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Abstract

In this paper, we have considered the general ordinary quasi-differential oper-
ators generated by a general quasi-differential expression 7, in L -spaces
of order n with complex coefficients and its formal adjoint 7, , in L -
spaces for arbitrary p,qe [l,oo). We have proved in the case of one singular
end-point that all well-posed extensions of the minimal operator To(rp’ q)
generated by such expression 7, and their formal adjoint on the interval

[a,b) with maximal deficiency indices have resolvents which are Hilbert-

Schmidt integral operators and consequently have a wholly discrete spectrum.
This implies that all the regularly solvable operators have all the standard es-
sential spectra to be empty. Also, a number of results concerning the location
of the point spectra and regularity fields of the operators generated by such
expressions can be obtained. Some of these results are extensions or generali-
zations of those in the symmetric case, while others are new.

Keywords

Quasi-Differential Expressions, Regular and Singular Endpoints, Minimal
and Maximal Operators, Regularly Solvable Operators, Well-Posed
Operators, Deficiency Indices

1. Introduction

In [1] Akhiezer and Glazman studied that the self-adjoint extension S of the mi-
nimal operator T (2') generated by a formally symmetric differential expression
7 with maximal deficiency indices have resolvents which are Hilbert-Schmidt
integral operators and consequently have a wholly discrete spectrum. In [2]-[5],

the relationship between the square-integrable solutions for real values of the
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spectral parameter and the spectrum of self-adjoint ordinary differential opera-
tors of even order with real coefficients and arbitrary deficiency index are stu-
died.

The main results of Evans, Sobhy El-Sayed and others in [6] [7] concerning
the general ordinary quasi-differential operators are generalized to L -spaces
with an arbitrary interval (a,b) (see [8] [9]). Also, the results includes those in
[10]-[16].

The operators which fulfill the role that the self-adjoint and maximal symmetric
operators play in the case of a formally symmetric expression 7 are those which
are regularly solvable with respect to the minimal operators 7 (T) and T (r*)
generated by a general ordinary quasi-differential expression 7 and its formal
adjoint 7" respectively, the minimal operators T (T) and T (z’*) form an

adjoint pair of closed, densely-defined operators in the underlying L’ -space,
that is 7,(7)c [7;) (f )} . Such an operator § satisfies 7,(7)cS < [7}) (z'+ )]

and for some 1eC, (S—AI) isa Fredholm operator of zero index, this means
that Shas the desirable Fredholm property that the equation (S —Al)u=f has
a solution if and only if fis orthogonal to the solution space of (S -l )u =0
and furthermore the solution spaces of (S - i])u =0 and (S* - /Tl)v =0 have
the same finite dimension. This notion was originally and due to Visik [17]-[24].

Our objective in this paper, is to generalize the results in [11]-[16] for sym-
metric case and results of Sobhy El-sayed in [18]-[23] for general qua-
si-differential operators to L? spaces in an analogue of Hilbert Frentzen in [8]
[9]. A rather general class of quasi-differential expressions 7, ~with ma-
trix-valued coefficients and the associated maximal operators T (rp’ q) and mi-
nimal operator To(rp’ q) as maps of a subspace of L’ into L! for arbitrary
D,q € [1,00). Also, we have shown in the case of one singular end-point that all
well-posed extensions of the minimal operator 7 (z’ ”. q) generated by such ex-
pression 7, ~and their formal adjoint on the interval [a,b) with maximal
deficiency indices have resolvents which are Hilbert-Schmidt integral operators
and consequently have a wholly discrete spectrum. This implies that all the reg-
ularly solvable operators have all the standard essential spectra to be empty. The
domains of these operators are described in terms of boundary conditions in-
volving the p-integrable solutions of the quasi-differential equation 7, [u] = Auw
and the adjoint equation r;,’p. [v] = va(/l IS (C) (see [21]).

For (formally) symmetric differential expressions ¢ and L. space much
work has been done on the problem of finding self-adjoint differential operator
T (T) with the aid of boundary conditions as in A. N. Krall and A. Zettl [13],
Naimark [14], D. Race [15] [16], Wang [25], Zettl [26] and Zhikhar [27] to men-
tion only a few. If 7 is not symmetric, one can ask for T’ (T) which are Fred-

holm operators with index zero. For L,

space and second order scalar diffe-
rential expressions this question was answered by Evans and Edmunds [4] [5],
for scalar differential expressions of general order on half-open intervals by

Evans and Sobhy [6] and on open intervals by Sobhy El-sayed in [17]-[23].
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The results herein include those of D. Race [15] [16], but also gives a descrip-
tion of the domain of the maximal symmetric extensions of T (r ”. q) in the case
when T}J(T

noteworthy special case of our result is that of Zhikhar [27] concerning the

). q) is a symmetric operator of unequal deficiency indices. Another
J-self-adjoint extensions of J-symmetric differential operators T (z’p, q) , Where J
denotes complex conjugation.

The results include those of Jiong Sun [2], R. Agarwal [3] and Zettl [26] con-
cerning self-adjoint realizations of symmetric operators when the minimal oper-
ator 7 (z’p’ q) has equal deficiency indices. Also, includes those of Evans [4] [5],
D. Race [15] [16] and N. A. Zhikhar [27] for the special case that concerns the J-
self-adjoint operators, where J denotes complex conjugation. If the deficiency
indices are unequal the maximal differential operators T (rp, q) are determined

by the results herein.

2. Notation and Preliminaries

We begin with a brief survey of adjoint pairs of operators and their associated
regularly solvable operators; their full treatment can be found in ([5], Chapter
III), ([6]-[25]). The domain and range of a linear operator 7 acting in a Hilbert
space H will be denoted by D(T ) and R(T ) respectively and N (T ) will
denote its null space. The nullity of 7, written nul (T ), is the dimension of
N(T) and the deficiency of 7, written def (T), is the co-dimension of R(T)
in H; thus if T'is densely defined and R(T) is closed, then def (T)= nul(T*).
The Fredholm domain of Tis (in the notation of [4]) the open subset A, (T) of
C consisting of those values of 1€C which are such that (T—Al) is a
Fredholm operator, where 7 is the identity operator in H. Thus Ae A3(T ) if
and only if (7—A1 ) has closed range and finite nullity and deficiency. The in-
dex of (T—Al) is the number ind(T —Al)=nul(T —AI)—def (T —AI), this
being defined for A€ A,(T).

