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Abstract

It is known that any m-Mébius transformation is an ordinary Mobius trans-
formation in every one of its variables when the other variables do not take
the values a2 and 1/a, where a is a parameter defining the respective m-Mobius
transformation. For ordinary Mé&bius transformations having distinct fixed
points, the multiplier associated with one of these points completely charac-
terizes the nature of that transformation, ie. it tells us if it is elliptic, hyper-
bolic or loxodromic. The purpose of this paper is to show that fixed points
exist also for m-Mobius transformations and multipliers associated with them
can be computed as well. As in the classical case, the values of those multip-
liers describe completely the nature of the transformations. The method we
used was that of a thorough study of the coefficients of the variables involved,
with which occasion we discovered surprising symmetries. These were the
results allowing us to prove the main theorem regarding the fixed points of a
m-Mobius transformation, which is the key to further developments. Finally
we were able to illustrate the geometric aspects of these transformations, mak-
ing the whole theory as intuitive as possible. It was as opening a window into
a space of several complex variables. This allows us to prove that if a bi-
Mobius transformation is elliptic or hyperbolic in z at a point z, it will re-
main the same on a circle or line passing through z. This property remains
true when we switch z and z. The main theorem, dealing with the fixed
points of an arbitrary m-M&bius transformation made possible the extension
of this result to these transformations.

Keywords

m-Mobius Transformations, Multiplier, Elliptic, Hyperbolic, Parabolic,
Loxodromic, Steiner Net

DOI: 10.4236/apm.2022.126033

Jun. 30, 2022 436

Advances in Pure Mathematics


https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2022.126033
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/apm.2022.126033
http://creativecommons.org/licenses/by/4.0/

D. Ghisa, E. Mikulin

1. Introduction

The m-Mobius transformations are generated (see [1]) starting with

f‘z(zl’z2)= Cl)Sz _Sl +1 _ (0)22 _1)21 +1_ZZ _ (a)Z1 —1)22 +1_Zl (1)

S, =8 +@ (zz—l)zl+a)—z2 (zl—l)zz—i-a)—zl

where @weC\{l} and s =z +z,, s5,=272,.

Sometimes it will be preferable to use instead of the parameter w the parameter

a, where w:a+l—1, ae@\{l}.
a

Applying recursively f, we get
/s (21,22,23) =/ (fz (zl,zz),z3) =/ (Zlafz (22,23 ))
An easy computation shows that
(0+1)s;—s, +1

fs (ZpZz,Zs)Zm’Sa = 2,223,

)
Sy =22y + 2,2y + 2,25,8, =2, + 2, + Z4
If for arbitrary m we set
fm(zl’ZZ"”’ ) ( m- 1(21722’ T2y 1) Zm)
:(a)zm—l) ,H(zl,zz, S l)+1 z, (3)

(Zm_l) mfl(Zl’ZZ’ "y m l)+w Z

this will allow the computation of f, when f, _, is known, ie whenall f,
from k=2 to k=m—1 havebeen computed.
We have proved in [1] and [2] that
a,(@)s, +a,(@)s,_, ++a, (o)
fm (ZI’ZZ’”.’Zm):
a,(®)s, +a, (@)s,_ ++a,(o)

polynomials and s, are symmetric sums of order jof z,z,,

, where a, (a)) are

-,z, . Moreover,
we have shown that for m =2k and m=2k+1 we have that g (a)) are po-
lynomials of degree kand a, (co) are polynomials of degrees & —1. Let us de-

noteby p,,q, ,respectively p, | and ¢, , these polynomials, ie.
pi(@)sy ++ (@)
pk—l( )S2k+-~~+pk((o)

Qk( )Sz/m to g (a))
CI/H( )S2k+1 tot g, (w)

and

S (21’22’ : sz)

Sorn (lezzs ) sz+|)

Let us notice that it is not obvious what should be in the blanks of these for-
mulas and there is no way to proceed further without knowing it. The help

comes from the formula (3) which implies:
P (@)= 0, (0) =g, (o) “@
and
(0-1)g, (@) = op, (@)= p, (@) (5)

