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Abstract

We study the dynamics of a quantum dissipative system. Besides its linear
coupling with a harmonic bath modelling the dissipation, we suppose that it
is coupled with an oscillator with an interaction of the form s°x”. In our study,
we integrate over the bath and the oscillator, extract the corresponding influ-
ence functionals and then solve the system’s sign problem. We apply the the-
ory to the case of a double well and study the time evolution of the expectation
value of the position.
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1. Introduction

Path integral methods constitute an interesting and extended part of mathematical
physics and there is considerable effort in their development [1]. The use of the
central limit theorem in path integral methods is of interest as it leads to the so-
lution of the sign problem [2]-[12] appearing in quantum physics. That solution
is applicable to various systems even beyond quantum mechanics (see the con-
clusions in [6]).

Here, we study the dissipative dynamics of a quantum mechanical system,
which is coupled with an oscillator via an interaction term of the form s°x?,
where sis the coordinate of the system and x is one of the oscillators. The dissi-
pation on the system is modelled via coupling the system’s particle with a har-
monic heat bath of inverse temperature [ . Proceeding we first path integrate
over the bath and the oscillator and obtain a path integral expression for the re-

duced system’s density matrix, which includes the bath and oscillator’s influence
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functionals. This kind of expression is well known to show a highly oscillatory
phase leading to failure of numerical methods for their evaluation, namely the
Monte Carlo method. That problem is known as the sign problem. We can solve
that problem via extracting an alternative expression for the propagator called
sign solved propagator where the oscillations are controlled. The whole method
based on the use of the central limit theorem was developed by the author and
was applied to other models in previous papers [2]-[12]. So, in that way, we can
derive the time evolution of the system’s density matrix. In fact, here we study
the time evolution of the position of a particle in a symmetric double well. We
have chosen a double well potential as it incorporates tunnelling effects in the
whole dynamics and behaves as a two-level system. In the final applications, we
consider the particle interacting with only the harmonic bath, with only the os-
cillator or with both of them. Systems similar to the present one have been
studied exhaustively. See for example [13] [14] [15] and references there. Other
methods of study include the use of generalized Langevin equations or master
equations [13]. However, the present path integral approach combined with the
solution of the sign problem gives exact closed results from a fully quantum me-
chanical point of view.

The present paper proceeds as follows. In Section 2, we give the system and its
Hamiltonian, consider the path integral that describes it and further path inte-
grated over the bath and give the form of the corresponding influence functional.
In Section 3, we derive the influence function of the interaction of the system
with an oscillator. In Section 4, we solve the sign problem to study the time evo-
lution of the system’s density matrix. In Section 5, we give results of the theory
in the case of a double well coupled with a bath, or with an oscillator or with both
of them and suppose initially a Gaussian wavefunction. In Section 6, we present
our conclusions and finally, in Appendix, we solve the sign problem in the case

of a density matrix.

2. Model Description

Since in the present paper, we consider the dynamics of a particle coupled on the
one hand with a harmonic bath, which models a dissipative environment and on

the other with a harmonic oscillator, the full Hamiltonian has the form:

Htot :Hs+Hosc+Hb (1)
H, is the system’s Hamiltonian given by:
p2
Hy=—-+V(s 2
= Pv(s) @

The oscillator’s one has the form:

2

=p—+£ma)§x2+1/152x2 (3)
2m 2 2

0osc

supposing time independent parameters and coupling of the form s°x*. That

coupling can appear if we assume that the system deforms the oscillator’s poten-
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tial. Then, we obtain the present effective interaction.

Finally, the harmonic bath’s Hamiltonian has the form:

2 2
p? 1 c;s
Hb:Z ?J'l'amja)jz(xj— ! ZJ (4)

which has a linear coupling. s may be interpreted as a reaction coordinate cou-
pled to a large number of harmonic bath degrees of freedom. Equation (4) in-
cludes counterterms quadratic in s, which renormalize the system potential. That
ensures that important potential features such as the barrier height do not change
with the coupling strength.

Quantum mechanical observables of the system can be obtaining after tracing
the full density matrix W (t) over the bath and the oscillator. i.e.

