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Abstract

The purpose of this study is to prove the Collatz conjecture using a theorem
proving system. First, the division sequence is defined as an alignment of the
number of times division by 2 is performed in the Collatz operation. Then,
the star conversion is defined, which is a mapping from a specific division
sequence to a division sequence. Here it is important to map to some division
sequence, not which division sequence. The important point is that the finite
length of the division sequence does not change before and after the star
conversion. In theorem proving system, we considered two parallel methods:
main-proof is a claim to a computer proposition that has the same meaning
as the Collatz conjecture. Theorem proving support system “Idris” was used.
Moreover, we sub-proved that the 12 “extended star conversion” are closed to
the “Collatz operation”. Egison’s computer algebra system is used for proof.
The results of the two methods achieved the goal of proving the Collatz con-
jecture using a theorem proving system.

Keywords

Collatz Conjecture, Division sequence, Well-Founded Induction, 'Idris,
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1. Introduction

1.1. Collatz Conjecture

The Collatz conjecture poses the question: “What happens if one repeats the op-
erations of taking any positive integer n?”

» Divide nby 2 if nis even, and

» Multiply nby 3 and then add 1 if nis odd.

thttps://www.idris-lang.org.

*https://www.egison.org/.
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The Collatz conjecture affirms that “for any initial value, one always reaches 1
(and enters a loop of 1 to 4 to 2 to 1) in a finite number of operations”.

We call “(one) Collatz operation” an operation of performing (3x+ 1) on an
odd number and dividing by 2 as many times as one can.

The “initial value” is the number on which the Collatz operation is per-
formed. This initial value is called the “Collatz value”.

This study inputs the Collatz conjecture claim into a computer proposition
with the same meaning and proves it later.

The main consequences of this problem are described in [1].

Recent efforts to prove this issue include:

“Almost all orbits of the Collatz map attain almost bounded values” [2].

“Using automated reasoning approach by the Carnegie Mellon University re-
search team” [3].

[4] deals with probabilistic proofs; [5] are working on the proof by defining
“jump: a= 3n+ 17; [6] is working on a proof using graph theory; [7] uses an al-
gorithmic approach, whereas [8] uses the data science approach to prove Collatz

conjecture. [9] [10] [11] [12] [13] describe theorem proving systems, in general.

1.2. Division Sequence and Complete Division Sequence

Definition 1.1. A division sequence is a sequence given by arranging the
numbers of division by 2 in each operation when the Collatz operation is conti-
nuously performed with a positive odd number, n, as the initial value.

For example, in the case of 9, the arrangement of numbers given by conti-
nuously performing 3x + 1, and dividing by 2 provides 9, 28, 14, 7, 22, 11, 34, 17,
52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1 (stops when 1 is reached).

Therefore, the division sequence of 91is [2, 1, 1, 2, 3, 4].

The division sequence of 1 is an empty list []. Further, [6] is a division se-
quence of 21, but [6, 2] and [6, 2, 2]... that repeats the loop of 1 to 4 to 2 to 1 are
not division sequences.

When the division sequence is finite, it is equivalent to reaching 1 in a series
of Collatz operations.

When the division sequence is infinite, it does not reach 1 in a series of Collatz
operations.

It is equivalent to entering a loop other than 4-2-1 or increasing the Collatz
value endlessly.

Definition 1.2. A complete division sequence is a division sequence of mul-
tiples of 3.
> 9(2,1, 1,2, 3, 4] is a complete division sequence of 9.

» 7(1,1, 2, 3, 4] is a division sequence of 7.

Definition 1.3. Supposing that only one element exists in the division se-
quence of 1, no Collatz operation can be applied to n.

Theorem 1.1. When the Collatz operation is applied to x in the complete di-

vision sequence of x (two or more elements), (some) y and its division sequence
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are obtained.

Proof: This follows the Collatz operation and definition of a division se-
quence.

Theorem 1.2. When the Collatz operation is applied to y in the division se-
quence of y (two or more elements), (some) y and its division sequence are ob-
tained.

Proof: It is self-evident from the Collatz operation and definition of a division

sequence.

