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Abstract

Dispersing emitters, whose emissions are consistent with the inverse square
law, from a point into cylindrical shapes causes a field-strength depression
which is strongly dependent upon the cylinder’s dimensions and the distance
from the cylinder. The computations of field-strength depressions are parti-
tioned into the components due to dispersion of the emitters alone, due to
self-absorption alone, and the total field-strength depression. Each partition
is displayed graphically for distances of 5 cm to 10 meters from the cylinders
and for a variety of cylinder dimensions. The shape of the displayed curves is
analyzed to reveal the basis for correlations between curve shape and the cy-
linder dimensions. Practical use of the data presented graphically is demon-
strated.
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1. Introduction

Normally one feels compelled to focus one’s research such that it will be viewed
as beneficial in the context of current concerns. A common task for the medical
radiation physicist is to estimate the radiation field strength in the vicinity of a
patient in whom radiation emitters are dispersed. The motivation for initiating
this project was to deal with this issue. First, guidance for managing the radia-
tion safety for families of patients undergoing "'l therapy was developed [1].
Due to the ease with which the point-source calculation is performed there has

been temptation to use it, even though it is a poor approximation, at least in the
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case of a bystander being in close proximity to the radionuclide patient under
treatment. To deal with this issue, point source correction factors for conve-
niently determining the field strength in close proximity to cylinders (representing
patients) in which the emitter distribution may not be uniform were presented
[2]. This later paper dealt only with emitters distributed in the body of the pa-
tient, not with emitters localized in the patient’s thyroid. Possibly the most
comprehensive achievement regarding this issue is a paper directed specifically
toward medicine and public health [3]. In this paper complex biokinetic model-
ing tracks the temporal flow of 'l emitters in patients with three different bio-
kinetic behaviors. Using the Monte Carlo method in conjunction with a patient
model containing realistically placed glands, organs and with movable arms and
legs, it then computes resultant effective doses to bystanders, similarly modeled,
at separation distances 10 cm to 3 meters. The limitations of the point-source
approximation are demonstrated by comparing these results to those using only
a point-source calculation.

This current paper is a departure from those whose primary focus is directed
toward dealing with a matter of current practical concern. Rather the primary
focus is on interesting phenomena revealed while using mathematical processes
developed for previous works [1] [2] to analyze the depression of the field
strength by dispersing emitters confined to a point source into uniform distribu-
tions throughout cylinders of 10 to 40 cm diameters and 10 to 200 cm lengths.
The field-strength depressions are presented at distances of 5 cm to 10 m from
the cylinders. The component of field-strength depression due only to source
dispersion is presented separately from the depression component due to
self-absorption within the cylindrical volume. The depression due only to dis-
persion is valid for all emitters consistent with inverse-square behavior, while
self-absorption is characterized by using a 10-cm HVL for emissions within the
cylinder’s absorbing medium. The total depression is presented as the product of
these two components.

By presenting field strengths as a depression of the field strength from that of
a point source something of practical value becomes available—the actual field
strength from the cylindrical volume is simply the product of the field-strength
depression presented below and a simple point source computation for a point

on the proximal surface of the cylinder.

2. Methods

The method used here for computing the field strength of emitters confined to a
cylindrical volume was previously described in detail [2]. Briefly the cylinder is
filled with line sources. Line sources are parallel with the cylinder’s axis of sym-
metry, have the length of the cylinder, and are spaced throughout the cylinder at
5-mm intervals. Specifically, one line source is placed at the axis of symmetry
and other sources are placed at 5-mm intervals along concentric circles with ra-

dii of adjacent circles differing by 5 mm. As a result the 10-cm diameter cylinder
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contains 337 line sources, the 25-cm cylinder has 2,017 line sources, and the
40-cm cylinder has 5111 line sources. The placement of line sources within a
25-cm diameter cylinder is illustrated in Figure 1, which depicts the right-hand
half of the cylinder’s cross-section. This project, at the outset, was constrained by
the assumption that there was right to left symmetry of the cylinder. This per-
mits the total field strength to be computed by doubling the contribution of each
right hand line source and adding that of the single central source. The location
of the point source from which the emitters are dispersed, causing the
field-strength depression, is indicated in Figure 1. Distributing the emitters
throughout the cylinder in this manner has assisted in demonstrating the effects
of certain nonuniformities in emitter distributions, and it assists the nonmathe-
matical reader to conceptualize the numerical integration process.

