannot 
be transmitted to bremsstrahlung. This is, above all, the production of heat in 
the target system and scatter. The heat production is accounted for by the func-
tion E(z) according to Equation (11), whereas the influence of scatter (photons 
and electrons) is handled by Gaussian kernels [18] [19] [20]. The improvements 
of the multi-layer system with additional small angle reflection by the tungsten 
wall and the focusing contribution of the electrons by an appropriate magnetic 
field surrounding the target channel are reduction of electron scatter and heat 
production. The transition probabilities related to the yield of the bremsstrah-
lung spectra is received a modified version of Equation (9c) for the absorption 
and emission process:  

( )
1

k kl l k lk
l

P W P P W
∞

=

= −∑                    (15c) 

Thus, Wkl is related to the transition probability and Pk to the occupation 
probability of the state with index k. The evaluation of the induced transitions 
with help of Formulas (12) - (15c) is rather manageable by the harmonic oscilla-
tor state functions. With E0 = 6 MeV in Formula (29) only one specific incident 
electron energy is assumed. The parameters of Equation (16) are given in Table 
1. It should be added that the Formula (16) with different parameters can also be  
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Table 1. Parameters of formula (16). 

 Standard case Multitarget focused by a magnetic lens 

p 1.436 1.5591 

q 0.405 0.4048 

β 1.055 1.0493 

α 9.321 7.1102 

 
used for the spectral representation of other usual energies in radiotherapy, e.g., 
10 MV, 15 MV, 18 MV, but also in the X-ray diagnostics (CT, CBCT, etc.). 
Formula (16) results from the Laplace transform of depth dose curves, providing 
the possibility to determine the energy spectrum, i.e., the bremsstrahlung is 
stated in MV instead of MeV, by experimental data received in dosimetry [20]; 
and this formula can be used for the calculation of the energy spectrum with the 
help of Table 1. However, one should take into account that its validity is re-
stricted to an overall target of tungsten of 1 mm, which may either be the stan-
dard or multitarget case.  
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( ) ( )
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            (16) 

A further restriction of the choice of the target thickness is the radiation 
length stated in Table 2 in order to avoid too many contributions of low-energy 
parts.  

The average energy Eaverage according to Equation (16) amounts to 2.4057 MeV 
for the standard case and 2.795 MeV for the multitarget case. In Figure 7(a), the 
energy fluence of the standard case is normalized to 1, but it really amounts to 
0.6677 and to 1.945 for multitarget case. The drastic difference results from the 
absorption of the flattening filter in Figure 4(b). Due to the multitarget with the 
distance of 1 mm between each plate, we can verify two advantages, namely the 
backscatter at the wall and the magnetic field reduces the overall scatter and the 
heat production considerably. An additional copper layer for cooling the 
tungsten target as in Figure 4(b) is superfluous. These differences of the two 
configurations can be verified in Figures 5-7(a). It should be pointed out that 
the width of the discrete intervals has been chosen throughout in such a way, 
that the adaptation by the continuous function assumes the smallest difference. 
This is realized for all Figures in this communication such as Figure 5 and Fig-
ure 6, whereas in Figure 7(a) it appears to be inexpediently; it is appropriate 
with regard to Figure 8(b) and Figure 10(a) presented consecutively. 

The basic physical processes occurring in the target according to the previous 
Figure 4(b) connected with Figure 7(b) are presented in Figure 7(c). 

This Figure shows the close connection between bremsstrahlung creation and 
scatter (in particular, the scatter in a dense medium like tungsten). Since  
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(a) 

 
(b) 

 
(c) 

Figure 7. (a) Comparison of the energy fluences and spectra between multitarget (Figure 
3 and Figure 4) and the convolution target with flattening filter (Figure 4(b)); (b) Stan-
dard target (dashes, 1 mm tungsten and 1 mm copper according to Figure 4(b), scoring 
domain directly below the copper layer, unit area 0.2 mm2). Multiple target (solid line, 
according to Figure 3 and Figure 4 with 100 sublayers in 10 cm length, field strength 0.75 
Tesla, unit area 0.1 mm2). The conditions of the dotted curve are identical as the solid, 
but the field is 1.5 Tesla and the diameter at the tube end agrees with the entrance: 4 mm; 
(c) Connection between creation of bremsstrahlung and scatter in a dense medium (e.g., 
tungsten). 
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(a) 

