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Abstract

Let G be a group. G is right-orderable provided it admits a total order <
satisfying hg, < hg, whenever g, <g,. Gis orderable provided it admits a
total order < satisfying both: hg, <hg, whenever g, <g, and gh<g,h
whenever g, <g,. A classical result shows that free groups are orderable. In

this paper, we prove that left-orderable groups and orderable groups are
quasivarieties of groups both with undecidable theory. For orderable groups,
we find an explicit set of universal axioms.
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1. Introduction

In [1] (see also [2]), J. Howie shows that the classes of locally indicable groups
and right orderable groups are quasivarieties and he also asserts that the class of
locally indicable groups is a subclass of the class of right orderable groups. He
posed the question of whether or not these two classes coincide. It turns out that
the answer is No, indeed, the class of locally indicable groups is a proper subclass
of the class of right orderable groups. The first examples of this were given by
George Bergman in [3]. There he shows that the universal covering group of
SL(2, R) is right-orderable but not locally indicable. It has been shown that the
braid groups are right-orderable but that braid groups on more than 4 strings
are not locally indicable (see [4]).

Howie does not find an explicit set of quasi-identities determining the class of

right orderable groups but instead deduces the result rather quickly from the fact
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that the class is closed under ultraproducts. Clearly, a similar argument shows
that the class of orderable groups is a quasi-variety. It would be of interest to
find explicit quasi-identities determining the class right orderable group. In this
paper, we find explicit sets of universal sentences determining these qua-
si-varieties. Furthermore, we show that each of the quasi-varieties of orderable
groups and right-orderable groups has undecidable theory. Since the paper of
Howie, there has been a significnat amount of work on orderable groups (See [2]
[3] [4] and the references there).

We note the classic result that free groups are orderable. It follows that every
universally free group is orderable since orderability is captured by universal
sentences, We remark that, in the finitely generated case, universally free groups

are precisely, in the terminology of Sela, the non-abelian limit groups.

2. Preliminaries from Group Theory

Definition 2.1. Let G be a group. G is locally indicable provided every finitely
generated subgroup H, {1} # H <G ; admits a surjective homomorphism
G- (a :) onto the infinite cyclic group.

Definition 2.2. Let G be a group. G is right-orderable provided it admits a
total order < satisfying hg, <hg, whenever g, <g,. Gis orderable provided

it admits a total order < satisfying both

hg, < hg, whenever g, < g, and g,h < g,h whenever g, < g,.

Clearly, both right-orderability and orderability are inherited by subgroups.

If Gis a group and H and K are (not necessarily distinct) subgroups in G,
then [H,K] shall be the subgroup of G generated by all commutators
[h,k] =h"'k"'hk as hand kvary independently over H and K respectively. The
lower central series of G'is defined recursively by 7, (G)=G and,if n>1 and
7,.1(G) has already been defined, then 7, (G)=[7,,(G).G].

Theorem 2.3. (/wasawa [5], B. H. Neumann [6]) Suppose G is a group such
that

m Vs (G) = {1}

0<n<w

and, for eachn, 0<n<w, G/ V1 (G) s torsion free. Then G is orderable.
Since, by a classical result of Magnus [7], the hypotheses of Theorem 2.3 are
satisfied by free groups, we have the immediate.
Corollary 1. Every free group is orderable.

3. Preliminaries from Logic

A standard reference for the material in this section is the book of Fine, Gag-
lione, Mysanikov, Spellman and Rosneberger [8]. [Let Z, be the first-order lan-
guage with equality containing a binary operation symbol « (suppressed nota-
tionally in favor of juxtaposition), a unary operation symbol™ and a constant
symbol 1. Thus, an L -structure is a set G provided with a binary operation
G’ -G, (g,h) > gh, a unary operation G — G,g+> g~ and a distinguished
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element 1€G.

A group is then an L;-structure which is a model of the axioms
o Vx,x,x((xx)x =x, (x2x3))

e Vx(xl=x)
o Vx(x)f1 = 1)

Suppose X ={x, :n<w} isthe set of variables of Z,. The set of terms of Z, is
defined recursively as follows:

Every variable x, is a term; moreover, the constant symbol 1 is a term. If #is
a term already defined, then (t)f1 is a term. If (#,7,) is an ordered pair of
terms already defined, then (7,)(#,) is a term. Modulo the group axioms, every
term is equal to a word on the variables and their formal inverses. Here, 1 is
identified with the empty word.

