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Abstract

We study types of boundedness of a semigroup on a Banach space in terms of
the Cesaro-average and the behavior of the resolvent at the origin and also ex-

hibit a characterization of type Hille-Yosida for the generators of @' -bounded

strongly continuous semigroups. Furthermore, these results are used to inves-
tigate the effect of the Perturbation on the type of the growth of sequences.
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1. Introduction

Let (Aj , D(Aj )) be the sequence of generators of a C; -semigroup
Th=T/(1+¢)
tion. That will say that the semigroup T' is @'-bounded, if

X, @re)<ME 0l 14 2)

holds for some M >0 and each ¢>-1.If ¢’ (1+&)=M (1+(1+£)d)
some M,d >0, then the semigroup is polynomially bounded and is bounded
when d=0. It is known that there exist @ €eR and M >0 such that
HZJTJ (1+ 5)” <M zje“’j(m) for all &> -1. When the growth bounds of the

semigroup @ = inf {a)j eR,AM 21, Ve > _1'szTj (1+ 5)” <M Zj e“’j(l”)} ,

on a Banach space X. Let ¢’ :R" - R" be a given func-
e2-1

for

are positive, the semigroup is exponentially bounded. We are concerned with the

types of boundedness of T' and its perturbation when ¢' is exponentially

bounded, ie, forall §>0, J:C e_‘;(lﬂ)zj o (I1+&)d(1+&) <oo.
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Many results are shown in this article. The first one states that if the Cesaro av-
erage of T! and that of its adjoint are ¢’ -bounded, then so does the semigroup.

Next, give a Hille-Yosida type characterization of generators of ¢’ -bounded
C, -semigroups. Furthermore, Theorem 3.2 gives a sufficient condition that im-
proves the results of (Shiand Feng [1]) and (Eisner [2]). Notice that a closer re-
sult including integrability conditions of each powers of the resolvent was given
in (Batty et al [3], Theorem 6.6) under more assumptions on P

Finally, we consider a sequence perturbation (Bj , D(Bj )) and establish the
previous results for the perturbed semigroup S(1+¢) _, generated by
A +B;.

Throughout this article A; stands for a closed densely defined linear se-
quence operators on X with domain D(Aj) and spectre O'(A ) The pseu-
do-spectral bounded of sequence A, is defined by
SO(A ) inf {a) >S( ) 3C ; such that “Z R A, +A “ 2.;,C,; whenever

Re(/lj)>a) }, where S(Aj) denotes the spectral bounded of sequence A,
given by S(Aj ) = Sup{RE(lj ) NS 0'(Aj )} , with the convention S(Aj ) = -0
if oA)=¢".

2. Boundedness Types of a Semigroup Interms of

Cesaro-Boundedness of the Semigroup and Its Adjoint

It is shown in (Zwart [4]) thatif T' isa C,-semigroup on a Banach space X
and (Tj) is its adjoint, then for each &>-1, xleX, (Xj) e X' and,

>0,

Zj<Ti(1+g)xi;<x")y>‘

&
Lte l+¢
&

1
(1+¢) 1+ 1+e i '

ds T ] ds
[l etz o]

l+e
(l+g z "TJ

The following theorem is a consequence of this inequality and recovers (Zwart
(4], Theorem 2.1, 2.2), (Van Casteren and Jan [5], Theorem 3.1, (iii & iv)),
(Casteren and Jan [6], Proposition 3.1) and (Guo and Zwart [7], Theorem 8.2).

Theorem 2.1. Let T’ bea C,-semigroup on a Banach space X,

1+e, 1L>1 with —+L—l Let ¢’ and ¢’ be measurable positive
£ l+& 1+¢

functions. If for each x’ € X , and (Xj )’ e X'

Mz ||TJ (s)x’

1+s

dSSZj¢j(1+€)||Xj||(1+g) Ve>-1 (2)

l+g

and

Lte
)Mg Ves-1 (3)

MZ “ (xj)'HEdsstw(lm) (x!

1+g
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hold, then

|z, T @re)| <X (0 (2t g))i (¢! (1”))& Ve>-1 (4)

We indicate that one cannot omit the Condition (3). (Van Casteren and Jan
[5], Example (2)), gives a polynomially bounded group, T’ (S)SE]R of linear se-
quence operators actingon X = L° (R), while its Cesaro average is bounded.

3. Boundedness Types of a Semigroup in Terms of the
Resolvent

In order to deal with the converse when T! is ¢'-bounded, consider the set A
of all continuous functions ¢’ : [0, OO) —)[1, 00) such that

there exist a constant M >1such that,

for each & > —ﬁ Sup£>,1zj¢’1 (1+8)e—(1+e)(e+ﬂ) < M21¢J [ 1ﬁj (5)
> &+

Note that if the functions ¢’ € A,and &3>0, then (q)j +(1+ g)(//j ) eA
see (Boukdir [8]).