 
(b) 

Figure 8. (a) Crossing of two narrow photon beams (energy of the photons ≥ 0.521 MeV 
by two different crossing configurations to verify Heisenberg-Euler scatter of mutual 
photons [23]; (b) Calculation of the energy spectrum created by a multitarget (9 MeV 
electrons, Formulas (12) - (15)). 
 
scattered electrons have to cover a longer distance, which is usually referred to as 
detour factor, the creation of bremsstrahlung may either be suppressed by heat 
production or leave the target with a large angle; this behavior is shown by the 
dashed curve in Figure 7(b). 
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Table 2. Critical energy Ec of bremsstrahlung creation/absorption and radiation length Rl. 

Nucleus Ec (calculation)/MeV Ec (formula of thumb)/MeV Rl/mm X0/g·cm−2 

Al 42.6230 42.837 89.924 24.27948 

Fe 22.4367 22.3935 17.9550 14.13058 

Cu 20.0623 20.1720 14.7577 13.16387 

Pb 8.0216 7.3282 5.5602 6.30527 

W 7.9613 8.1074 3.5151 6.76657 

Au 7.5892 7.6022 3.3263 6.42641 

Water 48.04 48.426 360.80 360.80 

 
In Figure 7(b) the diameter of the multitarget tube at the impinging electrons 

amounts to 4 mm and at the end of the tube 6 mm in order to receive a connec-
tion of the solid curve with the dashed curve of the standard target according to 
Figure 4(b). The flattening filter is either omitted as realized in the commercial-
ly available accelerator “true-Beam®” of the vendor [21] or at a different vendor 
[22] with regard to a scanning machine similar to a CT. Therefore, some inter-
esting consequences result from Figures 5-7(b). A very practical aspect appears 
to be the construction of an ideal scanning machine in radiotherapy. In a paper 
[22] the bremsstrahlung of 6 MeV is applied, and a rather small scanning beam 
comparable to CT in diagnostics performs a rotation around an iso-center. 
However, in a conventional technique one has to use multi-leaf collimators in 
order to protect some critical areas. By using the technique according to Figure 
4(a) and exploiting the improved yield of bremsstrahlung the whole procedure is 
much more efficient, and the intensity of radiation can be steered by the electron 
current impinging the multi-target. Even by restriction to small-angle reflection 
at the tungsten wall and neglect of an additional magnetic field for focusing one 
receives superior results than by a target according to Figure 4(b) without flat-
tening filter. 

An interesting aspect is the creation of crossing radiation beams of photons 
with the energy Ephoton ≥ rest energy of electrons (0.521 MeV). In a fundamental 
paper dealing with photon scatter based on the Dirac equation [23], which is re-
ferred to as Heisenberg-Euler scatter, it has been pointed out that the areas of 
the cross-sections have to be as small as possible. In order to achieve this re-
quirement, the multitarget system (Figure 8(a)) must not have any divergence, 
and the diameter of the tungsten plates is restricted to 3 mm - 4 mm. By that, an 
extremely high density of the photon fluence is obtained. An essential technical 
requirement would be a vacuum equipment for the both multiplate targets, in-
clusive the beam propagation to the detector array. In order to gain an optimum 
cross-section of the photon beams, the angle between the them should be kept as 
small as possible.  

The configuration at the right-hand side seems to be more suitable to realize 
the task because of the size of the apparatuses. In both figures, we have omitted 
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that the low-energy electrons leaving at the ends of the multi-target channels 
must be deflected by additional magnets in order to prevent disturbing effects at 
the detector arrays. The Heisenberg-Euler scatter is not a first-order effect in re-
lativistic quantum theory. Figure 8(b) is the analogue to the preceding Figure 5 
and Figure 6.  

