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Abstract 
We compare observed with predicted distributions of galaxy stellar masses 

*M  and galaxy rest-frame ultra-violet luminosities per unit bandwidth UVL , 
in the redshift range 2z =  to 13. The comparison is presented as a function 
of the comoving warm dark matter free-streaming cut-off wavenumber fsk . 
For this comparison the theory is a minimal extension of the Press-Schechter 
formalism with only two parameters: the star formation efficiency, and a 
proportionality factor between the star formation rate per galaxy and UVL . 
These two parameters are fixed to their values obtained prior to the James 
Webb Space Telescope (JWST) data. The purpose of this comparison is to 
identify if, and where, detailed astrophysical evolution is needed to account 
for the new JWST observations. 
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1. Introduction 

Early James Webb Space Telescope (JWST) observations were surprising: they 
reveal galaxies at high redshifts ( 10z  ) with greater number densities than 
predicted by the “ΛCDM cosmology”. A list of surprises form the first observa-
tions of JWST, and of several proposed modifications of the theory to account 
for this data, is summarized in [1]. To the contrary, an example of a detailed 
analysis that finds agreement with JWST observations is [2]. The “ΛCDM cos-
mology” that is actually compared with the new JWST data is an extension of the 
6-parameter ΛCDM cosmology with a dozen, or so, astrophysical parameters [2] 
[3]. 

The purpose of the present study is two-fold: 1) To extend the comparison 
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between observations and predictions to include warm dark matter (that may, or 
may not, be a thermal relic), and 2) to make the comparison with a “first-order” 
prediction, that has as few, physically motivated, adjustable parameters as possi-
ble, with these parameters determined numerically from observations prior to 
JWST data, leaving zero new degrees of freedom for the comparison. The idea is 
to clearly identify regions of parameter space that require a more detailed cos-
mological and/or astrophysical description to understand the evolution of the 
observations. 

We focus our attention on distributions of the galaxy stellar masses *M  and 
of the galaxy rest-frame ultra-violet (UV) luminosities per unit bandwidth UVL , 
that can be predicted with the Press-Schechter formalism given three parame-
ters: the warm dark matter power spectrum comoving cut-off wavenumber fsk , 
the stellar formation efficiency *f , and a proportionality factor between the star 
formation rate per galaxy (SFR) and UVL . 

The outline of the article is as follows. In Section 2 we compare observed with 
predicted distributions of *M  and UVL  for redshifts z in the range 2 to 13. 
The “first order” theory turns out to be in agreement with most of the data. 
There are, however, three parameter regions with tensions. In Section 3 we de-
scribe the data. In Section 4 we present the details of how we include warm dark 
matter in the Press-Schechter formalism. With these preparations we are able to 
discuss the observed tensions in Section 5. We close with conclusions. 

2. Comparison of Observed Distributions of M∗  and UVL  
with Predictions 

In Figure 1 we compare observed distributions of galaxy stellar masses *M  
(top panel) and galaxy rest-frame ultra-violet luminosities per unit bandwidth 

UVL  (bottom panel) with “first-order” predictions at redshift 6z = . The data is 
obtained from Hubble Space Telescope (HST) observations (black squares) [4] 
[5], from the continuity equation [6] (red triangles), and from the James Webb 
Space Telescope (JWST) observations (green triangles) [7]. A description of this 
data is postponed to Section 3. 

Experimenters obtain the galaxy absolute magnitude 1600, ABM  in the AB sys-
tem [8] at the rest frame wavelength ≈ 1600 Å in the ultra-violet (UV). This ab-
solute magnitude is related to the galaxy radiated power per unit bandwidth 

1600L  as follows: 

 1600, 1051.6 2.5log ,AB UVM L= + −  (1) 

where ( )1 1
1600 erg s HzUVL L − −≡ ⋅ ⋅  (from the definition of absolute ABM  in 

[8]). In comparison, the absolute magnitude of the Sun at wavelength 3900 Å 
is [9] 

 3900, , 105.9 51.6 2.5log ,ABM L= = + −
 

 (2) 

where ( )1 1
3900, erg s HzL L − −≡ ⋅ ⋅

 

. Note that the solar flux power per unit wa-
velength is a maximum near 3900 Å. We plot distributions of *M M



 and  
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Figure 1. Comparison of predicted and observed distributions of 1.5

*10M M M M=
 

 

(top panel) and ( )9.610 SFR yrUVL L M=
 

 (bottom panel) for redshift 6z = . Data 

are from the Hubble Space Telescope ( *M  from [4] and UVL  from [5]) (black squares), 
from the continuity equation [6] (red triangles), and from the James Webb Space Tele-
scope (green triangles) [7]. 