Using this configuration of the cylindrical volume the field strength (air ker-

ma) has been shown to be [2],
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Figure 1. Depicts the right hand half of a 25-cm cylinder’s midplane cross section (per-
pendicular to its axis of symmetry). Placement of the line sources in a Cartesian coordi-
nate system whose origin is at the cylinder’s center is shown. Because there is left-right
symmetry, only the right hand half appears. Distances along the axes are in units of me-
ters. The position of the point source whose activity to which the field-strength depres-
sions are referenced is shown in red.
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where I is the air kerma rate constant for the emitting nuclide, 7, is the emit-
ter’s effective half-life including both biochemical processes and nuclear decay,
is the

emitter’s activity for the 7 line source, L is the length of the i/ line source (ie.,

n(r) is the total number of line sources in a cylinder of radius r, N,

the cylinder’s length), P, (1) is the activity per unit length at position /along the

_L/22pi(|)d| =1, Ag; is the distance per-

pendicular to the i line source from source to emission-exit from the cylinder,

7 line source normalized such that

HVL is the half value length for emissions in the absorbing medium of the cy-
linder, /is the emission’s position along the 7* line source, g, is the distance
perpendicular to the 7 line source from source to the field-strength assessment
point on the y axis of Figure 1. Note that if (X;,Y;) are coordinates of the /
line source in the Cartesian coordinate system of Figure 1, g, is related to the

size of the cylinder and the distance to the field-strength assessment point by
gi=(d+r—y,) +x2, ()

where ris the cylinder’s radius, and d is the distance from the proximal surface
of the cylinder (“Point Source” of Figure 1) to the field-strength assessment

point on the yaxis.
An unshielded point source centered on the proximal surface of the cylinder
(indicated in Figure 1) delivers a field strength

24T'N,T,
L= > 0 "1/2eff , (3)
d“In2

where N, = zln:(lr) N; . Dividing Equation (1) by Equation (3), the field-strength
depression' due to dispersing the emitters from the point source into the cylind-

eris
| In@) a9 2,47
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:_zl ) I L2 I(I)lz—zdl' (4)

+0;

Since the emitters are distributed uniformly throughout the cylinder, the ac-
tivity along each line source is constant, P (1)=1/L, and the activity of each line

sourceis N, =N, / n(r). The total field-strength depression then simplifies to
n(2)ag; fz_ 2
U2 e {HVL gi }

g

( _1 dl (5)
The integrand of Equation (5) is integrated numerically. However, if there is
no self-absorption ( HVL — oo ) the numerator of the integrand becomes 1.0, the

expression is then integrable in closed form and Equation (5) evaluates to

'Dividing the field strength of a cylindrical source (Equation (1)) by the field strength of a point
source with the same emitters (Equation (3)), results in an expression for the cylindrical source
strength relative to that of the point source. This quotient is always less than 1.0, and it is referenced
in this paper as a depression of the point-source strength. To avoid confusion, note: as the depres-
sion increases, the relative source strength decreases and vice versa.
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n(r) gi
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where @, is given by Equation (2). Equation (6) is the component of the
field-strength depression due only to the geometric dispersion of point source
emitters uniformly throughout the cylinder. The field-strength depression due to

self-absorption alone is Equation (5) divided by Equation (6):

tanng/? L/2 e{%%i Izﬂﬂ
D?2bs alone _ er:(lr)—l Z”(r)J‘ - dl. (7)

p—>c i=1 J_L/2 2 2
of / I”+g;

1

3. Results and Discussion

Dispersing isotropic emitters from a point source into cylindrical shapes causes a
reduction in the field strength. This field-strength depression is strongly depen-
dent upon the cylinder’s dimensions and the distance at which the field
strengths are assessed. Figures 2-10 show the magnitude of this depression over
distances from 5 cm to 10 meters and for cylinders of varying lengths and di-
ameters. Field-strength depressions are shown separately for that component of
the depression due to only dispersal of the emitters (Equation (6)), and for the
depression due to only self-absorption of the emissions in the absorbing medium
of the cylinder (Equation (7)). The total field-strength depression (the product of
these two) is also shown (Equation (5)). Self-absorption is computed using a
10-cm HVL. (This is the broad-beam HVL in water for the 365-keV photon
from "'I decay [4].) Because the HVL for a broad beam is used, when cylinder
dimensions approach 10 cm the depression may be a slight overestimate for "*'I
decay, but general trends of field-strength depression regarding cylinder dimen-

sions and distances still will be valid.
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Figure 2. The field-strength depression due to dispersing emitters from a point source
into a 10-cm diameter cylinder 2 meters long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 3. The field-strength depression due to dispersing emitters from a point source
into a 25-cm diameter cylinder 2 meters long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 4. The field-strength depression due to dispersing emitters from a point source
into a 40-cm diameter cylinder 2 meters long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 5. The field-strength depression due to dispersing emitters from a point source
into a 10-cm diameter cylinder 1 meter long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 6. The field-strength depression due to dispersing emitters from a point source
into a 25-cm diameter cylinder 1 meter long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 7. The field-strength depression due to dispersing emitters from a point source
into a 40-cm diameter cylinder 1 meter long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 8. The field-strength depression due to dispersing emitters from a point source
into a 10-cm diameter cylinder 10 cm long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 9. The field-strength depression due to dispersing emitters from a point source
into a 25-cm diameter cylinder 10 cm long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.
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Figure 10. The field-strength depression due to dispersing emitters from a point source
into a 40-cm diameter cylinder 10 cm long. Emissions are assumed consistent with the
inverse-square law. Absorption is computed using HVL = 10 cm.

