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Abstract

Continuum mechanics for isotropic finite thermoelastic deformations have
been reviewed. Thermal effects on mechanical responses of rubbers have been
captured by the isomorphism continuum stored energy (CSE) functional with
the multiplicative decomposition of deformation gradient while preserving
the structure of symmetry for finite structural deformation. The CSE finite
thermoelastic model fits and predicts experimental data of SR and NR-C60
rubbers at different external temperatures. For internal temperature effects of
both NR and NR-SIC rubbers, the CSE finite thermoelastic model of stored
energy and entropy, along with the newly developed CTE and CI models, fits
both nominal stress-stretch and temperature change-stretch experimental
data in uniaxial extension tests.

Keywords

Entropy, Finite Thermoelasticity, Isomorphism Constitutive Model,
Strain-Induced Crystallization, Thermodynamics

1.

Introduction

General theories of thermoelasticity have been evolved over a long period of
time. For constitutive modeling isotropic finite thermoelastic deformations of
rubberlike materials, two fundamental methodologies: statistical mechanics and
continuum mechanics have briefly been reviewed by Holzapfel and Simo (1996)
[1]. In the approach of continuum mechanics, both classical and contemporary
theories of thermoelasticity have been developed. Continuum constitutive mod-
eling theories for isotropic finite thermoelastic deformations will briefly be stu-
died.
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Within the classical theory of thermoelasticity, constitutive models, stress-
deformation-temperature relations, are formulated under the thermodynamic
framework within two configurations: the initial unstressed referential configu-
ration €, with uniform temperature and the current configuration Q with
non-uniform stress and temperature fields. The Clausius-Duhem form of the

second law of thermodynamics leads to the following local imbalance
um:s;%_@_qg_%q.vezo, ()

where D,, is the internal dissipation rate, S is the second Piola-Kirchhoff
stress tensor, C is the rate of the right Cauchy-Green tensor, ¥ is the rate of
a stored energy functional per unit reference volume, 7 is the entropy per unit
reference volume, q is the heat flux, @ is the absolute temperature, and 6 is
the rate of an absolute temperature. As a stored energy function takes the form

of ¥ =‘P(C,6’) , its time derivative due to the chain rule of differentiation

reads,
LR L ) )
oc 06
Substituting (2) into (1) and collecting terms gives
ov).C M), 1
Dy=|S-2—|:=—|n+—10-=0q-VO=0. 3
int ( aCj 2 (77 59) Hq (3)
For arbitrary C, @, and 6, general constitutive relations are obtained
oY oY
S=2—, =——, (q-Vé<0. 4
< 135 ¢ (4)

Taking the time derivatives of constitutive Equations (4), and (4), yields two

rate equations

c .0 c :
S=C:.—-¢—, 6n=¢.—+ pCéo, 5
> 4’9 n=g S P 5)
and three important tangential measures, C, £ ,and pC , are defined as
2 2 2 2
:46\{1, 4’:—208\{]:—298‘{1, pCz—H—a\{;, (6)
oCoC oCoel 060C 00

where C is the fourth-order isothermal elasticity tensor, ¢ is the second-
order latent heat tensor at constant deformation, C'is the scalar specific heat at
constant deformation, and p is the density. Furthermore, a thermodynamic

Mazxwell equation can be obtained by Equating (6), and (6); and using (4), and

(4).
(342,
00 ). aoc ),

The classical theories of thermoelasticity along with its isotropic linear ther-
moelastic implementations have been summarized by Vujosevi¢ and Lubarda
(2002) [2].
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The contemporary theory of thermoelasticity, on the other hand, has the con-
stitutive model of finite thermoelastic deformation formulated with the multip-
licative decomposition of the deformation gradient. With the imaginary inter-
mediate configuration Q, between the reference and current configurations,
the deformation gradient decomposes into the product of purely thermal and

purely mechanical deformation gradients
oX  OX 0X,

TX, X, ox, ™"

(8)

where X,, X,, and X are position vectors in reference, intermediate, and
current configurations, respectively shown in Figure 1. For general deformation
and temperature fields, F is the deformation gradient tensor while F, and
F, are local mechanical and thermal deformation gradient tensors. This mul-
tiplicative decomposition was introduced in finite thermoelasticity by Stojanovi¢,
Djuri¢, and Vujosevi¢ (1964) [3]. The mathematical foundations of intermediate
configurations have been addressed by Goodbrake, Goriely, and Yavari (2021)
[4].