 

UVL L


. UVL L


 is obtained from 1600, ABM  as follows: 

 1600, 105.9 2.5log .UV
AB

L
M

L
 

≡ −   
 

 (3) 

This definition of UVL L


, that is somewhat arbitrary, is chosen because it gives 
a physical sense of luminosity in solar units, and also because UVM M L L≈

 

 
at 6z = , see Figure 1. 

The predictions are an extension of the Press-Schechter formalism to include 
warm dark matter (as described in Section 4). The “warmness” of the dark mat-
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ter is defined by the comoving power spectrum cut-off wavenumber fsk  due to 
dark matter free-streaming in and out of density minimums and maximums. We 
present predictions corresponding to 1,2,4fsk =  and 200 Mpc−1. The latter 
large value of fsk , corresponding to negligible free-streaming, is identified with 
the cold dark matter ΛCDM cosmology. We present Press-Schechter predictions 
[10], and two Sheth-Mo-Tormen ellipsoidal collapse extensions [11] [12]. Pre-
senting three predictions for each fsk  illustrates the uncertainties of these pre-
dictions. The predictions obtain the distributions of the linear perturbation total 
(dark matter plus baryon) masses M as defined by the Press-Schechter formal-
ism (see Section 4). The predicted number of galaxies per unit volume and per 
decade of M, ( ) ( )101 d d logV n M M⋅



, with units [dex−1∙Mpc−3], is a function 
of M, z and fsk . Therefore it is still necessary to find relations between *M  
and UVL  with M. We consider the simplest relations, i.e. *M  proportional to 
M, and UVL  proportional to the star formation rate per galaxy (SFR), with units 
[ yrM



]. The proportionality of UVL  with SFR is justified because UVL  is 
dominated by large mass stars with lifetimes τ  short compared to the age of 
the universe ( )t z  at redshift z [13]. Then 

 * *10 ,a b

c b

M M f M− Ω
≡ ≡

Ω +Ω
 (4) 

 
SFR10 ,

yr
bUVL

L M
≡

 

 (5) 

which define the parameters a , *f  and b . bΩ  and cΩ  are the mean den-
sities of baryons and dark matter in units of the critical density (throughout we 
use the notation and parameter values of [8]). *f  is defined to be the “star 
formation efficiency”. Given ( ), , fsM z k  we predict 

 
( ) ( )

( )
10 10

10

d d log d d log
SFR 10 ,

d d log
a n M M n M MM

n M Mτ
−

′−
≡  



 (6) 

where ( )10d d logn M M


 is calculated at ( ), , fsM z k , and  
( )10d d logn M M′



 is calculated at ( ), , fsM z k′ , where the age of the universe at 
redshift z is ( )t z , and the age of the universe at redshift z′  is ( ) ( )t z t z τ′ = − , 
in the limit of small τ , i.e. ( )t zτ  . 

In summary, the predictions for each fsk  depend on only the two parameters 
a  and b . These parameters are in principle functions of M, z and fsk . How-
ever, for the purpose of comparisons with the data, we assume that a  and b  
are constants. Note that varying a  and b  shifts the predictions in Figure 1 to 
the right or to the left. For the comparisons we choose values of a  and b  ob-
tained prior to JWST data [14] [15]: 

 1.5 and 9.6.a b= =  (7) 

These values of a  and b  define our “first-order” predictions. 1.5a =  
corresponds to a star formation efficiency * 0.20f =  (taken to be independent 
of z in our “first-order” predictions!). For a Salpeter initial mass function (IMF), 
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and UVL  measured at a rest frame wavelength ≈ 1500 Å, the following UVL  is 
obtained in [13]: 

 

27 SFR8 10 .
yrUVL

M
= ×



 (8) 

