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Abstract

Beam equation can describe the deformation of beams and reflect various ben-
ding problems and it has been widely used in large engineering projects, bri-
dge construction, aerospace and other fields. It has important engineering pra-
ctice value and scientific significance for the design of numerical schemes. In
this paper, a scheme for vibration equation of viscoelastic beam is developed
by using the Hermite finite element. Based on an elliptic projection, the errors
of semi-discrete scheme and fully discrete scheme are analyzed respectively,
and the optimal Z*-norm error estimates are obtained. Finally, a numerical ex-
ample is given to verify the theoretical predictions and the validity of the sche-
me.
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1. Introduction

Consider the following viscoelastic beam vibration problem:

ox* | ox?
u(x,0)=g(x),u,(x,0)=w(x), xe[0,L],
u(0,t)=u(L,t)=0,u, (0,t)=u, (L,t)=0,te[0,T],

o [ o
—(EI —J+,oOSutt +uu, +ku=f(xt),xe(0,L),te(0,T],
(1)

where U(X,t) represents the transverse displacement of the beam, also known
as the deflection, £ is the bending stiffness, p, is the density, Sis the cross-sec-
tional area, x>0 is the damping coefficient, Z is the constant, ¢(x),y (x) and
f(x,t) are smooth functions which are given known.
Beam is the most common component of mechanical equipment and enginee-

ring structure. Beam equation can describe the deformation of beams and reflect
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various bending problems. It has been widely used in large engineering pro-
jects, bridge construction, aerospace and other fields. Its theoretical and num-
erical methods have been paid much attention. In [1], the viscoelastic dynamic
beam model was studied by using the finite element method and Newmark me-
thod. Pierro [2] not only studied the transverse vibration of the viscoelastic beam,
but also enlightened the damping characteristics of the structure. Huang, Koua-
mi, et al. [3] [4] presented the finite element scheme for viscoelastic sandwich
beam in 2019 and 2020 respectively. Snchez [5] proposed a finite element for-
mulation for thick arbitrarily laminated beams. In [6] the Faedo-Galerkin me-
thod was used to solve beam vibration equation with nonlinear tension, a vis-
coelastic damping and distributed delay term. Wu [7] studied the viscoelastic
string-beam coupled system in detail. In [8], the one-dimensional finite element
method and analytical method were used to study Euler-Bernoulli beams equa-
tions resting on multi-layered viscoelastic soil. A new numerical method was
considered in [9] for the equations of fractional-order viscoelastic Euler-Ber-
noulli beams. Among the aforementioned methods, the finite element method
has the characteristics of flexible mesh generation, wide application area and
high calculation accuracy. The cubic Hermite element can guarantee the conti-
nuity of the first derivative of the interpolation function, and at the same time,
the displacement value uz and the angle value u'can be calculated [10]. Howev-
er, there is little work about the Hermite finite element method for viscoelastic
beam vibration problem. Therefore, in this paper, a finite element calculation
scheme is established for problem (1) based on Hermite element. Using elliptic
projection operator, the error analysis is carried out and the convergence order
of the scheme is proved to be O(r + h4). Finally, a numerical example is given
to demonstrate the correctness of the theoretical analysis and the validity of the
scheme.

The rest of the paper is arranged as follows. In Section 2, we give the semi-
discrete finite element scheme and fully discrete finite element scheme for prob-
lem (1) and conduct convergence analysis. A numerical example is given in Sec-

tion 3. In section 4, we present conclusions and some future works.

2. Finite Element Approximation

When finite element method is used to solve this kind of equation, time variable
t is usually treated as parameter. Let | =[0,L], introducing the Sobolev space
Hy (1) ={ulueH?*(1),u(0.t)=u(L,t)=0,u,(0,t)=u,(L,t) =0} . For any
v(x)e Hj (1) and for fixed 4 multiply both sides of equation (1) by v(x) and
integrate, we have

L{EI%+posg%+y%+ku}v(x)dx:ﬂfv(x)dx. )

4
Integrate by parts with respect to 2—ljv(x) and pay attention to the boundary
X
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conditions and the value of V(X). Based on (2), we can obtain the weak formu-
lation of (1): find u e HZ, satisfying
{(Eluxx,vxx)+(pOSun,v)+(,uut,v)+(ku,v) =(f,v), vveH;,

(3)
u(x,0)=e(x),u,(x,0)=y(x).