The thermal deformation gradient tensor for isotropic materials can be speci-

fied in general as
F,=9(0)]1, 9)

where 9= .9(49) is the thermal stretch and | is the second-order unit tensor.
With the product of deformation gradients (8); and the isotropic thermal de-
formation gradient (9), the decomposed mechanical part of right Cauchy-Green

tensor is given by
T
C,=F.,F, = (FFe_l) (FFa_l) =F,'CF,'=C97, (10)

and taking the time derivative of (10), produces

C,=C9?%-297%(0)CO=CY?*-2a(0)C,0, (11)

Intermediate
configuration, &,

Reference Current
configuration, Q, configuration, Q

Figure 1. Multiplicative decomposition of finite thermal deformation.
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in which the coefficient of thermal expansion (CTE) in stretch, «(8), is defined
as
1d9
a(f)=——. 12
(6) gdéo (12)
With the multiplicative decomposition of the deformation gradient, a stored

energy functional can be built as
¥(C,0)=9Y,(C,.0)+¥,(9), (13)

where ‘P(C,B) is the thermal-mechanical stored energy functional per unit
reference volume, ¥, (C,,6) is the mechanical stored energy functional per
unit intermediate volume, and ¥, (6’) is the thermal stored energy function
per unit reference volume. The additive decomposition of a stored energy func-
tional (13) is practically applicable because ¥ (C,.60) can be selected from
one of the established stored energy functionals with extended constitutive pa-
rameters as a function of temperature while W, (6) can be separately deter-
mined based on the experimental test and theoretical definition of specific heat,
which are reviewed by Lubarda (2004) [5].

Integrating the specific heat Equation (6)4 gives a thermal stored energy func-

tion

¥, =pC (.9—90)—¢9|nﬁ ) (14)
6

For applications of the isotropic continuum stored energy (CSE) functional
developed by Zhao (2016) [6], due to its advanced features, the mechanical
stored energy functional can be readily formulated as

gy =5 :Cn g P

: 15
m m 2 m 6Cm ( )

Taking the time derivative of the stored energy functional (13) on the right
hand side yields

¥ = 332%:%+333%3—z\1}m9+93

m

o, , d¥,

0, 16
00 do (16)

Substituting (11),, (12), and (15) into (16), simplifying produces
¥ =35, S 93a(9)\11m—.936lp—m—dﬁ 0, (17)
2 06  do
and the time derivative of the stored energy functional (13) on the left hand side,
based on (2) and (4),, reads

. c . ov
¥Y=S.:——nh, S=2—. 18
5 7 c (18)
Comparing (17) to (18) gives the constitutive relations for the second Pi-

ola-Kirchhoff stress S and specific entropy 7

ovY d¥
S=9S_, =Pa(O)¥Y, -F—m_ 2 19
w7 (0)¥, % do (19)
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where the thermal stretch &, as a function of temperature in general, can be
obtained by integrating (12) from reference temperature 6, to current temper-

ature @ as
.9(6)=expD{Za(9)d€]=exp[a0(0—90)], for a(0) = . (20)

Products made of rubberlike materials are often used in working environ-
ments under a wide range of temperatures. Environmental temperature changes
can cause significant variations in mechanical properties of rubbers. Therefore,
external temperature effects on mechanical properties of rubbers must be consi-
dered in their analyses and design. The Gough-Joule effect or the internal tem-
perature effect is interesting to study because a stretched piece of rubber due to
self-heating will shrink rather than expand and this very effect should be quanti-
fied and considered in design. The strain-induced crystallization (SIC) is be-
lieved to be the physical origin of mechanical hysteresis for unfilled rubberlike
materials under cyclic loading. Although external, internal, and SIC related
temperature effects on mechanical properties are well recognized and studied, few
thermal-mechanical models attempt to quantify the stress-stretch-temperature
relation, and consistent sets of experimental data including structural, calorime-
tric, and crystallinity characterizations of rubberlike materials are scanty (see
Rodas et al. (2015) [7]).