Then, from (2), (5) and (8), we obtain 9.6b = . The value of fsk  measured 
prior to JWST data is [15] 

 
0.8 1
0.52.0 Mpc .fsk + −
−=  (9) 

Comparisons of observed distributions of *M M


 and UVL L


 with 
first-order predictions, for redshift z in the range 2 to 13, are presented in Fig-
ures 1-5. Sometimes we omit the “Press-Schechter” and “Ellipsoidal Collapse, 
ν ” predictions for clarity. For future reference we also present predictions for 

15z =  in Figure 5. The predictions are presented for vdM M , where vdM  
is the velocity dispersion limit of validity of the predictions [15]: for vdM M  
the density fluctuation does not collapse gravitationally. We find agreement of 
the measurements with the first-order predictions in most of the parameter 
space, so these predictions are a good starting point to develop a more detailed 
theory. 

There are however three discrepant regions: 
1) Discrepancies of UVL  distributions at 10.710UVL L



  and 3 9z  . 
2) Discrepancies of *M  distributions at 5z  . 
3) Discrepancies with preliminary JWST observations of UVL  distributions at 

11z  . 
The first and second discrepancies are common to cold and warm dark matter. 
We will discuss these discrepancies in Section 5. However, before doing so, we 

need to understand the data sources, and the warm dark matter extension of the 
theory. 

3. Data 

For 2z =  to 10 we obtain the distributions of magnitude 1600, ABM  from Table 
4 of [5] (for 10z =  the results are from [16]). These measurements have black 
square markers in Figures 1-4. The data in these references are obtained from 
Hubble Space Telescope (HST) observations in approximately 11 filter bands (to 
obtain the photometric z with stellar population synthesis (SPS) models), i.e. 

275 435 606 850 606 336 814 125 105 160 140, , , , , , , , , ,UV B V z V UV I J Y H JH , and from Spitzer Space 
Telescope (SST) observations. 

For 4z =  to 8 we obtain the distributions of galaxy stellar mass *M M


 
from Table 2 or Figure 9 of [4] (identified by black square markers in distribu-
tions of *M M



). The analysis in [4] obtains relations between *M M


 and 
magnitude UVM , for each photometric z, fitting HST images taken with 10 fil-
ters, using an SPS model. Then the distributions of *M M



 are obtained with 
the distributions of magnitude UVM  in [17]. As a cross-check we mention that 
the thick gray lines in Figure 9 of [4], corresponding to ΛCDM predictions, are  
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Figure 2. Comparison of predicted and observed distributions of 1.5

*10M M M M=
 

 (left panels) and  

( )9.610 SFRUVL L M yr=
 

 (right panels) for redshift 2z =  (top row), 3 and 4 (bottom row). Data are from the Hubble Space 

Telescope (black squares) ( *M  from [4] and UVL  from [5]), from the continuity equation [6] (red triangles), and from the 
James Webb Space Telescope (green triangles) [7]. 
 

in agreement with our ΛCDM predictions. 
We obtain distributions of galaxy stellar mass *M M



 for 2z =  to 8 from 
Figure 4 of [6], and distributions of star formation rates (SFR) from Figure 1 of 
[6] (red triangles). These distributions are obtained using the continuity equa-
tion for the stellar masses of galaxies, with inputs and comparisons to a large 
number of sources [6]. 

For 4z =  to 8 we obtain the distributions of galaxy stellar mass *M M
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Figure 3. Comparison of predicted and observed distributions of 1.5

*10M M M M=
 

 (left panels) and  

( )9.610 SFRUVL L M yr=
 

 (right panels) for redshift 5z =  (top row), 7 and 8 (bottom row). Data are from the Hubble Space 

Telescope (black squares) ( *M  from [4] and UVL  from [5]), from the continuity equation [6] (red triangles), and from the 

James Webb Space Telescope (green triangles) ( *M  from [7] and UVL  from [18] [19] [20]). 
 

from Figure 5 of [7] (green triangles). These measurements are based on ap-
proximately 3300 galaxy images taken with the James Webb Space Telescope 
Near Infrared Camera (NIRCam). This data is complemented by the HST Cos-
mic Assembly Near-Infrared Deep Extragalactic Legacy Survey (CANDELS). 
The label “ 6z = ” in, e.g. Figure 1, means 6z =  for the predictions, and 
5.5 6.5z< <  for the measurements. We have neglected the corresponding bias. 