A significant improvement of the present configuration of Figure 3 and Fig-
ure 4 with regard to the detection of Heisenberg-Euler scatter and with regard to 
the 9 GeV case in the next section, is received by the prolongation of the focus-
ing magnetic field, which should already be active before the electron beam im-
pinges the first subplate of the multitarget. By that, the intensity profile can be 
reduced to the boundary of the order 3 mm. We should also look at the appen-
dix, where the spectral distributions of the electrons leaving the accelerator tube 
are presented. Thus, we propose to omit the bypassing of the electron current by 
means of a bending magnet and start immediately with focusing the electron 
current before bremsstrahlung creation. In the case of the nominal energy E0 = 9 
MeV we also get significant contributions in the domain between 4 and 8 MeV, 
which certainly enhances the measurement conditions.  

The magnetic field strength leading to Figure 8(b) has assumed to be 1.5 Tes-
la, if the channel diameter amounts to 4 mm. If this diameter is reduced to 3 
mm, the magnetic field strength has to be increased, but 2 Tesla would be suffi-
cient. 

2.2.3. Application in the keV Domain: Scanning Method with a  
Multitarget Beam 

A look on Formula (14a) shows that for energies in the keV domain, where the 
voltage is of the order of about 120 kV, e0 ∙ Up is much smaller than the electron 
rest energy 2

electro
2

nc m cµ ≅ ⋅ . Therefore, the essential term in the exponential 
function is only of first order and terms of higher order than Z1 only provide 
small corrections (this aspect is also analyzed in Section 3.1). This fact provides 
an interesting proposal with regard to the CT-scanning methods: An attractive 
version of the cited scanning machine in the MeV domain [24] would be the 
analogue design in the CT domain. The wall should also consist of tungsten and 
an additional magnetic field for focusing should be applied. However, the effec-
tive overall density of tungsten must be reduced, and only about 10 plates with 
0.01 mm thickness of each plate could be considered (the overall thickness 
amounts to 0.1 mm), the distance between the plates must also be increased and 
should amount to 5 mm. The diameter of the multilayer channel according to 
Figure 3 can amount to 3 - 4 mm and may depend on further technical re-
quirements of the construction. Such a construction of a multitarget for CT ap-
plications would consume a total length of about 5 cm, and some benefits may 
be pointed out: The exploitation of bremsstrahlung via backscatter is removed, 
heat production is essentially reduced and cooling is superfluous. The profiles 
are rigorously symmetric—an additional wedge filter to remove the asymmetry 
is not required. It should also be mentioned, that the effective overall density of 
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tungsten can be reduced by the application of sublayers of which the thickness 
amounts to 0.005 mm. Then 20 subplates with identical distance of 5 mm can 
lead to a total length of 10 cm, and the focusing effect is increased. The main 
benefit of this proposal is, besides sparing electric energy of the supplying sys-
tem, the scatter of the bremsstrahlung within the scanning beam is reduced, 
which implies also an improvement of the image construction. Since the energy 
of the impinging electrons is restricted to 100 keV - 140 keV, the field strength 
of the focusing magnetic field can be reduced compared to the MeV domain, 
and 0.5 Tesla - 1 Tesla are sufficient. 

In Figure 9 the bremsstrahlung created by the standard target (solid curve) is 
normalized to “1” at the energy E = 39.95 keV. The related average energy Eav 
amounts to Eav = 57.68 keV. The dashed curve is the result of the multitarget de-
scribed above with 10 layers (thickness 0.01 mm, distance between 2 layers: 5 
mm). The magnetic field strength is assumed to be 0.75 Tesla. The maximum of 
the bremsstrahlung amounts to E = 44.67 keV and the related average energy to 
Eav = 64.67 keV. The characteristic peaks of tungsten resulting from shell transi-
tions can be verified in both cases. It has to be mentioned that discrete interval 
steps would only be possible in the dashed curve referring to the multitarget with 
a diameter of 4 mm, whereas the solid curve results from a different technique, 
namely the reflection at a rotating tungsten disk. The scoring plane is imme-
diately the disk. If one traces the produced beam up to the jaws, a divergent 
broad beam can be recognized, since the impinging electron beam at the 
tungsten disk is oblige. Therefore, a discrete representation of relative energy 
fluence does not make sense due to the lack of comparability. 

