4

X/
*

Scientific
0”‘ Research
94% Publishing

()

%

Journal of Applied Mathematics and Physics, 2024, 12, 1383-1400
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Variational Approach to 2D and 3D Heat
Conduction Modeling

Slavko Puric?*, Ivan Arandelovié?, Milan Miloti¢t

'"Faculty of Traffic Engineering, University of East Sarajevo, Doboj, Bosnia and Herzegovina

*Faculty of Mechanical Engineering, University of Belgrade, Belgrade, Republic of Serbia

Email: *slavko.djuric@sf.ues.rs.ba, iarandjelovic@mas.bg.ar.rs, milanmilotic@yahoo.com

How to cite this paper: Durié, S,
Arandelovié, 1. and Milotié, M. (2024) Vari-
ational Approach to 2D and 3D Heat Con-
duction Modeling. Journal of Applied Ma-
thematics and Physics, 12, 1383-1400.
https://doi.org/10.4236/jamp.2024.124085

Received: February 28, 2024
Accepted: April 27,2024
Published: April 30, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

(ONom

Abstract

The paper proposes an approximate solution to the classical (parabolic) mul-
tidimensional 2D and 3D heat conduction equation for a 5 x 5 cm aluminium
plate and a 5 x 5 x 5 cm aluminum cube. An approximate solution of the
generalized (hyperbolic) 2D and 3D equation for the considered plate and
cube is also proposed. Approximate solutions were obtained by applying cal-
culus of variations and Euler-Lagrange equations. In order to verify the cor-
rectness of the proposed approximate solutions, they were compared with the
exact solutions of parabolic and hyperbolic equations. The paper also presents
the research on the influence of time parameters 7 as well as the relaxation
times 7° to the variation of the profile of the temperature field for the con-
sidered aluminum plate and cube.

Keywords

Classical Equation of Heat Conduction, Generalized Equation of Heat
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1. Introduction

In many engineering applications (thermal engineering, process engineering,

aero-engineering, etc.), the classical Fourier heat conduction equation is consid-

ered an efficient method for solving heat conduction problems. The equation that

describes the distribution of the temperature field is the diffusion equation. Due

to the importance of diffusion in engineering practice, solutions to the 1D, 2D

and 3D diffusion equations have been studied by a large number of researchers

[1]-[7]. One-dimensional heat conduction problems with Dirichlet boundary

conditions can be directly solved by the Fourier method of separation of vari-

ables. The application of this method in engineering practice to solving 2D and
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3D heat conduction problems is quite complex. Application of some other clas-
sical analytical methods to the solution of 2D and 3D heat conduction problems
such as Laplace transform, Duhamel’s theorem, Green’s function and the Rie-
mann method is not very suitable for engineering practice. A method that is widely
used in practice is a numerical method, such as the finite difference method [8]
[9].

Very fast material heating processes, e.g. during the absorption of energy com-
ing from ultra-short laser pulses cannot be satisfactorily explained by the Fourier
equation of heat conduction. It predicts an infinite rate of expansion of the ther-
mal disturbance, which is physically inadmissible and contradicts the existing
recent theories that treat the phenomenon of heat transfer. In order to resolve
the paradox of thermal disturbance propagation in the classical Cattaneo diffusion
theory [10] [11], Vernotte [12] introduces the relaxation time into the Fourier
law of heat conduction (CV model).

The CV model (generalized Fourier equation of heat conduction) describes
hyperbolic partial differential equations (telegraph equation [13]) and assumes a
finite rate of propagation of the thermal disturbance. Based on these assumptions,
in the considered theories, thermal disturbance in a solid medium behaves like a
wave (the so-called second sound).

In recent years, several non-classical theories in the theory of thermoelasticity
have been presented [14]-[21]. Those theories represent also a modified Fourier
equation of heat conduction, including the hyperbolic form of the partial differ-
ential equation of heat transfer and the finite velocity of propagation of the ther-
mal disturbance.

The main goal of the exhibited manuscript is to underline the possibility of
variational description of 2D and 3D heat conduction through solid bodies. This
paper develops a simplified analytical method (approximate solution) for 2D
and 3D parabolic and hyperbolic heat conduction in aluminum plate and alu-
minum cube with Dirichlet boundary conditions using calculus of variations and
the Euler-Lagrange equation. In the end, a numerical example is given, and the
accuracy of the obtained solution using the approximate solution was checked
by comparing it with the exact solution of 2D and 3D heat conduction presented
in the paper.

