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Abstract

In Riemann’s prime distribution formula, there is a key Riemann ladder
function. This is the basis for Riemann to study the distribution of prime
numbers. But the calculation of Riemann’s ladder function is very compli-
cated. According to the definition of Riemannian ladder function, we greatly
improve the Riemannian ladder function, obtain new ladder function and
improved Riemannian prime distribution formula, and prove the improved
Riemannian prime distribution formula. We use the improved Riemannian
prime distribution formula and merdens theorem to obtain a strong prime
theorem.

Keywords
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1. Introduction

The distribution of prime numbers is a difficult problem in number theory. The
proof of prime theorem attracts many scholars and puzzles many wise people.
Mathematicians have proved thousands of theorems on the premise of Riemann
conjecture.

In 1737, the Swiss mathematician Leonhard Euler published a formula:
Sr-110-1")
n= P

Here (1.1) is called Euler product formula. Where 2 is an integer, p is a prime

-1
,s>1,

(1.1)

and sis a real number.
Euler studied this formula. Let s = 1. For large x, Euler obtains an asymptotic

formula

Zl~ loglog x. (1.2)

p<x P
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From 1792 to 1793, Gauss, a German mathematician, studied the number of
primes in 1000 adjacent integers around x. he found that for large x, the “average
distribution density” of primes should be 1/logx; which is shown as follows [1]
(2] [3] [4] [5]:

ﬁ(x)—ﬂ'(x—lOOO) 1

1000 logx’

where, the number of primes not exceeding xis 71(x). General expression

ﬁ(x)—ﬁ(x—r)N 1 (13)

,r <K X,
r log x

Here (1.3) is Gauss’s guess. Represents the number of primes in r adjacent in-
tegers near x.

For example

Let x= 1238, r= 238, by (1.3) get

1238) -7 (1238238 -
x( )-7( ):203 168:0_14705~;:0.14042,
238 238 log1238

According to (1.3), we can divide xinto n parts. In this way, we can get 7(x).

Let integern, x = nr, by (1.3) can get

,
z(nr)—m(nr—r)~ oz ()’ (1.4)
Setup n=12,3,---,a, Substituting (1.4) get
r
n= 1,7[(7‘)—72'(0) ~ log(r)’
,
n= 2,ﬂ(2r)—7r(r) ~ log(Zr),
,
n=3,7(3r)-z(2r)~ 0e(3r)’
r
n=a,x(ar)-z(ar—r)~ og(ar)’
Add each
7[(7‘)—72'(0)+7Z'(2}”)—7Z'(1")+7[(3}”)—72'(27‘)+"'+7Z'(a}”)—72'(a1"—I")
z(ar)= A O S —
B log(r) log(2r) log(3r) log(ar)’
Let x= ar, get
ﬁ(x)~ i ! =2 (1.5)

r,,:1 log(nr)’a a 7’

Here (1.5) is a prime theorem without remainder. It is equal to the prime
theorem 7(x) ~ Lix.

For example
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Let x= 64, r= 16, a= x/r= 4, by (1.6) calculation,

z(x)~16 ! + ! + ! + ! ~18,
logl6 log32 log48 log64

actual 7(64)=18.
In this paper, we improve the Riemann ladder function and prove a strong

prime number theorem by using the metens theorem [3].

7r(x):s(x)+0(xl/2 10gx),(x—>oo), (1.6)

s(x) = (x+l)loglogx—Ziloglog(zn),a = x/2,

n=1

Before proving (1.6), we use a simple method to prove (1.3). Obviously, if we

prove (1.3), we will prove (1.5).