Wred (SJr 'S 1t) = Tl’bathTrX <SJr e’if(‘)HtuthW (O)Eij("Hmtdr

W (t)| s’> =ThTT, <s+

s) (5)

Moreover, we assume that the interaction of all the three subsystems is
switched on at time t=0. ie we assume that the density matrix at the initial
time is:

W (0) =W (0)W,,, (0)W, (0) (6)

where W, (0) is the system’s initial density matrix, W,y (0) is the bath’s one
and W, (0) the oscillator’s initial one.

The whole dynamics can be extracted via path integrating over the bath, the
oscillator and the system. At first, we consider the integration over the bath. Its
coordinates appear in the Hamiltonian (4). We assume it to be at inverse tem-
perature [ . Then, according to standard methods [15], we can obtain a corre-
sponding influence functional in the form:

t

| =exp {—i dt'[dt"[s(t)-s'(t') |[a(t -t")s(t")—a (t'—t")s'(t")]

0

(7)
't r Clz ’ 2 _ ’ ’ 2
.gdt;miwf [s(t)=s'(t)]
where we set:
a(t)=Y ‘i coth @h cos(a)‘t)—isin(a).t)
i 2mj0)j 2 ! ! (8)

= %:}fda)\] (a)){coth [w—zﬂjcos(a)t)— i sin(a)t)}

where J (a)) is the spectral density. It incorporates the characteristics of the bath
pertaining to the dynamics of the reaction coordinate corresponding to the system.

In the next section, we path integrate the oscillator Hamiltonian.

3. Integration over the Oscillator

We consider the Hamiltonian (3) of a harmonic oscillator of time independent

frequencies and masses. We proceed to path integrate the Hamiltonian (3) via
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standard methods. We set:

Q
X=——= 9)
Jm
p=+mP (10)
to obtain the free of mass terms Hamiltonian:
PZ 1 22 1 22
Ho(t)=—+— +—=I's 11
o(t) =5 +5@Q +3Ts°Q (11)
where we set:
r-2 (12)
m

If K (Xf VXt S) is the propagator corresponding to the Hamiltonian (3) and
Ko (Qf ,Q, ,t;S) is the one corresponding to the Hamiltonian (11), then we can
easily check that they obey the relation:

K (X, %,t;s) =vmK, (Q;,Q, t;s) (13)

Therefore, we can concentrate our attention on the propagator of the Hamil-
tonian (11). It can be calculated via standard path integration. To proceed towards

the integration, we perform the canonical transformation:

Q=Xp(st) (14)
p
p=—1 (15)
p(sit)
dr -
it (s.t) (16)

The p function depends on s through the differential Equation (32) (see
below). ie. sis supposed to be a function of time and to describe the coordinate
of the double well. Moreover, during the present section’s evaluation, it is fixed.
The above transformation is canonical since it preserves the Poisson brackets
and therefore it preserves the volume element in phase space. As the present,
transformation involves the generic time redefinition (16), we give more details.

The N+1 time slices discrete form of K, (Qf Q. t; S) involves the times
t,=ng n=0,1---,N+1, where the time step is ¢ = ﬁ . Now, on integrating
+

the path integral expression on the momentums, it becomes (see below as well):

N+1
1 Yz N .
Ko (Q;,Q t;s)=| —— dQ, Jexp|is™ 17
o(Q1.Q. ) (mj JTTTeQ Jexe s | (17)
Then, under the transformations (14)-(16), the time step becomes
. — , where we have symmetrised the expression in order to

P(s.t)p(54,)
avoid any preference of the one time over the other. So, we conclude that the

path differential measure takes the form:
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N+1
N+1 1

(Fllsjz ﬂ[dQ"] ) H{Znio‘np(s,tn )P(s,tnl)JMﬁ[p” (s:t,)%,

: (18)
L T
_(pfpi )1/2 i\ 2mio, ) g "
and the discretized action appearing in Equation (17) is:
w(Q -Q LY 1 1
sN) _ nz_;[( n 2gn 1) _gEa)San _garsﬁan]
:NZH E(S;Tn)xrf +E(S’T_n—l)xr$—l_xnxn—l (19)
| 20,0(s.7,,)  20,0(s7,) o,