Two closed densely defined operators A and B acting in a Hilbert space H are
said to form an adjoint pair if 4 B" and, consequently B c A; equivalently,
(Ax,y)=(x,By) forall xeD(A) and yeD(B), where (..) denotes the in-
ner-product on H.

Definition 2.1: The field of regularity H(A) of Aisthesetofall AeC for

which there exists a positive constant K (ﬂ) such that

|(4=41)x|= K (2)[]| forall xeD(4), (2.1)

or equivalently, on using the Closed Graph Theorem, nul (A - Al ) =0 and
R(A - /II) is closed.

The joint field of regularity H(A,B) of A and B is the set of 41e€C which
are such that A GH(A) , de H(B) and both def(A—l[) and def(B—/TI)
are finite. An adjoint pair 4 and Bis said to be compatible if H(A,B) =0

Definition 2.2: A closed operator S in Hilbert space H is said to be regularly
solvable with respect to the compatible adjoint pair of 4 and Bif AcSc B’
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and T1(4,B)NA,(S)#¢, where A,(S)={A:2eA,(S),ind(S—AI)=0}.

Definition 2.3: The resolvent set p(S ) of a closed operator Sin H consists
of the complex numbers A for which (S —A7 )_1 exists, is defined on Hand is
bounded. The complement of p(S ) in C is called the spectrum of Sand writ-
ten G(S ) The point spectrum o, (S ) , continuous spectrum O, (S ) and re-
sidual spectrum o, (S) are the following subsets of G(S) (see [5] [11] [12]
(18] [19] [20] [23] [24] [25]).

o,(8)= {/1 €o(S):(S—Al)is not injective} , Le, the set of eigenvalues of S,

c

o (S)z{/iea(S):(S—ﬂl) is injective,R(S—l])gmzH};
o,(8)= {/1 eo(S):(S-Al)is injective,R(S——/U)i H} .

For a closed operator Swe have,
o(S)=0,(8)Uc.(5)Ua,(S). (2.2)

An important subset of the spectrum of a closed densely defined operator Sin
H is the so-called essential spectrum. The various essential spectra of S are de-
fined as in [5, Chapter 9] to be the sets:

o, (8)=C\A,(8),(k=1,2,3,4,5), (2.3)

where A, (S) and A, (S) have been defined earlier.

Definition 2.4: For two closed densely defined operators A and B acting in /,
if AcSc B’ and the resolvent set p(S) of Sis nonempty (see [5]), S'is said
to be well-posed with respect to 4 and B.

Note that,if AcScB" and Aep(S) then 1ell(4) and
Ae p(S*) cTI(B) so thatif def(A—AI) and def(B—/Tl) are finite, then
A and B are compatible, in this case Sis regularly solvable with respect to A and
B. The terminology “regularly solvable” mentioned by Visik in [4] [5] [6] [23]
and [24], while the notion of “well-posed” was introduced by Zhikhar in [27].

Theorem 2.5: (cf. ([5], Theorem IIL.3.1)). Let T be a closed, densely-defined
operator in Hwith II(4)# . Then for any closed extension Sof T'and
AeTI(T) wehave D(S)=D(T)+N([T"-Z1|[S-a1]).1f
AeIl(T)NA,(S) and def (T —Al) <o, then

dim{D(S)/D(T)} =ind (S - Al)+def (T - AI).

If A is symmetric operator, then with B =4, the operators $ which con-
form to Definition 2.1 are the self-adjoint or maximal symmetric extensions
of A. In this case when A is /~symmetric relative to complex conjugation /, A
and B=JAJ form an adjoint pair with I1(4,B)=I1(A); any J-self-adjoint
extension of A whose resolvent set is nonempty, is regularly solvable with re-
spect to A and JAJ. For the above results, see (([5], Chapter III), [18] [19] [20]
[23] [24] [25] and [27]).

Throughout this paper, let K denote either R, the field of real numbers, or

C, the field of complex numbers. For a positive integers kand mlet M, , de-
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note the vector space of kxm matrices with K -valued entries and GL, the
subset of M, =M, , consisting of all non-singular matrices. For 4eM, ,,
let A" denote the transpose and A the adjoint, ie, the complex conjugate
transpose of.

If Zis a subset of M
besgue measurable maps of 7 into Zand AC, (I,Z) the set of locally abso-

and 7is an interval, B(I,Z) denotes the set of Le-

k,m

lutely continuous maps. Measurable maps are regarded as equal if they are equal

almost everywhere on /. Further we define:

rr ([,Z) = {y € B(I,Z) | |y|p is Lebesgue-integrable} ,
1

||y||p’, :=(J.I|y|p); forall yel’(1,Z) and pe[l,®),

L'(1,Z)= {y € B(1,Z)] yis essental bounded},

"y"oc,l =Css Supxel y(x)| fOI' all AS Lw (Ia Z) >
and

LP

Toc

(I,Z)::{yeB(I,Z)|y|KeL" (K, Z) for all compact subintervals K of I}
for all pe[l,oo).

If re[l,o),then r'e[l,®) isalways chosen such that 1 +l' =1. We always
ror

assume that p,q 6[1,00). If /=1 (I,K‘Y) for some positive integer s, then

(LI’) =17 for pe[l,oo) and L' is a subspace of (L‘”)*,where ()* denotes

the complex conjugate transpose. We refer to [8] and [9] for more details.

3. The Quasi-Differential Expressions

Let 7 be an interval with endpoints a,b(—ooSa<bS00), let n,s be positive
integrs and p,q e [l,oo). The quasi-differential expressions are defined in terms
of a Shin-Zettl matrix Fon the interval I

Definition 3.1 [7] [8] [9]: The set Z(I) of Shin-Zettl matrices on 7 con-
sists of matrices is defined to be the set of all lower triangular matrices
F= {f,k} of the form

Joa 0
F=| : ,
fn,l -fn,n+1
whose entries are complex-valued functions on 7 which satisfy the following
conditions:
/;),1 € Lﬁu (1’ Ms ) and fn,n+1 € L?(;c (1’ MA’ )’
fix el (I,M,)forall1< j<nand 1<k <min{j+1,n}, (3.1)

S (x)eGL, forall0< j<nand xel.