Many classical functions are contained in A: The bounded functions ¢’ for
which there exists M >1 such that 1< ¢’ (1+&)<M, the polynomial func-
tions, ¢! (1+¢&)= (1+(1+ g)’ ) for d >0.Indeed,

o (1+2)e ) — (L (142) o D <1 (14 )" o )

d—d
<1v T8 w1 :M(p‘( L J
(e+5) (e+5) e+ p
foreach 6>-1,>—-f and M :max{l,dde‘d}.Also, the function
o' (1+e)= glt+eld

with d >1. In certainty, since

1 -1 =]
d(1+¢&)d —(1+ 8)2 <(d-1)(1+¢)d1 <(d-1)(1+&)d foreach &>-1 then

o) (Lt £)e o) ed(1+s)%f(s+/i)(l+s) < ed(ﬁﬂ)il — ( 1 j _
e+p
Theorem 3.1. Let (AJ,D(Aj)) be the sequence of operator on a Banach
space X. Let ¢’ 1[0,00)—>[1,00) be a continuous function with ¢’ (O)Zl.
Suppose the following assertions.
i) (AJ,D(Aj)) is closed, densely defined, and for every 1; >0 one has
A€ Q(Aj) and

DN T LTEO Y BT R ey NG

foreach &>-£, neNU{0} and some constant M >0.

ii) (Aj , D(Aj )) generatesa ¢’-bounded C,-semigroup T'.

Then, (i) = (ii). Conversely, if in addition ¢' satisfies (5), then (ii) = (i).
Proof. (i) = (ii). Is deduced from the Hille-Yosida Theorem and the exponential

Suplj >(&+p)

formula, T'(1+¢&)x' =lim,,, LI Y L,Aj x! for each x' e X, with
l+¢ l+¢
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n 1
A, =— and (¢+f)=—.
' lte (e+4) l+e
(ii) = (i). Since A; be the sequence of generates a C, -semigroup, then it is
closed and densely defined. The ¢’-boundedness of T! and (5) imply that

there exist My, M, >0 such that
|Z, T @ o) <M X 0! (14 2)

i 1
3o (15

Consequently, @] (Tj)SO and hence ﬂjeg(Aj) for all 4,>0. Let
neNU{0} and O<e&+p<4,.Then

[0 (5 (e ) R (1)

. o
]e(”ﬂ)( ) Yeg>-1Ve> -p.

(1+¢)"

' T (1+e)d(1+¢)

_ HZJ (ﬂ,] _(8+ﬂ))n+1j-ooo e—lj (1+¢)

1+(¢:)n

< MOZ,—(’% _(g+ﬂ))n+1jjef(;yr(mﬂ))(lw) (

(1
w.Z0(735)

Theorem 3.2. Suppose A; be a closed and densely defined a sequence of
operators in a Banach space X with S(Aj)SO. For a continuous function
P [O, ) —>[0, ») with @' (0)>1, we study the following assertions.

a)Forall x' eX,y'eX',and ¢>-8

SUP 54 (1—ﬂ)£:szR((l+é‘)+iS, Aj)xi“2 ds < Zj¢i [ 1 ]"xj

- (e )p) (1+2))d(1+¢)

2

>

e+ p
And
supﬂ<1(1—ﬁ)f:zj“R((l+g)+is,A]f)yj“z ds<y o (;ﬂ}uyjuz (8)

b) Foreach x' e X,y'eX',and ¢>-4

0,0 0= )] T (R (L) iy fos < 01 [ ]

e+ p
)
€) A generatesa ¢’ -bounded C,-semigroup T’ on X, for which
2
Zj||Tj(1+£)||£:—Zj¢j (1+g) for each ¢>-1 (10)
T

Then (a) = (b) = (c). In this case, the semigroup T s given by T! (0) =1
and for &> -1,
1

ijj (1+ g)xj :mzjrwe((ugms)(ns)Rz ((1+8)+i5, Aj )deS , (11)
b & -

for each (1+¢)>s, (A]- ) and x' e X . Furthermore, if X is a Hilbert space and
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@' satisfies (5), then (c) implies (a) with (1+ g)(goj)z( j, instead of

e+p

(pj( lﬁJ,forsome e>-1.
&+

Proof. (a) = (b) It is obtained by applying the Cauchy-Schwarz inequality.
(b) = (c). Deduce from (Gomilko [9]) and ((p. 505) from (Chill & Tomilov
[10]) that the assumption (b) implies that the sequence of operator A, generates

e Y T (1+re)

a C,-semigroup T' andforall &>-1, sup, , < o0, and

forall £>-1, x'eX and yleX’

Zj 1+E< (1+5) iS,Aj)Xj,yj>ds (12)

1+£ 1
2 l+g‘

Conversely. Let 0< &+ f <1+¢. Asin (7) the Parseval identity yields

2,

=2nj*°°e‘2 E S i (@ee)xd[ d((1+6))

M (g e

e*M?

