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Abstract 
To implement the previously formulated principles of sustainable economic 
development, all solutions of the linear system of equations and inequalities, 
which are satisfied by the vector of real consumption, are completely de-
scribed. It is established that the vector of real consumption with the mini-
mum level of excess supply is determined by the solution of some quadratic 
programming problem. The necessary and sufficient conditions are estab-
lished under which the economic system, described by the “input-output” 
production model, functions in the mode of sustainable development. A 
complete description of the equilibrium states for which markets are partially 
cleared in the economy model of production “input-output” is given, on the 
basis that all solutions of system of linear equations and inequalities are com-
pletely described. The existence of a family of taxation vectors in the “in-
put-output” model of production, under which the economic system is able 
to function in the mode of sustainable development, is proved. Restrictions 
were found for the vector of taxation in the economic system, under which 
the economic system is able to function in the mode of sustainable develop-
ment. 
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1. Introduction 

The paper details the principles of economy sustainable development at the mi-
cro-economic level for the production model “input-output” and is a continua-
tion of the papers [1] [2]. This model of production is the basis for the formula-
tion of concepts: gross output, direct costs, gross domestic product, gross added 
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value, gross accumulation, export vector, import vector. By sustainable econom-
ic development we understand the growth of the gross domestic product over a 
long period of time. During this period, the wages of employees increase, most 
companies operate in a profitable mode, and the exchange rate of the national 
currency is stable. In order to formulate this definition mathematically, such a 
concept as the consistency of the supply structure with the demand structure 
was introduced. At the firm level, this would mean studying the structure of de-
mand for manufactured goods in such a way that the volume of goods produced 
is consistent with the structure of demand. The latter will ensure, according to 
proven theorems, the appropriate profit for firms. 

Why is the concept of sustainable economic development important? Due to 
the cyclical nature of economic development, it is necessary to understand the 
internal causes of this phenomenon. The concept of sustainable economic de-
velopment serves this purpose. Under conditions of uncertainty, firms produce 
goods by taking loans from banks or issue securities to finance the necessary 
costs of production. In order to repay loans, pay taxes on production, pay wages 
and ensure sufficient profit to restore fixed assets and expand production, it is 
necessary that the manufactured products be sold at prices at which the added 
value created is sufficient for this. 

The model of sustainable development is formulated in such a way that for 
production technologies, described by technological mappings from the KTM 
class, there exists an equilibrium price vector for which firms are able to pur-
chase production materials and services for the production of the final product, 
and consumers of the final product to satisfy their needs. In addition, it should 
be noted that there is a taxation system that ensures complete clearing of mar-
kets in a certain period of the economy’s functioning. Therefore, the model of 
sustainable development is certain material and value balances, according to 
which the economic system is able to function continuously, creating a final 
product that is fully consumed in it and exported. 

We call this mode of functioning of the economy the mode of sustainable de-
velopment. 

The purpose of the paper is to formulate the conditions under which the real 
economic system is able to function in the mode of sustainable development. 
Such conditions are limitations for the levels of taxation, under which the final 
product will be created in the economic system to satisfy the needs of consumers 
both in the sphere of the real economy and in the sphere of services. These are 
the restrictions on gross outputs, which are easily verified on the basis of Theo-
rems established in Section 3. 

An economic system may not be in a mode of sustainable development due to 
the fact that the supply of produced goods is in excess. This is due to the fact that 
during the reporting period, not all the products produced can be sold according 
to the concluded contracts. These can be food industry products, agricultural 
products, stockpiles of manufactured weapons. Therefore, the conditions of sus-
tainable development, which provide for a complete clearing of the markets, will 
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not be fully fulfilled. For this purpose, it is necessary to describe all states of 
economic equilibrium possible in the economic system, that is, to specify all 
equilibrium price vectors for which demand does not exceed supply. To describe 
all equilibrium states, one should be able to solve systems of nonlinear equations 
and inequalities. Mathematical methods for this did not exist before this paper 
and the papers of [1] [2] [3]. 

In this paper, we reduced this problem to the solution of two problems: the 
description of all solutions of a linear system of equations and inequalities and 
solving a linear homogeneous problem with respect to the equilibrium price 
vector for which partial clearing of the markets takes place. 

It should be noted that the description of all solutions linear system of equa-
tions and inequalities in this work was obtained for the first time. 

Each such equilibrium state is characterized by the level of excess supply. Its 
value ranges from zero to one. At zero level of excess supply, the markets are 
completely cleared. The greater the value of the level of excess supply, the closer 
the economic system is to the state of recession, see [4] [5] [6]. 

Among all the described equilibrium states, there is one with the smallest 
excess supply. As a rule, the economy system is in that state. To find it, you 
should solve the problem of quadratic programming, and based on this solution, 
construct the solution of the linear problem, finding the equilibrium state. Then 
calculate the level of excess supply. Having done this for each reporting year, its 
dynamics should be investigated. If it grows, then this is an indicator that the 
economic system may slip into a state of recession. 

Check whether the existing taxation system satisfies the proved inequalities 
that must be satisfied by an economy operating in a mode of sustainable devel-
opment. 

If it satisfies the derived inequalities, it should be checked whether the com-
ponents of the final consumption vector are strictly positive. The presence of 
negative components can be associated with a negative trade balance, with the 
withdrawal of the created final product into the shadow sector of the economy. 
In accordance with this, an economic policy can be developed to adjust its fur-
ther development.  

The proven Theorems show that in case of incomplete correspondence be-
tween the structure of demand and the structure of supply, there is a surplus of 
industrial goods, the price of which is not determined by demand and supply 
due to saturation of consumers with a certain group of goods. To characterize 
this phenomenon, an important concept of the vector of real consumption in the 
economic system is introduced. Based on this concept, the concept of the vo-
lume of unsold goods for a given period was introduced, which is defined as the 
relative value of unsold goods for a certain period. 

Section 2 gives the definition of a polyhedral cone and conditions for a given 
vector to belong this cone. Theorem 1 describes all strictly positive solutions of 
the system of equations, provided that the right-hand side of the equations be-
longs to the polyhedral cone formed by the columns of the matrix of the left-hand 
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side of the system of equations. 
The consistency of the structure of supply with the structure of demand 

gives Definition 4. Definition 5 contains the consistency of the supply struc-
ture with the demand structure of a certain rank in the strict sense. Lemma 2 
contains sufficient conditions for consistency of property vectors and demand 
vectors in the strict sense. Lemma 3 asserts the existence of a strictly positive 
solution of a certain system of equations. Theorem 2 formulates the necessary 
and sufficient conditions for the existence of a state of equilibrium under 
which the markets are completely cleared. Definition 6 contains the definition 
of consistency of the supply structure with the demand structure in a weak 
sense. 

The definition of consistency of the supply structure with the demand struc-
ture in the weak sense of a certain rank is contained in Definition 7. Theorem 3 
contains the necessary and sufficient conditions for the existence of a state of 
equilibrium, under which the markets are completely cleared under the condi-
tion that the supply structure is weakly consistent with the demand structure. 

Theorems 4, 5 and their consequences provide sufficient conditions for the 
existence of a solution to the system of inequalities. Theorem 6 establishes suffi-
cient conditions for the existence of an equilibrium vector of prices. Sufficient 
conditions for the existence of economic equilibrium are contained in Theorem 
7, which are conditions for the aggregate supply vector. The proven Theorems 
are a description of equilibrium states in the economic system. 

Theorem 8 gives necessary and sufficient conditions for the existence of solu-
tions of the system of equations and inequalities, which are satisfied by the vec-
tor of real consumption. 

The solutions of a certain system of linear equations and inequalities are com-
pletely described in Theorem 9. 

The sufficient conditions for the existence of an equilibrium price vector are 
given in Theorem 10 provided that the vector of final consumption is a vector of 
real consumption generated by a certain non-negative vector. 

Theorem 11 is another variant of Theorem 10. 
The necessary and sufficient conditions for the existence of an equilibrium 

price vector corresponding to the vector of real consumption generated by some 
a certain non-negative vector are given in Theorem 12. 

Theorem 13 is a statement that for not every vector proposed for consump-
tion for a given demand structure there exists an equilibrium price vector. That 
is, there is no market mechanism for the sale of manufactured goods in the long 
term. 

In Definition 8, it is stated that between every vector of real consumption, 
which is a solution of a system of equations and inequalities, and a vector of 
equilibrium prices there is a correspondence. 

Theorem 14 is a justification of the above correspondences. In this case, there 
is an equilibrium price vector corresponding to market supply and demand. 

The necessary and sufficient conditions for the existence of an equilibrium 
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price vector are given in Theorem 15. 
On the basis of proven Theorems, the concept of the volume of unsold prod-

ucts in a given period is introduced for the corresponding equilibrium state in 
the case of partial clearing of markets. 

In Definition 9, it is stated that between the real consumption vector, gener-
ated by the quadratic programming problem, and the equilibrium price vector 
there exists a correspondence. 

In Section 3, Theorem 16 gives the necessary and sufficient conditions for the 
functioning of the economic system in the mode of sustainable development de-
scribed by the “input-output” production model. 

In Theorem 17 for the “input-output” model, the existence of a taxation sys-
tem under which the price vector formed in the economic system is an equili-
brium price vector is established. 

The best taxation system has been built, under which the economic system is 
able to function in the mode of sustainable development. 

In Theorem 18, restrictions are found for the vector of taxation, under which 
a final product can be created in the economic system that ensures the function-
ing of the economic system in the mode of sustainable development. 

In Theorem 19, a certain system of taxation is built, under which the econom-
ic system is able to function in the mode of sustainable development. In this 
case, the vector of gross output satisfies a certain system of equations, the solu-
tion of which always exists and which determines the vector of final consump-
tion. 

Section 4 is an illustration of the application of the results obtained in Sections 
2 and 3 to the study of real economic systems described in value indicators. 
Theorem 20 is a reformulation of Theorem 18 for the case of real economic sys-
tems. It asserts the restrictions for the taxation systems in real economic systems 
under which the economic system is able to operate in a sustainable develop-
ment mode. Theorem 21 is a partial case of Theorem 20. 

2. Construction of Equilibrium States with Excess Supply 

Here and further, { }\ 0nR+  is a cone formed from the non-negative orthant 
nR+  by discarding the null vector { } { }0 0, ,0=  . Next, the cone { }\ 0nR+  is 

denoted by nR+ . 
We give a number of definitions useful for the future.  
Definition 1 Under the polyhedral non negative cone formed by the set of 

vectors { }, 1,ia i t=  of the n-dimensional space nR  we understand the set of 
vectors of the form  

1
,

t

i i
i

d aα
=

=∑  

where { } 1

t
i i

α α
=

=  runs through the set tR+ . 
Definition 2 The dimension of the non negative polyhedral cone formed by a 

set of vectors { }, 1,ia i t=  in the n-dimensional space nR  is the maximum 
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number of linearly independent vectors from the set of vectors { }, 1,ia i t= .  
Definition 3 The vector b belongs to the interior of the non negative polyhedral 

r-dimensional cone r n≤ , created by the set of vectors { }1, , ta a  in the n-di- 
mensional vector space nR  if there exists a strictly positive vector 

 
{ } 1

t t
i i

Rα α +=
= ∈  such that  

1
,

t

s s
s

b a α
=

=∑  

where 0, 1,s s tα > = .  
We present the necessary and sufficient conditions under which a certain 

vector belongs to the interior of a polyhedral cone. 
Lemma 1  Let { }1, , ma a , 1 m n≤ ≤ , be a set of linearly independent vectors 

in nR+ . The necessary and sufficient conditions for the vector b to belong to the 
interior of a non-negative cone aK +  formed by vectors { }, 1,ia i m=  are con- 
ditions  

, 0, 1, , , 0, 1, ,i if b i m f b i m n> = = = +              (1) 

where , 1,if i n= , is a set of vectors biorthogonal to a set of linearly independent 
vectors , 1,ia i n= , and , 1,i ia a i m= = .  

For the proof of Lemma 1, see: [3], [7]. We will now describe the algorithm 
for constructing strictly positive solutions of the system of equations.  