The major objectives, therefore, are to extend the CSE functional to constitu-
tively model and predict finite thermoelastic deformations of rubberlike mate-
rials. The isomorphism CSE finite thermoelastic constitutive model fits tested
and predicts tested but unfitted experimental data of silicone rubber (SR) and
natural rubber filled with 60 phr carbon black (NR-C60) rubbers at various ex-
ternal temperatures. For internal temperature effects, the CSE finite thermoelas-
tic model, along with the newly developed CTE and crystallinity index (CI)
models, fits both nominal stress-stretch and temperature change-stretch experi-
mental data for both NR and NR-SIC rubbers.

This paper is organized as follows. In Section 2, the isomorphism CSE func-
tional is applied for constitutive modeling finite thermoelastic deformations
of rubbers due to external thermal effect, internal thermal effect, and strain-
induced crystallization effect. In Section 3, the isomorphism CSE constitutive
model is applied to fits uniaxial extension test data for materials with external
thermal, internal thermal, and strain-induced crystallization effects. In Section 4,
the theory and application details of the isomorphism CSE functional and re-

lated models are discussed. In Section 5, conclusions are drawn.

2. Isomorphism CSE Finite Thermoelastic Model
2.1. External Thermal Effect
For external thermal effects, the multiplicative decomposition of the deforma-

tion gradient is used. The isotropic CSE functional under isothermal condition
has further been developed by Zhao (2020, 2021) [8] [9]
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3cy+1

‘P(C):clll+cz\/E+C3I1IT. (21)
3

The three invariants of the right Cauchy-Green tensor are defined and
C=C, -9l (10),is applied as

l,=tC=1_%,1, :%[(trc)2 —trCZJ =1,9 1, =detC =1_,9°,  (22)

where the three invariants of C,, are defined and utilized by Lu and Pister
(1975) [10]

I, =trC_ .1, =%[(trcm)2 —trcﬂ, I, =detC,, (23)

Substituting C =C, 9?1, (22), and (23) into (21) yields

3c4+1
¥(c)=v(C, .,92|):(c1|m1+c2\/@+c3 Iy Jsz

1
C4
I m3

(24)

¥(C,)-¥(#£1)=¥(C,)s.

For the bijective mapping ¥ :G — G’, the multiplication operation,
‘P(Cm -9l ) =¥(C,)- ‘P(SZ | ), is preserved. Thus, the isotropic CSE function-
al, ¥, is an isomorphism group with domain G and range G'. The finite
thermoelastic CSE functional is related to the total CSE functional (21) due to

different configurations by

I3Cg4+l
¥(C)=9Y,(C,.0)=8 [Cellml +Cpof Iy +Cps Tlch (25)
m3

Comparing constitutive parameters between (24), and (25), generates the fol-

lowing relation
cy =97 (i=12,3) and c,, =c,. (26)

The finite thermoelastic CSE functional with the preserved structure of sym-

metryin ¥ reads

I;c4+l -
‘Pm(Cm,Q)=[cllml+cz./Im2+c3 |lc4 ]91, (27)

m3

where the four constitutive parameters, ¢, 6, 6, and &, will then be determined
by experimental tests at reference temperature 6,. Thus, the finite thermoelas-
tic CSE functional (27) will be used to establish constitutive model for uniaxial
extension tests at various external temperatures.

Nominal stress and stretch results are preferably calculated from force and
extension measurements with original sample dimensions recorded in experi-
mental tests. The nominal stress as a function of stretch in indicial notation

reads

v, o, ov,d,, oF,d,.,
0= + +
™ol oAy ol OAy Ol OA

m2 ij m3 ij

,(1,7=1,2,3). (28)

The three derivatives of the CSE finite thermoelastic functional (27) for rub-
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ber-like materials with the incompressible assumption are
oY oY C oY
o =[c +0y(3c, +1) 15 |9, =29,

F) m Ay 21, Ol

In uniaxial extension tests, the three mechanically equivalent invariants are

0. (29)

ml

given by
Ly =A+2A7 1, =2A+A7, 1,,=1 (30)
and the derivatives of mechanical invariants with respect to A are
A _op 272, Mz pps Tns_y (31)
OA oA OA

Substituting (29), (30), and (31) into (28) and using (20), yields
P = [2c1(A—A‘2)+cz (1-A7)/N2A+ A7

3c, (32)
+264 (3¢, +1)(A*+2A7) T (A= A7 )} exp[ -, (0-6,) |-

where the nominal stress in uniaxial extension mode P, as a function of me-
chanical stretch A=1/9 and temperature 6 in (32) can be used to model
mechanical responses of incompressible isotropic hyperelastic materials at dif-

ferent environmental temperatures.