2. The Elementary Proof of Prime Number Theorem

It is difficult to prove the prime theorem. It is especially difficult to prove the
prime theorem in a simple way. We prove the prime theorem (1.3) by using the
simple method according to Euler’s asymptotic formula

Prove

Let the integer r, prime p, x— r< p < xobviously [6]

(x=r) X lS;z(x)—;z(x—r)ﬁx > l, (2.1)
xerpSXp

x—r<p<x p
For example

Letx=16,r=12,x—r=4,4< p<16, n(16) — n(4) = 4, by (2.1) get

FTIEILE <z(16)-7(4)<16 l+l+i+i ,
5 7 11 13 5 7 11 13

By (2.1) can ge
1

x(1=r/x) Y. —<zx(x)-m(x-r)<x D l, (2.2)
x—r<p<x p x—r<p<x p
Let r=x"?, get
lim(1-r/x)=1, (2.3)
By (2.2) and (2.3) can get:
ﬂ(x)—ﬁ(x—r)~x z l, (2.4)
X—r<psx p
According to Euler’s asymptotic Formula (1.2), get
> 1. loglog x —loglog(x—r) = logloi
x—r<p<x P 10g (X - r)
log x log x
~ log g = log g ’
log(x(1-r/x)) logx+log(1-r/x)
From this, we get
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log x

> l~log

x-r<p<x p

logx—[1+ ! >+ ! Tt ! .
x/r 2(x/r)" 3(x/r) k(x/r)

]’

1
Take main item 7 , get:

x/r
-1
1 logx 1 B _ 1
B I B ‘1°g(1 ()0 J
px P logx ——— l———— g
x/r (x/r)logx
— 1 + 1 + 1 +-..+ 1
(r)iog " 2(x/r) (logx)” () (o) K(xr) (loge)

Take the main item again , From this, we get

(x/r)logx
1
L, (2.5)
x—r<p<x p X log X
By (2.5) Substituting (2.4),
z(x)-m(x—r)~ ,(x > o),
(3)-#(5=)~ x> )
This proves (1.3).
Now, let’s look at the mean of the prime p, by (x— r) £ p< xcan get
—r)+
p z—(x )+ =x-r/2,
2
According to (2.4), we change x into an average (x — 1/2) get
1
r(x)—m(x—r)~(x-r/2) > —, (2.6)

x—r<p<x

For example x= 271, r= 34,237 < p< 271, prime number 241, 251, 257, 263,
By (2.6) get
7r(271)—7r(237) ~ 254(1/241 + 1/251+ 1/257 +1/263) =4.02,

actual 7(271) — 7(237) = 4.

We divide xinto n parts, nis a positive integer.

Let x=2n, r=2, can get (x— 1/2) = (2n - 1), by (2.6) we get
1

> =

2n-2<p<2n p

7(2n)-7(2n-2)=(2n-1)
Therefore, we can improve the Riemann ladder function.

3. Improved Riemann Ladder Function

In 1859, German mathematician Riemann published a formula [2]:

,u(n)J(xl/")

A =3

n=1 n

(3.1)

Here (3.1) is Riemann’s prime distribution formula [4]. Where {x"'") is called
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Riemannian ladder function [7]. The calculation is very complicated.
According to the definition of Riemann ladder function:

J(x):”(x)+7Z'(x1/2)+7Z'(xl/3)+.”+72'(xl/k),k: iog;’
0g

2 3 k

A new ladder function is obtained by improving the ladder function

1 1 1 1
J(x)= —+3 —+5 — 4+t —,
( ) 0<Zp‘22 P 2<Zp‘;4 P 4<Zp‘;6 P pzn—;;sz;q V4
Let x> 2, Integer n, prime p, get [4]
z(x)=J(x)+1/2, (3.2)
J(x)=(n-1) Y La=x2,
n=1 2n-2<p<2n p

Here (3.2) is an improved Riemannian prime distribution formula. It is strict-
ly equal to n(x).

For example x=16,2=16/2=8,1=1,2,3,4,5,6,7, 8.

According to (3.2), a prime number is crossed each time, and the calculation

is as follows:

1 I 1

ﬂ(16):lxl+3xl+5xl+7xl+l1><—+13><—+—:6,
2 3 5 7 12 2
In fact, 7(16) = 6, it is now prove that (3.2).
Prove
If there is a prime p between 2n — 2 and 2n, it must be
p=2n-1, (3.3)
Setup n=1,2,3,---,a,by (3.2) and (3.3) get,
J(x)+l— > 13 > Lss > l+---+p > 1,1 (3.4)
2 0<p<2 P 2<p<4 P 4<p<6 P 2a-2<p<2a P 2’
According to (3.4), we can get the
J(x)+l=1xl+3xl+5><l+~--+p><l+l=7r(x), (3.5)
2 2 773 775 p 2
By (3.5) get
a 1 1

ﬁ(x)zZ(Zn—l) z —t+— (3.6)

s
n=l1 2n-2<p<2n p 2

Confirm (3.2) certification.