1.3. One Only Looks at 0dd Numbers of Multiples of 3

There is no need to look at even numbers.

By continuing to divide all even numbers by 2, one of the odd numbers is
achieved.

Therefore, it is only necessary to check “whether all odd numbers reach 1 by
the Collatz operation”.

One only needs to look at multiples of 3.

For a number x that is not divisible by 3, the Collatz inverse operation is de-
fined as obtaining a positive integer by (x x 2* — 1)/3. Multiple numbers can be
obtained using the Collatz reverse operation.

Here, we consider the Collatz reverse operation on x.

The remainder of dividing xby 9isone of 1, 2,4, 5,7, 8, ie:

1x2° =1

2x2° =1
4x2' =1
5x2' =1
7x22 =1

8x2° = 1(mod?9)

This indicates that multiplying any number by 2 appropriate number of times
provides an even number with a reminder of 1 when divided by 9.

By subtracting 1 from this and dividing by 3, we get an odd number that is a
multiple of 3.

Performing the Collatz reverse operation once from x provides an odd num-
ber y that is a multiple of 3.

If yreaches 1, then x, which was once given by the Collatz operation of y; also
reaches 1. Therefore, the following can be stated.

Theorem 1.3. One only needs to check “whether an odd number that is a
multiple of 3 reaches 1 by the Collatz operation”.

2. Star Conversion

A star conversion is defined for a complete division sequence.

A complete division sequence of length, n, is copied to a complete division
sequence of length, nor n+ 1.

The remainder, which is given by dividing the Collatz value xby 9 is

x = 3mod9
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The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [6,a_1—4,a_2,a_3...] is described as A[6, —4].

The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [1,a_1-2,a_2,a 3...] is described as B[1, -2].

x = 6mod?9

The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [4,a_1 —4,a_2,a_3...] is described as C[4, —4].

The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [3,a_1-2,a_2,a_3...] is described as D[3, -2].

x = Omod?9

The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [2,a_1—4,a_2,a_3...] is described as E[2, —4].

The conversion to copy a finite or infinite sequence [a_1, a_2, a_3...] to a se-
quence [5,a_1—2,a_2,a_3...] is described as F[5, -2].

Furthermore, the conversion to copy a finite or infinite sequence [a_1, a_2,
a_3..] toasequence [a_l + 6,a_2, a_3...] is described as G[+6].

If the original first term is negative, G[+6] is performed in advance.

Example

117 = 0(mod9), 1175, 1, 2, 3, 4] can be converted to E[2, —4] > 9(2, 5-4, 1,
2, 3, 4] and F[5, -2] > 309(5, 5-2, 1, 2, 3, 4].

Table 1 shows the functions corresponding to each star conversion. The func-
tion represents a change in the Collatz value.

Table 1. Star conversion in mod 9.

When star conversion 1 star conversion 2
x = 3mod9 Al6, 4] y=4x/3 -7 B[1, -2] y=x/6 - 1/2
x = 6mod9 Cl4,-4] y=x/3-2 D[3,-2] y=2x/3 -1
x = O0mod9 E[2, 4] y=x/12 - 3/4 F[5,-2] y=8x/3-3
Always G[+6] y=64x+21

2.1. Any Complete Division Sequence Is Obtained by Performing a
Star Conversion on Any Complete Division Sequence

In Tables 2-8, we consider how the Collatz value changes with each star conver-
sion.

Therefore, for 3 mod 9 described as A[6, —4], the first term of the division se-
quence 4 or less is excluded.

Table 2. A copies 21 + 288¢to [21 + 3844].

Excluded because x
Al6,-4] Y=4x3-7 3+9¢ , .
is even when tis odd

3+ 18t (3(3+18)+1)/2=5+27t Excluded when tis even
21 + 36t (321 +36H +1)/4=16+27t  Excluded when tis odd
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Continued

21+ 72t 321+ 726 +1)/18 =8+ 27¢ Excluded when tis odd
21+ 144t (3(21 + 1449 + 1)/16 =4 + 27t  Excluded when tis odd
21 +288¢t  4(21 +288%)/3 -7 =21 + 384¢ Star conversion

The star conversion A for 21[6] replaces [6]-A->[6, 2] with [6]-A->[6]. The
Collatz value is 21, and it does not change.
As B[1, -2], sum of which the first term of the division sequence is 2 or less is

excluded.