1
, 0, 1, ,

l

i i i
i

C y y i lψ
=

= > =∑                    (2) 

relative to the vector { } 1

l
i i

y y
=

=  or the same system of equations in coordinate 
form  

1
, 1, ,

l

ki i k
i

c y k nψ
=

= =∑                       (3) 

for a vector { }1, , nψ ψ ψ=   belonging to the interior of the polyhedral cone 
formed by the vectors { }{ }1

, 1,n
i ki k

C c i l
=

= = .  
Theorem 1 If a certain vector ψ  belonging to the interior of the non-negative 

r-dimensional polyhedral cone formed by the vectors { }{ }1
, 1,n

i ki k
C c i l

=
= = , such 

that there exists a subset r of linearly independent vectors of the set of vectors 
{ }, 1,iC i l= , such that the vector ψ  belongs to the interior of the cone formed 
by this subset of vectors, then there exist 1l r− +  linearly independent nonne- 
gative solutions iz  of the system of equations (3) such that the set of strictly 
positive solutions of the system of equations (3) is given by the formula  

,
l

i i
i r

y zγ
=

= ∑                           (4) 

where  

{ }* * *
1 1, , , , , , ,0, , ,0, ,0 , 1, ,i i i r i r i iz f C f y f C f y y i r lψ ψ= − − = +    

{ }1, , , , ,0, ,0 ,r rz f fψ ψ=    
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{ }*

,
min , , , 0 ,

,

1, , 0, 1, ,

i

s
i i ss K

i si

i s

f
K s C f

C fy

C f s r

ψ
∈


= >

= 
 ≤ ∀ =

 

and the components of the vector { }l
i i r
γ

=
 satisfy a set of inequalities  

1, 0, 1, ,
l

i i
i r

i r lγ γ
=

= > = +∑  

*

1
, , , 1, .

l

i k i i k
i r

C f y f k rγ ψ
= +

< =∑                  (5) 

For the proof of Theorem 1, see [3], [7].  
Definition 4 Let { } 1

, 1,n n
i si s

C c R i l+=
= ∈ = , be a set of demand vectors and 

{ } 1
, 1,n n

i si s
b b R i l+=
= ∈ = , be a set of supply vectors. We say that the structure of 

supply is consistent with the structure of demand in the strict sense if the matrix 
B has the representation 1B CB= , where the matrix B consists of vectors  

, 1,n
ib R i l+∈ = , as columns, and the matrix C consists of vectors , 1,n

iC R i l+∈ = , 
as columns, and 1B  is a square non-negative non-decomposable matrix.  

Definition 5 Let { } 1
, 1,n n

i si s
C c R i l+=

= ∈ = , be a set of demand vectors and 
 { } 1

, 1,n n
i si s

b b R i l+=
= ∈ = , be a set of supply vectors. We say that the supply structure 

is consistent with the demand structure in the strict sense of the rank I  if 
there exists such a subset I N⊆  that the matrix IB  has the representation 

1
I I IB C B= , where the matrix IB  consists of vectors , 1,II

ib R i l+∈ = , in the 
form of columns, and the matrix IC  consists of vectors , 1,I n

iC R i l+∈ = , in the 
form of columns, and 1,

1 , 1

lI I
is i s

B b
=

=  is a square non-negative non-decomposable 
matrix, where { }I

i ki k I
b b

∈
= , { }I

i ki k I
C c

∈
=  and, in addition, the inequalities 

hold  

1,

1 1 1
, \ , .

l l l
I I I

ki i ki i is
i i s

c y b k N I y b
= = =

< ∈ =∑ ∑ ∑  

Lemma 2 Suppose that the set of supply vectors { } 1
, 1,n n

i si s
b b R i l+=
= ∈ = , belongs 

to the polyhedral cone formed by the set of vectors of demand 
 { }{ }1

1,n n
i ki k

C c R i l+=
= ∈ = . Then for the matrix ,

1, 1

n l
ki k iB b

= =
=  formed by the 

columns of vectors { } 1
, 1,n n

i ki k
b b R i l+=
= ∈ = , has a representation  

1,B CB=                            (6) 

where the matrix ,

1, 1

n l
ki k iC c

= =
=  is formed by the columns of vectors  

{ } 1
, 1,n n

i ki k
C c R i l+=

= ∈ = , and the matrix 1
1 1, 1

l

mi m i
B b

= =
=  is non-negative. If, in 

addition, the set of supply vectors , 1,n
ib R i l+∈ = , belongs to the interior of the 

polyhedral cone formed by the demand vectors { }{ }1
, 1,n n

i ki k
C c R i l+=

= ∈ = , matrix 

1B  can be chosen strictly positive.  

Proof. The proof of the first part of Lemma 2 follows from the second one. If 
each vector , 1,ib i l= , belongs to the interior of the polyhedral cone formed by 
the vectors , 1,iC i l= , then according to Theorem 1 there exists a strictly positive 
vector { } 1

l
i ki k

y y
=

=  such that  
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1
, 1, .

l

ki ks si
s

b c y k n
=

= =∑  

Denote 1
si siy b= , then we get  

1

1
, 1, , 1, .

l

ki ks si
s

b c b k n i l
=

= = =∑  

This proves Lemma 2.  

Lemma 3 Let 1
1 , 1

l

ki k i
B b

=
=  be a square non-negative non-decomposable  

matrix. Then the problem  

1 1

1 1
, 1, ,

l l

ki k is i
k s

b d b d i l
= =

= =∑ ∑                     (7) 

has a strictly positive solution with respect to the vector { } 1

l
k k

d d
=

= .  
Proof. Due to the fact that the matrix 1B  is indecomposable, we have  

1

1
0, 1,

l

is
s

b i l
=

> =∑ . Let’s consider the problem  

1 1

1
, 1, ,

l

ki k i
k

e d d i l
=

= =∑                       (8) 

and prove that it has a strictly positive solution with respect to the vector 

{ }1 1

1

l

k k
d d

=
= , where we introduced the denotation  

1

1

1

.ki
ki l

ks
s

be
b

=

=
∑

 

To prove this, consider the problem  

1 1

11 , 1, ,
2

l

i ki k
k

i

d e d
d i l=

+
= =

∑
                    (9) 

in the set { }1 1 1 1

1 1
, 0, 1, , 1

ll

k k kk k
P d d d k l d

=
=

 = = ≥ = = 
 

∑ . Due to equalities  

1
1,

l

ki
i

e
=

=∑  1,k l= , the map ( ) ( ){ }1 1

1

l

i i
H d H d

=
= , maps P into itself and is 

continuous on it, where  

( )
1 1

1 1 , 1, .
2

l

i ki k
k

i

d e d
H d i l=

+
= =

∑
 

According to Brauer’s Theorem [8], there exists a fixed point of the mapping 

( )1H d , i.e  

1 1

11 , 1, .
2

l

i ki k
k

i

d e d
d i l=

+
= =

∑
 

The same fixed point satisfies the problem (8). Since the matrix , 1

l
ki k iE e

=
=  

is non-negative and indecomposable, we have 1 0lE − > . From the fact that  
1 1Ed d=  implies 1 1 1lE d d− = . This proves that the vector 1d  is strictly positive. 
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Lemma 3 is proved.  
Theorem 2 Let the supply structure agree with the demand structure in the  

strict sense with supply vectors { } 1
, 1,n n

i ki k
b b R i l+=
= ∈ = , and demand vectors 

{ }{ }1
, 1,n n

i ki k
C c R i l+=

= ∈ = ,  and let 
1

0, 1,
n

si
s

c i l
=

> =∑ ,  
1

0, 1,
l

si
i

c s n
=

> =∑ .  The  

necessary and sufficient conditions for the existence of a solution to the system 
of equations  

1 1

,
, 1, ,

,

l l
i

ki ki
i ii

b p
c b k n

C p= =

= =∑ ∑                   (10) 

relative to the vector p are that the vector { } 1

l
i i

D d
=

=  belongs to the polyhedral 
cone formed by the vectors { } 1

, 1,lT
k ki i

C c k n
=

= = , where 1B CB= , 1
1 , 1

l

ki k i
B b

=
=  

is a non-negative non-decomposable matrix, vector { } 1

l
i i

D d
=

=  is a strictly 
positive solution of the system of equations  

1 1

1 1
, , 1, .

l l

ki k i i i ik
k k

b d y d y b i l
= =

= = =∑ ∑                 (11) 

The proof of Theorem 2, see [7].  
Definition 6 Let , 1,n

iC R i l+∈ = , be a set of demand vectors and  
, 1,n

ib R i l+∈ = , be a set supply vectors. We say that the structure of supply is 
consistent with the structure of demand in a weak sense, if the representation 

1B CB=  is true for the matrix B, where the matrix B consists of vectors  
, 1,n

ib R i l+∈ = , as columns, and the matrix C consists of vectors , 1,n
iC R i l+∈ = , 

as columns, and 1B  is a square matrix satisfying the conditions  

1 1
1 , 11

0, 1, , .
l l

is is i ss
b i l B b

=
=

≥ = =∑                  (12) 

Definition 7 Let , 1,n
iC R i l+∈ = , be a set of demand vectors, and  

, 1,n
ib R i l+∈ = , set of supply vectors. We say that the supply structure is consistent 

with the demand structure in the weak sense of the rank I , if there is such a 
subset I N⊆  that the representation 1

I IB C B=  is true for the matrix IB , 
where the matrix IB  consists of vectors , 1,II

ib R i l+∈ = , in the form of columns, 
and the matrix IC  consists of vectors , 1,I n

iC R i l+∈ = , in the form of columns 
and 1

IB  is a square matrix satisfying the conditions  

1, 1,
1 , 11

0, 1, , ,
l lI I I

is is i ss
b i l B b

=
=

≥ = =∑                 (13) 

where { }I
i ki k I

b b
∈

= , { }I
i ki k I

C c
∈

=  and, in addition, the inequalities hold  

1,

1 1 1
, \ , .

l l l
I I I

ki i ki i is
i i s

c y b k N I y b
= = =

< ∈ =∑ ∑ ∑  

Theorem 3 Let the supply structure agree with the demand structure in the 
weak sense with supply vectors { } 1

, 1,n n
i ki k

b b R i l+=
= ∈ = , and demand vectors 

=1{ = { } = 1, },n n
i ki kC c R i l+∈  and let 

1
0, 1,

n

si
s

c i l
=

> =∑ , 
1

0, 1,
l

si
i

c s n
=

> =∑ . The 
necessary and sufficient conditions for the existence of a solution to the system 
of equations  
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1 1

,
, 1, ,

,

l l
i

ki ki
i ii

b p
c b k n

C p= =

= =∑ ∑                  (14) 

are that the vector { } 1

l
i i

D d
=

=  belongs to the polyhedral cone created by the 
vectors { } 1

, 1,lT
k ki i

C c k n
=

= = , where 1B CB= , 1
1 , 1

l

ki k i
B b

=
=  is a square matrix, 

vector { } 1

l
i i

D d
=

=  is a strictly positive solution of the system of equations  

1 1

1 1
, 0, 1, .

l l

ki k i i i ik
k k

b d y d y b i l
= =

= = ≥ =∑ ∑               (15) 

Proof. The proof of Theorem 3 is the same as Theorem 2. 
Below we present the algorithms for constructing solutions of a linear system 

of inequalities.  

Theorem 4 Let , 1

n
ki k iA a

=
=  be a nonnegative non-decomposable matrix, and 

let the vector { } 1

n
k k

b b
=

=  be strictly positive. In the set 
 

{ }1
1

, , , 0, 1, , 1
n

n i i
i

Y y y y y i n y
=

 = = ≥ = = 
 

∑
 there exists a solution to the system  

of equations  

1

1 1

, 1, ,
1

n
ki

k k i
i k

kn n
ki

k i
k i k

ay y y
b y k n
ay y n
b

ε

ε

=

= =

+ +
= =

+ +

∑

∑∑
               (16) 

which is strictly positive for every 0ε > .  
Proof. Consider the mapping ( ) ( ){ }

1

n

k k
y yε εϕ ϕ

=
= , where  

( ) 1

1 1

, 1, .
1

n
ki

k k i
i k

k n n
ki

k i
k i k

ay y y
by k n
ay y n
b

ε

ε
ϕ

ε

=

= =

+ +
= =

+ +

∑

∑∑
              (17) 

For any 0ε > , it is continuous on the set  

{ }1
1

, , , 0, 1, , 1
n

n i i
i

Y y y y y i n y
=

 = = ≥ = = 
 

∑
 and maps it into itself. Based on  

Brauer’s Theorem [8], there exists a fixed point of the map ( )yεϕ  in the set Y, 
that is,  

( ) .y yε ε εϕ =                         (18) 

Let us prove the strict positivity of { }
1

n

k k
y yε ε

=
= . The estimate  

1 1 1 1

0
1 1

k n n n n
ki ki

k i
k i k ik k

y
a ay y n n
b b

ε

ε ε

ε ε

ε ε
= = = =

≥ ≥ >
+ + + +∑∑ ∑∑

          (19) 

is valid. Theorem 4 is proved.  