These formulas allow us to compute recursively p, and ¢, for every & In-

deed, by (1) and (2) we have: p, =w, p,=1, ¢, =w+1, g,=1.Using (4) we
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get:
p=o(o+l)-1=0’ +o-1 (6)
Using (5) we get: (w—1)q, = w(coz +a)—1) ~w=0+ 20, which gives:
g, =0 +20 (7)
Using (4) again we obtain: p, = w(a;z +2a))—a)—1 , hence
p=0 +20" —0-1 (8)

Using (5) again we have:
(0-1)gs = a)(a)3 +20° —a)—l)—(a)2 +a)—1) =w'+20' -20° -2w+1, thus

=0 +30" +o-1 9)

Analogously, we compute:
Ps= o' +30° 30 (10)
q4:w4+4a)3+3a)2—2(o—1 (11)

These expressions agree with those found in [1] for f,,k=2,3,---,9. Moreo-

ver, with the notation f,, (z) instead of f, (z,z,,"-+,2,) we have:

m

f (Z)— PySy —PiS3 8, =85+ py (12)
. =
PSSy =838, —pisi+p,
f (Z) _DSs Sy TS 8+ g (13)
i’ =
4S5 =S4 8, =45, 4,
£ (Z) _ DS T DSs DSy =SS, — DS D, (14)
A =
PrSe — DiSs T84 =S5+ DS, — PrS; + Py
f (Z)_Q3S7_Q256+Q1s5_s4+s2_qlsl+q2 (15)
: =
G>S7 —G,Sg + 55— S5 + 4,5, —¢,8, + ¢,
1, (z) _ PySy T P3S7 T DaSe —PiSs TS, — St DS, “ DS Dy (16)

P38y — D287t P1Sg =S5 S, — DS+ P28, — P3S Py

So —G:Sq + S, — ;S + S — 8, + .5, —(,S, +
fg(Z)Z 9489 — 4383 T GyS7 —q1S6 TS5 =83 7415 =G5, T 45 (17)
389 — 4,83 T 4,87 —Ss + 5, — 4,53 + 4,5, =455, +q,

The general forms of f;, (z) and f,, (z) can be easily guessed from here
and then by using induction we can prove them rigorously with the help of (3):
k k
/, (z) _ PiSak T Pr1Sak +"'+(_1) (sk _Sk—l)+(_1) PiSp ot T DSt T Dy (18)
2k - k+1 e+l
PiciSoe = DSy T+ (S1) (500 =)+ (1) st

G521 —Dr-152k +"'+(_1)k (Sk+l _sk—1)+q15k—1 tetq
Jorn (2) = (19)

k+1
Q152501 ~ Di-252% +"'+(_1) (Sk+2 =S )+CI1Sk—1 +tq,

We skip the induction step, which is elementary.

The functions (1) have been used in the theory of Lie groups (see [3] [4]) re-
lated to actions of those groups on non orientable Klein surfaces and, in general,
on non orientable n-dimensional complex manifolds.

We have proved in [1] that, considered as Mobius transformations in each one

DOI: 10.4236/apm.2022.126033 438 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2022.126033

D. Ghisa, E. Mikulin

of its variables, the functions f,, f;, f, and f; have all the same fixed points
& and &, the roots of the equation z*—(@w+1)z+1=0, thus & +¢& = +1
and &£, =1. By using Formulas (18) and (19) we can now prove that this is

true for any m-Mobius transformation.

2. The Fixed Points of m-Mobius Transformations

Theorem 1. For every k>2 the following identities are true:
Pin TPy =(0+1) p, (20)
Qoo + 9, =(a)+1)qk (21)

Proof The relations (20) and (21) are obvious for k=2 . For an arbitrary &
we proceed by induction supposing that (20) and (21) are true for every sub-
script j < k . Then we have by (4):

Prvi TP = a)(Qk + Qk—z)_(‘h—l + %—3)
= a)(a)—l—l)qk_l _(a)+1)9k-z
= (‘0"‘ 1)(“’%—1 _Qk-z)
= (a)-i-l)pk.

Also, we have by (5):

(@=1)(gs + i) = @( Doy + D)= (P4 +Pi2)
=o(o+1)p, —(0+1)p,,
= (aH—l)(a)pk —p,H)
=(w+1)(@-1)g,,

which implies (21). Hence (20) and (21) are true for every &

Theorem 2 (The Main Theorem). For every m>2 the function f, , con-
sidered as a Mobius transformation in any one of its variables, has the same fixed
points & and ¢&,, which are the solutions of the equation
z’ —(1+a))z+1 =0.