Table 3. B copies 21 + 72¢to [3 + 124].

Excluded because x
B[1,-2] Y=x/6-1/2 3+9¢ , ,
is even when tis odd

3+ 18¢ (3(3+18H+1)/2=5+27t Excluded when tis even
21 + 36t (321 +36H +1)/4=16 +27¢ Excluded when tis odd
21+ 72t 21+ 72016 -1/2=3 + 12¢ Star conversion

6 mod 9 described as C[4, —4], sum of which the first term of the division se-

quence is 4 or less is excluded.

Table 4. C copies 213 + 288¢to [69 + 961].

Excluded because x
Cl4,-4] Y=x/3-2 6+9¢t , :
is even when tis even

15 + 18¢ (3(15+18H + 1)/2 =23 +27¢ Excluded when tis even
33 + 36t (3(33+36H +1)/4=25+27¢ Excluded when tis even
69 + 72t (3(69+72H +1)/8=26+27¢ Excluded when tis odd
69 + 144t  (3(69 + 1440 + 1)/16 =13 + 27t  Excluded when ¢is even
213 + 288t (213 +2885/3 -2 =69 + 96¢ Star conversion

As D[3, 2], sum of which the first term of the division sequence is 2 or less is

excluded.

Table 5. D copies 69 + 72¢to [45 + 484].

Excluded because x
D[3,-2] Y=2x3-1 6 +9¢ i .
is even when tis even

15+ 18¢ (3(15+ 1820 + 1)/2 =23+ 27t Excluded when tis even
33 +36t (3(33+360)+1)/4=25+27t Excluded when tis even

69 + 72t 2(69 +720/3 - 1 =45 + 48¢ Star conversion

0 mod 9 is described as E[2, —4], therefore sum of which the first term of the

division sequence is 4 or less is excluded.
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Table 6. E copies 117 + 288¢to [9 + 241].

Excluded because x

B2, -4]  Y=x12-3/4 ot is even when tis even
9+ 18¢ (3(9+18H+1)/2=14+27¢ Excluded when tis odd
9 + 36¢ (3(9+36H+1)/4=7+27t Excluded when tis even
45 + 72t (3(45+ 726 +1)/8 =17 + 27t Excluded when ¢is even

117 + 144t (3(117 + 1440 + 1)/16 =22 + 27t Excluded when ¢is odd

117 + 288t (117 + 2889/12 - 3/4 =9 + 24¢ Star conversion

As F[5, —2], sum of which the first term of the division sequence is 2 or less is

excluded.

Table 7. F copies 45 + 72¢to [117 + 1924].

Excluded because x

Fl5 =21 Y=843-3 ot is even when tis even
9+ 18¢ (3(9+18H+1)/2=14+27¢ Excluded when tis odd
9 + 36¢ (3(9+36H+1)/4=7+27t Excluded when tis even
45 + 75¢ 8(45+720/3 -3 =117 + 192t Star conversion

Table 8. G copies 3 + 6¢to [213 + 3844.

G[+6] Y=64x+21 3+6¢
3+ 6t 64(3 + 61) +21 =213 + 384¢ Star conversion

It can be seen that any conversion provides copying from 3 + 6£to 3 + 6¢.

2.2. Synthesis

Figure 1 shows the synthesis of each calculated star conversion. Combining all

star conversions gives “3 + 6£°.

G[213+3841]

A[21+3841]

21+192t
F[117+1921]

21+96t
C[69+96t]

21+48t

21+24t
D[45+48f]

E[9+241]

B[3+121]

Figure 1. Star conversion synthesis.

Theorem 2.1. Therefore, any complete division sequence is obtained by per-
forming star conversion on any complete division sequence.
If all complete division sequences have finite lengths, then the Collatz conjec-

ture is true.
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3. Extended Star Conversion and Extended Complete
Division Sequence

Definition 3.1. The extended star conversion is the conversion in which the
star conversion is applied multiple times to the complete division sequence of x
excluding the Collatz value x of 3, 9. Table 9 shows the extended star conver-

sion.