2. Mathematical Formulation

Generalized heat conduction equation:
LT aT [aZT o°T 9T j
=k:| —+—+—-|,

ar? EYE Y

’ .812 5_ )

can be derived from the Langrangian:

* 2 2 2 2 z
2@ _z.[(a_T] [a_Tj +(8_T” o)
2\ 0ot 2 OX oy oz

using the Euler-Lagrange differential equation:
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ﬁ;ﬁ{ﬂﬂ_if%gniFE}j%ég}Q &)
oT or\oT!) ox\aT/) oy 6Ty' oz oT]
and the following:
(X, 2 Z) eV (V < R%) are coordinates of an arbitrary point in the volume V;
T —time;
7" —relaxation time;
T (X, y,z,7)—temperature value (temperature field) in volume V.

Equation (1) is also valid and represents the variational task of finding the sta-

tionary value of the integral:
F =[dz[[[Lav, (4)
0o v
where the L is Lagrangian under (2).

2.1. Two-Dimensional Heat Conduction

The two-dimensional generalized (hyperbolic) heat conduction equation is given:
2 2 2
- .gjLﬂ: . ngg .(x,y)eD,z>0,
or® or ox~ oy
(5)
where the area is D={(x,y):0sxsa,03 y<b,abe R+}.
The following conditions will be assumed for Equation (5):
Initial condition:
T(xy,0)=f(x,y)=x(a=x)y(b-y), T.(x,y,.0)=0, (x,y)eD, (6)
Boundary condition:
T(0,y,r)=T(a,y,7)=0, (7)
T(x0,7)=T(x,b,7)=0,
0<x<a, 0<y<b, r>0.

Equation (5) with the given initial (6) and boundary conditions (7) will be
solved by the Fourier method of separation of variables, i.e. the analytical solu-
tion will be sought in the form:

T(xy,7)=X(x)Y(y)¥(r), (8)
and by substituting into Equation (5), we get:
X" Y o9t 1Y

=,
X Y ky k¥

ie.
X7=—a2, )
v
7=—ﬂ2, (10)
Pl R
AT an

DOI: 10.4236/jamp.2024.124085 1385 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.124085

S. Duri¢ et al.

whereas y2 =o® +p°.

From Equations (9)-(11), three equations are obtained:

X"+a’X =0, (12)
Y "+ 4% =0, (13)
Y Y '+ k2P =0. (14)

The solution of Equation (12) is:
X (x)=C, cos(ax)+C,sin(ax),
and using the boundary conditions (7), the value of the constant C, =0, it fol-
lows that:
X (x)=C,sin(ax),
ie. C,sin(aa)=0 implying:

o :? (M=12,). (15)

m

In a similar way, Equation (13) is obtained:
Y (y)=C,cos(By)+C,sin(By),
and using the boundary conditions (7), the value of the constant C, =0 implying:
Y (y)=C,sin(By),
ie. C,sin(pb)=0 implying:

=t (1=12-), (16)

Yin = + 7 - (17)
Equation (14) is a second-order differential equation with constant coefficients,

so by solving it in a known way, the solution is given:

len (T) = Aﬂnerlvmﬂr + anerzvmnr > (18)
with:
—14+ 1= 4Ky
rl,mn = 22_* >
i ~1-1-4ky2 "
2,mn = * 4
' 2t

. 1
where the relaxation time belongs to the interval 7~ € (0,—2} .
4K

Where every function T, (x,y,7) isdefined by:
Ton (X, y,7) =sin (e, X) -sin(,Bny)-(Ann et B -e“’*vm"’) , (19)

satisfies equalities (5) and (6) and based on the principle of linear superposition

and function T (X, Y, 1) , it is defined as follows:

© 0

T(xy,7)=).> sin(a,x)-sin (,Bny)-(A11n - - I -e'zvm”r) . (20
m=1n=1
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It represents the solution to problems (5)-(7).