Proof: The affirmation of this theorem may come as a surprise: there is no ob-
vious reason why these functions depending on m independent complex variables
should display such a strong property. As it will appear next, this is a result of
the symmetry of coefficients appearing in Formulas (18) and (19). By (18), the
equality

S (21922"”7Z2k)=22k (22)
is true if and only if
k
PiSak — Pr—1Sop Tt (_1) (sk Sk )_ PSSk Tt Py
k+1
=2y |:pk—ls2k —Pr2Sy Tt (_1) (Slm — Sk ) t DSk~ PoSiy Tt Py ]
Taking into account the fact that s,, =s,, ,z,, and for every j<2k wecan

replace s; by z,s,,+s;, where on the left hand side s, are the symmetric

sums of order jof z,z,,,z,, and on the right hand side s, , are the sym-
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metric sums of order j—1 of z,z,,-:-,z,, ,, this last equality is:
PiSai1Zar = P (Sap2Zap + s2k71)+~--+(—1)k [(sk — i) Zop + 8 —sH}
(1) Py (SysZax +Su0 ) o= Des (200 +8)+ Dps
=2z, {pk71s2k7122k — Do (Sx 070 + S5t )+ (=) Py (Sp0Zop + 5000
+(-1) [(5 =Se) 2ot + 8001 =8¢ |+ + Dy (208 +5,)
— P (25 +Sl)+pk}

This is a second degree equation in z,, . An easy computation shows that the

coefficient of 222k is:
P(2) =Dy (S5 =1) = Pis (8200 =5, )"'+(_1)k P (S —52)
(1) (s =00
and it is the same as the constant term of the equation.
Taking into account the Equality (20) we obtain for the coefficient of z,, the

expression —(@+1)P(z) therefore we have for the fixed points of f,, (2)

when considered as a function of z,, the equation:
P(2)[ 23 —(@+1)2,, +1]=0 (23)

where z= (Zl,zz,---,zz,H).

If P(z)=0 then (22) is satisfied independently of the values of z,, , hence
every point z,, is a fixed point of f;, (z) considered as Mobius transforma-
tionin z,, and this is a trivial situation. Otherwise, if P(z)#0 then the fixed
points are & and &, such that & +¢&, =w+1 and &, =1. Due to the sym-
metry of f,, (it depends only of symmetric sums of z,z,, --,z,, ), this is true
for every variable z,.

Now, taking into account (21) we can draw the same conclusion for f,,.,,
except that this time instead of P (Z) we have
0(2) =g, (55 =1) =@y (531 = )+ +(=1) " (8.1 —5,,) » which completely
proves the theorem.

This theorem states that for every j=1,2,---,2k,if P(z) 0,
z= (zl,zz,---,zjfl,zjﬂ,---,z“) then we have
Sor (zl,zz,---,zjfl,fl,zjﬂ,---,zz,()= &, =12 and for every j=1,2,---,2k+1,
if Q(z) 20, z= (zl,zz,~~-,zj_,,zj+],-~-,zzk+,) then we have
fZM(zl,zz,-~~,zj_],§,,zj+1,--~,zzk)=§,, [=12. In other words, if we let con-
stant the variables z,z,,---,z 152
formation of the (z)-plane having the fixed points & and ¢, . Then the Steiner

107t Z, then w=f (z) is a Mdbius trans-
net (see [1]) determined by these fixed points is mapped by f, onto a Steiner
net in the (w)-plane. The pre-image by f, of this last Seiner net is an object in
C™ whose projections on every (z;)-plane, k=1,2,---,m is the Steiner net de-
termined by the same points & and &, from the respective plane. We will
prove next that there is a unique M6 bius transformation of the (z)-plane onto

the (z)-plane which carries those Steiner nets one into the other.
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3. Omitted Values