2.2. Internal Thermal Effect

The strain-induced thermal effect or the internal thermal effect on rubberlike
materials is formulated based on the isotropic CSE functional originally devel-
oped for modeling nonlinear elastic deformation under isothermal processes.
For coupled finite thermoelastic deformations with incompressible assumption,
using the method of variation of the constants, the isothermal CSE functional
can be extended by converting constant constitutive parameters into variables

and combined with (14) as,

\P(Cne) = C91(|1 —3)+C'92 <\/E_\/§)+C93<|13c94+1 _33c94+1)

0 (33)
+pC{(9—Ho)—6ln0—}.

0

Substituting (26) into (33) gives
‘P(C,H) = |:Cl(|1 —3)+CZ (\/E—\/§)+c3(|13°4+1 _33c4+1)]971

) (34)

+pC|(6-6,)-0In—|,
90

where the isothermal constitutive parameters c,,C,,C;, and ¢, can be deter-

mined by the coupled thermal-mechanical experimental stress with the internal

thermal effect removed as

Po=Pexpla,(0-6,)]~P[1+a,(0-6)] fora,(0-6,)<1 (35

e

where P, is the isothermally converted experimental nominal stress and P,
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is the original experimental nominal stress. The nominal stress with the internal

thermal effect using (34) turns out to be

P(4,0)=Pyexp[-a, (0-6,) |~ R [[1+a,(0-6,)]. for oy (0-6,) <1, (36)
where the isothermal nominal stress P, in uniaxial extension mode is
1-2°

24+ A7

For coupled finite thermoelastic deformations, the CTE as a function of tem-

R =2(2-27%) + ¢, +2(3c, +1)(22 +227) % (1-27)e,. (37)

perature, a(@), can be converted as a function of stretch A= L/ L, . A new
CTE model can then be defined and derived with both initial and current
lengths treated as function of temperature, in which the same treatment has also
been used by Pellicer et al. (2001) [11]

1di 1dL 1 dl

a2 i 1%, 4, 38
“) =746 " Tao L, dg o %o (38)

Integrating (38),, (38)s, equating both integration results, and rearranging

yields
ay(A)=ag+c,In2, (39)

where c, is a parameter of the CTE model (39) to be determined by experi-
mental tests.

The converted experimental data by (35) will be used to fit the isothermal
nominal stress (37). Once the isothermal constitutive parameters, c,,C,,C;, and
C,, are determined, the temperature profile may be modeled by the entropy

constitutive model
n=ay] e (1,-3)+ ¢ (VI ~3) e, (1% -3 |exp[ -, (0-6,)]
0 (40)

For o, (0-6,)<1, the entropy constitutive model (40) for temperature

change can be simplified as

af, , 10

AO=0-6,=-Y, (1 ,
b == ( )pC C

(41)

where the isothermal CSE function, ¥, (l) , in uniaxial extension mode with

the incompressible assumption is given by
qg(z)=q(12+244—3)+%(¢zz+44-Jﬁ)

+C, [(Az + 2/1‘1)30“1 - 33°4*1}.

2.3. Strain-Induced Crystallization Effect

For crystallizable rubberlike materials, the SIC effect on both stress and temper-

ature change need to be considered. The CSE functional can be augmented as
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c,(1,-3)+c, (\/E—x/g)JrcS(IfC“l—S““l)

¥ =
1+ay(0-6,)

+¥,+¥,, (43)

where the isothermal constitutive parameters C;,C,,C;, and C, can be deter-
mined by the coupled thermal-mechanical-crystallization experimental stress

with both internal thermal and SIC effects removed
P, =P [1+a,(0-6,)]+c,,x(4). (44)

where P,,, is the converted experimental isothermal nominal stress without
both internal thermal and SIC effects and P, is the original experimental no-

minal stress. The crystallinity index (CI) model is defined as

2
()= C, {1—exp[—cﬂ(/1—/lcl) J} A SA< Ay,
0, otherwise.