1 ,_ — 1__ _
-0, Ewgp(slrn—l)ps’(svrn)xrf -0, EFp(Slrnl)ps(S'Tn)sﬁxﬁ}
Therefore, on using the expansions

E(SIT) = _'B(S'T)O'+ 7)2(5'7)_ 'E(S'T) 6?+0(o?), we find that the
ﬁ(s,fia)_1+ﬁ(s,1) (,32(5',[) 215(5’7)] O( ), find that th

propagator K, (Qf QL5 S) is related with the transformed one via:

Ko (Q ,Qi,t;s)zﬁexp{%(ﬁ_’xf —ifxf} Ko (X, X z38) (20)
f i

where on switching to a phase space path integral, we get:

Ko(X1. X 78) =] DXEZ)—E

c 2 (21)
xexp{ild{ax -(%%(@2 (.0)+ 0" (5.7)) X" 418 (1) (S,T)XZH}

where we set:

o

and we have used the notation:

p(s.7)=p(st) (23)
p(s)= apéts't) (24)
p(si)= aﬁ(gjf) (25)

Now, we impose constrain on p by setting the global time-dependent term

multiplying the X? terms in Equation (21) equal to a constant. i.e.
@* (S,z’)-i—YZ(S(r),z’)ﬁ4(s,r):1 (26)

where we set:
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Yz(s(r),r):w§+l“sz(r) 27)
Further, the integration with respect the (X : Pl) variables is performed and
we find the propagator
1 i(2i(s) 5, Ai(S) s
Ko(Qr:Qitis) = |5 = . expy Qi - Q
o(Q ) \/Zmp,(s)pi(s)smq)(s,t) {ZEpf(s) " op(s) o8
28
[ Qf Q’ 2Q:Q,
x exp - +———|cOsp(S,t)—————
{2s.n¢<s,t)ﬂpg(s) 76 500
where p(s,t) is the solution of the differential equation:
ps,t)+Y2(s(t),t) p(s,t) = ———— (29)
(4 (50.9p(50) =i
and
(54)=Jor—
o(s,t)=[dr——— (30)
0 pz(svf)

In (28), we have set p, (S) = p(S,O) and p; (S) = p(S,'[) .
So, finally, we can obtain the propagator K(Xf ,Xi,t;s) from Equations (9)
and (10). It has the form:

X, X t's)= m Imj P S )X-z
55 G e pr : >J}

e im cosp(s,t) - fox'
&P 2sing(s, t)[( (s) J o (s)pi(s )}

The differential Equation (29) takes the form:

(31)

.. 2 i 2 _
p(s,t)+(a)0 s )p(s,t)— e (32)
and
ols.t)= |2 (33)
, Op2 (S,T)

Therefore, the propagator can be derived from the system of Equations
(31)-(33). We have to solve the differential Equation (32) with the variable s as
parameter, evaluate Equation (33) and then apply (31). We notice that in Equa-
tions (3) and (31)-(33) instead of the square function s (t) there could appear
any function of s.

Now, we assume that the harmonic oscillator is initially at the state:

2°(x—5)2} (34)

O(x)= ( m::)o jm exp[— me

Then, W, (0) in Equation (6) becomes:
W, (0)- o) (o) 09
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and the influence functional describing the effect of the oscillator on the system is:

R(s,s')= .[dxfdxidxi’K(xf : xi,t;s) K* (xf : xi,t;s’)CD(xi)CD* (x)

M\/sin o(s.t)sing(s',t)

pi(s)ps (s')

1

\/U (s,841)T ()T (5') + sin ?(S"t)T (5)- sin (p(s’,t)T,(S,)

Ps (S ) pf (S)

= Jiw, exp [—ma)oéz]

X

20| pE(s)sing(s,t)  p(s)sing(s't)

T(s)  T(s)

xexp<im

20.0)2(8) AT AT N s sing(s'
(/Jf(s)pf( ) P (s)T(s) pi(s )T’(s’)J o(s,t)sing(s't)
)

U (5T (97T (5)+ S';j"fs)” (6-"2 ()

(36)

where we set:
oy | P (5)_/’f (s)
”(S’S't)‘(pf ) pi(5)
_singo(s,t)cow(s',t)

pi(s')

Jsin p(s,t)sing(s',t)+ sinp(s',)cosp(s 1)

P (s)

~—

(37)

and
T(s)=coso(s,t)+p (s)(—p (s)+imyp, (s))sine(s,t) (38)
T'(s")=cosp(s',t)—pi () (o () +imyp, (5'))sing(s',t) (39)
So, the effect of the bath on the system is described by the influence functional
(7)-(8) while the effect of the oscillator by the influence functional (36). Now, we
turn our attention to the system.