It can be easily checked (see [2]) that
fr(z,a)=a,f,(z,1/a)=1/a (24)

for every z €C, where a+1/a=w+1, hence if we want f, to be a Mobius
transformation in z, we need to require that z, is omitting the values a2 and
1/a. Analogously, f,(a,z,)=a and f,(l/a,z,)=1/a for every z, €C, thus
f, is a Mobius transformation in z, ifand onlyif z is different of aand 1/a.
However, the two functions are defined for every z, € C, respectively for every
z, € C. Moreover, these equalities show that 2 and 1/a are in fact the fixed
points of f, and we can choose, for example & =a and &, =1/a . Obviously,
the fixed points belong to the domain of each function and they are omitted only
when the variable is considered as a parameter. On the other hand, the identity
fr(a1/a)=f,(1/a,a)=1 shows that indeed we need to omit those values for
the parameter z,, since otherwise the relations (24) cannot be true. It also re-
sults from the Equation (3) that f, (z1 2255 5 2 ) =a if and only if at least one
of the variables is a and no other variable is 1/a. Similarly, f, (z,z,,"-,z,)=1/a

if and only if at least one of the variables is 1/a and no other variable is a.

4. Multipliers and Classification of m-Mobius
Transformations

Let us deal first with the bi-Mobius transformations

wz, 1)z, +1-z
w=f2(z],zz)=( -1z )

, which is a Mébius transformations in z
(22 —l)z1 +w-z,

(wz,-1)z, +1-z

for every z, e((_:\{a,l/a} and w=f,(z,z,)= , which is a

(Z1 —l)z2 +w-z
Mobius transformation in z, for every z e((_l\{a,l/a}. By Theorem 2 they
have the same fixed points & and ¢&,, solutions of the equation
z’ —(1+a))z+1 =0.
Theorem 3. If w=f, (zl,zz) has distinct fixed points & and ¢&,, then for

every z, € (E\{a,l/a} there is a number 4 = (z,)€C such that W
52
n Zl;? and for every z, € ((_j\{a,l/a} there is a number 1, = u,(z)eC
4 7%
such that o Ly L4 .
w=¢, 7, =&

Proof: The existence of those numbers is guaranteed by the following: If we set

C=¢(z)= < _? , which carries z, =¢ into 0 and z =¢&, into o, then

1 2
M, ({)=g@o fy007' (), where f, is considered as a function of z, depend-
ing on the parameter z,, is a Mobius transformation having the fixed points 0
and . The only M&bius transformations satisfying such a property are those

of the form M, ({ ) = 1,¢ for some complex number g, . Then:
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wATE e fog(c)= 22 (E)=6 _ AlEzm)26 _wd

z,-¢, _fzogo_l(g)_égz_fz(zlazz)_‘fz_w_é:z

We call the number g the multiplier of this transformation associated with

(25)

& (see [5], p. 166). This is the multiplier of f, as a function of z and it

depends on z,. Similarly, for ¢ =y(z,)=——-, which carries z, =¢& into
27 %2

Oand z, =&, into oo, we haveagainthat M,({)=wo f,op ™ () isaMbbius
transformation having the fixed points 0 and o and therefore M, (§ ) =14,
where this time u, = 4, (z1 ) . It is obvious that the multipliers of f, associated
to & arerespectively 1/4 and 1/, .

Since f,(,z,) = 05—

1
, the multiplier of f, (as a Mobius transformation

2

in z,) associated with & is obtained replacing z, = in (25), ie

Hy ::u](ZZ) |:a;ZZ _Eg]:|/|:ajz__ll_§z:|’or

. :(a)zz—l)—(zz—l)fl: - -
) e 1 Y-l pr= e (26)

and analogously,

(0z,-1)=(z,-1)¢ _ (0—-&)z, +(&-1)
(0z,-1)=(z,-1)&, (0-&)z +(& 1)
Let us notice that the discriminant of the linear-fractional functions g (Zz)

and 4, (z) is (@-1)(&—¢) anditis different of 0 since w =1 and

& # &, hence they are Mobius transformations, which means that there is a

) (Zl): (27)

one-to-one correspondence between g and z,, respectively x4, and z. On
the other hand, it is known that the nature of a non parabolic M&bius transfor-
mation is completely characterized by the values of its multiplier (see [5], page
164), namely it is elliptic, hyperbolic or loxodromic when the multiplier is re-
spectively ¢’,0 R, or it is a real number p #1, or the product pe p#1.
Since the inverse transformations of (26) and (27) are

(52_ ) _(51_ )

SR ey prwy 29
. (ézz_l)luz (é:l )
R ey prey )

we can state the following:

Theorem 4. The non parabolic bi-M&bius transformation (1) having distinct
fixed points & and &, regarded as a Mébius transformation in each one of its
variables is elliptic, hyperbolic or loxodromic when the other variable takes the

values
2(1)=[(&-Du~(&-D]/[(&

where 4 is respectively ¢, @eR,or p#1, peR, or the product of two

o) u+(0-&)] (30)
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such numbers.