Table 9. Extended star conversion.

No. When Extended star conversion After conversion
0 mod 9
1 9 None
2 72t + 45 E[2,-4] y=x/12 - 3/4 6t+3
3 216t+ 81 DE[3, 0, -4] y=x/18 - 3/2 12¢+ 3
4 216+ 153 AE[6, -2, 4] y=x/9 -8 24t+9
5 216¢+ 225 FE[5,0, -4] y=2x/9 - 5 48¢+ 45
6 108¢+ 27 CF[4,1,-2] y=8x/9-3 961+ 21
7 108¢+ 63 BF[1,3, 2] y=4x/9 -1 48¢t+ 27
8 108¢+ 99 EF[2,1,-2] y=2x/9 -1 24¢t+ 21
6 mod 9
9 18¢+ 15 Cl4, 4] y=x/3-2 6t+3
3 mod 9
10 3 None
11 36¢t+ 21 B[1, -2] y=x/6 - 1/2 6t+3
12 108¢+ 39 DB[3, -1, -2] y=x/9 — 4/3 12¢+ 3
13 108¢t+ 75 AB[6, -3, 2] y=2x/9 - 23/3 24t+9
14 1087+ 111 FB[5, -1, 2] y=4x/9 — 13/3 48¢+ 45

The extended star conversion copies the initial value from 6+ 3 to 6¢'+ 3.

Definition 3.2. The extended complete division sequence is the division se-
quence obtained by performing the extended star conversion.

Elements of the extended complete division sequence can contain 0 or nega-
tive values.

Definition 3.3. Set of Collatz value and its division sequence

We call copying from (n, [a, b, ...]) to ((3n + 1)/2% [b, ...]) an extended Collatz
operation.

Definition 3.4. An extended Collatz division sequence is the division se-
quence when the Collatz value reaches an (odd number that is not a multiple of
3)/2" (r# 0) after the extended Collatz operation.

Theorem 3.1. Applying the extended star conversion to a complete division
sequence of x other than 3, 9 gives the extended complete division sequence of
X!

Proof: Self-evident from the definition of extended star conversion.
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Theorem 3.2. Applying the extended Collatz operation to the extended com-
plete division sequence of x gives the extended division sequence of z or the di-
vision sequence of y.

Proof: Suppose the Collatz value after the operation is a natural number y,
then the division sequence of yis obtained. Otherwise, the extended division se-
quence of zis obtained.

Theorem 3.3. Applying the extended Collatz operation to the extended se-
quence z gives the extended division sequence of z'or the division sequence of y.

Proof: If the Collatz value after the operation is a natural number y; the divi-
sion sequence of yis obtained. Otherwise, the extended division sequence of z'is
obtained.

Figure 2 and Figure 3 summarize Theorems 1-1, 1-2, 3-1, 3-2, and 3-3.

Complete division Division sequence
S
sequenctﬁ@ of o

Collatz
operation

Collatz
operation
6t+3

of collatz value
of collatz value

Odd numbers
that are not
multiples of 3

Extended star
conversion

Extended collatz

operation Extended collatz

ore3 operation
tension Extended division
complete.division _—
sequence of
sequence O
Extended collatz
operation U
(Odd numbers

that are not

Extended collatz multiples of 3)/2" (r # 0)

operation

Figure 2. Extended star conversion.

The destinations of Collatz operation and extended star conversion are the same.

61[3,1,1,5,4]

[ 81[2,3,1,1,5,4] ] —_—
Collatz

operation
of collatz value

UCollatz
operation

of collatz value
Extended star
conversion

Extended collatz
operation

5/4[0,-2,3,1,1,5,4]

Extended collatz
operation

[ 3[3,0,-2,3,1,1,5,4]] _—
Extended collatz
operation

Figure 3. Example of extended star conversion.
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Taking Collatz value 81 as an example.

Theorem 3.4. Let the Collatz operation of “the Collatz value x” be “the next
Collatz value y”. If x does extend star conversion and then extended Collatz op-
eration multiple times, it returns to y.