Constants A i B, will be determined from the conditions T, (x,y,0)=0
with A’nn = Cmn : I"Z,mn and an = _Cmn 'rl,mn .

Equation (20) now has the form:

T(XY,)= 3 3 Cop (o € i €% Jsin(ayx)-sin(y).  (21)

m=1n=1

From the initial condition:

0 0

T(%¥.0)=> > Con (T =t ) -Sin(2,X) sin(By) = F(x,y),  (22)

m=1n=1

and putting thatitis E  =C,, (r

2,mn

- 1mn) Equation (22) is equivalent to the
equation:

T(xy,0)= 3 S E,, sin(a,x)-sin(4,y)=f (xy), (23)

m=1n=1

whereby E_ is determined in the expression:

En = ab!!f (x,y)-sin(a,x)-sin(B,y)dxdy , (24)

and according to the given initial conditions
T(xy,0)=f(xy)=x(a-x)y(b-y),0<x<a,0<y<b,
we get:
64a’b’

3 3 ’ mln1:172i31”'
(2m-1)°-(2n-1)"-n°

mn

so the solution to the given problems (5)-(7) is given by:

T(xYy,7)= i i (rzymn R N ) -sin(a,x)-sin(B,y).(25)

m=1n=1 IP2 mn rl mn

2.2. Determining the Approximate Solution of the
Two-Dimensional Heat Conduction Equation

Let us now find an approximate solution to the generalized heat conduction equa-

tion (Equation (5)). An approximate solution of the form will be assumed:

T(xy,7)=f(xy)-(z)=x(@-x)y(b-y)-¢(7), (26)
where ¢(7z) isanunknown function that satisfies the condition:
¢(0)=1. (27)

If we start from the functional:

F(T(xy.7))= j[dr'”' F(xy.7.T(xYy.7),T,.T,)dxdy

() 4[] (2] oo

by inserting the trial solution (26) into Equation (28) and solving the double in-

(28)

O t—
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tegral, we get:

a’b? ’(azbzr*

= -¢? —(a%k +b%k)g? |-e”dr . 29
180 3\ 10 7 ( )q’J i 29

If we now introduce the Lagrange function:

. a’b’c’ ., 2 2 2| el
L((p,gz))z( 10 ) —(a k+b k)'qo "t (30)
and using the Euler-Lagrange equation:
A o[, (31)
op 0t\ 0@

T/t

and dividing with e"", the following differential equation is obtained:
10k (a® +b?)

a?h?

- g(r)+o(7)+ -p(r)=0. (32)

After a short calculation, the solution to Equation (32) is obtained:

p(7)=C,-e" +C,-e%, (33)
with:
40k (a’ +b? )z’ 40k (a’ +b? )z’
1\l 1\l
a‘b a‘b
= - s = " and
2T 2T

. a’h?
£ e 0’40|<(az+b2) '

Constants C, i C, are determined from the conditions of the conditions
¢(0)=1 and T, (X,y,0)=0.The first condition implies:

C,+C, =1, (34)
and the second condition implies:
C,rn+C,-r,=0. (35)
The constants are determined from the system of Equations (34) and (35). C,
i C,:
r
C=—2, (36)
L-n
8
C,=—1—, (37)
h-n
so an unknown function ¢(7) is determined by:
. I
p(r)=—2—eV +—L—.e%. (38)

Now, according to (26), the approximate solution of Equation (5) is given by:

r nr r It
T(x,y,r)=X(a—X)y(b—y){ﬁ-el +ﬁ-e2 j (39)
2 1 1 2
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If the boundary condition 7" — 0 is applied to Equation (32) or Equation
(39), an approximate solution to the classical two-dimensional heat conduction

equation is obtained:

oT T 0T
—=k- —2+—2 s (40)
or ox: oy
which is given by:
lOk(a2+b2)
T(xy.7)=x(a-x)y(b-y)-e & . (41)

2.3. Three-Dimensional Heat Conduction

Consider a three-dimensional body of dimensions axbxc. The temperature of a
point in the body is defined as a function of the temperature field T =T (x, Y, 2, z')
and (x,y,z) being coordinates of the position of a point in the body and the
7 is the time. If the body is homogeneous, the temperature field is described by

the equation:

2 2 2
6T_k(aT T 8TJ) @)