X (45)
where ¢, and c,, are two parameters of the CI model to be fixed by experi-
, and A, define the start and end of
SIC during loading and the end and start of decrystallization during unloading,

mental tests. Two critical stretches, A,

respectively. The actual nominal stress as a function of stretch, temperature, and

crystallinity can then be modeled as

P(4.0.7)=[P, —Cpll(i)]/[“% (6-6,)], (46)
and the temperature change can be modeled by
A9:‘9_‘90:_lyo(ﬂ’)0[d (/I)CC+C”+C19}((/1), (47)

where ¢, =6,/pC, c,, c,,,and c, are model parameters corresponding to
heat capacity, entropy, SIC effect on stress, and SIC effect on temperature

change, respectively.

3. Applications of CSE Finite Thermoelastic Model
3.1. External Thermal Effect on Unfilled Silicone Rubbers

Silicone rubbers (SR) have many applications in the automotive, food storage
product, footwear, electronics, and medical device industries. Modeling their
mechanical responses at various temperatures are needed in product design and
analyses. The uniaxial extension tests of both unfilled and filled SR rubbers have
been conducted at different temperatures with the stretch rate of 1.67 s™' by Rey
et al. (2013) [12]. The nominal stress-stretch experimental data in loading of un-
filled SR rubbers at temperatures of 293 K, 333 K, 373 K, and 423 K has been se-
lected among others. A self-developed graphics digitizer with MATLAB has been
used to read out all the related experimental data. Stresses at certain stretches
increase with temperatures which highlight the entropic behavior of the unfilled
silicone rubber for temperatures way above the crystallization temperature of
190 K. The constitutive parameters of the CSE finite thermoelastic constitutive
Equation (32) have numerically been solved and fitted for the uniaxial extension
test at € =293 K. The obtained constitutive parameters and 6 =423 K have
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been submitted into (32) to determine ¢, through the best-fit between the CSE
model and the test data at @ =423 K. Once all constitutive parameters are de-
termined, the nominal stress-stretch relations at 333 K and 373 K have been pre-
dicted, respectively. The comparison between the CSE model and the experi-
mental data is shown in Figure 2. The thermal and mechanical constitutive pa-

rameters are listed in Table 1.

3.2. External Thermal Effect on Filled Natural Rubbers

Uniaxial extension tests of carbon black filled natural rubbers at different tem-
peratures have been conducted by Fu et al [13]. Ten cycles of cyclic stretching
have been conducted to remove the Mullins effect before monotonic tests. The
nominal stress-stretch test results for vulcanized natural rubber filled with 60
phr carbon black (NR-C60) at the temperatures of 293 K, 313 K, and 333 K have
been selected for constitutive modeling and predicting. Stress-decreasing effects
have been observed as external testing temperature increases. The constitutive

parameters of the CSE finite thermoelastic constitutive equation in uniaxial

1'0__ Uniaxial Extension Test of Unfilled SR Rubber
094 0O[K] Test Model Comment
1 293 o Fitforc,c, c, c,
0.8 1 . A
© | 333 o —— Prediction
% 074 373 & Prediction
a 1 423 o —— Fitfore
% 06- 0
2]
a |
2 054
n i
.g 0.4 1
g 0.3 1
z _
0.2 1
0.1+
0.0 4% - T T T T T T T T T 1
1.0 1.1 1.2 1.3 14 1.5

Principal stretch, 2

Figure 2. Comparison between test and model for unfilled SR rubber.

Table 1. Constitutive parameters of the CSE model with external thermal effects.

Material c,(MPa) c,(MPa) ¢,(MPa) c, a,(1/K)
SR Rubber 0.2230 —0.0146 2.97 x 10°¢ 2.1427 -0.0029
NR-C60
0.5583 1.1284 2.48 x 107> 1.5778 0.0095
Rubber
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extension mode (32) at 6, =293 K have been determined. The constitutive
parameters and 6 =333 K have been submitted into (32) to determine ¢,
based on the minimization of a percentage error. With all determined constitu-
tive parameters, the nominal stress-stretch relation at 313 K has been predicted.
The comparison between the CSE model and the experimental data is shown in
Figure 3. The thermal and mechanical constitutive parameters are also listed in
Table 1.