Machine proof: We provide proof using the Egison’s formula-processing

*function.

4. DivSeq and allDivSeq
4.1. DivSeq

divSeq ¢is a function that returns a complete division sequence of 6¢+ 3 using 6¢+
3 as the Collatz value. Using CoList, we can take both finite and infinite lengths.

divSeq : Nat ->Colist Integer
divSeq n = divSeq' (S (S (S (n+n+n+n+n+n)))) (S (S (S (N+n+n+n+n+n))))
where
divSeq' : Nat -> Nat ->Colist Integer
divSeg'n  Z =1]
divSeq'Z  (Sk)=1]
divSeq' (S n) (S k) with (parity n)
-- We don't actually come here(Odd)
divSeq' (S(S(j +J)) (Sk)|Odd = divSeq' (S)) k
divSeq' (S(j+j) (Sk)|Even=
map tolntegerNat
(unfoldr (\b => if b <= 1 then Nothing
else Just (countEven (b*3+1) (b*3+1) 0) ) (S ( + J)))

4.2. AlIDivSeq

allDivSeq tis a function that returns a complete division sequence of 6¢+ 3 and

all extended complete division sequences of 67+ 3 using 6¢+ 3 as the Collatz value.

4.3. FirstLimited and AllLimited

FirstLimited is a predicate that indicates that the complete division sequence of
6¢+ 3 in allDivSeq t has a finite length.

AllLimited is a predicate that indicates that all division sequences in allDivSeq
thave finite lengths.

Theorem 4-1. allDivSeq of 3, 9 is FirstLimited.

Proof: This follows as the complete division sequence of 3, 9 has a finite
length.

Based on this, the program predicates IsFirstLimited10 and IsFirstLimited01.

The proof to the Collatz conjecture in this study is shown by the fact that the
finite lengths of all complete division sequences are reduced to IsFirstLimited10
and IsFirstLimitedO1.

5. Well-Founded Induction Method

In the proof, the well-founded induction library wflnd is used.

*https://github.com/righ1113/collatzProof_DivSeq/blob/master/program3/Extension.egi.
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makeLimitedDivSeq:
((z : Nat) -> ((FirstLimited. B.allDivSeq) z -> (AllLimited.B.allDivSeq) z))

-> (n:Nat) -> (FirstLimited. B.allDivSeq) n
makeLimitedDivSeqfirstToAll n
= [ 1]wfInd {P=(\z=>(FirstLimited. B.allDivSeq) z)}

{rel=LT'} (stepfirstToAll) n where
[ 2]step :
((z : Nat) -> ((FirstLimited. B.allDivSeq) z -> (AllLimited.B.allDivSeq) z))
-> (x: Nat) -> ((y : Nat) -> [%3]LT'y x -> (FirstLimited. B.allDivSeq) y)
-> (FirstLimited.B.allDivSeq) x

step _ Z = IsFirstLimited10
--6%<0>+3=3
stepfirstToAll (S x) rs with (mod3 x)
--0mod 9
stepfirstToAll (S (Z +7Z + 7)) rs | ThreeZero = IsFirstLimited01
--6*<1>+3=9
stepfirstToAll (S ((Sj) + (Sj) + (Sj))) rs | ThreeZero =?rhs2
--6mod 9

stepfirstToALl (S (S (j +j +))) rs | ThreeOne
= [%4](IsFirstLimited09 j. firstToAll j) (rsj $ lteToLt' $ lte18t15 j)
--3mod 9

Y

S is a function that gives +1 to a natural number. Z is 0.

» [K1]wflnd is an original function of the well-founded induction method.
Incorporate the function “step” into the function “wfInd”.

» The [%2] step is a user-implemented function. A function rs with the type
(y: Nat > LT: yx > P y) can be used.

» [*3]LT y x meansy<x.

> [¥4] In each case division,

the proof of LT’ y x is passed to the function rs to give P y.

firstToAll and IsFirstLimited** are applied here to give P x.