4. Solution of the System’s Sign Problem

According to standard path integral methods, as well as the discussion in the
previous sections, the system’s density matrix at time ¢is going to have the path

integral representation:

W (s7,575t)
=ﬁ“ds ds}ﬁ“dp—s”%}(s W, (0)]s5) (181,850 +, 5,57, 55,8(,85,+++, 51,5 ) (40)
11 S L on o |VVs 0 01913921 3OS 3901915917 "y S
N+l
Xexp{ [psn(sn_ psn( n )_gHs(psn’Sn)+8Hs(p;n’sr;)]}

_ t
where we have set Sy, =S", Sy, =5 and &=
N +1

. N+1 is the number
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of time slices in the path integral and h(SO,Sl,SZ,---,SN ,S7,80,S1, Sé,---,s,'\,,s’) is
the influence functional which describes the possible interactions of the system.
Expression (40) is highly oscillatory and therefore standard Monte Carlo tech-
niques fail to confront it. We can bypass the whole point if we interpret the
Hamiltonians as random variables and apply the central limit theorem on the
phase of Equation (40). In that way, we obtain an oscillation free expression
called sign solved density matrix.

Now, we observe that the influence functional has the form:
h(s,s")=1(s,s")R(s,s") (41)
(see Equations (7), (8) and (36)). It has a product form as the bath and the har-

monic oscillator are not directly coupled.

The bath influence functional | (S, S') in its discrete form is:
N+1 n
I (s,5') =exp {—z > (s, —s; )(g’n'n,sn, —&Se )} (42)
n=0n'=0

The matrix elements £ . are given in [15]. As we can observe there, N +2
of them, corresponding to n=n’, are of order ¢ and the rest ones are of order

. So, for Nlarge enough, there are positive constants such that:

2C
Cow <W n=n' (43)
$on <—ch1 (44)

Further, expression (31) is bounded and therefore its matrix elements are
bounded as well. So, R(S, S') is bounded. As we prove in Appendix, a the-
ory similar to the sign solved propagator theory of Ref. [7] and Ref. [12] applies.

Eventually, we obtain the sign solved influence functional expression:

W, (s*,s‘;t)z lim h[s*,s*,s*,.--,s*,s*,s‘,s‘,s‘,---,s‘,s‘]
(45)

x<s+ W, (O)|s‘>exp{—i [(Hsy —(HS)_]t}

Now, we observe that the primed and unprimed variables of /4 in Equation
(45) and therefore of 7and R have a diagonal form and therefore S(t) =s" and
S'(t) =S". So, eventually, the influence functional given by Equations (7) and

(8) takes the diagonal form:
I (s*,s’;t) = exp[—(s+ —s’)(n(t)s+ -1 (t)s )] (46)

where we set:

n(t)= lewl J i)?l) [2coth [%’Bjsin2 (%tj+ isin (wlt)] (47)

To

We have evaluated the time integrals as the position variables are diagonal.

In the present paper, we use the ohmic spectral density:
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J(o)= ;/a)exp{—ﬂ} (48)

c

where @, isa cutoff frequency.
Moreover, by setting S, to correspond either to s* or to s, the propaga-

tor (31) becomes:

K(X;. %, b5, )

/ m,’a)2+ﬂLSCZ im4’a)2+/15°2
o o 252 (49)
= m exp M| (X} +x7)cos| e + 25t |- 2x, X
. , AS? . , A8 m
2nisin 4wy +—t 2sin| ,|ay +—t
m m

and according to Equation (36), the influence functional Rhas the diagonal form:

R(s*,s™)=1/2ia, exp[—ma)ocSZ]\/sin o(s*.t)sing(s 1)