For FeZ’(I) we define F as the (nxn) matrix obtained from F by

removing the first row and the last column, Ze.,
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fl,l fl,z 0

- : : .0

17 = . >
fn-l,l fn-l,z fn—l,n
T ST

Definition 3.2 [8] [9]: For FeZ 4(1), the quasi-derivatives associated with
F are defined by
yEZ?] = yﬁ H

yj[ﬁj] = (f./‘,,/+1 )71 {(y[ﬁj_l]) - i_lf/‘,ky[ﬁk_l]}’(lgjgn_l) (3.2)

S :={<y[;”) . fH}

where the prime’ denotes differentiation.

The quasi-differential expression 7. associated with F s given by:
[ ]= i"yl[;], (n>2), (3.3)
this being defined on the set:
V(ee)={ve 2 e dC, (LK).1< j <nf

where AC

loc

(1 ,KS), denotes the set of functions which are locally absolutely

continuous on every compact subinterval of 1.
o]

Vi
For er(rﬁ),wedeﬁne Ory=| :
Do
Clearly the maps rﬁ:V(rﬁ)—>B<1,Ks) and QF:V(TF)%AC,OC(I,K"’S)

are linear.

In analogy to the adjoint and the transpose of a matrix, there are two different
“(formal) adjoint” of a quasi-differential expression, we refer to [8] [9] and [21]
for more details.

In the following we always assume that F e Zy! and =17, .

The formal adjoint 7, ~of z, is defined by the matrix F" which given
by:

Fr=-J'F'J, (3.4)
where F" is the conjugate transpose of £ and J, is the non-singular (nxn)
matrix

1=((1 8 ) (3.5)
1<k<n

& being the Kronecker delta. If 7 = f;', then it follows that
+ j+k+1 —
Sk = (_1)j+ Jockitnejsr - (3.6)

The quasi-derivatives associated with the matrix F* in Z?9 (I) are there-
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fore
W=y,
(7] OV ~Z ™ Tl 0
= - S Fat )
and
o [J=" (n22) forall yer(z) ), (3.8)

V(z'+ ):: {y:y[f’” e AC

q.p' + loc

(LKﬂJSjsn} (3.9)

Note that: (1’:“)+ =F and so (z’qf’p,y =17,,. We refer to [5] [6] [7] [8] [9]
and [21] for a full account of the above and subsequent results on qua-
si-differential expressions.

For ue V(TM), ve V(z'qf,p,) and a,pf €1, we have Green’s formula,
[{7e, [u] - ury [V} e =[] (8)~[v](@), (3.10)
where,

furl()= 7 (Z ) T
= (i)' (OFu,,,0,7)(x)

= ()" (u,u[ll,---,u[nil])t]nxn Pol(x),

J = : K (3.11)
(_1)” e 0

see [5] [6] [7] [8] [9] [17] [24] and [26]. Let w:I —R be a non-negative
weight function with wel, (I) and w>0 (for almost all xe/ ). Then
H =L, (I ,K“) denotes the Hilbert function space of equivalence classes of
Lebesgue measurable functions such that

1
» :=(J.]|y|rw)’ for all yeL (1,Z) and re[l,). (3.12)

Iy

The equation
z,,[u]-Awu=0(1€C) on 1 (3.13)
is said to be regular at the left end-point a R, ifforall X (a,b),
acRw,f,, el (a,X), j,k=12,n,

otherwise (3.13) is said to be singular at a. If (3.13) is regular at both end-points,

then it is said to be regular; in this case we have,
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a,beR,w,f,, eL(ab), jk=12,n (3.14)

We shall be concerned with the case when a is a regular end-point of Equation
(3.13), the end-point b being allowed to be either regular or singular. Note that,
in view of (3.14), an end-point of /is regular for (3.13), if and only if it is regular

for the equation

r" [v]—/va:O(ﬁe(C) on I (3.15)

pq

Definition 3.3 [5]-[21] [26]:

. . N
1) The maximal operators corresponding to 7, .7, ,

tors from a subspaces of L” into L?, p,q arearbitrary.
T(T ): w’lr[u] for all

ue D[T(TM )J = {u € V(z'M)ﬂLfv | w"rp’q [u]e L‘fv} ,
T(T+ )= w't"[v] forall

q.p'
ve[r(eg = {y ¥ (s, )08 e D12

are defined as opera-

Pq

The subspaces D[T(z’m )] and D[T(r;’p,) of L (I,KS) are the do-
mains of the so-called maximal operators T(rp’ ,) and T (r; q) respectively.
2) For the regular problem the minimal operators TB(TM) and To(z'q*,‘p.)

are the restrictions of w™'z, [u] and w'z, [v] to the subspaces:
DO(TM)::{”:”eD(Tp,q)’(Qﬁ”)(“):(Qﬁ”)(b)zo}
Dy(zy,)={vive Dz, ). (0. )(@)=(Qpv, ) (b) =0}
The subspaces Dy(7,,) and D,(z; ) aredensein L/(/,K') and
Ty(r,,) and T,(z},) areclosed operators (see [4] ([5] Section 3) and [6]-[21]).