Proof: This is a straightforward result from Felix Klein classification (see [5],
page 163) of classical Mobius transformations. We notice that ;(( ,u) is a Mobius
transformation and therefore it carries the unit circle z=¢” into a circle or a
straight line. An easy computation shows that ;((1) =1 and ;((—1) =-1, there-
fore if the image of the unit circle by ;(( ,u) is a strait line, this line should be
the real axis, otherwise it is a circle passing through 1 and —1. The function
;(( ,u) also carries the real axis into a circle or a straight line. Checking if it is a
straight line comes to see if the denominator of ;((,u) cancels for a real .
It cancels for u= (51 —a))/(é2 —a)) =<, —(é‘l +§2)a)+w2 =1-w and this is
real when @ is real. Otherwise, the image by ;(( ,u) of the real axis is a circle
passing through —1 and 1. We conclude that the non parabolic bi-Mdbius trans-
formation (1) is elliptic in every variable on a given generalized circle in the
plane of the other variable and it is a hyperbolic bi-Mobius transformation in
one variable when the other variable describes another given generalized circle.
In all the other cases (1) is loxodromic.

Formula (30) describes the way the Steiner nets from the (z)-plane and re-
spectively the (z)-plane (see [1]) corresponding to the fixed points & and ¢,
are moved by f, (21,22) into a Stainer net in the (w)-plane, when this last one
is identified with the (z)-plane, respectively with the (z,)-plane. Namely, when
u=¢’, @R the net is moved alongside every Apollonius circle (clockwise
for the circles around &, and counterclockwise for the circles around &, see
Figure 1 below), while when peR, u#1 itis moved alongside every circle
passing through & and &, (see Figure 2 below). For a loxodromic transfor-
mation the motion is spiral-like alongside a double spiral issuing from ¢ and
endingin &, (see [5], page 165 and 166).

When representing these motions on the Riemann sphere, it can be easily seen

that the loxodromic motion is obtained by composing in any order the elliptic

Figure 1. Moving elliptic Steiner nets by £ from the coordinate planes to the image plane.
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Figure 2. Moving hyperbolic Steiner nets by £, from the coordinate planes to
the image plane.

and the hyperbolic corresponding motions (see [5], page 153). On the other hand,

we have seen in [1] that given we C thereisa unique Mobius transformation

UZw)a 2L et () = o (7 (22)o22) =,

2 =h(z)= (0—w)z, +w—1
therefore every Steiner net from the (w)-plane is the image by f, of a couple of
Steiner nets from the (z)-plane, respectively (z,)-plane. These last nets are the
image of each other by A, respectively by /4" (see the figures below).

The generalization of this theory to m-Mobius transformations for m > 2
can be easily done by using the recurrence formula (3).

Theorem 5. If the m-Mo6bius transformation (3) has distinct fixed points &
and ¢&,, then it is elliptic, hyperbolic or loxodromic in each one of its variables
when the multiplier z is €, @R, or it is real different of 1, or respectively
the product of two such numbers.

Proof: By Theorem 2, f, (zl,zz,-'-,zm) has the same fixed points & and
£, when treated as a Mobius transformation in any one of its variables. For the
Z,—&
which carries z, =¢& intoOand z, =&, intow,then M ({)=go f, o0 ' ({)
(where f, stands for f, (z,z,,--+,z,) in which all the variables except z,

sake of simplicity, we choose the variable z, . Let us denote ¢ =¢(z,, )=

are fixed) is a Mobius transformation having the fixed points 0 and o, hence

M(() = ug for some complex number = y(zl - ARE -,Z,H) . This means

z, =& o f o) =fm°¢’_](§)_§1
u——L=gof o9 () oo (O

Zm_é?z
B S (21’225'“’Zm)_§1 _ w—¢&

A

By writing repeatedly the recursive formula (3) we obtain f,, under the form
[0f, (2,20 2,0) 1]z, +1= £, (2202, 2,,)
T Gozarmsza ) =1z, + 0= foy (70200370