1
X
L oy Sing(stt) o sing(sTt)

U, (s",s,t)T, T, T - T,
[t e e ) e 7
cexp im52w§ pf(s*)singo(s*,t)_pf(s‘)sinw(s‘,t) 50)

T,(s) T(s)
.0’} Tll(si) T1(5+) . o\ _
im 20[2+T1(s*)+T1'(5) sing(s",t)sing(s )
+
o ey Sing(stt) o sing(sTt)

U,(s",s,t)T, T, T, - T,

e ) e )

where we set:

Ul(s*,s‘,t) _ sin (p(s,tz)ccisw(s*,t) _sin ¢(S+,t2)COS(/J(S,t) 51)

Pi (5 ) Pi (5 )
and
T,(s7)=cosp(s*,t)+im,p] (s7)sing(s 1) (52)
T,(s7)=cosp(s™,t)—iw,p? (s )sing (s t) (53)
Here,
(5= o ()| a2 (59
and

2
¢(Sc't)=\/w§+l;°t (55)
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Finally, we obtain:

W, (s*,s’;t) =1 (s*,s’;t)R(s*,s’;t)<s+

W, (O)|s’>exp{—i [(HS>+ —(Hs)th} (56)
In the next section, we proceed to an application.

5. Application to a Symmetric Double Well

In the present section, we proceed to an application of the above theory. We con-

sider the symmetric double well potential:

V(5)=M s a) (s vy (57)

and assume to have prepared a Gaussian wave packet centered on the right well

with wavefunction:

W(s):(MJW exp{—%(s—a)z} (58)

T

and energy E;. Due to tunneling, the level E, splits into the levels E, and E,

with corresponding wavefunctions:

wl(s):%[xp(s)w(_s)} (59)
¥, (s) == ¥(5)-¥(-5)] (60)

and energy differences:
M ® 3/2

=Qae—Mwaz (61)
VM

To apply the theory of the previous section, we use the initial density matrix:

W, (0)=¥)(¥ ©)

E,-E,=E,—E,

and insert it in Equation (56).

Now, we are in position to generate the time evolution of the system’s density
matrix. In that way, the evolution of the system’s observables under the prepara-
tion (58) can be studied.

We consider the matrix elements:
ﬂij (t):<‘{’i |Wred (S+'S_;t)|qjj> i, j=12 (63)

Then,
2
Wred (t) = zl|\yl >ﬂu (t)<\PJ | (64)
i,j=
In the expectation values in Equation (56), we choose as sampling functions
the expressions (58)-(60), so that (H5>+ —<HS>_ =E -E, i=12 where the 7
is the same as in Equations (63) and (64). Then, E,-E; = —( E,-E)=1Q. Q
is the tunnelling frequency.

So, the expectation value of the position has the form:
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<S (t)> = a(ﬂlZ (t) + B (t)) (65)

We observe that the expectation value of the position is closely related with
the inversion of a corresponding two-level system. In fact, as we can conclude
from the above analysis the present double well potential can be interpreted as a
two-level system.

Throughout the section, we consider the system initially in the state (62).

In Figure 1, we plot the expectation value <S (t)> in the case of the system
interacting with only the harmonic bath. So, we use the influence functional

h =1 . In that case, the matrix elements (63) are Gaussian and we obtain:

Mo
B ﬁ21 =z
( ) ( ) \/|Ma)+77 (Re[n ])

(o) ~(Re[n(1)])
[Mo+n()f ~(Re[n(t)])
2|Ma)+77(t)|2—2(Re[77 t ]) (t)(Ma)+77 )

Mo+ n(t)f ~(Re[n(t)])
|Ma)+77( )| —Z(Re[n ) (1) (Ma)+77 )
|Ma)+77(t | —(Re[n (1) })

x —exp[—ZM a)az] +exp| —2M wa’

(66)

—exp| - M wa

+exp| —M wa?

As the time increases, the bath causes decrease of the amplitude of the tunnel-
ling oscillations.