In the singular problem we first introduce the operators 75’(‘[[), q) and

T()'(z-;p.) ; %’(rp,q) being the restriction of w'z, [.] to the subspace

(3.16)

D} (rm ) = {u ‘ue D(rm ) | supp (u) is compact and contained in the interior of I} .

and with To’(r; p,) defined similarly. These operators are densely-defined and
closablein L? (I,K‘Y) ; and we define the minimal operators T (TM) and

T (z';,,p,) to be their respective closures (see [5]-[14] [21] and [26]). We denote
the domains of T (TM) and T (r;p) by D, (rp’q) and D, (r;p) respec-
tively. It can be shown that:

ueD, (rm ) = (Q;u)(a)=0
veDO(T;’q):( ﬁv+)(a)=0 ’
because we are assuming that a is a regular end-point. Clearly 7 (rp’ q) and

T(rp’q) are linear operators of [” into L! and TO(Tp’q)cT(rp’q)_

Moreover, in both regular and singular problems, we have
%*(Tp,q):T(T;,p,), T(rp’q):%*(r;’p,), (3.18)

see [6]-[16] and ([26], Section 5) in the case when Ty :rqf’p,

(3.17)

and compare
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with treatment in ([5], Section III.10.3), [6] in general case. Also, we refer to
[17]-[22] for more details.

Corollary 3.4 (cf. ([8], Corollary 3.10) and [9]):

a) If r,, is symmetric, then 7})(72,2) is symmetric in the Hilbert space
L, (a,b).

b) If z,, is Jsymmetric, then TO(T”) is J-symmetric in the Hilbert space
L, (a,b).

4. L! -Solutions

In this section, we shall concerned with L? -Solutions of general ordinary

quasi-differential equations, and we denote for 7, by 7 and 7, 6 by

+

7",
Denote by S(z) and S (r*) the sets of all solutions of the equations

[t-2]u=0 (4,€C) (4.1)
and
[ =21 ]v=0 (4, €C) (4.2)
respectively. Let @, (l,l),j=l,2,---,n be the solutions of the homogeneous
equation [7—A/Ju=0(2eC) satisfying:
¢E"](t0,l):§/’r+l for all toe[a,b) (j:1,2,---,n;r:0,1,---,n—1)
for fixed t,, a<t,<b. Then (pj(t,ﬁ) is continuous in (t,ﬁ) for O0<t<b,

|/1| <o, and for fixed it is entire in 4. Let ¢/ (¢,4),k=12,---,n denote the

solutions of the adjoint homogeneous equation [f - /T]]v =0 (/1 € (C) satis-
fying:

(o) (1, 2)=(<1)"" 6, forall t,e[ab) (k=12 mr=0L-n-1).

Suppose a<c<b, by [5] [21] [22] [23] [24] and [26], a solution of the qua-
si-differential equation

[r-Allp=wf (AeC), feL,(a,b) (4.3)
satisfying ¢!") (¢)=0,r=0,1,---,n—1 is giving by:
A=4,

ole.2) = 22 T80, (O 0 A ()l

where ¢ (s,4) stands for the complex conjugate of ¢, (t,/l) and for each

Jj.k, & is constant which is independent of 7,4 (but does depend in general
on f).

The next lemma is a form of the variation of parameters formula for a general
quasi-differential equation is giving by the following Lemma.

Lemma 4.1: Suppose f €L, (0,b) locally integrable function and ¢(,4) is
the solution of Equation (4.3) satisfying:

o(t,4)=a,, for r=0,1,-,n—1, 1, €[a,b).

Then
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o(1.2)=2] @ () (6 20)+((2=20)/1") 25,18 0, (6 )
%[00 (5.20)/ (s)w(s)ds

for some constants @, (/1),052 (4),+a,(4)eC, where ¢,(,4) and
o (t,/io),j,k =1,2,---,n are solutions of Equations (4.1) and (4.2) respectively,

(4.4)

&* is a constant which is independent of

Theorem 4.2: (cf. [5] [6]). Let 7 be a regular quasi-differential expression of
order n on the interval [a, b]. For f eLi,(a,b), the equation z’[(p] =wf hasa
solution @ eV (7) satisfying

¢[’](a):¢["] (b):o, r:0,1;2,“',l’l—1

If and only if fis orthogonal in L (a,b) to solution space of z*[y]=0

Le,

R[T,(z)- a1 |=N[1(c")-Z1] .
Corollary 4.3 (cf. [19] [20] [21]), As a result from Theorem 4.2, we have that

R[T(c)- 4] =N[T(e")-21].
Lemma 4.4 [22]: (Gronwall’s inequality). Let u(t) and v(t) be two real-

functions defined, non-negative and u, ve L (1,,t) for 1>, and if
u(t)sc+ [ u(s)v(s)ds, ¢>0,
for some positive constant ¢, then
u(r) < cexpl [/ v(s)ds . (4.5)

Lemma 4.5: Suppose f €L, (I), and suppose that the Conditions (3.1) are
satisfied. Then, given any complex numbers ¢, eC, r=0,1,2,---,n—1 and

€ (a,b), there exists a unique solutions of (Z' —/1)(p: wf (/1 € (C) which sa-
tisfies

o (x,)=c,, r=0,1,2,-,n~1.

Proof: The proof is similar to that in (14], part II, Theorem 16.2.2) and there-
fore omitted.

Lemma 4.6: Suppose that for some A, €C all solutions of Equations (4.1)
and (4.2) are in L2 (a b) then all solutions of Equations (4.1) and (4.2) are in

L (a,b) for every complex number AeC.

Proof: The proof is similar to that in [21] [22] [23] [24], and therefore omit-
ted.

Lemma 4.7: If all solutions of the equation [r—A4w|u=0 are bounded on
[a,b) and ¢/ (t,4,)eL, (a,b) for some A €C,k=1,,n. Then all solutions
of the equation [r—Aw]u=0 are also bounded on [a,b) for every complex
number Ae€C.

Lemma 4.8: Suppose that for some complex number A, €C all solutions of
Equation (4.1) are in I’ (a,b) and all solutions of (4.2) are in L (a,b). Sup-
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pose f eI”(a,b), then all solutions of Equation (4.3) are in L (a,b) for all
A1eC

Proof: Let {qol(t,ﬂﬂ),---,go”(l,lo)}, {qof' (s,/lo),m,go;(s,ﬂo)} be two sets of
linearly independent solutions of Equations (4.1) and (4.2) respectively. Then for
any solutions ¢(t,/1) of the equation [T—/U](p= wf (/1 e(C) which may be
written as follows

[z -2w]o=(2-2)wp+wf, 4 eC

and it follows from (4.4) that

o(t.4)=2 e, (A)g, (64)+- Zm?”‘%(%)

Xfam[(ﬂ—io)(ﬂ(saﬂ)+f(S)JW(S)ds, .
for some constants @ (4),a, (4),-a, (1) € C. Hence
o<l Wl AN Tl o a)
<[00 (t.2)[[A= Al (5. 2)| .1 ()] Jw(s)ds.
Since ' € I (a,b) and ¢ (1)< L’ (a,b) for some J, eC, then
@i (-4)f €L, (a,b) forsome A eC and k=1,--,n. Setting:
C,(2) =30, | [ loi (s | (s w(s)ds, =12, (48)
then
o202 e ()€ )l o) =4 .