:mzx«»r@ v

and the identical reasoning for the dual case.
Remark 3.3. 1) The condition ¢’ (0)21 cannot be omitted in the above
Theorem 3.2. If not, the semigroup may not be strongly continuous at the origin.
2) It is not enough that the condition (9) be satisfied by some (1+¢)> s, (Aj ) .
An example due to (Selim Grigorevich Krein [11]) see also (Kaiser & Weis
[12]), exhibits that there exists a closed, densely defined sequence of operators
(A]- \ D(Aj )) acting on a Hilbert space X such that the resolvent exists and un-
iformly bounded on {lj eC:Re4,; 2 0} and

(1+s

Zj<Tj(1+g)xj,y'>

27: l+£

then the result is deduced by choosing ¢+ f =

j_:o R((1+g)+|s A x‘” ds

x’” d(1+¢)

f:(ZjHR(is,Aj)xiuz +zj”R(is,AJf)xj”2)dS coo WxieX,

but the sequence A, of generators of semigroup is not strongly continuous at

the origin.
3)If o' (l+e)=M (1+(1+ g)d) in (9) we recover the result of (Eisner [2])
when d >0, and (Gomilko [9]) with d =0.

;1
4) If ! =@ VAT for some d >1 in (9), obtain (Laubenfels et al [13]

Corollary (3.5)), exactly, the semigroup satisfies

Z;-||Tj(1+€)||£%ed“”)3 for all £>-1. (13)
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In order to give a generalization of (Eisner and Zwart [14], Theorem 2.1) sup-

poses that the resolvent of the sequence of generator A; is (1+¢)-integrabe, Ze.

|(2+e) X
>\ R(@re)vis A)x|ds <o for all X ex, (14)
and
1+s
> HI 1+g )+is, A’ yjH “ ds<oo for all yleX’, (15)
Note. We can deduce that:
1 )
glt+e)s Szj¢’(1+8) forall £>-1.

Proof. From (10) and (13).

Theorem 3.4. Let A, be the sequence of generator of a C; -semigroup T
on a Banach space X such that S(A ) <0 and its resolvent is (1+¢) -integrable
for £>0. Let ¢’: [0, )—> [1,00) be a continuous function. If there exist
(1+ 8)0 .M >0 such that

(i) ZJ.”R((1+5)+is,Aj)“gszw(ﬁ] forall 0<(1+z)<(l+),s
(i) Zj”R((l+g)+is,Aj)HsM for all (1+2)>(1+5),, (16)
then

ST ase)| <X (o!) 2+e) (17)

for some &>-1 and (1+¢)> #
(1+¢),
Proof. As it is shown in Eisner (2007), from (16) deduce that SO(AJ-)S 0
and for all I’e(O,(1+ 5)0) there exists M, 20 such that for each x) e X

and yle X'

> HR r+i, A xJ

(1 .
R LS L

and

> ”R r+i, A'

<o (D]

f(]RX

The Cauchy Schwarz inequality yields
IR (R (reisa )y os <Mz (o (el s
By the inverse formula we get

Zj‘<Tj(1+g)xj,yj>‘g
r(1+s) _ 1 _ '
szimg)Mfz,-wf(;jux'nuwn-

DOI: 10.4236/apm.2023.131001 6 Advances in Pure Mathematics
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For (1+¢&) large enough, one can choose (1+¢)= 1
r

Note. We can deduce that:

i) Zj(pj (l+£)£2—1:zj(goj)2(l+g) forall &>-1.
€

1 _
i) e'(e)s S%Zj(¢1)2(1+8) forall &>-1.

Proof. i) From (10) and (17).

ii) From (13) and (17).

Corollary 3.5. Let A; be the sequence of generator of a G-semigroup 7 on
a Banach space X such that s, (Aj ) <0 and the resolvent is (1+ &) -integrable,
for some &£>0.1If

lim, o A28 |2 R((2+2),A))| =0 (19)

and there exist constant (1+ 5)0 .M >0 such that
Y [R((@+e)+is A )| < (1+ X R(@+2). )

Y IR(@+e)+is, A )| <M for all (1+2),<(1+2). (20)

), forall 0<(1+ g) <(1+ g)o

Then the semigroup T' is uniformly stable.

Proof. It is enough to choose Zj o' (ﬁj = (1+ZJ.“R((1+ ), A )”)

Remark 3.6. 1) By ZJ.“R(AJ,AJ- )”ZZ , (19) and (20) are

dist(4,0(A))

J

equivalent to Zj“R((l+5)+iS,Aj)“SM1 for each ¢>-1 and seR.