2.3. Extension to the GeV Domain with 9 GeV as an Example 

The photon-photon scatter originally considered by Heisenberg & Euler seems 
to an indication that with very narrow and, by that, high intensity beams should  
 

 

Figure 9. Comparison of the energy fluence of 120 keV between standard target resulting 
from the conventional backscatter method with the help of Monte-Carlo simulations and 
the focused multitarget. 
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be extended to the GeV domain. However, this task may imply some perfor-
mance difficulties, namely to create two crossing beams in this energy domain. 
Therefore, the main motivation to make use of modifications of a standard tar-
get according to Figure 3 and Figure 4 is the yield of GeV-bremsstrahlung in 
photon-hadron interactions [24] in order to receive further insights in high 
energy physics besides proton-proton collisions (e.g., the LCH of CERN). The 
drawing 9 gives some essential information on the present conception, which is 
based on 9 GeV electrons. As in the preceding case according to Figure 3 and 
Figure 4 we assume 100 subplates of tungsten with thickness of each amounts to 
0.01 mm, i.e., the overall thickness is 1 mm. The distance between two subplates 
should, at least, amount to 1 mm, but the use of 2 or more millimeters may im-
prove the results, since the average density of the tungsten multitarget is re-
duced. The complete configuration is, as previously considered, based on small 
angle scatter at the tungsten wall with the following meaning: In Figure 9 we 
denoted by the case 1 typical small angle scatter. From a physical viewpoint we 
have to be aware of multiple Coulomb scattering, but in this situation there a 
more electrons in the (dense) medium tungsten, which reject the penetrated 
electron, since the repulsive force is predominating. The case 2 shows an elec-
tron with a somewhat increased scatter angle, where the final behavior can only 
be predicted by the probability to leave the wall like the case 1 or the electron 
may take a longer path within the wall, before it may leave it again (case 3) with 
significant loss of energy. Since the radiation length of tungsten amounts to 3.5 
mm (Table 2), the wall should approximately incorporate a comparable thick-
ness. 

Keeping the physical background of Figure 10(a) in mind we should like to 
mention a severe problem of bremsstrahlung creation in ultrahigh energy phys-
ics, which is referred to as LPM-effect (Landau, Pomeranchuk, Migdal), accord-
ing to this effect in high dense media such as tungsten the multiple Coulomb 
scattering [25] suppresses the creation of bremsstrahlung [26] [27], and the 
original electron energy either goes lost by heat production or the bremsstrah-
lung with significantly lower energy leaves the target with a large angle to be 
useless. Figure 7(b) and Figure 10(a) point out the close connection between 
scatter and creation of [17]. The multilayer conception with small angle scatter 
at the wall exploits the LPM effect, since under this condition the repulsion of 
the electrons in wall material is dominant and the electron is rejected by a rather 
high probability. On the other hand, the very thin plates imply that either the 
LPM effect is quenched or, at least, reduced. The studies of the authors men-
tioned above are fixed to a single target. Therefore, the computational studies 
with GEANT 4 and experiments have been restricted to a target with thickness 
0.05 multiplied with radiation length. With regard to tungsten this restriction 
implies a target thickness of 0.17 mm [26] [27], i.e., in the present study 17 sub-
plates would be considered. This situation is a clear indication that the yield of 
bremsstrahlung creation should be improved and forced up. The result of the  
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(a) 

 
(b) 

 
(c) 