In Figure 2(a) and Figure 2(b), we consider the system interacting with just
the oscillator. So, we use the influence functional h=R. At small times there
appear extra oscillations, besides the tunnelling’s ones. Moreover, for fixed time
the absolute value |<s(t)>| decreases as O increases (see the initial wavefunc-
tion (34) of the oscillator and the influence functional (50)).

In Figure 3, we consider the full system. So, we use the influence functional
h=IR. There appears a combination of the effects described in the cases in
Figure 1 and Figure 2. Oscillations at small times and decrease of the amplitude
as time increases. We should expect such a result as the full influence functional
is the product of the influence functionals corresponding to the system’s interac-
tion with just the bath or the oscillator (see Equation (41)).

6. Conclusions

In the present paper, we study the dynamics of a quantum mechanical system
interacting linearly with a bath and quadratically with an oscillator. In our study,
we use influence functional methods derived previously and concerning the in-
teraction of systems with baths as well as methods on the dynamics of oscillators
and combine them with methods on the solution of the sign problem due to the
author. As an application, we have considered a symmetric double well interact-

ing with a bath or with an oscillator, or with both of them, and study the time evo-
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lution of the relevant density matrix. We focus on a double well potential as it

incorporates tunnelling effects on the whole dynamics and behaves as a two-level

system.

T
0 2 4 6 8 10 12 14 16 18 20
Ot

Figure 1. Mean position of the dissipative double well system. We use » =0.06 (solid),
y=0.4 (dashed) and y=0.7 (dotted). We have set: =10, M =10, a=20,

0,=80Q, p= % . Here, according to Equation (61), Q =0.020667 .

2 -
6=0.0

<s(t)>_

0.1 1 Ot 10
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0.0

034 Qt=3.0

(b)

Figure 2. Mean position of a double well system coupled with an oscillator. In (a), we
consider the mean position as a function of Qt ; while in (b), we consider the position as
a function of & for certain values of Qt. We use: w=1.0, M =10, a=20,
®,=1.0, m=1.0, A=0.1.Here, according to Equation (61), Q =0.020667 .

\ i i !
N i i
o Vi i Hi il
2 Voo

0,1 1 10

Ot
Figure 3. Mean position in the following cases. A double well: Dashed-dotted. A dissi-
pative double well: Solid. A double well coupled with an oscillator: Dotted. A double

well coupled with a harmonic bath and an oscillator: Dashed. The parameters have the
values: w=10, M =10, a=20, 6=00, @,=10, m=10, A1=01, »=05,

w,=8.0Q, = % . Here, according to Equation (61), Q =0.020667 .
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In conclusion, the present methods are capable for giving closed expressions on
various systems’ density matrix time evolution and therefore interesting relevant

dynamical information can be gained.
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Appendix: Sign Solved Density Matrix

According to the solution of the sign problem for expression (40),

W (s7,575t)
N dp,, d
T 05 ] 122 2 i W 0005505057200

n=1

N+1
Xexp{i |:psn (Sn _Sn—l)_ p;n (Sr: _sr:—l)_gHs ( psn’sn)+gHs ( p;n’sr:)]}

;h[s*,s*,s*,---,s*,s*,s,s,s,---,s,sj(s+ WS(O)|s’>exp{—i[(Hs>+—(HJJI} (A1)
ﬁﬁ“ds ds; ] (30:50:557+1 5187, 85,8(,55,+, 84,7
><<SO|\NS (0 | >{ﬁ|:f (Sn Sn 1) ( n’ n l):| Iﬁ[ ( n? n 1) (sn Sn 1)]}

We have used the functions:

f(S,,5,1)
1

Zn\/ﬂa\, \/[sm ( (H,)" )cos ( (HS)’)+c052(t(HS>+)sin2(t(H5)')]

Xexp{%aétz [sin2 (t(H,)")oos (t(H,)" )+ cos (t(H,)" )sin’ (t(Hs)*)](sn s, (42

207 (1)t sin? (t(HS)+)cos2 (t<H5)7)+cos2 (t(HS>+)sinz (t(Hsy)

g(sn Sn 1)
1

- 2m/2n0, (t)t\/[sin2 (t(HS>+ )sin2 (t(H5>_)+ cos’ (t(HS>+ )0052 (t(HS)_ )}

xexp{%aétz [sin2 (t(HS)+ )sin2 (t(Hs>’)+ cos’ (t(Hs)+ )cos2 (t<HS>’)](sn —s.,) (A3)

2
n

_20-5 (H)t? [sin2 (t(HS)+)sin2(t<Hs)_)+cos2 (t(Hs>+)cos2 (t(HS>_ )J

In (A2) and (A3), we use appropriate sampling functions. In the primed fand

S

gin (Al), we use a primed sampling function for the variances.