3.3. Internal Thermal Effect of NR Rubber

Coupled with thermomechanical responses, the Gough-Joule effect of vulcanized
natural rubber (NR) under uniaxial extension till rupture tests have been studied
at room temperature with the stretch rate of 5 s by Staszczak et al (2015) [14].
A self-developed graphics digitizer with MATLAB has been used to read out all
the related experimental data. The true stress and true strain data have been
converted to nominal stress and stretch data, respectively. The CTE model (39)
fits Joule’s six experimental data [15] and one key data at the thermoelastic in-
version point of ¢ (4, ) =0, at which the maximum temperature drop occurs
(see Price (1976) [16]). The constitutive parameters of the isothermal CSE model
(37) for converted test data by (35), have been determined and the CSE finite
thermoelastic model (36), and the entropy CSE model (41) along with (42) for
the original test data of both stress and temperature change against principal
stretch are plotted and compared in Figure 4(a). The comparison between the
CTE model and the Joule’s experimental data of crosslinked NR rubbers is

shown in Figure 4(b). The brief thermal and mechanical constitutive parameters

10 Uniaxial Extension Tests of NR-C60 Rubber
{ O6[K] Test Model Comment
g 293 o Fit for ¢, C,C,C,
313 o —— Prediction
{1 333 A ——  Fitfor a,

Nominal stress, P [MPa]

i T T T T T y T T T T T T 1
1.0 1.2 1.4 1.6 1.8 2.0 2.2 24 2.6
Principal stretch, 4

Figure 3. Comparison between test and model for filled NR-C60 rubber.
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204 Uniaxial Extension Test of NR Rubber - 30
P(2)  A6(R)
CSE Model L 25
15| Experiment o a &

Nominal stress, P [MPa]
Temperature change, A9 [K]

T T T T T T T ]
1.0 1.5 2.0 25 3.0 35 4.0 4.5
Principal stretch, 2

(a) stress-stretch relation

o Joule's experiment
0.000 CTE model

__ -0.001
X,
6‘0 °© O
I -0.002 -
o

-0.003

-0004 T T T T T J T . 1

1.0 1.5 2.0 ' 2!5 | 3.IO | 3.5 4.0 4.5
Principal stretch, 1
(b) CTE-stretch relation
Figure 4. Comparison of stress and temperature change between test and model for NR

rubber.

are listed in Table 2.

3.4. SIC and Thermal Effects on NR Rubber

Thermal and SIC effects on crosslinked NR rubber in cyclic uniaxial extension
tests have been studied at room temperature with the stretch rate of £0.5/s by
Samaca Martinez et al (2013) [17]. A self-developed graphics digitizer with

DOI: 10.4236/apm.2023.132007

144 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132007

F.Z.Zhao

Table 2. Constitutive parameters of the CSE model with internal thermal effects.

Materil G (MPa) c(MPa) co(MPa) ¢ a,(UK)  c,(VK)

NR -0.5179 4.8704 1.26 x 1072 0.4906 0.0002 —0.0025
NR-SIC 0.2624 0.2434 1.13x 107 0.7678 0.0000 —0.0025
NR-SIC 0.3131 -0.3017 521 x 1071 1.8084 0.0000 —0.0025

MATLAB has been used to read out the nominal stress coupled with tempera-
ture change experimental data as functions of stretch at the tenth cycle of load-
ing and unloading. The experimental data of crystallinity index against stretch
published by Le Cam (2018) [18] has also been obtained. The constitutive para-
meters of the isothermal CSE model (37) for converted test data by (44) have
been determined and the thermal-mechanical-crystallization CSE model (46)
and the corresponding entropy CSE model (47) along with (42) for the original
test data of both stress and temperature change against principal stretch have
been compared and plotted in Figure 5(a). The CI model (45) fits the experi-
mental CI data and the comparison of CI between model and test is shown in
Figure 5(b). The thermal, mechanical, and SIC constitutive parameters are also
listed in Table 2.