(S kel o)

On application of the Cauchy-Schwartz inequality to the integral in (4.9), we

o (

get

(1) < S0 o, (A €, (D)o (02 1= Al X o, 1. 4)

t ) L 1 (4.10)
X[L ol () W(s)ds]q (s, 2 w(s)as])
From the inequality (u+v)’ <27 (u" +v7 ) , it follows that
(62 <2005 (a, (2)+ <, () o, (.4 )
PMa=a 2L e (64 (4.11)

P

— |9
x(;(p,:(t,ﬂ,o) w(s) jq (_[ |¢) S/1| w(s )ds)
By hypothesis there exist positive constant K, and K, such that
<K, and |jp (s,4,) o

"Wf(t’ﬂo)

15 (a,b) )SKI’ ]7k=172,"',n- (4.12)

Hence
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|¢(ta/1)|p S 22(p_1)232|(|“./ (/1)| +C, (ﬂ))p |(”/ (2.2 )|p

A5 [ o e ([0 wie)as)

(4.13)

Integrating the inequality in (4.13) between a and ¢, we obtain

['lo(s.2) w(s)ds <K, +( Ua-al Y, e )
(4.14)
‘[ s /1 | (I |(0 X, l | ( )dx)w(s)ds,
where
K, =2k (o (A)+ €5 (2)) (4.15)
Now, on using Gronwall’s inequality (Lemma 4.4), it follows that
J.t|¢)(s,/1 |p w(s)ds

(4.16)

s.4) w(s)ds).

Since, ¢,(t,4,))€Ll,(a,b) forsome A, eC andfor j=1-,n,then
p(t,A)e L2 (0,b) forall 1eC.

Remark: Lemma 4.8 also holds if the function fis bounded on [a,b).

Lemma 4.9: Let f 1”(0,b). Suppose for some A, eC that:

(i) All solutions of (z'+ - A_I)w* =0 arein L (a,b).

(i) ¢,(t,4),j=L--,n areboundedon [0,b).

Then all solutions ¢(#,4) of Equation (4.3) arein L7 (a,b) forall 1eC.

Lemma 4.10: Let [ €L’ (a,b). Suppose for some A, €C that:

(i) All solutions of (z’+ - Zl)gf =0 arein I? (a,b).

<K, exp( KPM /10|p k= 1|g1k| I

(ii) q)j[.r](t,/lo),j:l,'--,n are bounded on [a,b) for some r=0,1,---,n—1.
Then o] (t,A)e L (a,b) for any solution ¢(t,4) of the equation
(r—Al)p=wf forall 1eC

5. The Regularly Solvable Operators

We see from (3.18) that ]})(rp’q)cT(Tp,q):[% (rﬁ )]* and hence TB(TM),

q.p

T, (z'*. ) form an adjoint pair of closed-densely operators in L? (1 ,Ks) .

Lemma 5.1 (17) (18): For A€M T(z,, ). % (zp,)]:
def [T, (z,,)- M]+def[ (v.)- ,11}

is constant and
0<def[Ty(z,,)- /11]+def[ o(z0,)- M} <on.

In the problem with one singular end-point,

n<def[ 7z, ) Al +def[ W70 )- /11]<2n for all
lel‘[[ T, T

PQ’
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In the regular problem,
def [T, (,,)~ 21 | +def | T, (2, )~ 71 | =2n, for all

Ae H[% (TM )’TO (T‘;J")J :
Proof: The proof is similar to that in ([4] [5] [6]) ([17] [18] [19] [20]) and
([22] [23] [24]) and therefore omitted.
For Ae H[T0 (z’m ),7;) (f,

e )} , we define r; sand m as follows:

r=r(A)= def[T0 (TM)—/UJ=nul[T(r‘;’p,)—ﬂ_I],
s=s(A)= def[ﬂ) (r;’p,)—zq=nul[T(z-p’q)_,11J, , (5.1)

m=r+s.

then, 0<r,s<n and by Lemma 5.1, m is constant on H[%(Tp’q),%(l';’pr)]

and

n<m<2n. (5.2)

For H[Y}) (rp’ . ),T0 (T; p, )} #(J the operators which are regularly solvable
with respect to the minimal operators 7 (rp’ q) and T, (r; p,) are characte-
rized by the following theorem which proved for a general quasi-differential op-
erator in ([5], Theorem 10.15).

Theorem 5.2 ([6], Theorem 3.2): For A€ H[TI) (Z'p,q ),T0 (r‘;’p,)]. Let rand m
be defined by (5.1), and let w77 (j=1,2,---,r), @7 (k=r+1,---,m) be arbitrary
functions satisfying:

(i) yi (j=12,r)c D[T(TM )J are linearly independent modulo

D[T0 (TM )] and
O (k=r+1,-,m)c D[T(rqf,p, )] are linearly independent modulo

D[TO (T;p)}
@) [y, @p |(b)-[w!, @0 [(a)=0, (j=12rik=r+l-m).
Then the set

{u:u eD[T(rm)],[u,d),f’q}(b)—[u,d),f"’](a):O,k :r+1,--~,m}, (5.3)

is the domain of an operator S which is regularly solvable with respect to T (T » )
and T (T; p,) and the set

{v:veD[T(r;’p,)},[l//j‘.”q,d(b)—[(//j‘.”q,vJ(a)=0,j =l,2,-~-,r} (5.4)

is the domain of the operator " ; moreover AeA,(S).