2.1. Error Estimation of Semi-Discrete Finite Element Schemes

Let I, :0=x, <X <---<X, =L bean uniform partition of the interval [0,L],

h =£, X;=jh, j=01,2,--,M . Let V, be a finite-dimensional subspace of
M

HS (1) constituted by piecewise cubic Hermite type polynomials on I,. We
can define the semi-discrete Galerkin finite element approximation of (4): find
u, €V, satisfying

(ENUp 0o Vi )+ (268U g0V )+ (22t oV )+ (KU vy ) = (£,0,), VY, €V (4)

In order to estimate the error, we first define the elliptic projection
R, :H¢ (1) >V, such that
(Eluy,, 24 )+ (Ku, ) = (EIR U, 7 )+ (KR, 7), Vx €V,. (5)

A well known error estimate (see [11]) is the following.

Lemma 2.1. 1<k <3 denotes the degree of finite element space V, , for any
ueHZNH"", we have

k

Ju=Rou + b= Roul, +h*u = Ryu, < Ch™fu .. (6)

Now, we prove the estimate for the error between the solutions of the semidi-

screte and continuous problems. Denote p=uU-R,U and & =Ru-u,, the first
important conclusion of this paper is as follows.

Theorem 2.1. Let uand u, be the solutions of (1) and (4), respectively.
ue HZNH*. Then

1
Ju-u,<cn’ [uum+(J;||uu||f+||utnf ds)Z], 9

where Cis a constant, independent of Z and A.

Proof. We can obtain easily by Lemma 2.1 that
il =Ju—Rouf < ch*ul, ®)
Combining (3) and (4), we get the following error equation

(ElQXX,Vh’XX)-F(pOSQn,Vh)+(,L191,Vh)+(k9,vh)

€
:_(PoSptthh)_(/lpt:Vh)-
6, belongs to V,.Thus, choosing Vv, =6, in (9), we conclude that
(ElexxlgtXX)+(pOSHtt’9t)+('u0l’0t)+(k9’9t) (10)

= _(posptt’(gt)_(/upwet)'

Using & Cauchy inequality gives
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B0y, S e e K d
1 840, [+ B L sl +E Sl N
202
PoS
<ZS 0 4 Sjaf £+ 4
Integrate the above inequality over [0,t]
B0, + pos el +klolf
(12)

ZSZ
<Elo, (O +pss|e.(0)] + I;p(’Tllpn [Fds + J, o ds.

Here the first and the second are nonnegative, setting "6’XX (0)” =0, "0t (0)" =0
yields

el < cre [ o], +lu], o

It follows as above that

L
Jel < cn (lul” +Jue],’ os) (13)
By the triangle inequality, we deduce that
ot =R+ R v <]+l 11

Combing (8) and (13), we complete the proof.

2.2. Error Estimation of Fully Discrete Finite Element Schemes

Let 0=ty <t <---<ty =T bean uniform partition of the interval [0,T],
T= r , 1
N

rivative in equation (4) by backward difference quotient and central difference

=nr, n=0,1,2,---,N . Replacing the first and the second time de-

quotient respectively, full-discrete finite element form of problem (1) can be de-
fine: find uy €V, such that

n+l

u _2un+un—l un+l_un
(Elu}?;i,vh‘xx)+{p05—h zh h_’Vh + g Vi
7 (15)

+(kur?+l,vh):(f”+l,vh), v, €V,.

Denote p"* =u"" -Ru"" and 0" =Ru"" -u" in analogy with defini-
tions before. We obtain theorem 2.2 which estimates the error between the solu-
tions of the fully discrete and continuous problems.

Theorem 2.2. Let uand u, be the solutions of (1) and (15), respectively.
ueH;NH*. Then

n+l n+l

u™t —up

SC(‘[+h4), (16)

where Cis a constant, independent of 7’and 7.
Proof. Minusing (3) and (15), we get

(EIH:x+l’vh,xx)+[poswlvhJ+[;u eml _en ,th+(k9n+1,vh)

T T
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sl
Setting v, = 4 in (17) and using &- Cauchy inequality, we observe that
. 2
( 6n+l _ 6):( 2)+p08 gn 1_9n _ 9 9 9n+1 _ 9” 2)
2t 27 T
2Q2 n+l n n-1 2 2g2 n+l n n-1
ST fu™ —=2u" +u e S -2p" +
<P " s —u o+ Po P ,02 P " (18)
u r u r ||
2 2
un+1_un - n+l _ n
‘i T I i
T T