Theorem 5 Let , 1

n
ki k iA a

=
=  be a nonnegative non-decomposable matrix, 

and the vector { } 1

n
k k

b b
=

=  is strictly positive. In the set  

{ }1
1

, , , 0, 1, , 1
n

n i i
i

Y y y y y i n y
=

 = = ≥ = = 
 

∑
 there exists a solution { }0

0 1

n

k k
y y

=
=  
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of the system of equations  

1

1 1

, 1, .
1

n
ki

k k i
i k

kn n
ki

k i
k i k

ay y y
b y k n
ay y
b

=

= =

+
= =

+

∑

∑∑
                (20) 

For those k, for which 0 0ky > , the equalities 

0

1

0 0

1 1

1
1, 1, ,

1

n
ki

i
i k

n n
ki

k i
k i k

a y
b k n

ay y
b

=

= =

+
= =

+

∑

∑∑
                (21) 

are true and for those k, for which 0 0ky = , the inequalities 

0

1

0 0

1 1

1
1, 1, ,

1

n
ki

i
i k

n n
ki

k i
k i k

a y
b k n

ay y
b

=

= =

+
≤ =

+

∑

∑∑
                (22) 

are valid.  
Proof. Based on Theorem 4, for every 0ε >  there exists a solution { }

1

n

k k
y yε ε

=
= . 

of the system of equations (16), which is strictly positive. Due to the compactness of the 
set Y, there exists a subsequence 0mε > , such that { }

1
m m

n

k k
y yε ε

=
=  goes to 

 { }0 0

1

n

k k
y y Y

=
= ∈ . Let the index k be such that 0 0ky > , then 

0 0 0

1 0

0 0

1 1

.
1

n
ki

k k i
i k

kn n
ki

k i
k i k

ay y y
b y
ay y
b

=

= =

+
=

+

∑

∑∑
                   (23) 

After reducing by 0 0ky > , we get the equality (21). Now let the index k be the 
one for which 0ky = . Then the inequality follows from the system of equations 
(16) for every 0ε > .  

1

1 1

, 1, .
1

n
ki

k k i
i k

kn n
ki

k i
k i k

ay y y
b y k n

ay y n
b

ε ε ε

ε

ε ε ε

=

= =

+
≤ =

+ +

∑

∑∑
              (24) 

After reducing by 0kyε > , we get the inequality. 
Going to the limit in the inequality (25), we get the inequality 

0

1

0 0

1 1

1
1.

1

n
ki

i
i k

n n
ki

k i
k i k

a y
b

ay y
b

=

= =

+
≤

+

∑

∑∑
                    (26) 

Theorem 5 is proved.  

Consequence 1 Let the quadratic form 
1 1

n n
ki

k i
k i k

ay y
b= =

∑∑  be strictly positive on 

the set Y. Then there exists a solution { }0
0 1

n

i i
z z

=
= , of the system of inequalities  
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0

1
, 1, ,

n

ki i k
i

a z b k n
=

≤ =∑                     (27) 

where 
0

0

0 0

1 1

i
i n n

ki
k i

k i k

yz
ay y
b= =

=
∑∑

, and { }0
0 1

n

i i
y y

=
=  is a solution of the system of 

equations (20).  
Consequence 2 Let I be a set of indices [ ]0 1,2, ,k N n∈ =   such that 0 0kz > , 

and 0 \J N I= . The vector { }0
0
I

k k I
z z

∈
=  satisfies the system of equations  

0 , ,ki i k
i I

a z b k I
∈

= ∈∑                     (28) 

and inequalities  
0 , .ki i k

i I
a z b k J

∈

< ∈∑                     (29) 

It is evident that the set I is non empty one.  
Theorem 6 Let I be a nonempty subset of the set 0N , and the minor 

 
,ij i I j I

a
∈ ∈

 of the nonnegative matrix 
, 1

n
ij i j

a
=

 is indecomposable and the vector 
b is strictly positive. The system of equations  

, ,i i
ki k

i I si s
s I

p ba b k I
a p∈

∈

= ∈∑ ∑
                  (30) 

and inequalities  

, ,i i
ki k

i I si s
s I

p ba b k J
a p∈

∈

< ∈∑ ∑
                  (31) 

is always solvable in the set of strictly positive solutions with respect to the 
vector { }I

i i I
p p

∈
= . There is one to one correspondence between the solutions 

of the system of equations and inequalities (30), (31) and the solutions of the 
system of equations and inequalities (28), (29) from Corollary 2.  

Proof. Let I be a nonempty set. If { }0
0
I

i i I
p p

∈
=  is a strictly positive solution 

of the system of equations and inequalities (30), (31), then introducing the 
denotation  

0
0

0 , ,i i
i

si s
s I

p bz i I
a p

∈

= ∈
∑

 

we get a proof in one direction, i.e. { }0
0
I

i i I
z z

∈
=  is a strictly positive solution of 

the system of equations and inequalities (28), (29) from Corollary 2. Let us first 
prove that there is no state of economic equilibrium under the condition that I is 
an empty set. 

From the opposite. Let there exist a nonzero solution { } 1

n
i i

p p
=

=  of the system 
of inequalities  

1

1

, 1, .
n

i i
ki kn

i
si s

s

p ba b k n
a p=

=

< =∑
∑

                  (32) 
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Introduce the denotation 

1

, 1,i
i n

si s
s

py i n
a p

=

= =
∑

. Then the nonzero solution 

{ } 1

n
i i

p p
=

=  satisfies the system of equations 

1
, 1, .

n

i i si s
s

p y a p i n
=

= =∑                     (33) 

In the n-dimensional space nR  of vectors { } 1

n
i i

p p
=

=  we introduce the 

norm 
1

n

s s
s

p b p
=

= ∑  and estimate the norm of the operator [ ]TAY , where 
 

, 1

n
ij i i j

Y yδ
=

= . We have  

1 1 1
max .

n n n
si

i i si s i isi s i s

aAYp b y a p b y p
b= = =

= ≤∑ ∑ ∑  

Hence [ ]T
1

max 1
n

si
i is i s

aAY b y
b=

≤ <∑ . The last inequality holds due to the  

fulfillment of inequalities (32). This means that the system of equations (33) has 
only zero solution. Contradiction. 

Therefore, let I be a nonempty set and there exists a strictly positive solution  

{ }0
0
I

i i I
z z

∈
=  of the system of equations and inequalities (28), (29) from Corollary 

2. Let’s put  

0 , .i i
i

si s
s I

p bz i I
a p

∈

= ∈
∑

                      (34) 

With respect to the vector { }I
i i I

p p
∈

= , we obtain a system of equations  

, ,i i si s
s I

p y a p i I
∈

= ∈∑                      (35) 

where the denotations 
0

,i
i

i

zy i I
b

= ∈ , are introduced. Let us prove the existence  

of a strictly positive solution of the system of equations (35). 
Consider the nonlinear mapping ( ) ( ){ }i i I

p pϕ ϕ
∈

=  

( ) , ,
1

i i si s
s I

i
i si s

i I s I

p y a p
p i I

y a p
ϕ ∈

∈ ∈

+
= ∈

+

∑
∑ ∑

                  (36) 

on the set { } , 0, 1i i ii I
i I

P p p p p
∈

∈

 = = ≥ = 
 

∑ . The mapping ( )pϕ  is a continuous  

one of the set P into itself. According to Brauer’s Theorem [8], there exists a fixed  
point { }0

0
I

i i I
p p

∈
=  of this mapping in the set P, that is,  

0 0

0
0 , .

1

i i si s
s I

i
i si s

i I s I

p y a p
p i I

y a p
∈

∈ ∈

+
= ∈

+

∑
∑ ∑

                   (37) 

This fixed point satisfies the system of equations  
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0 0 , ,i i si s
s I

p y a p i Iλ
∈

= ∈∑                      (38) 

where 0
i si s

i I s I
y a pλ

∈ ∈

=∑ ∑ . Let us show that 1λ = . Multiplying both the left and  

right parts of the equalities by ib  and summing over i I∈ , we get  

0 0 0 0 .i i si i s s s
i I s I i I s I

p b a z p p bλ
∈ ∈ ∈ ∈

 = = 
 

∑ ∑ ∑ ∑                 (39) 

Due to the fact that 0,ib i I> ∈ , 0 0Ip ≠  we have 0 0s s
s I

p b
∈

>∑ . From the  

equality (39) we get that 1λ = . 
The strict positivity of the vector { }0

0
I

i i I
p p

∈
=  follows from the non-negativity 

of the matrix 
, 1

n
ij i j

a
=

 and indecomposability of the minor 
,ij i I j I

a
∈ ∈

. Indeed, 

denote by ( )IA y  the operator whose components are given by the formulas 

( ) ,I
i si si s I

A y p y a p i I
∈

  = ∈  ∑ . Then the system of equations (38) in operator 

form can be written as follows ( )0 0
I I Ip A y p= . Hence the vector 0

Ip  satisfies 

the system of equations ( )
1

0 0

II I Ip A y p
−

 =   , where I  is the power of the set 

I. Due to the indecomposability of the minor 
,ij i I j I

a
∈ ∈

, the matrix corresponding 

to the operator ( )
1IIA y
−

    is strictly positive. From here we get the strict 

positivity of 0
Ip . Theorem 6 is proved.  

Theorem 7 Let 
, 1

n
ij i j

A a
=

=  be a nonnegative matrix and I be a nonempty 
set. For any strictly positive vector b b≤  ,i ib b i I= ∈ , ,i ib b i J< ∈ , I ≠ ∅ , 

0 \J N I= , and such that it belongs to the interior of the cone formed by the 
column vectors { } 1

,n
i ki k

a a i I
=

= ∈ , of the non-negative matrix 
, 1

n
ij i j

a
=

, a minor 

,ij i I j I
a

∈ ∈
 of which is indecomposable, there exists a state of economic equi- 

librium, that is, there is an equilibrium price vector { }0
0 1

n

i i
p p

=
=  such that  

0

01

1

, 1, .
n

i i
ki kn

i
si s

s

p ba b k n
a p=

=

≤ =∑
∑

                   (40) 

Proof. Under the conditions of Theorem 7  
0 , 1, ,ki i

i I
b a z k n

∈

= =∑                       (41) 

where 0 0,iz i I> ∈ . Therefore, there exists a solution of the system of equations 
and inequalities (28), (29) from Corollary 2, i.e.  

0 , .ki i k
i I

a z b k I
∈

= ∈∑                       (42) 

0 , .ki i k
i I

a z b k J
∈

< ∈∑                       (43) 

Based on Theorem 6, there exists an equilibrium vector of prices. Theorem 7 
is proved.  

Theorem 7 provides a partial description of all equilibrium states of the 
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economic system described by the “input-output” model. Note that the vector 
b b− , if it is nonzero, does not find consumers in the market of goods and 
services. Vector b , as before, will be called the vector of real consumption.  

Theorem 8 Let b be a strictly positive vector that does not belong to the 
positive cone formed by the column vectors of the non negative matrix A. The 
necessary and sufficient conditions of the solution existence of the system of 
equations and inequalities  

1
, ,

n

ij j i
j

a z b i I
=

= ∈∑                       (44) 

1
, ,

n

ij j i
j

a z b i J
=

< ∈∑                       (45) 

where I is a nonempty set, is a condition: there exists a non-negative vector 
{ } 1

n
i i

y y
=

= , 0Ay ≠  and such that  

1
, ,

n

ij j i
j

a a y b i I
=

= ∈∑  

where 
1

1

min i
ni n

ij j
j

ba
a y

≤ ≤

=

=
∑

.  