- = —_ +—
or ox: oy* oz’

where is &k thermal diffusivity of the material from which the body is made.
Equation (42) is a parabolic equation (classical equation) of heat conduction
that predicts an infinite rate of propagation of a thermal disturbance in a body.
This contradiction can be overcome by introducing a generalized heat conduction
equation.
In this sense, let’s consider the three-dimensional generalized heat conduction

equation:

2 2 2 2
0T 8T_k[aT T 6_TJ. @3)

T —+—=K| —+ +
o’ or ot oyt orf

Equation (43) is a hyperbolic partial differential equation, the solution of which
will be sought by the Fourier method of variable separation under given initial
and boundary conditions.

Initial condition:
T(xy.20)=f(xy,z)=x(a-x)y(b-y)z(c—-2z), T.(x,v,2,0)=0. (44)

Boundary condition:

T(0,y,2)=T(a,y,z)=0, (45)

T(x0,2)=T(x,b,z)=0, (46)

T(xy,0)=T(xy,c)=0, (47)
0<x<a, 0<y<h, 0<z<c, r>0.

Similar to the 2D Fourier method of separation of variables, the problems
(43)-(47) are solved:

DOI: 10.4236/jamp.2024.124085 1389 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.124085

S. Duri¢ et al.

T(xY,2,7)

= iiii'(r&mnl et — I mni -gm )'Sin (am X)Sin (:Bn Y)Sin (7|Z)' (

m=1n=11=1 r2,mn| - r1,mn|

48)

finding:
Ep :%Ezi f(x,y,2)sin(e,x)sin(B,y)sin(yz)dxdydz

am:%, (m=12,--),

B, =%t, (n=1,2,---),

In
= |:1|21”' >
N a ( )
é‘rinl :0‘; +ﬂnz+7/|21

—1+1-4kS%, "

r1,mn| = 22_* ’
~1—\1-4k52, 7"
r2,mn| = ZT* ’
1

el 0———|.
oaiz ]
(

T(xYy,2,0)=f(xy,z)=x(a-x)y(b—y)z(c—2z) initial contitions given, it
is resulting in:

_ 512a’b%c?

mnl 3,.313_9 '
m°n°l°x

(m,n,1=12,-).

2.4. Determining the Approximate Solution of the
Three-Dimensional Heat Conduction Equation

Let us now find an approximate solution to the generalized (hyperbolic) heat
conduction equation (Equation (43)). An approximate solution of the form will

be assumed:
T(xy.z,7)=f(xy.2)-¢(r)=x(a-x)y(b-y)z(c-2)-@(z), (49)
where ¢(7) isanunknown function that satisfies the condition:

»(0)=1. (50)

If we start from the functional:

F(T(xy.27))= .:[dr.[ﬂ F(xy,2,0,T,T,T,,T,,T/) dxdydz

) -4 (2 )

and by inserting the trial solution (49) into Equation (51) and solving the triple

(51)

O ey
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integral, we get:
_a’h’e® tfa’h’c’r’
5400 - 10

N ~(bzcz +a’c? +a2b2)¢2J~e”f*dr. (52)

If we now introduce the Lagrange function:

2|n2 A2 %
L((p,(b):(a blg T _¢2_k_(bzcz+azcz+a2b2)(p2)erlr*’ (53)

and using the Euler-Lagrange equation:
A o[, (54)
op 0t\ 0@

y
rlt

and sharing with e"" , the following differential equation is obtained:
10k ~(b2c2 +a‘c’+ azbz)

a’b’c?

z* -go(r)+gb(r)+

-p(7)=0. (55)

After a short calculation, the resulting solution to Equation (55):

p(r)=C,-e" +C,-e%, (56)
given:
—1++/1-40kM ¢* -1-v1-40kM¢* .
h= P N = , 7->0 and
T T
v ofo L _ b’c® +a’c® +a’h?
"40kM |’ a’b’c? '

Constants C, and C, are determined from the conditions of the conditions
»(0)=1 and T_(x,y,z,0)=0. The first condition gives:

C,+C, =1, (57)
and the second condition gives:
C,rn+C,r,=0. (58)
The constants are determined from the system of Equations (57) and (58). C,
and C,:
r
C=—t, (59)
L-n
I
C,=——, (60)
h-r

e, (61)