4. Merdens’ Theorem

In 1874, the mathematician Merdens proved that [7]:

limzi—loglogx:M, (4.1)

X—0 pS.’C p

Here (4.1) is called: merdens theorem [8]. Where the mertensian constant
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M =0.2614972128476427837554268386086958 - -

Let the coefficient ¢ (x) be obtained from (4.1)

b

zl—loglogxzc(x), (4.2)
pS):p
For the convenience of using (4.2), we transform (3.2).
For example x=8, a= 8/2 = 4, by (3.2) can get
1 1 1 1
J(8)= —+3 —+5 —+7 —
() 0<Zp;2P 2£4P 4%617 6;&8]7
Among
1_y1
0<p<2 P pszp,
3y Loyl syl
2<p<4 P p<4 P p<2 P
sy Losyl syl
4<p<6 P p<6 P p<4 P’
1 1 1
—=7y —=7> —,
6<p<8 P pzﬁ8p 1:2617
From the above
JE) =B 43T L33 a5y 5T L7y 73 L
ps2 P p<aP p2 P p6 P pa D ps8s P pse P
=7y —=2>» —=2% ——2>» —
Il VY
1 1 1 1 1 1
=7y —=2>» —=2% —=2» ——-2% — —
IJZSSP pZ:QP ;;tp pg6p pg;zp p<8 P
:921_2[2;2;2;21}
p<s P p2 P p<aP p<e P ps P
Generally speaking,
J(x):(x+1)zl_z[zi+z ) YT jazx/2, (4.3)
P<x p=2 p p<4 P p<6 p p<211

Replace (4.3) with (4.2), where

leloglogx+c(x),

pS):p
And
P
ps2 P pa P p<e P p<2a P

=loglog2+c(2)+loglog4+c(4)+loglog6+c(6)+:-+loglogx+c(x)

= Zu:log log(2n)+ ic(2n),
n=1

n=l1

It is obtained by substituting (4.3) above
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J(x) = (x+1)(loglog x +¢(x))— 23 loglog (211) — 23" (2n), (4.4)

n=1 n=1

Namely

J(x)=(x+1)log logx—2za:10g 10g(2n)+(x+1)c(x)—2i(2n), (4.5)

n=1 n=l1

Let 2= 172, s(x) denote the logarithmic part, which is obtained by substituting
(3.2) above
ﬂ(x)=S(x)+(x+1)c(x)—2§c(2n)+%, (46)
Among
o(x) = (x +1)loglog x~23 " log log (21),

n=1

Here (4.6) is strictly equal to 7(x).
For example x =8, x/2 = 4, by (4.6) get

4 4
z(8)= 910g10g8—2210g10g(2n)+9c(8)—220(2n)+%
n=1 n=l1
=9log log8—2(log log2 +loglog4+loglog 6 +loglog 8)
+9¢(8)—2(c(2)+c(4)+c(6)+c(8))+0.5,

By (4.2) calculation coefficient
c(2)=3,.,(1/p)-loglog2 = 0.8665129--
(4)=3,..(1/p))~loglog4 = 0.50669907---
c(6)=2,.(1/p))~loglog6 =0.45013525---
(8)=22,(

1/ p)—loglog8 =0.4440911---

Get
7(8)=9(0.73209937)—2(1.275418) +9(0.4440911)
—2(0.8665129 +0.50669907 +0.4501352 + 0.4440911)
=4.000005 = 4,
Actual 7(8) = 4.

By (4.6) we can prove the prime theorem with remainder.