Proof. Necessity. Let there exist a solution of the system of equations (44) and 
inequalities (45) of Theorem 8. Then  

1

1

min 1,i
ni n

ij j
j

ba
a z

≤ ≤

=

= =
∑

 

and, in addition,  

1

1, ,i
n

ij j
j

b i I
a z

=

= ∈
∑

 

1

1, .i
n

ij j
j

b i J
a z

=

> ∈
∑

 

It is obvious that 0Az ≠ . The necessity is established. 

Sufficiency. For any non-negative vector { } 1

n
i i

y y
=

= , 0Ay ≠  let  

1

1

min i
ni n

ij j
j

ba
a y

≤ ≤

=

=
∑

. Then a < ∞ . We put  

1

, .i
n

ij j
j

bI i a
a y

=

 
  = = 
 
  
∑

 

Then I is a nonempty set and the inequalities hold  

1
, ,

n

ij j i
j

a z b i I
=

= ∈∑  
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1
, ,

n

ij j i
j

a z b i J
=

< ∈∑  

where { } 1

n
i j

z z
=

= , , 1,i iz ay i n= = . Theorem 8 is proved.  
We give a complete description of the solutions of the system of equations and 

inequalities (28), (29). We denote by { } 1
, 1,n

i ki i
a a i n

=
= = , the i-th column of the  

matrix A. Let us consider the numbers 
1
min , 1,k

i i n
ki

bd i n
a≤ ≤

= = .  

Theorem 9 Let the strictly positive vector b not belong to the cone formed by 
the column vectors { } 1

, 1,n
i ki i

a a i n
=

= = , of the non-negative non-decomposable 
matrix A. Any solution of the system of equations (28) and inequalities (29) is 
given by the formula  

( ){ } 1
,

n
i i i

z a dα α
=

=  

where { } { }1 1
1

, 0, 1
nn n

i i i ii i
i

Qα α α α α α
= =

=

 = ∈ = = ≥ = 
 

∑ ,  

( )
1

1

min 1.k
nk n

i i i
i k

ba
d a

α
α

≤ ≤

=

= ≥
 
  
∑

 

The function ( )a α  is bounded and convex down on the set Q.  
Proof. Let { }0

0 1

n
i i

z z
=

=  be a certain vector that is a solution of the system of 
equations (28) and inequalities (29). Let’s denote  

0

0

1

, 1, .

i

i
i n

j

j j

z
d i n

z
d

α

=

= =

∑
 

Then  
0

0
0

1 1 1
.

n n n
j

i i i i i
i j ij

z
Az a z d a

d
α

= = =

= =∑ ∑ ∑  

Because of  

[ ]1
0

min 1,k
k n

k

b
Az≤ ≤

=  

we get  
0

11

1

min .
n

j k
nk nj j

i i i
i k

z b
d d aα

≤ ≤=

=

=
 
  

∑
∑

 

It is obvious that, conversely, every vector { } 1

n
i i

Qα α
=

= ∈  corresponds to 
solution of the system of equations (28) and inequalities (29), which is given by 
the formula  

( ){ } 1
,

n
i i i

z a dα α
=

=  

where  
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( )
1

1

min .k
nk n

i i i
i k

ba
d a

α
α

≤ ≤

=

=
 
  
∑

 

Let us establish that ( ) 1a α ≥ . It is obvious that i ia d b≤ . Multiplying by 
0iδ ≥  the left and right parts of the last inequality and summing over i and  

assuming that 
1

0
n

i
i
δ

=

>∑  we will get  

1

1

.

n

i i i
i

n

i
i

d a
b

δ

δ

=

=

≤
∑

∑
 

Denoting 

1

, 1,i
i n

i
i

i nδ
α

δ
=

= =
∑

, we get what we need. It follows from the  

indecomposability of the matrix A that for every index 1 i n≤ ≤  there exists an 
index k such that  

0 0

1
,

n

kj j ki i
j

a z a z
=

≥∑  

where 0kia > . Hence  

0 1
0

0

max
.

min
ki

kk k n
i

ki kia

bbz c
a a

≤ ≤

>

≤ ≤ = < ∞  

Due to the arbitrariness of the solution { }0
0 1

n

i i
z z

=
=  of the system of  

equations (28) and inequalities (29), we obtain  

( ) 0.i ia d cα α ≤  

Or  

( ) 0 .i
i

ca
d

α α ≤  

After summing over the index i, we get  

( ) 0

1
.

n

i i

ca
d

α
=

≤ ∑  

The boundedness of ( )a α  is established. Let’s prove the convexity down. 
Because of  

( )
( )1 2 1 2

1 1 1

1 ,
1

k k k
n n n

ki i i ki i i ki i i i
i i i

b b b

a d a d a d
γ γ

α α γα γ α
= = =

+ − ≥
 + − ∑ ∑ ∑

 

we have  

( )
( )1 1 11 2 1 2

1 1 1

min 1 min min .
1

k k k
n n nk n k n k n

ki i i ki i i ki i i i
i i i

b b b

a d a d a d
γ γ

α α γα γ α
≤ ≤ ≤ ≤ ≤ ≤

= = =

+ − ≥
 + − ∑ ∑ ∑

 

The latter means  
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( ) ( ) ( ) ( )( )1 2 1 21 1 ,a a aγ α γ α γα γα+ − ≥ + −  

where 0 1γ≤ ≤ . Theorem 9 is proved.  
Proposition 1 In the set of solutions  

{ } ( ){ }{ }0
0 0 11

,
n n

i i i ii
Z z z a d Qα α α

==
= = = ∈  of the system of equations (28) and  

inequalities (29) there exists a minimum of the function  

( ) ( )
2

1 1
.

n n

k ki i i
k i

W b a a dα α α
= =

 = −  
∑ ∑  

This minimum is global on the set of all solutions of the system of inequalities 
(27), i.e.  

( )
2

1 1
min min ,

n n

k ki iQ z Z k i
W b a z

α
α

∈ ∈ = =

 = −  
∑ ∑  

where Z is the set of all solutions of the system of inequalities (27).  
Proof. The function ( )W α  is continuous on the closed bounded set Q, because 

so is the function ( )a α  due to its convexity and boundedness. According to the 
Weierstrass Theorem, there exists a minimum of the function ( )W α . For any 
solution { } 1

n
i i

z z Z
=

= ∈  let’s denote  

1

, 1, .

i

i
i n

j

j j

z
d i nz
d

α

=

= =

∑
 

Then  

1 1 1
.

n n n
j

i i i i i
i j ij

z
Az a z d a b

d
α

= = =

= = ≤∑ ∑ ∑  

From here  

( )
11

1

min .
n

j k
nk nj j

i i i
i k

z b a
d d a

α
α

≤ ≤=

=

≤ =
 
  

∑
∑

 

Therefore  

( ) ( )
2 2 2

1 1 1 1 1 1
min .

n n n n n n

k ki i k ki i i k ki i iQk i k i k i
b a z b a a d b a a d

α
α α α α

∈= = = = = =

     − ≥ − ≥ −          
∑ ∑ ∑ ∑ ∑ ∑  

Taking the minimum of z Z∈ , we have  

( )
2 2

1 1 1 1
min min .

n n n n

k ki i k ki i iz Z Qk i k i
b a z b a a d

α
α α

∈ ∈= = = =

   − ≥ −      
∑ ∑ ∑ ∑  

The inverse inequality is obvious due to the inclusion 0Z Z⊃ , where 0Z  is 
the set of solutions of the system of equations (28) and inequalities (29). Pro- 
position 1 is proved.  

Note that the set of non-negative solutions Z of the system of equations and 
inequalities (27) is a closed bounded convex set. Indeed, the boundedness of the 
set of solutions follows from the indecomposability of the matrix A and the 
finiteness of the vector b. The convexity of the set of solutions is obvious. Then 
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such a set is a convex combination of its extreme points. Such extreme points are 
some subset of the solutions constructed in Theorem 9, which do not have 
common equalities. Below we establish a number of theorems that will allow us 
to put into correspondence the vector of prices to every vector { } 1

n
i i

z z
=

= , that 
satisfies the system of equations and inequalities  

1
, ,

n

ij j i
j

a z b i I
=

= ∈∑                       (46) 

1
, ,

n

ij j i
j

a z b i J
=

< ∈∑                       (47) 

where I is a nonempty set. 
Theorem 10 Let 

1

n
ij ij

A a
=

=  be a strictly positive matrix, and { } 1

n
i i

z z
=

=  be 
a nonnegative nonzero vector. Then there exists a solution to the system of 
equations  

1

1

1, ,
n

i i
ki kn

i
si s

s

b pa b k n
a p=

=

= =∑
∑

                   (48) 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ , where { } 1

n

i i
b Az b

=
= = .  

Proof. Consider the system of nonlinear equations  

1

1 1

, 1, ,
1

n
i

i si s
si

in n
i

si s
i si

zp a p
b p i n
z a p
b

=

= =

+
= =

+

∑

∑ ∑
 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ . The left part of this system  

of equations is a continuous mapping of the set P into itself. According to 
Brouwer’s Theorem, there exists a fixed point { }0

0 1

n

i i
p p

=
=  of the mapping given 

by the left part of this system of equations. Or  

0 0

1
, 1, ,

n

i si s i i
s

z a p b p i nλ
=

= =∑  

where 0

1 1

n n
i

si s
i si

z a p
b

λ
= =

= ∑ ∑ . Summing over the index i, we will have the left and  

right parts of the above equalities 

0 0

1 1
.

n n

i i i i
i i

b p b pλ
= =

=∑ ∑  

It is obvious that the vector 0p  is strictly positive, and 0

1
0

n

i i
i

b p
=

>∑ , therefore 

1λ =  and  
0

0

1

, 1, .i i
i n

si s
s

b pz i n
a p

=

= =
∑
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Using the fact that  

1
, 1, ,

n

ij j i
i

a z b i n
=

= =∑  

and substituting iz  in the equality above, we get the required result. This proves 
Theorem 10.  

It can be proved similarly  
Theorem 11 Let 

1

n
ij ij

A a
=

=  be a positive indecomposable matrix, and  
{ } 1

n
i i

z z
=

=  be a strictly positive vector. Then there is a solution to the system of 
equations  

1

1

, 1, ,
n

i i
ki kn

i
si s

s

b pa b k n
a p=

=

= =∑
∑

 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ , where { } 1

n

i i
b Az b

=
= = .  

Theorem 12 Let 
1

n
ij ij

A a
=

=  be a nonnegative nonzero matrix. The necessary 
and sufficient conditions for the existence of a solution of the system of equations  

1

1

, 1, ,
n

i i
ki kn

i
si s

s

b pa b k n
a p=

=

= =∑
∑

 

in the set P is the existence of a solution to the system of equations  
0

0

1

, 1, ,i i
i n

si s
s

b pz i n
a p

=

= =
∑

 

in the set P for some non negative nonzero vector { } 1

n
i i

z z
=

=  and 
 { } 1

n

i i
b Az b

=
= = .  
Proof. The proof is obvious.  
Theorem 13 Let 

1

n
ij ij

A a
=

=  be a non-negative nonzero matrix and let 
 

{ } 1

n
i i

z z
=

=  be a non-negative vector, which is a solution to the system of in- 
equalities  

1
, ,

n

ij j i
i

a z b i I
=

= ∈∑                        (49) 

1
, ,

n

ij j i
i

a z b i J
=

< ∈∑                        (50) 

where I and J are nonempty sets. If b is a strictly positive vector, and 0jz >  for 
some j J∈ , then there is no solution to the system of equations  

1

, 1, ,i i
i n

si s
s

b pz i n
a p

=

= =
∑

                      (51) 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ .  
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Proof. Argument from the opposite. Suppose that there is a nonzero nonnegative  

vector { }0
0 1

n

i i
p p

=
=  which is a solution of the system of equations of Theorem 

13. Then 0

1
0

n

si s
s

a p
=

≠∑  and  

0 0

1
, 1, .

n

i si s i i
s

z a p b p i n
=

= =∑  

Hence we have 0 0jp >  for j J∈  specified in Theorem 13. Summing up the 
left and right parts by i, we get  

0 0

1 1 1
.

n n n

si j s i i
s i i

a z p b p
= = =

  = 
 

∑ ∑ ∑  

But  

0 0

1 1 1
.

n n n

si j s i i
s i i

a z p b p
= = =

  < 
 

∑ ∑ ∑  

Contradiction. This proves the theorem 13.  
Definition 8 Let A be a nonnegative matrix, and the vector b is strictly 

positive, which does not belong to the cone formed by the column vectors of the 
matrix A. We say that the vector { } 1

n
i i

z z
=

= , which is a solution of the system of 
inequalities  

1
, ,

n

ij j i
j

a z b i I
=

= ∈∑                       (52) 

1
, ,

n

ij j i
j

a z b i J
=

< ∈∑                       (53) 

where I is a nonempty set, corresponds to the equilibrium price vector if there 
exists a solution to the system of equations  

1

1

, 1, ,
n

i i
ki kn

i
si s

s

b pa b k n
a p=

=

= =∑
∑

                  (54) 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ , where { } 1

n

i i
b Az b

=
= = .  