Figure 10. (a) Role of small angle scatter at a tungsten wall and additional support of a 
focusing magnet; (b) Creation of bremsstrahlung based on a multi-target useful in high 
energy physics; (c) A common feature of the three curves is that the multitarget tube is 
free of divergence, the diameter amounts to 4 mm and 100 tungsten sublayers with a total 
thickness of 1 mm is assumed, i.e., the thickness of each sublayer amounts to 0.01 mm. 
The distance between the sublayers is 1 mm in the case 2 and 3 (case 2 serves as the nor-
malization), but in case 3 the field strength is 3 Tesla (solid), in case 2 5 Tesla (dots). Case 
1 (dashes) differs from case 2 by the total multilayer tube length, which is no 20 cm (5 
Tesla, distance between the layers: 2 mm). 
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present multitarget configuration with tungsten wall and magnetic field can be 
verified in Figure 9(a). With regard to the additional magnetic field to reach an 
improvement and exploitation of bremsstrahlung we refer to previous publica-
tions [18] [19]. The principal difference to the mentioned publications is a sig-
nificantly modified and improved theoretical method, based on coupled circuits 
with inclusion of polarization effects of high energy electrons. Thus, Figure 9(a) 
presents two different procedures, namely the collection of BINs at the subplates 
and the continuous envelope function according to Equation (16).  

The spectral distribution related to Figure 10(b) is determined by Equation 
(15). The principal difference is the numerical value of λ, which is now λ = 
0.8096, and, related to the imaginary part, the numerical value of (1 − λ2)1/2 = 
0.586982.  

As already pointed out in the previous section (Heisenberg-Euler scatter), the 
basis of Figure 10(c) can be significantly improved by a prolongation of the fo-
cusing magnet before entering the multitarget in order to reach a “beam-diameter” 
of 3 mm instead of the 4 mm in Figure 10(c). 

3. Discussion 

The problem of the bremsstrahlung creation concentrated to small field sizes 
with relevance to novel irradiation techniques has already studied in ref. [28], 
which might be regarded as the precursor of the present analysis. In this study, 
the authors considered a sequence of Beryllium (Be) targets instead of tungsten, 
since the low atomic charge number of Be with Z = 4 yields reduced scatter of 
the impinging electrons. However, this lower charge number with Z = 4 requires 
electron energies of about 60 MeV in order to produce a bremsstrahlung energy 
spectrum comparable with 6 MeV by using a tungsten target, and the electrons 
with remaining energies E < 40 MeV had to be deflected by a magnetic field be-
low the Be targets. Some essential features of the present study, namely reflection 
of small angle scattered electrons at the tungsten wall and the focusing influence 
of a surrounding magnetic field, have not been accounted for in [28]. If we have 
a look to the Formula (14a) and the subsequent formulas in section 2.2, we can 
readily verify that a low Z, e.g., Z = 4 at Be, requires a corresponding increase of 
the impinging electron energy with respect to bremsstrahlung creation. Howev-
er, the relationship between input energy of the electrons and the yield of 
bremsstrahlung is not impressive, and, by that, the proposal [28] was not rea-
lized.  

3.1. Properties of the Exponential Bremsstrahlung Spectra and  
the Role of the Heat Production 

Section 2 shows that coupled circuits can find applications in different energy 
regions of physics. Thus, in various physical disciplines the harmonic oscillator 
approach with constant differences between the energy levels may not be suita-
ble to describe actual problems. There are two different ways to overcome this 
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problem: 1) One may use harmonic oscillator conformations and take account 
for the polarizability of the dielectric constant in dependence of the energy un-
der consideration. This behavior is increasing with increasing energy. By that, 
the whole task turns out to be a nonlinear one. 2) A further access to overcome 
this problem uses nonlinear field theory either in position space [3] or in charge 
space [4]. In both field-theoretical ways, there exists the possibility to transform 
the nonlinear and nonlocal field equations to self-interacting oscillators, where 
the eigen-frequencies depend on the wave-function themselves. Then a low-order 
approach valid only to a few excitations is a harmonic oscillator with self-interaction. 

The essential term of Formulas (13) - (15) is related to the exponential energy 
spectrum creation of bremsstrahlung resulting from mutual couplings (M and 
CI) of the circuits according to Figure 1 and of energy dependence of the pola-
rization at the capacitors ε(ω), which have to be chosen such, that the energy 
difference between virtual state n = 1 and the upper limit n →∞  matches the 
boundary condition of the forced oscillator e0·Up − Eav (average energy of the 
target material, which is for tungsten Eav = 74.45 eV, see Section 2). For the fol-
lowing discussion the basic equation (14a) is repeated here: 
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The power expansion of the parenthesis of this formula can be used to provide 
further results: 
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The connection of the expansion (17a) with Formula (17) shows that for 
energies in the keV domain, where the voltage is of the order 100 kV, e0 ∙ Up is 
much smaller than the electron rest energy 2

electro
2

nc m cµ ≅ ⋅ . This property has 
been used in Section 2.2.3, in which we have described an application to CT 
methods. Therefore, the terms of higher order than Z1 only provide extremely 
small corrections.  