Conversely, if Sis regularly solvable with respect to 7, (TM) and T (T; p,)
and le H[T;) (TM),TO (r;,p,)] NA, (S) , then with rand s defined by (5.1) there
exist functions w!(;j=1,2,---,r),®;" (k=r+1,--,m) which satisfy (i) and
(ii) and are such that (5.3) and (5.4) are the domains of Sand S respec-
tively.

Sis self-adjoint if, and only if, 7, =7, r=s and

p'?
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O =yl (k=r+1,--,m); Sis JFself-adjoint if 7z, =Jr, J (Jis a complex
conjugate), r=s and CD” V=gl (k=r+l,m).
Proof: The proof is entirely similar to that in [6]. We refer also to [17]-[24]

for more details.

6. The Spectra of General Differential Operators

In this subsection we deal with the various components of the spectra of qua-
si-differential operators T (TM) and T, ( Ty ) .
We see from (3.18) and Theorem 4.2 that T()(Tp!q)cT(rp,q):[ﬂ) (rqf‘p,ﬂ
and hence T, (rp, q) and T (z'q+ p,) form an adjoint pair of closed, closed-densely
operators in L” (I ,K‘Y) .
We shall now investigate in the case of one singular end-point that the resol-
vent of all well-posed extensions of the minimal operator TB(TM) and we

show that in the maximal case, i.e., when

def |1, (z,,)- A1 | =def | Ty (z;, ) =21 |=n, forall

A EH[%(TP,q)’%(T;,p’)J

that these resolvents are integral operators, in fact they are Hilbert-Schmidt
integral operators by considering that the function fto be in L (a,b), ie, is
p-integrable over the interval [a,b).

Theorem 6.1: Suppose for an operator 7 (TM) with one singular end-point
that,

def [T, (z,,)~ 21 |=def | T, (c;, )~ 21 |=n, forall

A EH[%(TP’[I),TO(T;J,)],

and let Sbe an arbitrary closed operator which is a well-posed extension of the mi-
nimal operator TO(TM) and A€ p(S), then the resolvents R}’ and R;—(p )
of Sand S~ respectively are Hilbert-Schmidt integral operators whose kernels
K, (t,5,4) and K] ,(s,t,4) are continuous functions on [a,b)x[a,b) and
satisfy:

Kp,q(l,s,i):K;!p'(s,t,/T) and I:J.:|Kp’q(t,s,/l)|p w(s)w(t)dsdt<oo. (6.1)

where,
R""ff(l‘ _[ K, (t.5,2) f(s)w(s)ds, forall te[a,b), fel(a,b).
I (s t /1) (t)w(t)dt forall sela,b), gel(a,b).
Remark An example of a closed operator which is a well-posed with respect to
a compatible adjoint pair is given by the Visik extension ([5], Theorem III.3.3)

(see ([18], Theorem 1) [19] and [20]). Note that if Sis well-posed, then TO(rM)

and T (z'qf,p,) are compatible adjoint pair and S is regularly solvable with re-

spect to T( pq) and T( T,
Proof: Let def[T( S def[ ()~ 11} n for all
A eH[ Ty J then we choose a fundamental system of solutions
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{0(t.2).0,(1.4), .0, (1A)} o {@f (6.4).05 (£.4),+.0; (1.2)] of the equa-

tions,
[7,(7,0) 2 |0, =0, [T (53,)- 21 |0i =0 (jik=1:+n) on [a,b), (6:2)

so that {(pl(t,/l),% (1,2),-.0, (t,/i)} , {gof (t,2),05 (1,4), .0, (t,/?,)} belong
to L”(a,b) and L (a,b) repectively, ie., they are p and g-integrable on the
interval [a,b).Let R’ =(S—AI)" be the resolvent of any well-posed extension
of the minimal operator TB(TM). For fel”(ab) weput o(1,A)=Ryf (1)
then [T(rw)—ll](pzwf and consequently has a solution (o(t,ﬂ) in the

form,
n 1 n il
p(t.4)= ZH a,(A)e;(t.%) +l.7(ﬂ' ) )Z_j,k:l sﬁjk("/ (t.4)
<[ i (s.20) 1 (s) w(s)ds

for some constants ¢, (/1),0!2 (/1),- -a, (/1) e C (see Lemma 4.5). Since
fell(ab) and

@i (4)e Ll (a,b) for some A eC,then ¢ (.,4)f €L, (ab), k=1-n
for some A, €C and hence the integral in the right-hand of (6.3) will be finite.

To determine the constants aj(/i),jzl,---,n, let go,f(t,/l),k:l,m,n be a
basis for {D(S*) D, [T(r;p)}} , then because
go(t,l) € D(S) c p(S) CA, (S) , we have from Theorem 5.2 that,

(.00 |(b)-[ .05 [(a)=0, (k=12,-.n) on [a.b) (6.4)

(6.3)

and hence from (6.3), (6.4) and on using Lemma 4.1, we have:
[o.00 |(b)
n 1 n T L +
“X | (A (A=) X6 [ (A ()51 [0 )

(0.0 [(a) =", (2)] 0,05 [(a), e =1,2,-n. (6.5)
By substituting these expressions into the Conditions (6.4), we get:
3| @) () (2 5 [0 (A ) ()8 [0 (0
= Zj‘:laj (M[%"ﬂﬂ(“)'
This implies that the system

> (e =~

A=Ay

l-n

(38 [0 A () w(s)s). (66)

in the variable « g (ﬂ), j=12,---,n. The determinant of this system does not va-
nish (see [9] and [12]). If we solve the System (6.6) we obtain:

@, ()= 222 (0 [ (5,2) £ () w(s)ds ), j=12,m (67)

1

where /! (s,1) isa solution of the system:
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Z, 1hqu(s ﬁ)([%’%ﬁ})i =—z,k lfjk% (S 20)[(”, (" ](b) (6.8)

Since, the determinant of the above System (6.8) does not vanish, and the
functions ¢, (s,4,),k=1,2,---,n are continuous in the interval [a,b), then the
functions 4 (s,1) are also continuous in the interval [a,b). By substituting

in Formula (6.3) for the expressions &, (4),/j=12,---,n we get,
RIMF(t)=o(t,2)
A- o