Consequence 3 There is no equilibrium state corresponding to the vector 
{ } 1

n
i i

z z
=

=  which is a solution of the system of equations (51) of Theorem 13 
with respect to the vector { } 1

n
i i

p p
=

= .  
Proof. Indeed, if it were not so, then the solution of the system of equations (51) 

of Theorem 13 with respect to the vector { } 1

n
i i

p p
=

=  should exist. But it is not so.  
Theorem 14 is the basis for the determining of the equilibrium price vector in 

the case of partial clearing of markets. 
Theorem 14 Let 

, 1

n
ij i j

a
=

 be a nonnegative matrix, { } 1

n
i i

b b
=

=  be a strictly 
positive vector, and let the matrix 

,ij i j I
a

∈
 be an indecomposable one for a 

certain non empty set I. Then the equilibrium price vector { } 1

n
i i

p p
=

= , being a 
solution of the system of equations and inequalities  
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1

1

, ,
n

j j
ij in

j
sj s

s

b p
a b i I

a p=

=

= ∈∑
∑

 

1

1

, ,
n

j j
ij in

j
sj s

s

b p
a b i J

a p=

=

< ∈∑
∑

                   (55) 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑  is a solution of the system  

of equations  

1

, 1, ,i i
i n

si s
s

b pz i n
a p

=

= =
∑

                    (56) 

where { } 1

n

i i
b b

=
= , b Az= , the vector { } 1

n
i i

z z
=

=  is determined as follows 

0 ,i iz z i I= ∈ , 0,iz i J= ∈ . The vector { }0
0
I

i i I
z z

∈
=  satisfies the system of  

equations and inequalities  
0 , ,ij j i

j I
a z b i I

∈

= ∈∑                      (57) 

0 , .ij j i
j I

a z b i J
∈

< ∈∑                      (58) 

Proof. Let there exist a solution of the system of equations and inequalities 
(55) with respect to the vector { } 1

n
i i

p p
=

=  in the set P. Let us show that  
0,ip i J= ∈ . We lead the proof from the opposite. Let at least one component 

,kp k J∈ , of the vector p be strictly positive. Then, multiplying by , 1,ip i n= , 
the i-th equation or inequality and summing the left and right parts, respectively,  

we get the inequality 
1 1

n n

j j i i
j i

b p b p
= =

<∑ ∑ . Due to the strict positivity of the vector 

b, this inequality is impossible, because 
1

0
n

j j
j

b p
=

>∑ . Therefore, our assumption  

is not correct, and therefore 0,ip i J= ∈ . The remaining component ,ip i I∈ , 
of the vector p is a solution of the system of equations and inequalities 

, ,j j
ij i

j I sj s
s I

b p
a b i I

a p∈
∈

= ∈∑ ∑
                   (59) 

, .j j
ij i

j I sj s
s I

b p
a b i J

a p∈
∈

< ∈∑ ∑
                   (60) 

Let us introduce the denotation  

0 , .j j
j

sj s
s I

b p
z j I

a p
∈

= ∈
∑

                     (61) 

It is evident that the equalities and inequalities  
0 . ,ij j i

j I
a z b i I

∈

= ∈∑  
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0 , ,ij j i
j I

a z b i J
∈

< ∈∑  

are valid. If we introduce a vector { } 1

n
i i

z z
=

=  where 0 ,i iz z i I= ∈ , 0,iz i J= ∈ , 
then we obtain a system of equations and inequalities  

1
, ,

n

ij j i
j

a z b i I
=

= ∈∑  

1
, .

n

ij j i
j

a z b i J
=

< ∈∑  

The price vector { } 1

n
i i

p p
=

=  is a solution of the system of equations (56), due 
to the fact that b Az= , and therefore is also a solution of the system equations  

1

1

, 1, .
n

j j
ij in

j
sj s

s

b p
a b i n

a p=

=

= =∑
∑

                   (62) 

Theorem 14 is proved.  
Theorem 15 Let the matrix 

, 1

n
ij i j

a
=

 be nonnegative, the vector { } 1

n
i i

b b
=

=  
be strictly positive, and let the matrix 

,ij i j I
a

∈
 be indecomposable for some 

nonempty set I. The necessary and sufficient condition of existence of the equi- 
librium price vector { } 1

n
i i

p p
=

= , which is a solution of the system of equations 
and inequalities  

1

1

, ,
n

j j
ij in

j
sj s

s

b p
a b i I

a p=

=

= ∈∑
∑

 

1

1

, ,
n

j j
ij in

j
sj s

s

b p
a b i J

a p=

=

< ∈∑
∑

                   (63) 

in the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

P p p p i n p
=

=

 = = ≥ = = 
 

∑ , such that 0,ip i I> ∈  is the  

existence of a strictly positive solution of the system of equations and inequalities  

, ,ij j i
j I

a z b i I
∈

= ∈∑  

, .ij j i
j I

a z b i J
∈

< ∈∑                       (64) 

Proof. Necessity. Let there exist a solution of the system of equations and 
inequalities (63) with respect to the vector { } 1

n
i i

p p
=

=  in the set P and such that 
0,ip i I> ∈ . Whereas in the previous Theorem 14 we establish that  
0,ip i J= ∈ . The remaining component ,ip i I∈ , of the vector p is the solution 

of the system of equations and inequalities  

, ,j j
ij i

j I sj s
s I

b p
a b i I

a p∈
∈

= ∈∑ ∑
                   (65) 

, .j j
ij i

j I sj s
s I

b p
a b i J

a p∈
∈

< ∈∑ ∑
                   (66) 
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Let’s introduce the denotation  

, .i i
i

si s
s I

b pz i I
a p

∈

= ∈
∑

 

Then the equalities and inequalities  

,ij j i
j I

a z b i I
∈

= ∈∑  

.ij j i
j I

a z b i J
∈

< ∈∑  

are valid. It is obvious that 0,iz i I> ∈ . The necessity is established. 
Sufficiency. If there exists a strictly positive solution of the system of equations 

and inequalities (64), then the conditions of Theorem 6 are true, that is, there 
exists a strictly positive solution of the system of equations  

, ,i i
ki k

i I si s
s I

p ba b k I
a p∈

∈

= ∈∑ ∑
                   (67) 

and inequalities  

, .i i
ki k

i I si s
s I

p ba b k J
a p∈

∈

< ∈∑ ∑
                   (68) 

Let’s construct the equilibrium vector of prices { } 1

n
i i

p p
=

=  by setting  
0,ip i J= ∈ , and choosing the components ,ip i I∈ , to be equal to the corre- 

sponding components of solution of the system of equations and inequalities 
(67), (68). The price vector constructed in this way is the solution of the system 
of equations and inequalities (63). Theorem 15 is proved.  
For any vector 0z Z∈ , let  

0

1
.

n

i i
i

b z a
=

= ∑                          (69) 

If { }, i iI i b b= =  is a nonempty set, then the vector b  will be called the 
vector of real consumption. In accordance with Theorems 10 - 12, it corresponds 
to the equilibrium price vector 0p , which is the solution of the system of 
equations (62). 

For a part of the goods, the indices of which are included in the set  

0 \J N I= , the equilibrium price is 0 0,ip i J= ∈ . The latter means that this part 
of the goods does not find consumers on the market of goods of the economic 
system. But certain funds were spent on their production, which are called the 
cost of these goods. Let’s introduce the generalized equilibrium vector of prices 
by putting { }

1

nu
u i i

p p
=

=  0 ,u
i ip p i I= ∈ ,  ,u c

i ip p i J= ∈ , where c
ip  is the cost 

price of the produced goods that do not find consumers on the market of goods 
of the economic system. Each such equilibrium state will be matched with the 
level of excess supply  

,
,

,
u

u

b b p
R

b p
−

=                         (70) 
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where { } { }1 1
1

, , ,
n n n

i i i ii i
i

x y x y x x y y
= =

=

= = =∑ . 

Finding solutions of the system of equations and inequalities (28), (29) with 
the smallest excess supply will require finding all possible solutions of such a 
system of equations and inequalities and finding among them the minimum excess 
supply, which can turn out to be an infeasible problem for large dimensions of the 
matrix A. Based on Theorem 9 and Proposition 1 below, the solution of this 
problem is proposed as a quadratic programming problem. 

Definition 9 Let A be an indecomposable nonnegative matrix, and let b be 
a strictly positive vector that does not belong to the cone formed by the column 
vectors of the matrix A. The solution 0z  of the quadratic programming problem  

2

1 1
min ,

n n

i ik kz Z i k
b a z

∈ = =

 −  
∑ ∑                     (71) 

where { } 1
1

, 0, 1, , , 1,
nn

i i ki i ki
i

Z z z z i n a z b k n
=

=

 = = ≥ = ≤ = 
 

∑  corresponds to the  

real consumption vector 0b Az b= ≤ . Assume that for the non-empty set  

{ }, i iI i b b= =  there exists an equilibrium price vector { }0
0 1

n

i i
p p

=
=  which is a 

solution of the system equations  
0

01

1

, 1, .
n

i i
ki kn

i
si s

s

p ba b k n
a p=

=

= =∑
∑

                 (72) 

Then the value  

0

0

,
,

b b p
R

b p
−

=                       (73) 

will be called the generalized excess supply corresponding to the generalized  

equilibrium vector of prices 0p , where 
1

,
n

i i
i

x y x y
=

= ∑ , { } 1

n
i i

x x
=

= , { } 1

n
i i

y y
=

= .  

According to the formula (73), the level of excess supply for the generalized 
equilibrium vector is the smallest. This is the state of economic equilibrium 
below which the economic system cannot fall. 

3. Economic Systems Capable of Operating in Sustainable  
Mode 

A description of sustainable economic development at the macroeconomic level 
is proposed in [9] [10] [11] [12]. In this section, we formulate the principles of 
sustainable development at the microeconomic level. Each business project, 
which starts the production of a certain group of goods, plans to receive added 
value. In the production process, there are direct costs for production materials 
and labor costs. If a business project is such that it has sales markets with 
positive added value, then we say that this business project has contracts with 
suppliers of materials and raw materials and a certain number of workers who 
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sell their labor power. The totality of concluded contracts will be characterized 
by technological mapping. Consider a technological mapping that describes the 
production of the i-th type of product by spending a vector of goods 

 
{ } 1

, 1,n
ki k

a i n
=

= , on one unit of the i-th manufactured product. Such a technological 
mapping will be characterized by the “input-output” matrix 

, 1

n
ij k i

a
=

. Our goal 
is to formulate principles that will ensure sustainable development of the economic 
system. Suppose that the economic system produces , 1,ix i n= , units of the i-th 
product. Then the gross input vector is equal to { } 1

n
i i ki k

X x a
=

=  and the gross 
output vector is equal to { } 1

n
i i ki k

Y x δ
=

= . Each i-th consumer in the economic 
system is characterized by two vectors { } 1

, 1,n
i ki k

b b i l
=

= =  and  
{ } 1

, 1,n
i ki k

C c i l
=

= = . The vectors { } 1
, 1,n

i ki k
b b i l

=
= = , we call the property vectors. 