4. Discussion

4.1. Isomorphism CSE Functional

The commonly used measures for hyperelastic deformations are F, C, and
E . The right Cauchy-Green tensor C =F'F cancels out possible rigid body
rotations in F . The Green-Lagrange strain tensor, E=0.5(C—1), could
create singularities and imaginary numbers in constitutive modelings as studied
by Zhao (2016) [6]. Furthermore, stress-stretch curves of hyperelastic materials
are strictly increasing functions, which are injective. Additionally, every stress on
the curve must be corresponding to at least one stretch, which requires a surjec-
tive function. A function that is both injective and surjective is called a bijective
function in terms of abstract algebra as documented by Pinter (1990) [19]. For
constructing a bijective functional, the stretch-based tensor C rather than the
strain tensor E is used since stretch, A €R", is always a positive real number.
The partial differential equation of the isotropic CSE functional is covariantly
formulated by the stretch-based stress work done, generally resolved by the Lie
group method, and particularly determined by differential geometry. The three
terms of the isotropic CSE functional (21) possess the same order of magnitude,
2%, since they are asymptotically equal, representing normal stretch, shear
stretch, and ellipsoidal stretch deformations. This unique feature of the CSE
functional, not possessed in other full functionals with three invariants I, I,,
and |;, makes ¥ anisomorphism under the multiplication
‘I’(Cm -$1 ) =¥(C, )~‘{’(92 I ) . Therefore, the finite thermoelastic CSE func-

tional (27) preserves the structure of symmetry in ¥ (21). Indeed, thermal
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Figure 5. Comparison of SIC effects between test and model for NR-SIC rubber.
deformation does not affect the form of the hyperelastic constitutive relation,
which was one kind of material isomorphism assumed by Noll (1972) [20]. The

concept of material isomorphism was later applied to finite elastoplasticity for-
mulations by Svendsen (1998) [21] and Bertram (1999) [22] among others.

4.2. External Thermal Effect

For modeling external thermal effects on mechanical response of rubberlike ma-
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terials such as stress-stretch relations at different temperatures, the multiplica-
tive decomposition of deformation gradient (8) has been widely used. Further-
more, the thermal effect is clearly and cleanly captured as the product of 9
on isothermal mechanical behaviors. Mathematically, the advanced feature of
the CSE functional with the relation of constitutive parameters (26) equally
weights thermal effects on all dimensional constitutive parameters C, =C$ ",
C,, =C,9", Cy =C,9 ", but no change occurs on the dimensionless constitu-
tive parameter since C,, =C,. Physically, the isotropic thermal effect equally
weights and imposes on the normal stretch, shear stretch, and ellipsoidal stretch
deformations of the CSE functional.

As we have known, CTEs with respect to distance, area, and volume have al-
ready been defined and widely utilized. In geometry, distance is the most basic
measure among distance, area, and volume since distance can be readily used to
express area and volume but generally not the other way around. In other words,
higher dimension measures result in more hidden or lost information. There-
fore, the coefficient of thermal expansion in distance is used extensively.

In curve-fitting both SR and NR-C60 cases, isothermal constitutive parame-
ters are determined at room temperature of 6, =293 K. The negative CTE val-
ue for the SR case, corresponding to thermal contraction, is then fixed by refit-
ting the nominal stress-stretch testing data at =423 K while the positive
CTE value for NR-C60 case, corresponding to thermal expansion, is obtained by
refitting nominal stress-stretch testing data at @ =333 K albeit other available
options. The predictions of nominal stress-stretch relations within the studied
range of temperature can be confidently made and some comparisons of both SR

and NR-C60 rubbers have shown in Figure 2 and Figure 3, respectively.

4.3. Internal Thermal Effect

In modeling self-heating effects, the CTE model o, (A4) expressed in (39) is de-
sired. Stresses at the thermoelastic inversion stretch are not influenced by tem-
peratures so that the CTE value at the inversion point must be zero (see Antho-
ny, Caston, and Guth (1942) [23]). The CTE model has been fitted with the con-
dition of &, (4, )=0 along with Joule’s six experimental data. The rearranged
CTE model, o, =c,In(4/4,,), is actually fitted with Joule’s data shown in
Figure 4(b). In the NR case with 4, =1.08670, the parameter of CTE model is
obtained as ¢, =—-0.0024944 [1/K]. The CTE value for crosslinked NR rubber
at no deformation is predicted as a4, = 0.0002074 [1/K], which is very closed
to the value of 0.0002233 [1/K] documented in [24].

In modeling self-heating effects, the entropy constitutive model (41) is used to
fit temperature change experimental data. In the first term, the specific heat
pC , along with constant temperature 6, , is tacitly treated as a lumped con-
stant C, although it changes slightly within the practical temperature gamut for
stretched NR rubbers. For curve fitting, a best fit occurs at ¢, =311 [K*/MPa].