RIS (e, ()]0 () + 1 (52) [ (5)w(s)ds (69)

#3010, (12)] 7 (s, 2)£ (5 w(s)ds |

Now, we put

l;% (Z}’-:l(l’;(%%)h,‘-”" (SJ)) fort<s
s (sz &, (1, /10)( i (s a%)+hf’q(5,ﬂ))) forz>s

K, (t.s,4)= (6.10)

Formula (6.9) then takes the form

R’“’f J. K,, ts ﬂ)f )w(s)ds for all te[a,b), (6.11)

ie, R} is an integral operator with the kernel K, (,5,4) operating on the
functions f e’ (a,b). Similarly, the solutions ¢*(z,4) of the equation
[T(rqf’p, ) - Zl]gf =wg has the form:

(6.12)

where ¢, (t,ﬂo) and @) (s,4,).k,j=1,2,---,n are solutions of the equations in
(6.2). The argument as before leads to,

jK (s..2)g(t)w(t)dt for gelLl(ab),  (6.13)

Le, R;(p 9 is an integral operator with the kernel K <S t l) operating on

the function g e’ (a,b), where

7 (z] @5 (s %) (s, /1)) fors <t

Iz (z;,kﬂfjk(”; (S’ﬂ'o)((ﬂk (ta%)+h )(t /1))) fors>t
(6.14)

&
=

K;,’p,(s,t,ﬂT)z

|
=

and h;(p ) (,4) is a solution of the system

Y (5. 4) (o0 ]) ==X 0, (04 0,00 ](B). (615)

From definitions of R} and R;—(p ) it follows that
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(REf.8) = [0 11 K, (1:5.2) £ () w(s) ds g () e
= ({1 K (s )2 (Ow(0)dr] £ (s)w(s)ds (616)
=(f,R}(”’q)g),
for any continuous functions f,g € H and by construction (see (6.10) and (6.14)),

K, (t,5,2) and qu’ﬂ,(s,t,)?) are continuous functions on [a,b)x[a,b) and
(6.16) gives us

Kp,q(t,s,ﬂ):K;’p,(s,t,ﬂT) for all t,se[a,b)x[a,b). (6.17)

Since ¢, (1,A)e Ll (a,b), ¢ (s,A)eL!(a,b) for jk=12,-,n and for
fixed s, K q(t,s,ﬂ) is a linear combination of ¢, (t,/l) while, for fixed ¢

K, (s,t,Z) is a linear combination of ¢, (s,1). Then we have

jj|KM (r.5.2) w(r)

and (6.17) implies that,
J;|KM (t,s,/l)|p w(s)ds = Jj

J~h

Now, it is clear from (6.8) that the functions 4/ (s,4),(j=1,2,--,n) belong
to L!(a,b) since h!’(s,A) isalinear combination of the functions ¢; (s,4)
which liein ! (a,b) and hence h/“(z,1) belongto LI (a,b).Similarly
h;(p’q)(t,l) belong to L’ (a,b). By the upper half of the formula (6.10) and
(6.14), we have:

qu’p,(s,t,Z)‘q w(s)ds <o, a<s,t<b,

K, (s,t,z)‘q w(s)ds < oo,

K, (s,t,ﬂ_,)‘q w(t)de = b

K,, (t,s,/l)r) w(t)dt <0,

F2 (L8 e 2 (5) ) <

for the inner integral exists and is a linear combination of the products

®, (t,/l)go; (s,/l),(j,k =12, -,n) and these products are integrable because
each of the factors belongs to L, (a,b) . Then by (6.17), and by the upper half of
(6.14),

(1K, (s, 20 w(s)ds o) e

~[{1x; w)\ w(5)as ol <
Hence, we also have:

["T1K, o (s 2) w(e) w(s)deds <oo

and the theorem is completely proved for any well-posed extension.

Remark: It follows immediately from Theorem 6.1 that, if for an operator

T, (Tp)q) with one singular end-point that

def[T})(z'M) J def[ ( ) /1[] n, for all leH[Tg(rM),TO(r;’p,)]

and Sis well-posed with respect to 7,(7) and T ( T ) with A€ p(S) then
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R =(S—AI)" is a Hilbert-Schmidt integral operator. Thus it is a completely
continuous operator, and consequently its spectrum is discrete and consists of
isolated eigenvalues having finite algebraic (so geometric) multiplicity with zero
as the only possible point of accumulation. Hence, the spectra of all well-posed

operators S are discrete, e,

o, (8)=9D,for k=1,2,3,4,5. (6.18)

e

We refer to ([5], Theorem IX.3.1), [14] [15] [16] [18] [19] [20] and [23] for
more details.

An example of a closed operator which is a well-posed with respect to a com-
patible adjoint pair is given by the Visik extension ([5], Theorem III.3.3) (See
([18], Theorem 1) [19] and [20]). Note that if S is well-posed, then TO(TM)
and T ( Ty
spect to 7})( M) and T( qp)

Lemma 6.2: The point spectra o, [To (z'p,q )J and o, [TO (rf )J of the op-

q.p

) are compatible adjoint pair and S is regularly solvable with re-

erators T (TM) and T, ( Ty ) are empty.
Proof:Let Aeo,|T(7 ( i )J . Then there exists a nonzero element
Qe D[Y}, (TM )J , such that

|:TO (Tﬂ,q)_ﬂ‘l:|¢7: 0.
In particular, this gives
(TM —/lw)(p: 0, (p[r] (a) _ q)[r] (b) =0,7=0,1,2,-.n—1.

From Lemma 4.2, it follows that ¢ =0 and hence o, [TO (TM )] =J.

Similarly o [T (Tq » ]z .

Theorem 6.3: (i) p%T (z' q)J: (ii) o [ ( M)J :ac[%(z'p’q )]z@ s
(iii) O'|:T (z’pq)} { ]:

Proof: (i) Since R|T(7, —/11] is a proper closed subspace of I? (a,b),
then the resolvent set p[ﬂ) z'p, . )J is empty.