Every i-th consumer wants to exchange the vector { } 1

n
i ki k

b b
=

=  for the vector 
{ } 1

n
i ki k

C c
=

= , which we call the demand vector. We assume that in the production 
process all produced goods are distributed according to the rule  

( )
1 1

.
n l

i i i
i i

Y X b
= =

− =∑ ∑                       (74) 

Is there such a market mechanism that would provide such distribution of the 
product in society for a certain vector of prices? 

Definition 10 The distribution of the product in society will be called 
economically expedient if, in the process of production and distribution, in 
accordance with the concluded agreement, the ith consumer owns a set of goods  

{ } 1
, 1,n

i ki k
b b i l

=
= = , so that the vector 

1

l

i
i

b b
=

= ∑  belongs to the interior of the 

cone formed by the vectors { } 1
, 1,n

i ki k
C c i l

=
= = .  

Let’s introduce two matrices ,

1, 1

n l
ki k iC c

= =
=  and ,

1, 1

n l
ki k iB b

= =
= . 

Definition 11 If the representation 1B CB=  is valid for the matrix B and 
such that there is a solution to the problem  

1 1

1 1

l l

ki k is i
k s

b d b d
= =

=∑ ∑                        (75) 

with respect to the vector { } 1

l
k k

d d
=

= , which belongs to the cone formed by the 
vectors { } 1

nT
i ki k

C c
=

= , then we will call the distribution of the product in society 
rational.  

In this work, we adhere to the concept of describing economic systems 
developed in [3]. The essence of this description is that the supply of firms is 
primary, and the choice of consumers is secondary. But at the same time, it is 
important that the structure of the supply corresponds to the structure of the 
demand. The axioms of this description are presented in [3], where random 
fields of consumer choice and decision-making by firms are constructed based 
on these axioms. 

We describe firms by technological mappings ( ) ,i i i i iy F x x X= ∈  from the 
CTM class (compact technological mapping) [1], [2] [3], and the demand of the 
i consumer by the product vector { } 1

n
i ki k

C c
=

= , which he wants to consume in a 
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certain period of the economy functioning. Suppose that m firms function in the 
economic system, which are described by technological mappings ( )i i iy F x= , 

i ix X∈ , 1,i m= , from the CTM class. If firms have chosen production processes 

i ix X∈ , ( )i iy F x∈ , 1,i m= , then the produced final product in the economic  

system will be equal to ( )
1

m

i i
i

y x
=

−∑ , and the i-th consumer will receive a vector  

of goods , 1,ib i l= , in accordance with the signed contracts. The condition of 
economic equilibrium is the fulfillment of inequalities 

1 1

,
, 1, .

,

l l
i

ki ki
i ii

b p
c b k n

C p= =

≤ =∑ ∑                  (76) 

The main idea that we lay down is the following: firms must produce such a 
quantity of goods, the sale of which will ensure their functioning in the next 
production cycle, and for this they must have sufficient income. In addition, the 
necessary balances for the state must be ensured: state spending on defense, 
ensuring the freedoms and rights of citizens, public administration, updating 
fixed assets, funding education, etc. 

Is such a distribution of products the result of market exchange based on the 
existence of an equilibrium vector of prices. Among all the possible distributions 
of output produced by firms, what matters is when firms will be profitable so 
that they can undertake the next production cycle. Under the firm we also 
understand any owner of labor force that he sells on the market of the economic 
system for the appropriate salary, which he spends on its restoration and 
satisfaction of other needs. In this case, it is convenient to consider all those 
engaged in the production of products and services as firms that produce labor 
and sell it to other firms. We assume that the economic system has l consumers, 
m firms, l m>  and produces n type of goods. In order for the economic system 
to function, it is necessary to ensure the protection of the rights and freedoms of 
citizens, public administration, protection from external threats and etc. For 
this, the income of firms should be taxed. Let us consider the taxation vector 

{ } 1

m
i i

π π
=

= , 0 1iπ≤ < , 1,i m= , whose economic meaning is as follows:  
,i i ip y xπ −  is the part of the income that is withdrawn to finance education, 

defense, public administration and other institutions for the safe functioning of  

the state. Here ( )
1

,
n

i i k ki ki
k

p y x p y x
=

− = −∑ , where { } 1

n
i ki k

x x
=

= , { } 1

n
i ki k

y y
=

= ,  

are the input and output vectors and { } 1

n
k k

p p
=

=  is an equilibrium price vector. 
The general formulation of the problem is as follows: firms implemented 

production processes ( ),i ix y , i ix X∈ , ( )i i iy F x∈ , 1,i m=  as a result of  

which the final product ( )
1

m

i i
i

y x
=

−∑  is produced in the economic system, which  

must be distributed so that the process of production and distribution of products 
is continuous. A condition for this is a system of equalities  

( ) ( )
1 1 1

1 ,
, 1, ,

, ,

m l m
i i ki i

ki ki
i i m ii i

y p C D p
x y k n

x p C p
π

= = + =

−
+ = =∑ ∑ ∑         (77) 
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0

1 1
, 1, .

l m

i ki i ki
i m i

y C y k nπ
= + =

= =∑ ∑                   (78) 

Equalities (78) are material balances to ensure public procurement, defense 
orders, construction of educational institutions, renewal of fixed assets, etc. If we 
put ( ) 0 ,i i iD p y C p=  and take into account (78), then we get  

( ) ( )
1 1

1 ,
1 , 1, ,

,

m m
i i

ki i ki
i ii

y p
x y k n

x p
π

π
= =

−
= − =∑ ∑             (79) 

where we denoted  

1 1
, , , ,

n n

i ki k i ki k
k k

y p y p x p x p
= =

= =∑ ∑  

and { } 1
m

i iπ π
=

=  is the taxation vector. 
In order for the process of functioning of the economic system to be continuous, 

it is necessary that there should be an equilibrium vector of prices 0p , so that 
equalities (77) and inequalities 0, 0, 1,i iy x p i m− > = , were valid. 

The ability of the economic system to function continuously will be called the 
ability to function in the mode of sustainable development. 

Below we consider the “input-output” production model. Suppose that 0
ix  

units of the i-th product are produced in the economic system, 1,i n= . In this 
case, the input vector is equal to { }0

1

n
i i ki k

X x a
=

= . The output vector is equal to 

{ }0
1

n
i i ki k

Y x δ
=

= . Then the problem (79) can be written in the form  

( ) ( )
0

0

1

1

1
1 , 1, .

n
i i i

ki k kn
i

si s
s

x p
a x k n

a p

π
π

=

=

−
= − =∑

∑
              (80) 

Denote ( ) 01 , 1,i i ix x i nπ− = = , then the problem (80) and the conditions of 
profitability are rewritten in the form 

1

1

, 1, ,
n

i i
ki kn

i
si s

s

x pa x k n
a p=

=

= =∑
∑

                  (81) 

1
0, 1, .

n

i si s
s

p a p i n
=

− > =∑                    (82) 

Theorem 16 Let , 1
n

ki k iA a
=

=  be a non negative productive indecomposable 
matrix. The necessary and sufficient conditions for the functioning of the economic 
system in the mode of sustainable development are that the vector { } 1

n
i i

x x
=

=  
belongs to the interior of the cone formed by the column vectors of the matrix 
( ) 1A E A −− .  
Proof. Necessity. Assume that there exists a vector of equilibrium prices 0p  

that satisfies the system of equations (81) and inequalities (82). Substituting 0
ip  

from equalities  

0 0 0 0

1
, 0, 1, .

n

i si s i i
s

p a p i nδ δ
=

− = > =∑                (83) 

into the system of equations (81) we get  
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0 0
0

1

01 1 1

1 1

, 1, .

n

i si s in n n
s i i

k ki ki i kin n
i i i

si s si s
s s

x a p
xx a a x a k n

a p a p

δ
δ=

= = =

= =

 + 
 = = + =
∑

∑ ∑ ∑
∑ ∑

     (84) 

If we introduce the vector { } 1
n

k kα α
=

= , where 
0

0

1

0, 1,k k
k n

sk s
s

x k n
a p

δα

=

= > =
∑

, then  

we get from of equalities (84) the equality ( ) 1x A E A α−= − . The latter proves 
the necessity. 

Sufficiency. From the very beginning, we assume that 1A−  exists. For a diagonal 
matrix  

, 1

n
ij j i j

X xδ
=

=                          (85) 

the representation 1X AB=  is true, where 1 1
1 , 1

n
ki i k i

B A X a x− −

=
= = . From the 

assumptions of Theorem 16 we have  

( ) 11 1

1
0, 1, .

n

k ki i
ki

b a x E A k nα−−

=

 = = − > = ∑               (86) 

We will prove that the system of equations  

1 1

1
, 1, ,

n

ki i k i i
k

a x d b d i n−

=

= =∑                     (87) 

has a strictly positive solution belonging to the cone formed by the vectors 
{ } 1 , 1,n

ki ka i n
=

= . From (86) we get  

1

1
.

n

k ki i
i

x a b
=

= ∑                          (88) 

The problem (87) is equivalent to the problem  
1 1

11 1

1

, 1, .
n n

i i
k ik i ik in

i ii
ik k

k

b bd a d a d i n
x a b= =

=

= = =∑ ∑
∑

            (89) 

Let’s introduce the denotation  
1

1

1

, , 1, ,i
ik ik n

ik k
k

bu a i k n
a b

=

= =
∑

                  (90) 

and the matrix , 1
n

ik i kU u
=

= . Consider a nonlinear system of equations  

1

1 1

, 1, ,
1

n

k ik i
i

k n n

ik i
k i

d u d
d k n

u d

=

= =

+
= =

+

∑

∑∑
                  (91) 

on the set { } 1
1

, 0, 1, , 1
nn

i i ii
i

D d d d i n d
=

=

 = = ≥ = = 
 

∑ . 

Thanks to Schauder’s theorem [8], there exists a solution of the system of 
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equations (91) in the set D. The system of equations (91) can be written as  

1
,

n

ik i k
i

u d dλ
=

=∑                         (92) 

where 
1 1

n n

ik i
k i

u dλ
= =

= ∑∑ . 

We will prove that 0λ >  and the solution { } 1
n

i id d
=

=  of the system of 
equations is strictly positive due to the indecomposability of the matrix A. 
Indeed, the vector { } 1

n
i id d

=
=  satisfies the system of equations (92), which can 

be written in operator form  
T ,U d dλ=                          (93) 

or  
1T 1 .

n nU d dλ
− −  =                        (94) 

Due to the fact that the vector d belongs to the set D, and the matrix U is 
non-negative and indecomposable, the vector 

1T n
U d

−
    is strictly positive. It 

follows that 0λ >  and the vector d is strictly positive. Let’s prove that 1λ = . 
The problem (92) is equivalent to the problem  

1 1

1
, 1, .

n

ki i k i i
k

a x d b d i nλ −

=

= =∑                      (95) 

The summation by index i of the left and right parts of equalities (95) gives  
1 1

1 1

n n

k k i i
k i

b d b dλ
= =

=∑ ∑ . The latter proves necessary. Therefore, there is a solution to  

the problem (89). From the Theorem 3 and equalities (89), if we put  
1

1

1

i i
i n

is s
s

b dp
a b

=

=
∑

                          (96) 

and introduce the price vector { } 1
n

i ip p
=

= , then 
1

, 1,
n

k sk s
s

d a p k n
=

= =∑ . 