On the other hand, the higher order terms Z2, Z3, …, become significant with 
increasing electron energy in the MeV domain. By that, we can conclude that the 
developed formalism works in the keV as well as in the MeV domain, and the 
main effort is the evaluation of the transition probabilities. In the following Sec-
tion 5 we present some indication that the elaborated methods also work in the 
GeV-domain, since the exponential expression already includes all terms of 
higher order, and the multitarget according to Figure 3 improves the yield of 
bremsstrahlung. We have already pointed out that for electron energies below 1 
GeV the heat production due to multiple Coulomb scattering cannot be neg-
lected. Therefore, we have checked the previous formulas based on the integra-
tion of the relativistic Bethe-Bloch equation can readily be extended to energies 
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of the order of 1 GeV. 
4
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⋅

 = ⋅ + ⋅ ⋅  
= = − × = ×

= − × = = ×

 = ⋅ ⋅ − ⋅ ⋅ 

= =

∑

2 2

69;

2.331100073934067 10 ; 3.527749515160394 10qµ − −












= × = × 

    (18) 

The present calculation formulas for the Rcsda range and related energy as the 
inverse task represent slight modifications of the previous formulas valid up 30 
MeV, valid for the energy range > 30 MeV. If compared with ICRU [7], the av-
erage standard deviation for Rcsda amounts to 0.95 cm, and with regard to the 
inverse task this deviation amounts to 0.51 MeV. The determination of the resi-
dual energy E(z) agrees with Formula (18), since only the substitution Rcsda → 
Rcsda – z has to be performed. However, we should finally point out that only 
Formula (10) - (11) are recommended for the energy domain of interest in the 
radiotherapy with electrons. 

3.2. Some Aspects of the Voltages of Coupled Oscillators 

A noteworthy feature emerges by the role of the voltages, which may either be 
time-dependent U1·eiωt and U2·eiωt or static by setting ω = 0. Due to the mutual 
coupling of the circuits according to Figure 1 the voltages of the normal modes 
appear as sums of the two voltages as well as the differences, i.e., U11 = U1 + U2 
and U22 = U1 − U2. In the present study we have fixed: U1 = 6 MeV, U2 = 0.812 
MeV; U1 = 9 MeV, U2 = 0.95 MeV; U1 = 9 GeV, U2 = 0.7 GeV. By that, we ob-
tain: U11 = 6.812 MeV, U22 = 5.188 MeV; U11 = 10.218 MeV, U22 = 7.782 MeV; 
U11 = 9.7 GeV, U22 = 8.3 GeV (in the latter case the numerical values are esti-
mated, since the Gaussian distribution may probably be invalid). These assump-
tions may adapt the Gaussian distributions of the incident electron current. 
Since due to the mutual couplings only the sums and differences of U1 and U2 
enter the calculation procedures of the energy spectra, we receive much higher 
flexibility, e.g., by putting U1 = U2, the sum U11 = 2 · U1, whereas U22 assumes 0. 
This means that one normal mode is not coupled to a force!  

3.3. A Practical Aspect: The Shielding Problem in Radiotherapy  
with MeV Electrons 

A further aspect of the received results is a side-effect, the shielding problem 
with respect to individual cover plates in radiotherapy of electrons. Thus, the 
above Formula (10a) can be used for the calculation of the energy loss of a lead 
alloy. On the other hand, the creation of bremsstrahlung in this alloy is a severe 
problem, insofar the individual cover plate does not exhibit the sufficient thick-
ness. If one uses 4 MeV or 6 MeV electrons suitable for subcutaneous irradiation 
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a shielding thickness of 2 cm would be acceptable, but the application of electron 
energies beyond 6 MeV must account for increasing thickness of the shielding 
alloy else the undesired irradiation with bremsstrahlung produced in the shiel-
ding material would occur.  