Measurements of UVL  for 8z ≥  from JWST data are obtained from [18]-[26]  
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Figure 4. Comparison of predicted and observed distributions of 1.5

*10M M M M=
 

 (left panels with no data) and  

( )9.610 SFRUVL L M yr=
 

 (right panels) for redshift 9z =  (top row), 10 and 11 (bottom row). Data are from the Hubble 

Space Telescope (black squares) ( UVL  from [5]), and from the James Webb Space Telescope (green triangles) ( UVL  from [18]-[24]). 
 

(red triangles). See [27] for an analysis in the ΛCDM scenario. The measure-
ments for 11z   need to be considered as “preliminary”, as stated by their au-
thors, for several reasons: 
• The measurements at lower z are counting experiments: the galaxy candi-

dates are assigned to bins of magnitude and redshift ( ),UVM z  and are then 
counted. At the high-z frontier, the bins ( ),UVM z  are increased in size so the 
mean number of counts does not drop below ≈1. The analysis ceases to be a 
counting experiment, and becomes an extrapolation of a Press-Schechter-like  
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Figure 5. Comparison of predicted and observed distributions of 1.5

*10M M M M=
 

 (left panels with no data) and 

( )9.610 SFRUVL L M yr=
 

 (right panels) for redshift 12z =  (top row), 13 and 15 (bottom row). Data are from the James 

Webb Space Telescope (green triangles) ( UVL  from [18]-[26]). 

 
fit to lower z data, keeping all parameters fixed except the normalization. The 
tension arises at the transition between these two methods. 

• To illustrate the low numbers of events, let us mention that the measurements 
in [18] are based on 33, 22, 16 and 3 galaxy candidates, after correcting for 
completeness, in the bins 7.5 8.5z< < , 8.5 9.5z< < , 9.5 11.5z< <  and 
11.5 13.5z< < , respectively. Therefore, where the apparent tension between 
observations and “first-order” predictions of UVL  arise, i.e. 11z  , there 
are only about 3 galaxy candidates with photometric redshift. On the other 
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hand, a single galaxy correctly assigned to a bin, i.e. with spectroscopically 
confirmed redshift z, and a luminosity distribution consistent with stellar 
expectations (limiting the possible contribution from active galactic nuclei 
(AGN)), could rule out a theory if the theory predicts one galaxy with a 
probability less than, say, 0.6%. 

• To illustrate the difficulties with the photometric classification of galaxies let 
us mention that Table 4 of [19] presents an assessment of the “purity” and 
“completeness” of the selected samples by several authors. A good feeling of 
the uncertainties is quoted from [19]: “Using all of these samples we then de-
rive UV LF and luminosity density results at 8z ≥ , finding substantial dif-
ferences. For example, including the full set of “solid” and “possible” 12z ≥  
candidates from the literature, we find UV LF and luminosity densities which 
are ≈7× and ≈20× higher than relying on the “robust” candidates alone. 
These results indicate the evolution of the UV LF and luminosity densities at 

8z ≥  is still extremely uncertain, emphasizing the need for spectroscopy 
and deeper NIRCam+optical imaging to obtain reliable results. Note that the 
measurements of UVL  in Figure 4 and Figure 5 are based on photometric 
redshift measurements. 

• If AGN contribute to the observed UV luminosity, then the measurements 
can drop by 0.4 dex on average, or up to 4 dex for individual galaxies [28]. 

• Corrections for dust attenuation are very uncertain unless data is available in 
a wide range of wavelengths [6]. 

• The measurements of UVL  presented in Figures 3-5 for 8z ≥  are not in-
dependent as they use overlapping data sets. At 11z ≥  there are more mea-
surements than galaxy candidates. 

• Cosmic variance becomes important at 14z   [29]. 
The experimental determinations of the galaxy stellar masses *M  depend on 

stellar population synthesis (SPS) models and spectral energy distribution (SED) 
models that use images with several filters, and therefore do not include dead 
star remnants (ejected baryons into inter-stellar space, white dwarfs, neutron 
stars, and black holes). So measured and predicted *M  do not include dead 
star remnants. 