Or, in relation to the equilibrium price vector, we obtain a system of equations  
1

1 1

1

, 1, .
n

i
i si sn

s
is s

s

bp a p i n
a b =

=

= =∑
∑

                   (97) 

Due to the fact that the representation ( ) 1x A E A α−= −  is valid for the vector 
x, where α  is a strictly positive vector, then from (88) we get ( ) 11b E A α−= − , 
where { }1 1

1

n
k k

b b
=

= . We have from the last one  
1

1

1 1 1

1 1, 1, ,i i
n n

k
is s is s

s k s

b i n
a b a

α

α
∞

= = =

= + > =
∑ ∑∑

                (98) 

where we have denoted by k
isa  the matrix elements of the matrix kA . Therefore, 

the constructed solution of the problem (89) is such that the inequalities  
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1
0, 1, ,

n

i si s
s

p a p i n
=

− > =∑                    (99) 

hold, if the conditions of Theorem 16 are valid. 
Assume that the matrix A is degenerate. The proof of necessity is the same as 

in the previous case. To prove sufficiency, consider a non-degenerate matrix 
A Eε+ , where 0ε >  and small enough such that ( ) 1A Eε −+  exists for all 

0ε > . This is possible due to the fact that 0ε =  is a root of the equation 
( )det 0A Eε+ =  and this equation has a finite number of roots. We assume that 

( ) ( ) ( ) 1x A E E A Eε ε ε α−= + − − , where the vector α  is strictly positive. As 
before, repeating all the above arguments, we come to the fact that the vector 
( ) ( ){ } 1

n
k k

d dε ε
=

=  satisfies the system of equations  

( ) ( ) ( )

( ) ( )
( )

1

11

1

, 1, ,
n

i
k ik ik in

i
ik ik k

k

b
d a d i n

a b

ε
ε δ ε ε

δ ε ε=

=

= + =
+

∑
∑

      (100) 

and it is strictly positive. 
Due to the fact that ( ) ( ){ } ( ) 11 1

1

n
i i

b b E A Eε ε ε α−

=
= = − − ,  

( ) ( ) ( ) ( ) 11A E b A E E A Eε ε ε ε α−+ = + − −  we get that there is a limit  

( ) ( ) { }11 1 1
10

lim .
n

k k
b E A b b

ε
ε α−

=→
= − = =  

Because ( )d ε  is bounded, there exists a subsequence nε  that goes to zero, 
so that there is a limit  

( ) { } 10
lim ,
n

n
n k kd d d

ε
ε

=→
= =  

which satisfies the system of equations (89). 
Following the above arguments, we come to the fact that the introduced vector 
{ } 1

n
i ip p

=
=  satisfies the system of equations (97). Let us prove that the vector x 

satisfies the system of equations (81). Really, the equality  
1

1

1

1 1

i i i i
in n

si s is s
s s

x p b x b
a p a b

= =

= =
∑ ∑

                    (101) 

is valid. 
Multiplying the left and right parts by kia  and summing over i, we get  

1

1 1

1

, 1, .
n n

i i
ki ki i kn

i i
si s

s

x pa a b x k n
a p= =

=

= = =∑ ∑
∑

              (102) 

The remaining statements of Theorem 16 are obtained as before. The theorem 
16 is proved.  

The following Theorems are central in this section.  
Theorem 17 Let , 1ki k iA a

=
=  be an indecomposable and productive matrix 

for the “input-output” production model. Suppose that the strictly positive gross 
output vector { } 1

n
i ix x

=
=  satisfies the system of equations  

1
, 1, ,

n

k ki i k k k
i

x a x c e i k n
=

− = + − =∑                (103) 
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and the price vector { } 1
n

i ip p
=

=  satisfies the system of equations  

1
, 1, ,

n

i si s i
s

p a p i nδ
=

− = =∑                   (104) 

where { } 1
n

i ic c
=

= , { } 1
n

i ie e
=

= , { } 1
n

k ki i
=

= , { } 1
n

i iδ δ
=

= , 0kc ≥ , 0ke ≥ , 0ki ≥ , 
0kδ > , 1,k n= , are vectors of final consumption, export, import and added 

values, respectively. Then there exists a vector of taxation { } 1
n

i iπ π
=

=  such that 
the vector { } 1

n
i ip p

=
=  satisfies also the system of equations  

( ) ( )
1

1

1
1 , 1, .

n
i i i

ki k kn
i

si s
s

x p
a x k n

a p

π
π

=

=

−
= − =∑

∑
            (105) 

Proof. Since the price vector { } 1
n

i ip p
=

=  is a strictly positive one, as a 
solution to the set of equations (104), let’s denote i i iX x p= , i i ixδ∆ = ,  

k ki
ki

i

p aa
p

= . In these denotations, the system of equations (105) is written in the  

form  

( ) ( )
1

1

1
1 , 1, .

n
i i

ki k kn
i

si
s

X
a X k n

a

π
π

=

=

−
= − =∑

∑
             (106) 

Let us put  

( )

1

1
, 1, .i i

i n

si
s

X
V i n

a

π

=

−
= =

∑
 

Then the vector { } 1
n

i iV V
=

=  satisfies the system of equations  

1 1
, 1, .

n n

ki i sk k
i s

a V a V k n
= =

= =∑ ∑                   (107) 

On the basis of Lemma 3, there exists a strictly positive solution of this system 
of equations, which is determined with accuracy up to a constant. Let us denote 

{ }0
0 1

n
i i

V V
=

=  the solution of this system of equations, the sum of the components 
of which is equal to one. Then { } { }0

0 0 01 1

nn
i ii i

V V c V c V
= =

= = = . From here  

0
00

1
01 1 , 1, ,

n

i sk
s i i

i
i i i

c V a
V

c i n
X X X

π =  ∆
− = = − = 

 

∑
 

or  
0

01 1 , 1, .i i
i

i i

V
c i n

X X
π

 ∆
= − − = 

 
                (108) 

The constant 0 0c >  can be chosen such that the inequalities  
0

01 1 0, 1, ,i i

i i

V
c i n

X X
 ∆

− − > = 
 

 

are satisfied. Theorem 17 is proved.  
Consequence 4 The best system of taxation { } 1

n
i iπ π

=
=  under the condition 
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that the final product will be created in the economic system is one that satisfies 
the equality  

0 0

1

1 1 , 1, .
1 max 1

i

i i i i

i n
i i i i

i n
V V
X X X X

π

≤ ≤

−
= =

   ∆ ∆
− −   

   

              (109) 

Proof. We choose the constant 0c  in the formula (108) so that the value of 
, 1,i i nπ = , is the smallest. For this, we should put  

0 0

1

1 .
max 1i i

i n
i i

c
V
X X≤ ≤

=
 ∆
− 

 

                   (110) 

Then equalities (109) will hold.  
In the following Theorem 18, we find out for the taxation system { } 1

n
i iπ π

=
= , 

the conditions under which in the economic system a final product can be 
created and the economy can function in the mode of sustainable development. 

Theorem 18 Let the matrix , 1
n

ki k iA a
=

=  be non-decomposable and productive 
for the “input-output” economy model. Then for the equilibrium price vector 

{ } 1
n

i ip p
=

= , which is a solution of the system of equations (104), there always 
exists a solution of the system of equations (105) with respect to the vector 

{ } 1
n

i ix x
=

= , which satisfies the system of equations (103) with a strictly positive 
right-hand side of this system of equations, provided that the taxation system 

{ } 1
n

i iπ π
=

= , satisfies the conditions  

0 1 1 , 1, ,i
i

i

b i n
X

π
 ∆

< ≤ − − = 
 

                (111) 

for a certain b, satisfying inequalities  

( )
1

1

1max 1 ,
max 1

ii n
i

i n
i

b

X

π
≤ ≤

≤ ≤

− < <
 ∆
− 

 

 

where as before , , 1,k k k k k kx X p x k nδ∆ = = =   
Proof. Here and further we use the denotations of Theorem 17. Let the economic 

system be described by the “input-output” model, where the output vector satisfies 
the system of equations (105), and the equilibrium price vector is determined by 
the system of equations (104). 

Let ’ s  put  k k kX x p= ,  , 1
n

ki k iA a
=

= ,  k ki
ki

i

p aa
p

= ,  k k kC c p= ,  k k kE e p= ,  

k k kI i p= , k k kpδ∆ = . In these denotations, the system of equations (105) can be 
written in the form  

( ) ( )
1

1

1
1 , 1, .

n
i i

ki k kn
i

si
s

X
a X k n

a

π
π

=

=

−
= − =∑

∑
             (112) 

and the system of equations (104) is in the form  

1
, 1, .

n

i si i i
s

X a X i n
=

− = ∆ =∑                  (113) 
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Introducing the denotation  

( ) 0

1

1
, 1, ,i i

in

si
s

X
X i n

a

π

=

−
= =

∑
                 (114) 

the system of equations (112) can be rewritten in the form  

0 0

1 1
, 1, .

n n

ki i sk k
i s

a X a X k n
= =

= =∑ ∑                 (115) 

On the basis of Lemma 3, there is a strictly positive solution of this system of 
equations, which is determined with accuracy up to a constant. Let 

 { }0
0 1

n
i i

X X
=

=  be a strictly positive solution of the system of equations (115) 
whose component sum is equal to one. Then any other is equal to  

{ }0
0 0 0 1

n
i i

c X c X
=

= , where 0 0c > . For the components of the vector { } 1
n

i iX X
=

=  
we get the formulas  

0 0 01
0 0 0

1 1
, 1, .

1 1 1

n
i i

si
s i i

i i i i
i i i

a
X pX c X c X c X i n

δ

π π π
=

∆
− −

= = = =
− − −

∑
       (116) 

To prove that the obtained solution is a vector of gross output for some vector 
of final consumption, it is necessary to establish that the inequalities  

1
0, 1, ,

n

k ki i
i

X a X k n
=

− > =∑                   (117) 

are valid. Because the inequalities (111) hold, the inequalities  

1

1 11
1

i i
n

i
si

si

b ab
X

π π

=

− −
≤ =

 ∆
− 

 
∑

                   (118) 

are true, therefore  

( )
1 1

1

1 11 1 0, 1, .
n n

i i k
k ki i k ki kn

i i
si

s

X
X a X X a X k n

b ba

π π
= =

=

− − − ≥ − = − > = 
 

∑ ∑
∑

 (119) 

So,  

1
, 1, ,

n

k ki i k
i

X a X Y k n
=

− = =∑                  (120) 

where the vector { } 1
n

k kY Y
=

=  has strictly positive components. Introducing the 
denotations Y C E I= + − , { } 1

n
i iC C

=
= , { } 1

n
i iE E

=
= , { } 1

n
i iI I

=
= , we get that 

the vector { } 1
n

i iX X
=

=  is the gross output vector for the tax system under 
consideration. The proof of Theorem 18 ends with a remark about the problem 
(105) and (112) are equivalent due to the strict positivity of the price equilibrium 
vector.  

The following Theorem 19 considers the case of a taxation system under which 
the economic system can still function in the mode of sustainable development. 
This case is interesting because the added value created in the relevant industry 
is equal to the value of the final product created in the same industry in a state of 
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economic equilibrium. 
Theorem 19 Let the matrix , 1

n
ki k iA a

=
=  be indecomposable, whose matrix 

elements satisfy the system of inequalities  

1
1, 1, .

n

si
s

a i n
=

< =∑                      (121) 

Then for taxation systems { } 1
n

i iπ π
=

= , where , 1,i i
i

i i

i n
p X
δπ ∆

= = = , the economic  

system is able to function in the mode of sustainable development. The gross 
output vector { } 1

n
i iX X

=
=  satisfies the system of equations  

1 1
, 1, ,

n n

ki i sk k
i s

a X a X k n
= =

= =∑ ∑                  (122) 

the solution of which exists and is strictly positive. The vector of final 

consumption in value indicators is given by the formula { } 1
n

i iY Y
=

= ,  

1
1 , 1,

n

i si i
s

Y d a X i n
=

 = − = 
 

∑ , 0d >  and is arbitrary, where { }0
0 1

n
i i

X X
=

=  is one 

of the possible solutions of the system of equations (122), the sum of whose 
components is equal to one. The gross added value 0

i∆  of the i-th industry is  

given by the formula 0 0

1
1 , 1,

n

i si i
s

d a X i n
=

 ∆ = − = 
 

∑ .  