5. Prime Theorem with Remainder

The remainder estimation of prime number theorem is very complicated. The
key is to use the mertensian constant to calculate the coefficient.
Let’s look at the remainder of (4.6). Among

x/2

2”2:}0(271),

Let even numbers y; x> y; according to (3.2) a = x/2, can get,

x/2=y[2+(x-y)/2,
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From this we get
x/2 /2

220(211):2;c(2n)+2(xnzyi/zc(y+2n),

n=1

Substituting (4.6),
(x=2)/2 v/2

2(x)=s(x)+(x+1)e(x) -2 c(y+2n)+220(2n)+%, (5.1)

n=1 n=1
where s(x) is the main term followed by the remainder. Now let’s look at the re-
mainder of (5.1). Among

(v-)f2
(x+1)c(x)-2 > c(y+2n), (5.2)

n=1
Here (5.2) is the key remainder. Let’s see o(x) and oy + 2n).
In order to let «(y + 2n) approach A4 let y = 2[x"’]. According to (4.1) and
(4.2), xtends to infinity, and we obtain
c(x) - M
c(y+2n)> M,

By (5.2) get

(x22)/2 (x=2)/2
(x+l)c(x)—2 Z c(y+2n)—>(x+l)M—2 Z M
n=1

n=1

= (x+1)M—(x—y)M,
Namely

(x+l)c(x)—2 c(y+2n)—>(y+1)M, (5.3)

(x )2
n=l1
Let’s look at a very small x.

For example x = 16, y = 4, (x — y)/2 = 6, Substitute (5.3) and calculate ac-
cording to (4.2)

(16+1)c(16)- 23 c(4+2n)

=(16+1)c(16)—2(c(6)+c(8)+c(10)+c(12)+c(14)+c(16))

=17x0.3242412-2(0.45013 +0.44409 + 0.342158
+0.3568+0.373601+0.3242)

=5.5121-2(2.2911) = 0.929918,

By (5.3) get
(y+1)M =5x0.2614972--- ~1.3074861,

1.3074861 near 0.929918.
x The bigger, the closer (y+ 1) M.
Now, let’s look at the scope of the remainder.

By (5.3) Substitute (5.1),

ﬁ(x)—>s(x)+(y+l)M—2§c(2n)+%, (5.4)

n=l1
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For the y of sufficient size, it is obvious that the estimation is

M <(y+1)M < ylogx,

Substitute (5.4) get
/2
7(x)> s(x)+ M —23 e(2n),

n=1
5.5
e (5.5)

7(x)<s(x)+ylogx—2) c(2n),

n=l1

Let’s look at the coefficient,

v/2

ZnZZ;c(Zn) = 2c(2)+2c(4)+2c(6)+---+20(y),

From (4.1) and (4.2) Confirm M/2 < o(2n) < 1, obviously
U2 A v/2 v/2

227 < 220(2n) < 221,
n=l1 n=1

n=l1
Get

/2
%<2}Z:c(2n)<y, (5.6)

n=1
By (5.6) Substitute (5.5) get
ﬁ(x) > s(x)+M -y> s(x)—ylogx,

(5.7)
z(x)< s(x)+ylogx—% <s(x)+ylogx,
Let y=2[x"], by (5.7) can get
z(x)=s(x)+ 0()(1/2 log x), (5.8)
By (5.8) Confirm, The prime theorem (1.6) is proved.
6. Conclusions
Previously, we discussed the Euler asymptotic formula
ZLN log log x. (6.1)
p<x
From (6.2), we prove the prime theorem in a simple way
x/r 1
T(x)~ry ——, (6.2)
( ) HZ::‘ log(nr)

Here (6.2) is a prime theorem without remainder.
We also discuss the distribution formula of prime number of Riemann

e ,u(n)J(xl/")

ﬂ(x) Z_ >

n=1 n

We make a great improvement on the distribution formula of Riemannian
prime numbers
11

2(x)=Y(2n-1) ¥ L4+s (63)

2
n=1 2n-2<p<2n P 2
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This is a function strictly equal to 7(x). In this way, we prove that Riemann’s
conjecture is correct in principle.

According to the (6.3) theorem, we prove the strong prime number theorem
7r(x):s(x)+0(xl/2 logx), (6.4)

Here (6.6) is a prime theorem with remainder. Where s(x) and Lix are equal.
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