In calculations, we are interested in integrals of the form
”ds*ds’@j (S+ )Wred (S*,S’;t)@2 (S’) , where ©,, ©®, are appropriate func-
tions. So, we consider the expression ¢ corresponding to the term in Equation
(Al) involving the f,f’,g and g’ functions after that integration. We intent
to prove that only the diagonal term in the last expression in Equation (Al) can
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give the exact result as N — oo because ¢ tends to zero. Then, we obtain
Equation (45). To prove that, we diagonalize and integrate the Gaussian products

ﬁ[f(sn,sn_l)f'(s,;,s,;_l)]l(s,s’) and ﬁ[g(sn,sn_l)g'(sr’,,s;_l)]I(s,s’). We

n=1
notice that according to Equation (50) the Ris bounded (see Equation (41)).

According to Equations (42)-(44), the bath influence functional | (S, S’) has
the form:

N+1

I (S' S,) = exp |:_z Z (sn - Sr’1 )(gn,n’sn’ - é’:,n'slfl' )j| (A4)

n=0n'=0

where for Nlarge enough,
gnn’ <L12 nzn' (AS)
' (N +1)
CZ
A6

Snnl < N +1 (A6)

We want to bound the expression |50| appropriately. We proceed via per-
forming on the terms composed of the ffunctions, the change of variables:

> — (A7)

and similarly, the change of variables:

S, > — (A8)

V2 (t)

on the terms composed of the g functions.
We have set:

\/[sinz(t<Hs>+)cosz (t<H5>_)+C052 (t(Hs>+)sin2(t(Hs>_)}

7{1}(0: \/[sin (t(HS) )sin (t(Hs)\/;Jrcos (t(Hs) )cos (t(HS) )} )

ot

Similar primed transformations apply to the case of primed variables.
Then, we obtain:

2N+2

[271]3N+3 [O'V (t)]N+1 O'mN+2 [UV' (t)]N+1 o"mN+2

1
({12 Jeos? () oo (e )
" N1+1ﬁU dsndsé]@)i‘(;“(*tl)jtaz (;lf‘(*tl)xyls(‘)t) W, (0) yl'sét)>

+ 2 -\2 It — a7 N = 1 - v -
XeXp{(s ) +(5 ) +¢’1sg+¢1soz+le2N+4(ﬂlvﬁ1)p1T+mp1abM11,2N+4p1Tab}

o] <

2N+3
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2N+2

+ [271:]3N+3 |:O'V (t):|N+l O'rEJrZ [Uvr (t)]N+l O'I;]NQ

1

[tz (sin2 (t(HSY)sin2 (t(Hs)’)+ cos? ('[(HSY)COS2 (t<Hs>7))TN+S (A10)
1

1[fesss:Jo (Z”(tl)}”z (Z’N{éﬂ@f» ") 7ésft>>

+)2 -)\? Il = N7 AW 1 . —~
xexp (5 ) +(5 ) +(DZS§+¢2502+p1M2N+4(ﬂ2’ﬂ2)p1T+mp1abM;,2N+4pl-;b}

X

b4
iy

X

N+1n

I
o

go{l} and go{'l} are appropriate time dependent functions. We have set:
2 2

) =(so,sl,sz,~~,sN,s*,sg,sl',s;,---,s{q,S') (A11)
and

Braw = ([0 [sulolsa ]+ s |3 [ s s sl st o fs 7)) (A12)

where Sy, =S", Sy.,; =S . The matrices in Equation (A10) correspond to the

symmetric matrices:

M2N+4 {ﬂ{1}'ﬁ{’1 (A13)

2

where we set:

1 ifi=jxl

(o D I (a19)