4. Conclusions 

The quantum theoretical treatment of circuits implies similar as in the quantum 
mechanical case equidistant energy levels, if the material properties of the ca-
pacitor do not depend on the energy domain. This assumption is, in general, not 
valid, and the relation C = ε · C0 has to be replaced by C = ε(ω) · C0, i.e., the di-
electric constant ε depends on the frequency of energy due to the polarization 
interaction. Thus, if electrons interact with numerous electrons in a material, 
polarization effects will always consequently be evoked. This behavior is not only 
restricted to existing electrons, e.g., in a metal like tungsten, but also important 
for fast electrons traveling in vacuum by inducing the so-called “vacuum pola-
rization” by interaction with virtual electrons and positrons [14]. 

In this study, we have made use of the polarization effects in the capacitors in 
order to account for the induced virtual states necessary at the creation of 
bremsstrahlung. An improvement and refinement of the presented conception 
would be the use of three (or more) mutually coupled circuits. However, it ap-
pears that in the MeV domain with predominance in radiotherapy this extension 
is not required. Therefore, only the bremsstrahlung production in the high 
energy physics could be described by a refined conception, in particular, if one 
passes to electron energies beyond the domain of 9 GeV. Since the particular 
view of this study are quantized circuits, the results are restricted to distributions 
in the energy space, and the spatial distributions are ignored. However, this 
shortcoming has been removed by further information resulting from Monte-Carlo 
calculations with the code GEANT 4. It should also be added that it is certainly 
attractive to study the bremsstrahlung production besides 9 GeV of further ul-
tra-high energies in order to elucidate quark and gluon properties by a deeper 
level, since the LPM-effect can be reduced drastically by the wall reflection in a 
multitarget system and the focusing influence of magnetic fields. Since uranium, 
which is also paramagnetic, might possibly more suitable for these studies, a 
substitution of tungsten by uranium could provide better results. The theoretical 
procedure developed in Section 2 has not to be extended.  

The introductory part has provided information about the wide field of quan-
tized circuit models, such as quantum optics, Josephson junctions in supercon-
ductivity, molecular biophysics and physical basis of biorhythms. It appears that 
this field of quantized circuits may be completed by additional references 
[29]-[34] with regard to the mentioned topics, which provide a clear indication 
that these novel research fields can lead to new application fields in physics and 
technical problems. Therefore, the present study may serve as a contribution of 
an attractive extension of new possible applications of quantum theory. 
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Appendix: Formula for the Electron Spectrum Leaving the 
Accelerator Tube 

Formulas (19), (20) have been developed by the present author with regard to 
some problems of describing the electron beams in Monte-Carlo calculations 
with GEANT 4 [17], which appeared in connection with ref. [20], but they have 
never been published before.  

Definitions: The energy E referring to the spectral distribution and the no-
minal energy E0 only refer to the kinetic energy of electrons, their total energy 
results by the addition of the rest energy m·c2. With regard to the following for-
mulas, it must be noted that all terms referring to energy are considered as di-
mensionless numerical values, i.e., they are divided by a unit energy Eunit = 1 
MeV. The following terms are used in order to obtain the energy spectral distri-
bution Esp: 
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With the help of the operation Esp/Max(Esp) the maximum is normalized. 
Formulas (19) and (20) and Figure 11 refer to data presented in ref. [20]. 

However, by checking depth dose curves of different vendors it appears to be 
justified that the above formulas only need slight modifications to be valid for 
some different machine types. 
 

 

Figure 11. Spectral energy distribution of electron beams and some interesting energies 
leaving the accelerator tube. 
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It should be pointed out that the parameters s, σ and δ in Equation (19) de-
pend on the actual energy E, and, by that, the form of the distribution function is 
determined. Thereafter, the electron beam is bypassed by a bending magnet, and 
a slit only permits a narrow Gaussian distribution before it impinges the target. 
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