The dispersion component of field-strength depression is valid for all emitters
for which emissions are isotropic (provides inverse-square behavior). Figures
2-10 show that for all cylinders this is the dominant component of field-strength
depression for small distances (less than about 50 cm). This is because the in-
verse-square law dramatically amplifies the effect of dispersing the source when
the field strength is assessed in close proximity to the cylinder. As the distance to
field-strength assessment increases this dispersion component of the depression
asymptotically approaches 1.0, indicating that, mathematically, the extended
volume source is looking more and more like a point.

The self-absorption component of field-strength depression behaves diffe-
rently. When the field strength is assessed in close proximity to the cylinder
(Figure 11, assessment point B), two phenomena compete. The first phenome-
non is a pronounced increase the field-strength depression as the assessment

point approaches the cylinder wall (Figure 12 curve labelled “Length = 1 m”). It
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Figure 11. Depicts a cylinder with locations of some emitters and assessment points
identified to assist explanations in the text.
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Figure 12. Demonstrating the 2 competing phenomena regarding the self-absorption
component of field-strength depression as discussed in the text.

is most readily observed for long cylinders and is caused by emissions originat-
ing at the ends of the cylinder being required to travel exceedingly long distances
within the absorbing media of the cylinder in order to reach the assessment
point (Figure 11 assessment point B). The second phenomenon is a pronounced
decrease in the field-strength depression as the assessment point approaches the
cylinder wall (Figure 12 curve labelled “Length = 10 cm”). It is most readily ob-
served in short cylinders and is caused by the inverse square law’s dramatically
amplifying the influence of proximal emissions over that of distal emissions.
As the assessment point approaches the cylinder wall, this effect results in distal
emissions contributing hardly at all to the field strength compared to that of
proximal emissions. This leads to what may appear to be a counterintuitive ob-

servation that: although the self-absorption of the distal emissions is much
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greater than that of the proximal emissions, the overall influence of the rela-
tively small self-absorption of proximal emissions upon the field-strength as-
sessed at the assessment point far exceeds that of the much greater self-absorption
of the distal emission.

The second phenomenon decreases the field-strength depression assayed close
to the cylinder wall, while the first phenomenon increases in the field-strength
depression. Both of these phenomena are illustrated in Figure 12. Notice that for
a 25-cm diameter cylinder that is 35 cm long, the two phenomena cancel one
another, keeping the field strength nearly constant as the assay approaches to
within 5 cm of the cylinder wall. By shortening the cylinder to 10 cm, emitters
near the ends of the cylinder, whose emissions would have traveled considerable
distances within the cylinder to reach the field-strength assessment point, are
removed (Figure 11, Emitter 1 is gone), so that the second phenomenon domi-
nates and the depression decreases as the cylinder wall is approached. By leng-
thening the cylinder to 1 m the number of emissions near the ends of the cy-
linder is increased so the first phenomenon dominates and the depression in-
creases as the cylinder wall is approached. Similarly, Figure 12 (Length = 35 cm,
Diameter = 10 cm vs. Length = 35 cm, Diameter = 40 cm) shows that when
holding the cylinder length constant at 35 cm, by increasing the cylinder diame-
ter to 40 cm, thus increasing the inverse square’s proximal to distal amplification
differential, the second phenomenon dominates, and by decreasing the diameter
to 10 cm decreases the inverse square effect, so the first phenomenon dominates.

As the distance to the assessment point increases, the self-absorption curve
appears to plateau. However, technically it never plateaus because the second
phenomenon is still operable at great distances. That is to say, when the cylinder
to assessment point distance is sufficiently large compared to the cylinder di-
mensions, the inverse square’s proximal to distal emitter amplification differen-
tial will appear to be imperceptible, but the increase in field-strength depression
with increasing distance can be observed as long as Equation (7) is evaluated to a
sufficient number of significant numbers, ‘e, as long as the cylinder can ma-

thematically be differentiated from a point.

4. Conclusions

Four general trends displayed in Figures 2-10 are, first: within 50 cm of the cy-
linder, field-strength depression is dominated by the dispersion component;
second: as this distance increases the dispersion component gradually disappears
(asymptotically approaches 1.0); third: the total depression then asymptotically
approaches the self-absorption component; fourth: as the assessment point
leaves the cylinder wall, the self-absorption component of the field-strength de-
pression either initially decreases (first phenomenon above) or increases (second
phenomenon) then appears to plateau, but, as discussed above, technically con-
tinues to increase indefinitely.

The data displayed in Figures 2-10 can be put to practical use. For example, if
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emitters were dispersed into a cylindrical volume 25 cm in diameter and 1 m
long (approximating a small human or other animals), from Figure 6 the
field-strength depression 20 cm from the cylinder would be about 0.25 from
dispersion alone (Figure 6, “Due to source dispersion alone”), while, if the
emitters were *'], the total depression would be about 0.13 (Figure 6, “Net field
strength depression”). Thus the field strength 20 cm from the cylinder for any
emitter must be less than 25% of a simple point-source computation (Equation

(3)), and, if the emitters were **'I, the measureable field strength would be ap-

proximately 13% of the point-source computation.
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