The zero temperature change condition at no deformation of A9| 5 =0 and

DOI: 10.4236/apm.2023.132007

147 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132007

F. Z.Zhao

the thermoelastic inversion condition of (4, )=0 require the entropy term
to be a variable. To satisfy both conditions mentioned above, the second term is

simply treated as a piecewise function

77_90_ Aamin (2“_1)/(2’mv_1)’ 1Sl£2’|nv’
oC  |AG otherwise.

min !

(48)

In Equation (48), A6, is the minimum value of temperature change. The
comparison between test data and model fits for both nominal stress and tem-
perature change against principal stretch have been shown in Figure 4. The
self-heating effects on finite deformation of NR rubbers has been studied with
the combined efforts of CTE test data by Joule (1859) [15], the thermoelastic in-
version condition mentioned by Price (1976) [16], the stress-stretch, and the
temperature change-stretch experimental data by Staszczak et al in 2015 [14]. In
practical finite element analyses of product designs using rubberlike materials,
isothermal constitutive models are usually used to fit experimental tests embed-
ded with the self-heating effect. This study also confirms that the internal ther-
mal effect on mechanical responses of rubberlike materials can indeed be ig-
nored due to their thermal properties of o A0 <1 albeit a little impact on

mechanical responses of rubbers at finite stretches.

4.4. Strain-Induced Crystallization Effect

The SIC effect is well believed to be the physical origin of mechanical hysteresis
for unfilled rubberlike materials under cyclic loading. The modeling of mechan-
ical and calorimetric responses of NR-SIC under cyclic loading is similar to that
of NR under monotonic loading. The difference is that «,, =0 is assumed for
the cyclic loading NR-SIC case. The entropy term is treated as a constant with
¢, =A6,, so that isentropic thermodynamic processes are assumed in the
curve fitting of temperature change model (47).

For curve-fitting the CI model (45), rather than other available models by
Candau et al. (2012) [25] and Loos et al (2021) [26], the best fit of loading CI
data and the best fit of temperature change on unloading CI data have been
conducted and the results have been shown in Figure 5(b). The over melting or
over decrystallization in CI experimental data in the twelveth cycle is removed.
The comparison of both stress and temperature change against principal stretch
between tests and models has been shown in Figure 5. The important parame-
ters related to the CI model are listed in Table 3.

The area change of the mechanical hysteresis loop was not observed between

the two stretch rates of 0.5 s™! for structural and calorimetric characterizations

Table 3. Parameters related to CI model for NR-SIC rubber.

Cycle-Type C, C,. A A2 Cro [Mpa] Cp [K]
Loading 0.2207 0.4052 5.0 7.5 6.0000 19.7004
Unloading 0.2155 0.1413 3.0 7.5 6.0000 27.7619
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and 1/6 s* for the CI characterization. Thus, the effects of thermal dissipation
due to viscous heating on the hysteresis loop are negligible as emphasized by Le
Cam [27]. Little difference on the experimental nominal stress-stretch curves
between the tenth cycle and the twelveth cycle appears while large difference on
the experimental temperature change-stretch curves between the tenth cycle and

the twelveth cycle can be seen due to heat accumulation.

5. Conclusions

Mechanical responses of rubberlike materials are mainly impacted by external
thermal, internal thermal, and SIC effects. The isomorphism CSE functional is
extended to model and predict finite thermoelastic responses for rubberlike ma-
terials while preserving the structure of symmetry for finite structural deforma-
tions.

The multiplicative decomposition of deformation gradient similarly decom-
poses the scalar CSE functional, the second-order stress tensor, and the fourth-
order elasticity tensor. The thermal effect is captured as the product of $* with
isothermal quantities such as the CSE functional and derived stresses. The same
thermal effect on mechanical responses of normal strength ¢, shear strength o,
ellipsoidal strength ¢ but little influence on the degree of chain alignment ¢ is
uniquely determined for the CSE model. The isomorphism CSE finite thermoe-
lastic model accurately fits and predicts the external thermal effects on mechan-
ical responses of uniaxial extension for SR and NR-C60 rubbers.

The Gouph-Joule effect can be modeled within the frame of two configura-
tions by using isothermal CSE model to fit experimental data with the internal
thermal effect removed. The coupled effect is then modeled with the isothermal-
ly determined constitutive parameters with the internal thermal effect recovered
on model. The isotropic CSE model with the internal thermal effect, along with
the CTE model and the CI model, fits the uniaxial extension tests for NR and
NR-SIC rubbers.
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