(31)

fm(zl,zz,---,zm) (32)
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It can be easily seen from here that

« m—](Zl’ZZ’.“ Zm ])_1

Solz,2y,00,2,, ,0) = (33)
( v : ) fmfl(zl’ZZ’ ) m I)_l
Thus, by (31) we have
1= [a’ (21922’ "5 Zpe 1 I:I [fm 121255 “9Zm—l)_l:|§l (34)
I:wfm 1(21’Zz> o ml :| [fm 1{Z15225° "’mel)_1:|§2
This formula shows how the multiplier x depends on z,z,,--,z, . It can
be written also under the form:
E-Nu+(1-¢
f;nl(ZI’ZZ’.”’Zml):(( 2 ) ( 1) (35)

fz—a)),u+(a)—§l)

which agrees with (28) and (29). We have seen in Theorem 4 that when u= e
describes the unit circle, the right hand side in (35) describes a generalized circle.
The pre-image by f, , of this circle is an object C, in C"'.When
(z,2,,-+,2,,) €C,, the function f, (z,,2,,"--,z,) is an elliptic M&bius trans-
formation in z,. Similarly, when xe€R\{l}, the right hand side in (35) de-
scribes a circle or a straight line, the pre-image by f | of which is an object
C, in C"'. When (Zl,Zz,"' z, I)EC} , the function f, (ZI,ZZ, ",Zm) is a
hyperbolic Mdbius transformation in z,. In all the other cases this Mobius
transformation is loxodromic. Due to the symmetry of f, this is true for any
other variable z, instead of z,.

Now, let us project onto the (z)-plane sections of C, and C, obtained by
keeping z, constant for all j#/.These projections are in turn generalized cir-
cles C,, respectively C,, in the (z)-plane. Obviously, z, €C,, forall 7=k
if and only if (21,22, > 22 m)eCe, therefore, a non parabolic m-
Mobius transformation f, is an elliptic Mobius transformation in z, if and
only if z,€C,, for every /= k. A similar property is true for C,,. In all the

other cases f, isloxodromic.

5. Parabolic m-Mobius Transformations

The function f,, considered as a M&bius transformation in any one of its va-
riables, is parabolic if and only if it has a unique fixed point, ie. the equation
Z2t - (a)+ l)z +1=0 has a double root. Since ® =1, this can happen if and only
if w=-3 and then the fixed point is -1, ie. for w=-3 we have
5 (—1,22):f2 (Z],—l) =-1.

For {=0¢(z)=1/(z +1),letus define M, ({)=gpof,o9"' (), where
(322 +1)zI +(z2 —1)

han) = 8T )

(36)

Here f, is considered as a function of z depending on the parameter z,.

The function M, (§ ) is a Mobius transformation having the unique fixed point

{=o.
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Then, necessarily,
M()=¢+mp (37)

for a complex number g =y, (22). This number can be determined knowing
M,(0), ie. f,(®,z,). Wehave

3z, +1
filmn)= T2 (38)
and then
3z, +1
/11(Zz)le(O)z(p(fz(oo,zz))zgo —l—z
’ (39)
_ 322+1+1 _ 1-2z, ,22=1_2ﬂ1
-z, 2(z2+1) 1+ 24
It can be easily checked that (39) implies fZ(Z:ZZ)Jrl - le+1+ w(z,)
We find analogously:
-z 1-241, 1
_ = , - 40
) ) e L)l na eE) o

Having in view (37), every straight line parallel to the vector g, is mapped by
M, onto itself and every orthogonal line to 4 is mapped onto another ortho-
gonal line. On the other hand, we have z, =¢™'({)=1/{ —1, which shows that
@' maps those orthogonal lines into two families of orthogonal circles passing
through z =-1, for every z, € C. An analogous result is obtained if we
switch z, and z,. These nets are mapped by f, (Zl,zz) into a similar net in
the (w)-plane passing through w=—1. Figure 3 below illustrates this pheno-
menon.