(ii) Since R [7}) (z'p’ . ) —Al'| is closed, then the continuous spectrum of 7 (Tp, . )
is empty set, Ze, o, [75 (TM J =J.

(iii) From (i) and (ii) and Lemma 6.2, it follows that

o{T0 (TM )J =0, [TO (TW )] =C.

Corollary 6.4: (i) o, [T(rm )J =0, [T(rm )] =4,

(ii) o-[T(rpq)J:ap[T( M)J C and p[ ( q)J .

Proof: From Theorem 4.2 and since T [ ] , it follows that

R[T(z’pﬂ)—ﬂ]] is closed for every 1e€C, see [3, Theorem 1.3.7]. Also, we

have

null[T(rp,q) J def[ ( ) /IIJ

and

def[T(z'p,q)—/UJznull[ﬂ)(rqf,p,)—}?]]:n.
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(i) Since R[T(z’m ) - ﬂ]] is closed and def[T(z’M ) - /1[] =0, then
R[T(z,,)-4|=H
and this yields that

o, [T(TM )] =0, [T(z'p’q )] =0.

(ii) Since null [T(‘rm —Al |=n forevery AeC,then we have
o, [T(TMF =C. Also, it follows that O"[T(TM )J =C and hence
p[T(z’M) =0.

Lemma 6.5: (cf. ([5], Lemma IX.9.1). If [=[a,b],with —0<a<b<ow then
for any AeC, the operator T (rp’ q) has closed range, zero nullity and defi-

ciency. Hence,
& (k=1,2,3)

O'ek[TO(rp!q)]z{C (k=45) (6.19)

Proof: The proof is similar to that in [19] [20] and ([23], Lemma 4.9).
Corollary 6.6: Let 1¢e H[T0 (rp,q ),TO (rqf’p, )} with

def [T, (z,, )~ 1 |=def | Tz}, )~ 21 | =n. (6.20)
Then,
0, (8)=3,for k=1,2,3, (6.21)

of all regularly solvable extensions S with respect to the compatible adjoint pair

To(rp,q) and T()(z';p,).
Proof: Since

def [T, (7, ,)~ 21 |=def | T, (c;, )~ 21 |=n, forall

Ae H[]}) (TM ),TO (T;’p,)] .
Then we have from ([5], Theorem IIL.3.5) that,

dim{D(8)/D,[(7,,) |} = def [T, (7,.,) =21 ]=n.
dim{D(S* )/D0 [(T;,p, )]} = def[T0 (qu)p,)—ﬂtl] =n.

Thus Sis an n-dimensional extension of T (TM) and so by ([5], Corollary

IX.4.2),

o4 (8)=0,]T(r,,)] (k=123). (6.22)
From Lemma 6.2 and Lemma 6.5, we get,
o T (7,,)]=2, (k=12,3). (6.23)

Hence, by (6.22) and (6.23) we have that,
o, (S) =, (k = 1,2,3).

Remark: If S is well-posed (say the Visik’s extension, see [15]-[20]), we get
from (6.19) and (6.22) that

o[ T(7,,) =2 (k=1,2,3).
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On applying (6.22) again to any regularly solvable extensions S under consid-
eration, hence (6.21).
Corollary 6.7: If for some A, € C, there are n linearly independent solutions

of the equations
(7 = Au)u =0, (5= 2wy =0, 4y T[T, (0). 1 (57,)]  (6:29)
in 1’ (a,b), L!(a,b) and hence,
([ 7,(2).7,(z.,)|=C and o, [7,(2). 7 (), ) [=2, k=123,

q.p' q'.p'

q.p'

where o, [To (rm),To (r;pﬂ is the joint essential spectra of T (z'm),T0 (r* )

defined as the joint field of regularity H[T0 (7).7, (f )] .

q.p'
Proof: Since all solutions of the equations in (6.24) are in L‘w’,(a,b) and

L (a,b) respectively for some 4, €C, then,
def[To (TM ) - ZOIJ = def[T0 (z'qf’p,)—%l] =n, for some
Ao € H[TO (TM ),TO (T;—',p'):|'

From Lemma 4.2, we have that 7 (rp, q) has no eigenvalues and so
-1
[7:) (rm ) - /10[] exists and its domain R[];) (Tp’q ) - /IOIJ is a closed subspace
of L! (a,b).Hence,since T(7, q) is a closed operator, then

[]:) (z’m ) - /101]71 is bounded and hence H[TO (TM )] =C. Similarly

H[T0 (r+

q.p'
def[];) (TM ) - /11] = def[ﬂ) (r;’p,)—)TI] =n forall Ae H[TO (TM),]}) (z'qf’p,)} .
From Corollary 6.6, we have for any regularly solvable extension Sof T (T ». q)
that
o4 (S)=3, k=123 andby(622) weget 0,[7(r,,)|=F, k=123

)J =C . Therefore H[]}) (rm ),7}) (z’f

q.p

)} =(C, and hence,

Similarly o, [TO (z'qf,p, )} =, k=1,2,3. Hence,

o, [7;) (Tp’q),%(f;’pr)}zg, k=1,2,3.

Remark: If there are n linearly independent solutions of Equations (6.24) in
L (a,b) and L’ (a,b) for some A, eC then the complex plane can be di-
vided into two disjoint sets:

(C=H[To(rp’q),TO(r;’p,)}Ucrek [To (rp’q),ﬂ)(rqf’pﬂ, k=12,3.

We refer to [5] [6] [12]-[20] and [23] for more details.

Conclusion: It has been shown that all the well-posed extensions of the mi-
nimal operator T (z' B q) generated by a general ordinary quasi-differential ex-
pression 7, —of order n with complex coefficients and their formal adjoints on
the interval [a,b) with maximal deficiency indices have resolvents which are
Hilbert-Schmidt integral operators and consequently have a wholly discrete
spectrum. This implies that all the regularly solvable operators have all the stan-

dard essential spectra to be empty. Also, the location of the point spectra and
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regularity fields of these operators are investigated in the case of one singular
end-point and when all solutions of the equations (rp’ . —Aw)u =0 and its ad-

joint (z'p; —/Tw)v =0 are p-integrable.
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