Proof. Due to the fact that ( )
1

1
n

i si
s

aπ
=

− = ∑ , the system of equalities     (112)  

turns into a system of equations (122) with respect to the gross output vector 
{ } 1

n
i iX X

=
=  in value indicators. Based on Lemma 3, there exists a strictly positive 

solution of the system of equations (122). Let us denote one of the possible 
solutions { }0

0 1

n
i i

X X
=

= , the sum of whose components is equal to one. We will 
rewrite the system of equations (122) in the form  

0 0 0

1 1
1 , 1, .

n n

k ki i sk k
i s

dX a dX a dX k n
= =

 − = − = 
 

∑ ∑             (123) 

The gross output vector { }0
0 1

n
i i

dX dX
=

=  is uniquely determined from the 
system of equations (123). Therefore, the final consumption vector is given by  

the formula { } 1
n

i iY Y
=

= , 0

1
1 , 1,

n

i si i
s

Y d a X i n
=

 = − = 
 

∑ , 0d > . The created gross 

added value is given by the formulas 0 0

1
1 , 1,

n

i si i
s

d a X i n
=

 ∆ = − = 
 

∑ . The theorem  

19 is proved.  
In the future, we will approach the models of real economic systems with 

models of economic systems capable of functioning in the mode of sustainable 
development. One of such algorithms is presented in the following corollary.  

Consequence 5 Let { } 1
n

i iY Y
=

=  be the vector of the final product created in 
the real economic system. Then, in the mean square, the closest to the vector of 
the created final product in the real economic system is the vector of final 
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consumption { }0
0 1

n
i i

Y Y
=

= , in the economic system capable of functioning in the 
mode of sustainable development under the consideration of Theorem 19 taxation 
system, where  

0

1 10 0
0 0 2

1 0

1 1

1
1 , 1, , .

1

n n

i si in
i s

i si i
n ns

si i
i s

Y a X
Y d a X i n d

a X

= =

=

= =

 −    = − = = 
    −  

  

∑ ∑
∑

∑ ∑
 

The set of gross added values has the form  

0 0
0

1
1 , 1, .

n

i si i
s

d a X i n
=

 ∆ = − = 
 

∑                (124) 

4. Research of Real Economic Systems 

Information about the country’s economic system is given in value indicators, 
the structure of which is given by a table that can be characterized by the matrix 
of direct costs , 1

n
ki k iA a

=
= , the vector of gross outputs { } 1

n
i iX X

=
= , the vector 

of gross added values { } 1
n

k k=∆ = ∆ , the final consumption vector { } 1
n

i iC C
=

= , 
the export vector { } 1

n
i iE E

=
= , the import vector { } 1

n
i iI I

=
= , between which 

there are relations  

1
, 1, .

n

k ki i k k k
i

X a X C E I k n
=

− = + − =∑               (125) 

Gross added value consists of taxes on production, which we denote by  

{ }1
1 1

n
i i

T T
=

=  and wages and profits and mixed income, which we denote by  

{ }1
1 1

n
i i

Z Z
=

= . Let’s put { }0
0 1

n
i i

π π
=

= , where the denotation 
1

0 i
i

i

Tπ =
∆

 is introduced.  

The vector { }0
0 1

n
i i

π π
=

=  is called the vector of taxation in the real economic 
system. Then the conditions of sustainable development can be written in the 
form  

( ) ( )
0

0

1

1

1
1 , 1, ,

n i i
ki k kn

i
si

s

X
a X k n

a

π
π

=

=

−
= − =∑

∑
             (126) 

1
1 0, 1, .

n

si
s

a i n
=

− > =∑                     (127) 

But these conditions may not be fulfilled for real economic systems. 
To study real economic systems, the statistical indicators of which are given in 

value indicators, it is convenient to introduce the concept of a relative 
equilibrium vector of prices. If the price vector { } 1

n
i ip p

=
= , implemented in the 

economic system is not in equilibrium, then by introducing the relative price  

vector { } 1
ˆ ˆ n

i ip p
=

= , where 
0

ˆ i
i

i

pp
p

= , and { }0
0 1

n
i i

p p
=

=  is the equilibrium price  

vector , the condition of economic equilibrium in value indicators with respect 
to the vector of relative equilibrium prices { } 1

ˆ ˆ n
i ip p

=
=  can be written in the 
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form 

( ) ( )
0

0

1

1

ˆ1
1 , 1, ,

ˆ

n i i i
ki k kn

i
s si

s

p X
a X k n

p a

π
π

=

=

−
≤ − =∑

∑
           (128) 

In the future, we will study the system of inequalities (128) and find out the  

conditions for the existence of a relative equilibrium vector of prices 
0

ˆ i
i

i

pp
p

= ,  

we will partially describe the set of equilibrium states and find out the quality of 
each equilibrium state , based on proven Theorems 5, 6, 7 and Corollaries 1, 2 
with Theorems 5, 6. First, let’s find out when the conditions of sustainable 
development are fulfilled, that is, when there is equality in a system of inequalities 
(128). Let { } 1

ˆ ˆ n
i ip p

=
=  be a strictly positive relative equilibrium price vector. We 

will find out the conditions when the conditions of sustainable development will 
be fulfilled  

( ) ( )
0

0

1

1

ˆ1
1 , 1, ,

ˆ

n i i i
ki k kn

i
s si

s

p X
a X k n

p a

π
π

=

=

−
= − =∑

∑
            (129) 

1

ˆˆ ˆ , , 1, .
n

i s si i
s

p p a i nδ
=

− = =∑                  (130) 

where ˆ 0, 1,i i nδ > = . 
An analogue of Theorem 18 in the case under consideration there is 
Theorem 20 Let the matrix , 1

ˆ ˆ n
ki k iA a

=
=  be indecomposable and productive 

in the “input-output” economy model, given in value indicators. Then for the 
relative equilibrium strictly positive price vector { } 1

ˆ ˆ n
i ip p

=
= , which satisfies the 

system of equations (130) there is always a solution to the system of equations 
(129) with respect to the vector { } 1

n
i iX X

=
= , for which the final product will be 

created, i.e. the inequalities  

1
0, 1, ,

n

k ki i k
i

X a X Y k n
=

− = > =∑  

are valid, provided that the taxation system { }0
0 1

n
i i

π π
=

=  satisfies the conditions  

0
ˆ

0 1 1 , 1, ,ˆ
i

i
i

b i n
X

π
 ∆

< ≤ − − = 
 

                (131) 

for a certain b, satisfying inequalities  

( )0

1

1

1max 1 ,ˆ
max 1 ˆ

ii n
i

i n
i

b

X

π
≤ ≤

≤ ≤

− < <
 ∆
− 

 

 

where ˆˆ
ˆ

k ki
ki

i

p aa
p

= , ˆˆ ˆ ˆ, , 1,k k k k k kX X p X k nδ∆ = = = . Under these conditions, the  

economic system is able to function in the mode of sustainable development.  
The most interesting for applications is the case when the relative equilibrium 
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vector of prices { } 1
ˆ ˆ n

i ip p
=

= , is such that ˆ 1, 1,ip i n= = . Then  

1
1 , 1,

n

i i si
s

X a i n
=

 ∆ = − = 
 

∑  We reformulate the Theorem 20 for this case. 
Theorem 21 Let the matrix , 1

n
ki k iA a

=
=  be indecomposable and productive 

in the “input-output” economy model, given in value indicators. Then there 
exists always a solution to the system of equations (129) with respect to the vector 

{ } 1
n

i iX X
=

= , for which the final product will be created, i.e. the inequalities  

1
0, 1, ,

n

k ki i k
i

X a X Y k n
=

− = > =∑  

are valid, provided that the taxation system { }0
0 1

n
i i

π π
=

=  satisfies the conditions  

00 1 1 , 1, ,i
i

i

b i n
X

π
 ∆

< ≤ − − = 
 

                (132) 

for a certain b, satisfying inequalities  

( )0

1

1

1max 1 .
max 1

ii n
i

i n
i

b

X

π
≤ ≤

≤ ≤

− < <
 ∆
− 

 

 

If, in addition , 1,k k k kY C E I k n= + − = , then, under these conditions, the 
economic system, described in value indicators, is able to function in the mode 
of sustainable development.  

If the inequalities (128) hold, then there exists a nonempty subset I N⊆ , 
where { }1,2, ,N n=  , such that for indices k I∈  inequalities (128) are 
transformed into equalities. Under the condition I N= , we are talking about a 
complete clearing of the markets. If I N⊂ , we are talking about partial clearing 
of the markets. We call the vector { } 1

n
k kψ ψ

=
=  the real consumption vector, 

where 

( )0 0ˆ1
, 1, ,

ˆ
i i i

k ki
i I s si

s I

p X
a k n

p a
π

ψ
∈

∈

−
= =∑ ∑

               (133) 

In the case of partial market clearing, the real consumption vector ψ  does 
not coincide with the supply vector { } 1

n
k kψ ψ

=
= , where ( )0 0ˆ1k k kXψ π= − . The 

vector of real consumption can be presented in the form  

, 1, ,k ki i
i I

a y k nψ
∈

= =∑                     (134) 

where the non-zero vector { }i i Iy y
∈

=  is the solution of the system of equations 
and inequalities  

, ,ki i k
i I

a y k Iψ
∈

= ∈∑                      (135) 

, \ ,ki i k
i I

a y k N Iψ
∈

< ∈∑                     (136) 

and the equilibrium vector of prices { }ˆ ˆ i i Ip p
∈

=  satisfies the system of equations  

( )0 0ˆ1
, .

ˆ
i i i

i
s si

s I

p X
y i I

p a
π

∈

−
= ∈

∑
                   (137) 
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According to Theorem 6 and Corollary 2, there exists one to one correspondence 
between the solutions of the system of equations and inequalities (135), (136) 
and the system of equations (137) with respect to the equilibrium price vector 

{ }ˆ ˆ i i Ip p
∈

= . Let us consider the relative generalized equilibrium vector of prices 

{ } 1

nu
u i i

p p
=

= , ˆ ,u
i ip p i I= ∈ , 1,u

ip i J= ∈ , where the vector { }ˆ ˆI
i i Ip p

∈
=  satisfies 

the system of equations (137). 
The number of goods, the cost of which is , upψ ψ− , does not find a 

consumer on the market of goods of the economic system. We will characterize 
this phenomenon as the level of excess supply  

,
.

,
u

u

p
R

p
ψ ψ
ψ
−

=                        (138) 

If there is no state of economic equilibrium corresponding to the vector 
{ } 1

n
i iy y

=
= , which satisfies the system of inequalities and equations 

1
, ,

n

ki i k
i

a y k Iψ
=

= ∈∑                      (139) 

1
, \ ,

n

ki i k
i

a y k N Iψ
=

< ∈∑                     (140) 

with a non-empty set J, as it happened in Theorem 13, then in this case the 
generalized relative equilibrium price vector { } 1

ˆ ˆ n
k kp p

=
= , is a solution of the 

system of equations  

1

ˆ
, 1, .

ˆ

i i
i n

si s
s

py i n
a p

ψ

=

= =
∑

                     (141) 

where the vector of real consumption ψ  is given by the formula { } 1
n

k kψ ψ
=

= ,  

1
, 1,

n

k ki i
i

a y k nψ
=

= =∑  and the vector { } 1
n

i iy y
=

=  is a solution of the set of  

equalities (139) and inequalities (140). In this case, the level of excess supply for 
such an equilibrium state will be described by the formula  

ˆ,
.

ˆ,
p

R
p

ψ ψ
ψ
−

=                         (142) 

5. Conclusion 

In the work, a method of researching real economic systems for the possibility of 
their functioning in the mode of sustainable development is built. Section 2 de-
velops algorithms for constructing equilibrium states for the case of partial mar-
ket clearing. For this purpose, the vector of real consumption, which satisfies the 
system of linear equations and inequalities, is considered. A complete descrip-
tion of the solutions of such a system of linear inequalities and equations is giv-
en. On this basis, a complete description of the equilibrium states under which 
partial clearing of the markets takes place in the production model “input-output” 
is given. These states are characterized by the level of excess supply in a certain 
period of the economy function. In order to find equilibrium states with the 
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lowest level of excess supply, it is proved that the vector of real consumption is 
the solution of a certain problem of quadratic programming. Section 3 estab-
lishes the necessary and sufficient conditions for the operation of the economic 
system in the mode of sustainable development. It is shown that there is a family 
of taxation vectors under which the economic system described by the produc-
tion model “input-output” functions in the mode of sustainable development. A 
restriction was found for taxation systems in real economic systems, under which 
the final product is created in the economic system, and the economic system 
functions in the mode of sustainable development. 
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