For the general case, we notice that for @ =-3 we have

fulz20 2= 1,24+, 2, ) =—1, hence if {=¢(z,)= 1/(Zk +1), then
M, ($)=@o f, o9 ' ({), where the argument of f, is z,,is a Mdbius trans-
formation having the only fixed point { =o. Therefore M, (§)=§'+,uk,

Figure 3. Moving parabolic Steiner nets by £, from the coordinate planes
to the image plane.
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where this time

Hy =§D(fm (ZI,22,"',21{71,00,216,---,2”, )
_ l_f;n—l(21’227"'9Zk—172k+1""ﬂzm) (41)
2|:fm—l (Zl’22""fzk—19zk+l’“.’zm)+1:|

Again, every straight line parallel to the vector 4, in the (¢{)-plane is mapped

by M, into itself and every straight line orthogonal to u, is mapped by M,
1

into another line orthogonal to 4, . On the other hand, since z, =—-1, the

function ¢ (§ ) maps those orthogonal lines into two families orthogonal cir-

cles passing through z, =—1. The image by f of this net is a similar net in

the (w)-plane. The pre-image by f, of this last net is an object in C" whose

every section obtained by keeping z, fixed, k# j is projected onto the (z)-

plane into a similar net.

6. Groups of m-Mdobius Transformations

Given ,0, €eC\{l}, @, =a, +1/a, —1,letus define M:C> —>C* by
M(zl,zz)z(wl,wz)z(fﬂﬂ (21,22),]‘&)2 (zl,zz)) (42)

where

®,2,2, — 2, — 2, +1

Wk:fwk (ZI’ZQ)z ak=1,2~ (43)

22y =2, = Z, + @,

We will stick with this harmless change of notation in what follows since we
need to specify the parameter on which every bi-Mdobius transformation (42)
depends.

We notice that f,, (z,2,)= S, (2,,2),hence M (z,,z,)=M (z,,z ), which
implies that A/ is not injective. However, we can choose a sub-domain of C* in
which A is injective, as for example G, xG, where G, ={z,|Rez; >0 and if
Rez; =0 then Imz > O} and G, =C\G,. Let us notice that zeG, if and
only if 1/z € G, . In the following we will deal with the function
M :G,xG, —C* defined by M(z,z,)=(w,w,), where w, and w, aregiven
by (43).

Theorem 6. The function M maps G,xG, one to one and onto C”.

Proof: Indeed, let (wl,wz) e C*. We are looking for (zl,zz) € G, xG, such
that (w,w,)=M(z,z,). For arbitrary z, €G, \{az,l/az} , solving the first

, (w—1)z, —ow +1
Equation (43) for z we get z, =

and dividing both the
(w—@)z, —w +1

denominator and numerator by —z, we obtain

_ow/z-w =z 41

1

Lo (125, w) (44)

w/z,-w=1/z,+ o

Similarly, solving the second Equation (43) for z,, with z already found,

we get
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2y = fmz (1/21 »Wz) (45)

and both Equation (43) are satisfied with these values of z and z,.Hence we
have found a couple (21,22 ) € G, xG, such that M(Zl,z2 ) = (wl,wz) , which
means that M maps G,xG, onto C’.Moreover, both z and z, have been
uniquely determined since the first Equation (43) is a Mobius transformation in
z, for every z, G, \{az,l/a2} and the second Equation (43) is a Mobius
transformation in z, for every z €G; \{al,l/ al} , therefore M is injective,
which completely proves the theorem.

The mapping (Wan)_) (ZI,ZQ) given by (44) and (45) is the inverse map-
ping M~ of M. We notice that although Jo (1/ z,,w) is a Mébius transfor-
mation in w, for every z,€G,\{a,l/a;} and f, (1/z,w,) is a Mébius
transformation in w, for every z €G, \{az,l/az} , the mapping M~ is not
of the same nature as M. To avoid this inconvenience, let us redefine A/ in the

following way. With @, and w,, as previously given, we choose two other pa-
rameters ¢, € ((_:\{al,l/al} and ¢, € ((_:\{az,l/az} and set:
w6z —6 —4 +1
Gz —6i—z o

_ 0,85, -G~ +1

W2=fw2 (223§2)— (47)

65 -G+

w :fa)| (Zl’gl):

(46)

The functions fwI and fw2 are Mobius transformations in z, and respec-

tively z,, hence we can solve (46) and (47) for these variables and we get:

2= [, (w.1/$) (48)
zZ, :fw2 (wz,l/é’z) (49)

This time
(wow2) =M (2.2,)=(/,, (21:6): 1,y (22:6,)): € > © (50)

is a bijective function for every (, e((_:\{al,l/al} and ¢, e((_:\{az,l/az} and
Mﬁl(wl’wz)z(fwl (Wlﬂl/é’l)afmz (W251/C:2)) (51)

Thus, Mand M~ are functions of the same nature depending on the para-
meters ¢, €C\{a,l/a,}, &, €C\{a,,]/a,} and respectively
1/¢, eC\a,,la}, 1/¢, eC\ay,l/a,}.