Now, according to (49), the approximate solution of Equation (43) is given by:

T(xY,2,7)= x(a—x)y(b—y)z(c—z)-[r—zeﬁ’ +%~erﬂ]. (62)
1 2

rn-n

If a boundary condition is applied to Equation (55) or Equation (62), z° —0
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an approximate solution to the classic parabolic three-dimensional heat conduc-

tion equation is obtained:

T T T T
=K\ttt | (63)
or ox® oy- oz
which is given by:
10k(b202+a202+a2b2)
T(y20)=x(@-x)y(b-y)z(e-2)0e ¢ (e

3. Numerical Example

In the previous section, the analytical and approximate solution of the 2D and
3D generalized (hyperbolic) heat conduction equation was presented. At the re-
laxation time, the 7* — 0 approximate solutions of the classical (Fourier) 2D
and 3D heat conduction equations were obtained. In order to illustrate the rele-
vant physical effects of the obtained results, two examples are considered. One
example refers to the 2D heat conduction equation, and the other example to the
3D heat conduction equation. The material of a 5 x 5 cm aluminum plate and a 5 x
5 x 5 cm aluminum cube were chose. Aluminum was chosen because of its good
characteristics and wide application in various branches of process technology.
The thermal properties of aluminum are: density p = 2707 kg/m®, thermal
conductivity 1 =204 W/(m-K), specific heat capacity ¢, =896 J/(kg-K) [21].
The thermal diffusivity of aluminum is determined using the expression

k= /1/ ( p-C, ) . According to the given data, the thermal diffusivity of aluminum
amounts to k = 0.8411cm?/s. The relaxation time for the material aluminum
ranges in the interval 7" =10 -10™s [22].

Relaxation time 7 represents the statistical value of the delay time required
to establish steady-state heat flow conditions in a small elementary volume of
material when a temperature gradient suddenly appears at the boundary of the
elementary volume. The relaxation time is quoted in the literature [22] for different
materials and was found to range from 7" =10"s for gasesto 7" =10"s za
for metals.

Example 1. 2D heat conduction

We will consider the generalized (hyperbolic) heat conduction equation (Equation
(5)), ie

or®  or Xz oy’

and according to the condition of the task, the initial and boundary conditions

are:
Initial condition: T (x,y,0)=x(5-x)y(5-Y)>
Boundery condition: T(0,y,7)=T(5,y,7)=0,

T(x,O,r)=T(X,5,r)=0,
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0<x<5, 0<y<5, 7>0.

The considered problem will be solved using the exact solution (Equation
(25)) and the approximate solution (Equation (39)). The results are shown in
Table 1. Note that these two solutions agree well. Taking more terms in Equa-
tion (25) would give better results.

It can be observed that the value of the temperature field increases until the
middle of the plate, and then the value of the temperature field decreases. Obvi-
ously, the hottest spot is the spot in the plate x=2.5cm, y=25cm and it is
41.73°C for the exact solution and 39.06°C for the approximate solution. It is
also observed that over time, the profile of the temperature field practically does

not change (Figure 1). MATLAB software was used to display the figures. During

Table 1. Comparative results of the temperature distribution obtained by applying the exact and approximate solution of the gen-

eralized 2D heat conduction equation of the 5 x 5 cm aluminum plate (relaxation time 7' =107"s).

7=0.01s 7=0.1s r=1s 7=10s
17T0) Q) Q) 170) 170) 170) 170) 170)
X y Correct  Approximate  Correct  Approximate  Correct  Approximate  Correct  Approximate
(m - cm solution solution solution solution solution solution solution solution
Equation Equation Equation Equation Equation Equation Equation Equation
(25) (39) (25) (39) (25) (39) (25) (39)
0 0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1 1 14.40 16.00 14.41 16.00 14.41 16.00 14.41 16.00
2 2 37.73 36.00 37.73 36.00 37.73 36.00 37.73 36.00
3 3 37.77 36.00 37.77 36.00 37.77 36.00 37.77 36.00
4 4 14.47 16.00 14.47 16.00 14.47 16.00 14.47 16.00
5 5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
35

30

25

20

15

10

y (cm)

o O

Figure 1. Hyperbolic 2D profile of the temperature field in an aluminum plate (relaxation
time 7°=10"s).
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engineering calculations of heat conduction through solid materials, the practi-
cal question of determining time T arises, during which the entire plate will cool
down to a specific temperature T". For the considered example, the time re-
quired for the aluminum plate to cool, for example, to 1°C, it is necessary to
solve the equation T(5/2,5/2,7)=1 and based on Equation (62), the result is
7~545s.