Hence with the (1+¢) -integrability of the resolvent the uniform stability of the
semigroup follows from (Eisner [15], Theorem 2.15).

2) Note that the Conditions (20) are satisfied by positivity-preserving semi-
groups, acting in L) (X,dxj) for some 0<g<oo and @] =0, see (Davies
[16], Lemma 9).

4. Boundedness Types of the Perturbed Semigroups

We exhibit that the conditions on A, which ensure the @' -boundedness of
the semigroup T! are sufficient to obtain the same property for the perturbed
S=S(l+s)_,
Let A; be the sequence of generator of a C; -semigroup T’ with
So [ A
DE A,
Suppose that
(M) X,[BR(4,A))| <M <1 forall 4;eC’,and

(7) X,|R(%.A)BY [<MY |y!] forall 2, eC’, y'eD(B). (1)
Let 4, €C".Since s, Aj)SO,and by (#,) and the decomposition
2 =(A +B;) = (4= A)[ 1, ~R(4,, A)B, ], deduce that

1

of a semigroup sequence of generators A, +B; .

<0. Peekingan other closed sequence operator (Bj , D(Bj )) such that

< D(B,),andlet (B],D(B;)) its dual

DOI: 10.4236/apm.2023.131001
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A; eg(Aj +Bj)=g(Aj +B; )'. Furthermore the inverse R(/ij,(Aj +Bj)) sa-

tisfies
> HR (A +B;) H:ZjHZiO(R(ﬂj,Aj)Bj)n R(lj’Aj)H
S(l—M)flszR(ﬂj'Aj )H

B “ From (H,) we obtain that

(22)

where M ::Zj“R

2,

arguments exhibit that

Zf Sz Realy] e

Note that if (21) holds then the resolvent of (Aj +B j) is (1+¢)-integrable
when that of A, is.

Proposition 4.1. Let (A- D(A-)) be a closed and densely defined a se-
quence operator on a Banachspace X with S(AJ ) <0.Let B; be a closed se-
quence of operator such that D(AJ)C D(Bj) and satisfy (HO) and (H,).
Let @' be a continuous function for which (8) holds, then (Aj + Bj) gene-

J'J

R(ﬂj,Aj)’B SMZJ.H(yj)‘ for each (yj)’ eD(Bj)’, and similar

(4.A+B;) Y’

ratesa ¢'-bounded C,-semigroup.

Proof. Since D(A]- +Bj)= ( )ﬂ D( ) D(AJ—) then D(Aj +Bj) is
dense. By the assumption (H,), (#,) and s, (A )< 0 we deduce that
So (Aj + B, )< 0 and the Conditions (9) for (A +B;) are deduced from the
Cauchy-Schwarz inequality, (22) and (23).

The following proposition organizes a connection between the ¢-boundedness
of the semigroup T’ and that of its perturbed S. Furthermore this result gives a
generalization of (Kaiser and Weis [12], Theorem 3.1) and (Batty and Charles
[17], Theorem 1).

Proposition 4.2. Let (Aj,D(AJ—)) be a sequences of generator of a C,
-semigroup T’ on a Hilbert space X. Let B; be a closed sequence of operator
satisfying D(Aj)c D(Bj) and for which the hypothesis (H,) and (H,)
hold. Let ¢' be a continuous function satisfying (5).

If T! is ¢'-bounded, then (Aj +B j) generates a ((oj )2 -bounded C,
-semigroup.

Proof. from (22), (23) and Theorem 3.2.

Assuming (H,) and (7,), we will give sufficient conditions on A, con-
firming that both T! and § have the same boundedness types for large
(1+¢).

Proposition 4.3. Let T' be a C,-semigroup generated by the sequence of
operator A; for which C* gg(Aj) and having (1+¢)-integrable resolvent
for some &> 0. Suppose that (H,) and (7,) hold for some closed sequence
of operator B;. Let o’ :[0,0) > [L) be a continuous function satisfying
(16).

Then the semigroup S generated by (Aj +Bj) is strongly continuous se-

DOI: 10.4236/apm.2023.131001
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quence on (O, +oo) and satisfy (17).
Proof. a direct consequence of Theorem 3.4.

5. Conclusion
As discussed above the type of the boundedness of a semigroup T' in terms of
increment of its Cesaro-average and that of its adjoint (T j) = (T j) (1+e),.,

is @' -bounded, then the semigroup is bounded (see Theorem 2.1). Also, we in-
troduced a Hille-Yosida type characterization of generators of ¢’ -bounded C,
-semigroups (see Theorem 3.1). We presented some effect of a perturbation se-
quence operator A; by sequence operator B, that satisfies some assumptions

specified (see Proposition 4.1 and Proposition 4.2).
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