Let us denote by L, =L, (a)1 ,a)2) the class of these functions, where @ and
o, are fixed and notice that M e £, if and only if M ™' € L, . Different values
of the parameters ¢, and ¢, define different functions M € £, . Two of them
can be composed following the usual rule of function composition. We will show
next that the result is an element of £,.

Theorem 7. If M, M'e L, then M'-M e L,.

Proof: Let ¢,¢/€C\{a,l/a} and ¢,.¢) eC\{a,,1/a,} andlet
(WI’WZ) = M(Zlazz) = (fml (Zl’éll)’f(oz (Zzsé/z )) g
(7717772) = M,(Wlawz) = (fw| (W1,§1,)afw2 (Wzaé/é)) - Then
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°M lezz (f(ul I’é/l é,l,)’j{wz(fwz (22’4/2)’4/2’))
(7, (2 z;l,r;l))f (22012, (€2:62)))
(f 21 (Zz’ 2”))

where (/= f, (gl,gl')e«:\{al,val} and &) =1, (£,.¢;)eC\a,.l/a,},
which shows that indeed M'oM € L,.

When M'=M"' then ¢/=1/¢, and ¢ =1/, , thus &'=1r, (¢,1/¢)=1
and é’z"szz (§2,1/é’2):1 (see [2]), which means that
M oM(zl,zz)=(fm1 (2.1). 1, (zz,l))z(zl,zz) (see [2]), hence the unit ele-
ment of £, is M,:C’—>C’, defined by M,(z,z,)=(z.z,) for every

2,2z, €C.

Since f,, (£.¢¢)=/,, (£i-¢,), this composition law in £, is commutative.

Finally, with the proper notations, we have
M"o(M M) =M"o( £, (211, (61€0)s o (22 (€2:60)))
=(fu (20 F (Fin (€80 6 o (22 S (fn (£2:62):€2)
=(70 (20 (€10 LN o (225 o (€0 (62:2))))

:(M"oM')oM

hence the composition law in £, is associative.

Corollary 1. The function composition law in £, defines a structure of Ab-
elian group on L, .

This result is in contrast with the case of ordinary Mdbius transformations in
the plane for which the composition law is not commutative.

The generalization of this theory to the dimension m is straightforward. Let
a, e C\ {0,1} , k=12,---,m Dbe arbitrary complex numbers and let
@, = a, +1/a, —1. For every kand a parameter ¢, € @\{ak,l/ak} we define the
Mobius transformation in zk depending on the parameter ¢,
W= 1y (nGy) = AEE B 6]
CiZ =z — G+ o,
mapping M :C" —C"
(Wi wyo oo, ) = (£ (20,6005 fo (206500 fs, (205600 )) - Let £, be the set of

these functions endowed with the usual function composition law. Proceeding as

. These transformations define a bijective

for L,, it can be easily proved that £, isan Abelian group.

7. Conclusions

The m-Mobius transformations have been introduced in connection with Lie
groups’ actions on complex manifolds (see [3] and [4]). They represent an inter-
esting mathematical topic in itself and we dedicated ourselves to performing in
this paper a study of these transformations parallel to that of classical Mobius
transformations of the complex plane. The geometric properties of m-Méobius
transformations revealed in [1] have been expanded in this paper by using the

tool of multipliers. This became possible after proving that regarded as an ordi-
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nary Mébius transformation in any one of its variables, a m-M&bius transforma-
tion has the same fixed points. This is the main result and it was instrumental in
the classification of these transformations. We ended the study with group prop-
erties of m-Mobius transformations by showing that they form Abelian groups.

The topic we dealt with here is a new one and it has been studied just in [1]
[2] [3] [4]. No other reference was needed. In [5] one can find everything about
ordinary Mébius transformations.
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