4. Predictions 

This section describes the extension of the Press-Schechter formalism that we 
use to include warm dark matter (see [15] and [30] for more details). The 
Press-Schechter prediction [10] is 

 
( )

( )
1

PS

d ln1 d ,
d ln d ln

mn f
V M M M

σρ
ν

−

=  (10) 

where 

 ( )
2

PS
2 exp ,

2
f νν ν

 
= − 

 π
 (11) 
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and 

 
( )

1.686 .
, , fsM z k

ν
σ

≡  (12) 

The factor 1.686 is obtained analytically for spherical collapse with cold dark 
matter, and becomes valid for warm dark matter when vdM M , where vdM  
is the velocity dispersion cut-off mass. Predictions are presented only for 

vdM M> , see Table 1 of [15]. In the spirit of the present study, we define our 
“first-order” prediction, for comparison purposes, with the factor 1.686 un-
changed, i.e. independent of M and fsk . The Sheth-Mo-Tormen ellipsoidal col-
lapse extensions [11] [12] are obtained by replacing ( )PSf ν  by ( )ECf ν : 

 ( ) ( )0.6
EC PS0.322 1 ,f fν ν ν− = +    (13) 

with ν ν= . Good fits to simulations are obtained with 0.84ν ν=  [12]. The 
factor 0.84 depends on the algorithm used to identify the collapsed halos. 

These predictions depend on the variance of the linear relative density per-
turbation ( ) ( )( )δ ρ ρ ρ≡ −x x : 

 ( )
( ) ( )

( ) ( ) ( )
2

2 2 2 2
3 2 0

, , 4 d .
2 1

fs
fM z k k k P k k W k

z
σ τ

∞
π

π
=

+
∫  (14) 

( )2 , , fsM z kσ  depends on the linear total (dark matter plus baryon) mass 
scale M  at redshift z , and on the comoving cut-off wavenumber fsk  due to 
dark matter free-streaming. ( )P k  is the comoving power spectrum of linear 
density perturbations in the cold dark matter ΛCDM cosmology [31]. ( )W k  is 
a window function that defines the mass scale M. ( )2 kτ  is the power spectrum 
cut-off factor due to dark matter free-streaming. The factor f  is due to the 
cosmological constant: 0.79,0.99,1.00f =  for 0,2, 2z =   [31]. Three win-
dow functions are considered: the top-hat in r-space, the sharp-k (or top-hat in 
k-space), and the Gaussian window function: 

 ( )
32

2
00

4 1.555exp , .
32 m

kW k M
kk

ρ
   

= − =   
 

π


 (15) 

mρ  is the present time total (dark matter plus baryon) mean density. We use 
the following form for the free-streaming cut-off factor: 

 ( )
( ) ( )

( ) ( )

2

2

2

exp if ,

exp if .

fs eq
fs eq

n

fs eqn
fs eq

k k k t
k t

k
k k k t

k t

τ

  
  − <

   = 
 
 − ≥    

 (16) 

At the time eqt  when the matter density begins to dominate, ( )2 kτ  has 
the approximate form (16) with 2n =  [32]. Thereafter, ( )2 kτ  develops a 
non-linear regenerated “tail” with n  measured to be in the range 0.5 to 1.1 
[15]. In the present study we take 1n = , and use the Gaussian window function 
(see studies in [15]). We have verified that the predictions change negligibly for 
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0.5 1.1n< < , and also if the sharp-k window function is used with 1n =  [15]. 
The amplitude of ( )P k  is adjusted for each fsk  so that the present time rela-
tive density root-mean-square fluctuation σ , calculated with the top-hat win-
dow function with radius 8 8 0.674r h= =  Mpc, is 8 0.811σ =  [8]. 

5. Discussion 

Let us now discuss the discrepancies found in Figures 1-5. 
1) Discrepancies of UVL  distributions at 10.710UVL L 



 and 3 9z  . 
This discrepancy is observed in HST and JWST data. This discrepancy is stu-

died in [6], and is (apparently) due to the dust correction of the measured SFR. 
When the dust correction is based only on the UV slope, the results are incon-
sistent with other data sets, and the dust-corrected SFR falls short of multi- 
wavelength determinations at high SFR (dominated by dusty star forming pro-
genitors of present-day quiescent galaxies). A reliable dust correction needs, in 
addition to the UV images, also optical, radio, Hα, mid-IR 24 μm, and far-IR 
images. The results of the continuity equation [6], based on multi-wavelength 
dust corrections, are indeed consistent with the predictions as shown in Figures 
1-3 (see the red triangles in UVL  distributions). 