6. Proof of Final Theorem
6.1. Base makeLimitedDivSeq

Theorem 6.1.

makeLimitedDivSeq : (n : Nat)
— ((z:Nat) — ((FirstLimited. B.allDivSeq) z — (AllLimited.B.allDivSeq) z))
— (FirstLimited.B.allDivSeq) n

Machine proof: We prove this using the well-founded induction method and
case division.
For the number of each case division:
» The number is reduced using rs;
» The predicate is converted to AllLimited using firstToAll;
» Finally, the predicate and numbers are undone using IsFirstLimitedxx.
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Table 10 shows the extended star conversion and the decrease in the Collatz

value after conversion (67+ 3 in the table below is nin the source code).

Table 10. Extended star conversion and got smaller.

No. When Extended star conversion After. Got smaller
conversion
0 mod 9
1 9 None because of the base case
2 72t+ 45 E[2, 4] y=x/12 - 3/4 6+ 3 72t+ 45> 6¢t+3
3 216t+ 81 DE[3, 0, —4] y=x/18 - 3/2 12¢+ 3 216t+ 81 >12¢+3
4 216+ 153 AE[6, -2, 4] y=x/9 -8 24t+9 216t+ 153 > 24¢+9
5 216t+ 225 FE[5,0, —4] y=2x/9 -5 48t+45 216¢+ 225> 48¢+ 45
6 108¢+ 27 CF[4,1,-2] y=8x/9-3 96¢+ 21 108¢+ 27 > 96¢+ 21
7 108¢+ 63 BF[1,3,-2] y=4x/9-1 48t+ 27 108¢+ 63 > 48¢+ 27
8 108¢+ 99 EF[2,1,-2] y=2x/9 -1 24t+ 21 1081+ 99 > 24¢+ 21
6 mod 9
9 18¢+ 15 Cl4,-4] y=x/3-2 6+ 3 18¢t+15>6¢+3
3mod9
10 3 None because of the base case
11 36f+ 21 B[1, 2] y=x/6 - 1/2 6+ 3 36t+21>66+3

12 108¢+ 39 DB[3, -1, -2] y=x/9 - 4/3 12¢+ 3 1087+ 39 >12¢+3
13 108t+75  AB[6,-3,-2] y=2x/9-23/3  24t+9 108¢+ 75> 24¢+9
14 108¢+ 111  FB[5,-1,-2] y=4x/9 - 13/3 48t+45 108¢+ 111> 48¢+ 45

6.2. Sufficient Condition for FirstToAll

Since FirstLimited (first) is given as an argument, decomposing/combining it gives
AllLimited. Figure 4 shows the decomposing/combining from “first” to “AllLi-

mited”.

.,

suff2_1 all2

—
—
—

AllLimited

suff2_2
..all3

suff2_3
...all4

suff2_4
...alls

suff2_5

suff2_6

..all7

IsAllLimited00

Figure 4. Decomposing/combining from “first” to “AllLimited”.
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Decomposing/combining or creating “AllLimited” from “first” inside a func-
tion. The proved function firstToAll performs the following processing. “first”
means “FirstLimited for all n”. “suff2_1~6" means “FirstLimited in partial n”.
Combine suff2_1~6 to get all2. Combine all2~8, IsAllLimited00 to get AlILi-

mited.

6.3. Proof of Final Theorem limitedDivSeq

Theorem 6.2

limitedDivSeq: (n : Nat) — (FirstLimited. B.allDivSeq) n

Machine proof: Passing firstToAll to makeLimitedDivSeq gives limitedDiv-
Seq.

7. Conclusion

I am pleased to have applied the theorem proving method to the unsolved prob-
lem and it was successful. In this study, I proposed a proof of the Collatz con-
jecture using the theorem proving system. Furthermore, I applied the division
sequence and well-founded induction as essential tools for constructing this
proof. I strongly believe that this treatise proved the Collatz conjecture because I
achieved “theorem proving” as an independent program. Additionally, I aim to

use the proposed method of theorem proving.
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2. Idris
ProofColDivSeqBase.idr makes the base part. divSeq etc.

ProofColDivSegMain.idr is the main process. Fourteen patterns are case-divided

and proved using the well-founded induction method.

ProofColDivSeqPostulate.idr is a place where a postulate proposition was

given, but now it includes empty file since everything was proved.
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