Figures 2-5 show the comparation of parabolic and hyperbolicof the heat
conduction profile in the aluminum plate at constant time. On the time micro
scale (r*,r) —(0,0), the hyperbolic temperature profile is practically indistin-
guishable from the parabolic temperature profile (Figure 2). Due to the longer
time of heat conduction through the aluminum plate (time macroscopic process),

(@ 40 (b) ”
35 A 20
30 A
7=0.01s Time = 0.01
_ 25 i 0 ime S
8 20 A 30
= i ~
5 Hyperbohc S 2
equation -
10 1 = = = Parabolic 10 5
5 1 equation 0
O T L] L] L]
0 1 2 3 4 5
X =y (cm) y (cm) ! 0 0 x (em)

Figure 2. Comparison of parabolic and hyperbolic temperature profiles for an aluminum plate at constant time 7=0.01s and
relaxation time 7' =10"s. (a) Hyperbolic and parabolic profile of the temperature field of aluminum plate; (b) 2D parabolic

profile of the temperature field of the aluminum plate.

(a) 40 (b)

35 - AN N
(4
i W\
30 > 1=0.1s Time = 0.1s 25
_ 25 . 40
O
% 20 Hyperboli 30
15 ¢ equation © 2
10 1 = = = .Parabolic "o 5
5 4 equation 0
0 T T ! ! °
0 1 2 3 4 5

1 X (cm)
x=y (cm) y (cm) 0o 0

Figure 3. Comparison of parabolic and hyperbolic temperature profiles for an aluminum plate at constant time 7 =0.1s and
relaxation time 7*=10"s. (a) Hyperbolic and parabolic profile of the temperature field of the aluminum plate; (b) 2D parabolic

profile of the temperature field of the aluminum plate.
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(a) 40

35 4

30

25 o

T (°C)

20 +

Hyperboli
¢ equation
= = = Parabolic '~
equation

(b)

2 3 4

x=y (cm)

y (cm) 0 O

Figure 4. Comparison of parabolic and hyperbolic temperature profiles for an aluminum plate at constant time 7=1s and re-

laxation time 7" =10""s. (a) Hyperbolic and parabolic profile of the temperature field of the aluminum plate; (b) 2D parabolic

profile of the temperature field of the aluminum plate

(a) 40
35
30
25

20

T(°C)

7=10s

— | ]y perbolic

equation

= = ™ Parabolic

equation

X (cm)

0.04
(b) 0.035
0.06 Time =10% 0.03
0.04 0.025
0

= 0.02 0.02
0.015

0

5

5 0.01
0.005

x (cm)

x (cm)

Figure 5. Comparison of parabolic and hyperbolic temperature profiles for an aluminum plate at constant time 7=10s and

relaxation time 7*=10"s. (a) Hyperbolic and parabolic profile of the temperature field of the aluminum plate; (b) 2D parabolic

profile of the temperature field of the aluminum plate.

greater differences in the temperature profile of the hyperbolic (generalized) equa-

tion than the parabolic (classical) equation are observed (Figures 3-5).

Example 2. 3D heat conduction

As an example, the temperature field will be considered T (x, Y,2, r) of a5 x

5 x 5 cm aluminum cube. The physical properties of aluminum are shown in

example 1. The plate has a constant temperature 0°C at the edges and its initial

temperature is T(X,y,z)=x(5-x)y(5-y)z(5—-2),"C. The relaxation time of

the aluminum plate is z* =107"s.

A comparison of the distribution of the temperature field of the aluminum

cube obtained by applying the exact solution (Equation (48)) and the approximate
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solution (Equation (62)) is shown in Figure 6. It can be observed that the values
of the temperature field of the cube are uniform except in the middle of the cube
where there are deviations of about 10%. Taking more terms in Equation (48)
would give better results.