0 otherwise

and similarly for the primed variables. Moreover,

C,
[Ml 2N+4J =
E

ifi=jori=j+(N+2)
1 7/1
bl e (A15)
ﬂ{l} (t) has the form:
1

(t)y=—2- (A16)

s (e Joos (1)) s (o) e (g )
(Sinz(t<Hs>+)sinz(t<Hs>7)+cos2 (t(H5)+)cos2 (t(HJ))2

Depending on the s being primed, unprimed or mixed we use primed, un-

4

o otherwise
+1

B

a,fp'\f (t)'[4

primed or mixed variables in the coefficients (A15) of the quadratic forms in
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Equation (A10). For example, for the term corresponding to §;s] in Equation

(A10), we use in the expression (A15) the product 7/{1}7{'1} .
2f |2

Now, we study the matrices (A13, A14). We observe that on the one hand,

o R O C Y S N L

and on the other for each determinant,

g
det(l\ﬁmz (%J]:Uw m_Cch (A18)

5 2

A

Uy.,| — | is a Chebyshev polynomial of the second kind of order N +2.
More particularly let the numbers &), n=0,--,N +1, be the roots of the

equation Uy,,(x)=0. They are simple, real roots and &.7) e (-11),
n=0,--,N+1. Then, the eigenvalues of the matrices M,,,, ['B{u ,ﬂ{’l} J are
J

going to be given by the expressions:

PRCLATE) =—2§:1(2 +B, (t) n=0,---,N+1 (A19)
2

B" el
AN g (o) +ﬂ{%} (t) n=N+2--2N+3 (A20)

1\ n
b

Further, the diagonal quadratic forms (s+ )2 +(s' )2 +o s +(p{'1}s(;2 can be
2

o

diagonalized simultaneously with the quadratic forms corresponding to the ma-
trices M., { ﬂ{l} , ﬂ{ll}j So, we conclude that the eigenvalues of the quadratic
2 2

forms:

S5+ My, [ﬂ{lz}’ﬁ{,l}j/f (A21)

() () 0,500,
2 2

I

are going to have the form:

ﬂ.{(lz}':M) = _25{(1?2N+4 + ﬁ{l} (t) n=0,N+1 (A22)
/1{(12}’:+4) = _25{(1?2N+4 +ﬂ{’12} (t) n=N+2,,2N+3 (A23)

where 5{(13)2N+4 are appropriate real numbers with 5{(1?”% >-1.
2 2

Further, for N large enough, the expressions corresponding to the matrices

1 -
T M {11 }2,\”4 in (A10) are perturbation terms. So, eventually the full matrices
+1
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on the two exponentials will have eigenvalues:

1
N+1

ﬂ2N+4 _26;; e ﬂ{}(t)+0[ j n=0,---,N+1 (A24)

B’ i

(2N+4) _ o (n) ' 1 _
W =28+ B t+0(—) N=N+2,---2N+3 (A25)

According to the whole above discussion after a Gaussian integration, we ob-

tain:

o] <b, (2n)’ &, (t sm H,) cos (t(Hs)’)Jrcosz(t(Hs)+)sin2(t(Hs)’))

1
{ N+1n oLn AZN“‘ ]n oLn Alﬂ‘h‘*fzﬂ

+b,(2n tz(sm H,) sm (t(HS)7)+cosz(t(HS)+)cosz(t<Hs>f))

1 +1
N+l" 0 27‘ AZNM n 2n zii‘;iz

where we set:

(A26)

AN+ 1+2 1+§ ZNMJO— oy ()t

B bl

N+1

B’ ;
S ————
(sinz(t(Hsy)sinz('t(Hs)f)Jrcos2 (t(HS)+)cos2 (t(HS>’))2

+O[ ! ) n=N+2,---,2N +3
N +1

A/(2N+4) 1+2[l+§ n})2N+4JOJZO-\§ (t)t4

The constants b, b, depend on the form of the functions ©,(s) and
®,(s) aswellas (s,|W,(0)]s;).

Finally, we infer that since the terms in the curly brackets in Equation (A26)
tend to zero as N — oo, the first term in eq. (A1) is exactas N — oo and cor-

responds to the sign solved time evolution of the density matrix.
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