2) Discrepancies of *M  distributions at 5z  . This discrepancy can be un-
derstood qualitatively, at least in part, as follows (this is my tentative under-
standing). In the warm dark matter scenario, the first galaxies to form have 

82 10vdM M M≈ ≈ ×


 at 4z = , increasing to 92 10 M≈ ×


 at 10z =  (see Ta-
ble 1 of [15] for 2fsk =  Mpc−1). Thereafter, the formation of galaxies proceeds 
hierarchically as larger and larger perturbation masses M become non-linear and 
collapse due to gravity. Therefore, low mass halos become part of higher and 
higher mass halos as time goes on, and so become under-counted. In other 
words, the distribution of low *M  galaxies becomes ill-defined at late times. 

3) Discrepancies of preliminary JWST observations of UVL  distributions at 
11z  . For 6 10z   the JWST data is in agreement with predictions for 

2fsk ≈  Mpc−1 (see green triangles in Figures 1-4). Preliminary JWST observa-
tions at 11,12z =  and 13 are in mild tension with the predictions. However 
these observations need spectroscopic confirmation of the redshifts, and higher 
statistics, before any conclusions can be presented, see discussion in Section 3 
and in [17]. 

6. Conclusions 

We have presented comparisons of measured distributions of galaxy luminosi-
ties per unit bandwidth UVL  and galaxy stellar masses *M  with “first-order” 
predictions, as a function of fsk , for z in the range 2 to 13. The only outstanding 
tension for JWST observations corresponds to UVL  with 11z  . However, 
these measurements are still preliminary until spectroscopic confirmation of z is 
obtained, and of limited significance (as stated by the authors, e.g. [17]). 

We conclude that the “first-order” predictions with the measured 0.8
0.52.0fsk +
−=  
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Mpc−1 [15], and two parameters 1.5a =  and 9.6b = , obtained prior to JWST 
data [14] [15], and assumed to be constants independent of ( ), , fsM z k , are in 
agreement with the current data within their theoretical and observational un-
certainties. This result is indeed surprising, considering the large range of z and 
M, with constant star formation efficiency *f  and constant b , and such a ba-
sic and simple “first order” prediction model with no new degrees of freedom! 
The “first-order” predictions are therefore a useful starting point to include 
more detailed astrophysical models to account for more precise future observa-
tions, and to describe other observables, and their evolution. 

Can dark matter be cold? Consider, as an example, Figure 1. The distributions 
of *M M



 and of UVL L


 are nicely consistent with 2fsk ≈  Mpc−1 and a 
constant star formation efficiency * 0.20f ≈ . If, however, dark matter is cold, 
i.e. if fsk  is very large, then both *M  and UVL  data tells us that *f  at 

910M M≈


 is approximately 1/10th of *f  at 1110M M


. Is this possible? 
Supernova and active galactic nuclei (AGN) winds are invoked to explain this 
low *f  at low *M . However, three additional and independent indications 
that dark matter may be warm, with 2fsk ≈  Mpc−1, are 1) The observed distri-
butions of 1.5

*10M M=  have a cut-off at approximately vdM  (less massive 
galaxies would have to be “stripped-down” galaxies [30]); 2) The measurements 
of spiral galaxy rotation curves [33] [34]; 3) The re-ionization optical depth [15] 
[35]. Item 1) is related to the “missing satellite” problem, and 2) is related to the 
“core-cusp” problem. 

If the preliminary tension of UVL  with 11z   is confirmed by future ob-
servations and analysis, and becomes significant, then we need to let the para-
meters a  and b  become functions of z, with b a−  growing from 8.1 at 

10z   to approximately 9.1 at 11z   (for the case 2fsk ≈  Mpc−1). In other 
words, we would have to allow the star formation efficiency *f  to increase 
above 0.20 at 11z  , and/or allow first stars to be more massive and luminous 
than at lower z. Let us work and see. 
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