Next, we will estimate the right end of equation (18) one by one. By using Taylor

expansion, we deduce

—2u" Ut *33r |l
W sl 0
n+l 20" + 1 » 2
P 5 L = T_2|:J:‘ lpn(s)( n+l T d5+j plt S)( 1)d5] . (20)
n+1 n 2 2
- n+ 1 N+
4 . RS =‘;Ltn ", (s)(t, —s)ds| . (21)
n+l n 2 2
- 1 N+
P - P _ ;j: "o, (s)ds| . (22)
Therefore, from (19), it is immediate to realize that
w2t ot P33 |t
2 —Uy SELM 5 (23)
Using Schwarz inequality we can verify
2
It (e <(o-a) [ at. (24)
Then, we observe that (20), (24) and Lemma 2.1 yield
[0 =2p"+ o
2
1 o N ’
< r_ZJ-tn ptt(s)( n+l )dS + ? t 1ptt( )( tn—l)dS (25)
1 (to. 2
G PAETA A
1 thas T 2
== tn: s)|| ds S;Chsjtn: Uy, ds.
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Combining (21) and (24) and Lemma 2.1, we have

_|1t [ e (5)(t, =)

T

2 2

n+l

_ut

Sz_J'nJr:L

|| ds. (26)

T

Analogously, combining (22), (24) and Lemma 2.1, we deduce

_ 1 J‘ thit .[tn+1
th

T
Now we combine (23), (25), (26) and (27) to have

pn+1_pn 2

8 [t
- || ds<= Ch j

u [ ds. (27)

E( 9:+1 gn ) pOS M H 6 9I‘I+l _ al‘l 2)
2t 2t T 21
0S® s 168" oy pine
<38m o™ | ds+=22 L= ch® [ u, [ ds (28)
10 g m Ed *
+ Tﬂf;m Uy "2 ds +§Ch8 .ft:nﬂ Uy "i ds.
Multiplying equation (28) by 7 and taking the sum of n, we derive
Elpae 2S00 =0" 25 o
2 M 2 T 2
slet —e° NE: 2
S A R Al R T il R
2 2 T u 0 ot
,0582 Ch8 that 2d 2 thi1 2d Chs thi1 Zd
+2=—Ch® [ ", [, ds+7 yLl u[|* ds + L u,|; ds.
That is
ot SC(r+h4). (30)

On the other hand, by Lemma 2.1, we have
<Ch*.

n+l

Yo,

Using triangle inequality and the above estimates gives the proof.

3. Numerical Experiment

In order to prove the validity of the theoretical analysis, we give the problem for
which the exact solution is given. We apply the full-discrete scheme proposed above
to solve this problem.

Example. Let the variables El, p,,S, ¢, k,L and T'in problem (1) be equal to
1. Consider the following initial-boundary value problem:

a473+un +U, +U = (1+x* —n)sin (nx) cos(t)

—nsin(nx)sin(nt), xe(O,l),te(O,l], (31)
u(x,0)=sin(mnx),u,(x,0)=0,xe[0,1],
u(0,t)=u(Lt)=0,u,(0,t)=u, (Lt)=0,te[0,1].

The exact solution is u(x,t) =sin(nx)cos(nt).
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Table 1. Errors and convergence order of Example.

h T I*-error order
% ?14 0.00252081 -

1 1

? ? 0.0001626 3.9545
1 1

? ? 1.02427e-05 3.9887
1 1

? ? 6.41423e-07 3.9972
1

? 0 4.01086e-08 3.9993

Exact solution

Figure 1. Exact solution with h = i
25

Numerical solution

Figure 2. Solution of fully discrete finite element schemes with h = % .
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We use the finite element fully discrete scheme to solve the problem. In Table
1, by choosing 7 =h*, we give the I*-error and the order of spatial convergence.
The results show that the space convergence order of the scheme is fourth order.
Surface plots of the exact solution and the numerical solution are presented in Fig-

ure 1, Figure 2.

4. Conclusions

Based on Hermite finite element method, the vibration of viscoelastic beam is ana-
lyzed numerically. Semi-discrete and fully discrete Hermite finite element formats
are given. By means of a numerical example, the *-error and the convergence
order between the exact solution of the original equation and the finite element
solution are given. The validity of the proposed scheme in theoretical applications
is verified.

Since the equations in this paper are one-dimensional in space, high-order fi-
nite element method such as finite element method for two-dimensional plate

vibration problem will be the direction of our future research.
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