Figures 7-9 show comparison of parabolic and hyperbolic of the heat con-
duction profile in an aluminum cube at constant time. Due to the longer time of
heat conduction through the aluminum cube (time macroscopic process), greater
differences in the temperature profile of the hyperbolic (generalized) equation

than the parabolic (classical) equation are observed.

4. Conclusions

The paper considers multidimensional 2D and 3D heat conduction. The classical
(parabolic) and generalized (hyperbolic) equation of heat conduction is consid-
ered. The solutions of the two-dimensional and three-dimensional (2D and 3D)
classical and generalized heat conduction equations were obtained using the

Fourier method of separation of variables. The solutions are quite complex and

300 - Hyperbolic
250 4 /\ Equation (48)
200 4 Hyper‘bolic
) Equation (62)
< 150 A )
= ‘ 1 Parabolic
100 / Equation (64)
o/
0 . Y t=0.01s

0 1 2 3 4 5
x=y=z (cm)

Figure 6. Profile of the temperature field of three-dimensional heat conduction depend-
ing on depth x; yand zin an aluminum cube at a fixed time 7=0.01s and a fixed re-

laxation time 7*=10"s.

300 - — Hyperbolic
equation (48)
250 - Hyperbolic
Equation (62)
. 200 1 Parabolic
£ 150 Equation (64)
F
100 4
50 1=0.1s
0 T T T r !
0 1 2 3 4 5
x=y=z (cm)

Figure 7. Profile of the temperature field of three-dimensional heat conduction depend-
ing on depth x, yand zin an aluminum cube at a fixed time 7=0.1S and a fixed re-

laxation time 7*=10"s.
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30 1 t=1s
0 T T T T 1
0 1 2 3 4 5
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Figure 8. Profile of the temperature field of three-dimensional heat conduction depend-
ing on depth x, yand zin an aluminum cube at a fixed time 7=1s and a fixed relaxa-

tion time 7*=10"s.
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Figure 9. Profile of the temperature field of three-dimensional heat conduction depend-
ing on depth x, yand zin an aluminum cube at a fixed time 7=10S and a fixed relaxa-

tion time 7*=10"s.

impractical for wider engineering applications.

It is shown that by using calculus of variations by applying the Euler-Lagrange
equation, approximate solutions of multidimensional heat conduction (2D and
3D) can be obtained. The model can also be adapted to the classical Fourier
equation of heat conduction (classical diffusion) by letting the relaxation time
7" — 0. The main advantage of the proposed model (approximate solution) is
that it avoids the solution for 2D and 3D, which is shown in the form of rows
obtained by the Fourier method of variable separation or by derivation integra-
tion using the Green’s function or using the Riemann method.

Numerical example for a 5 x 5 cm aluminum plate and a 5 x 5 x 5 cm alumi-
num cube showed the effectiveness of the proposed approximate solution. In
addition, the approximate method used is easy to find solutions for heat conduc-
tion and use them in engineering practice. The material used in the numerical
example is aluminum due to its good thermal properties, its abundance and low

price on the market. In the future, this research can be used to help solve 1D, 2D
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and 3D heat conduction phenomena by considering the boundary conditions
used.

These studies also indicate that in practical engineering calculations, a hyper-
bolic heat conduction equation would be preferable when representing actual
physical processes.

Since this manuscript is devoted to the application of calculus of variations to
2D and 3D heat conduction through solid bodies with constant thermophysical
coefficients p, ¢, 4, and k further considerations should be devoted to the
study of heat conduction with variable thermophysical coefficients because they
depend on changes in their temperature fields, which is required and dictated by

engineering practice.
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Nomenclature

¢, specific heat capacity of the material (k]/kg-K)
D: two-dimensional area

F functional

k thermal diffusivity of the material (cm?/s)

L: length (cm)

L: Lagrangian

R: three-dimensional Euclidean space

R,: the set of positive real numbers

T temperature (°C)

V- volume (cm?)

x: length (cm)

y: length (cm)

z length (cm)

T time (s)

7" : relaxation time (s)

/. material density (kg/m?)

A: coefficient of thermal conductivity of the material (W/m-K)
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