An identity or law of Z, is a universal sentence of the form Vx (7 (¥)=1¢(¥))
where X is a tuple of distinct variables and 7(X) and #(X) are terms of L,
involving at most the variables in X . Thus, for example, the group axioms are
identities of Z,,.

A quasi-identity of Z; is a universal sentence of the form

v)‘c(/_\(sl. (¥)=5.(%))~>(T() :f(f))j

1

where X is a tuple of distinct variables and S, (x),s;(¥),7(x) and ¢(X)
are terms of L, involving at most the variables in X . Note that the identity
W(T(f) = t()_c)) is equivalent to the quasi-identity

V)T((l :1)—>(T(>T) :t()_c)» so that identities may be considered as special
cases of quasi-identities. Note also that, modulo the group axioms, the qua-
si-identity

W(/_\(S[ (x)=5,(x)) > (T(%) =’(f))j

i

is equivalent to one of the form

w5 A %) 1) (w() 1)

i

where the u,(Xx) and W(;) are words in at most the variables in X and
their formal inverses. A quasi-variety of groups is the model class of a set of
quasi-identities of L, together with the group axioms. Following Chang and
Keisler [9] let us call a class of Z;,-structures elementary provided it is the model
class of at least one set of sentences of ;. A theorem of Mal’cev [10] asserts that
a nonempty elementary class of groups is a quasi-variety of groups if and only if
it is closed under taking subgroups and (unrestricted) direct products.

Two (not necessarily distinct) Z,-structures G and H are elementarily equiv-
alent, in symbols G = H , provided they satisfy precisely the same sentences of
L,. (In particular, if G=H , then His a group if and only if Gis a group.) The
next theorem gives an algebraic characterization of elementary equivalence. It

was initially proven by Keisler assuming the Generalized Continuum Hypothesis
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and subsequently proven by Shelah without need of that assumption.

Theorem 3.1. (Keisler-Shelah [11]) Two Ly-structures are elementarily equiv-
alent if and only if they have isomorphic ultrapowers.

(For a discussion of ultraproducts, see, for example, [CK]).

Theorem 3.2. (Chang and Keisler [9]) A class of Ly-structures is an elemen-
tary class if and only if it is closed under both elementary equivalence and ultra-
products.

To show undecidbability, we will need the following result.

Theorem 3.3. Let X be an elementary class of groups. If X contains a fi-
nitely presented group with unsolvable word problem, then the theory of X is
undecidable.

Proof. Suppose G is a group in the class & and suppose that G has finite

presentation
<al,...,am;Rl (a,,+,a,)=-=R, (a],...,am)=1>

Suppose further that G has unsolvable word problem. For each word
w(xl,--- X ) on the distinct variables x,,---,x, and their formal inverses let

>m m

o, be the sentence

le,...,xm(X(R,.(xl,...,xm)=1)%(w(x1,...,xm)=1)j.

i=1

If there were a recursive algorithm to decide whether or not each o, is true
in every group in X', then we would have an algorithm to solve the word prob-
lem for G. The contradiction shows the theory of X is undecidable. B

Finally in this section, we explicitly mention the positive solution to the Tarski
question.

Theorem 3.4. (Kharlampovich and Myasnikov [12], Sela [13]) Every non-
abelian free group is elementarily equivalent to the free group
F= <a, ,a2;>.

4. The Main Results

In this section, we show that the class of orderable groups forms a quasi-variety
and further the theory of the orderable groups is undecidable.

Let G'be a group and Sbe a subsemigroup of G. We call $normal in G pro-
vided it is invariant under conjugation by arbitrary elements in G. If nis a posi-
tive integer and (b,--,b,) € G" welet SG(b,--,b,) be the least normal sub-
semigroup of G containing {b,---,b,} as a subset and S(b,---,b,) the least
subsemigroup of G containing {b,---,b,} as a subset.

Let Z be the ring of integers, N = {1,2,3,-"} be the class of posiitve integ-
ersand U ={1,-1} be its group of units.

Theorem 4.1. (See Passman [14]) (a) A necessary and sufficient condition for a
group G to be left orderable is that, for every finite subset {a,,---,a,} < G\{l},
the intersection of the 2" semigroups S (af ! ,m,a,f") is empty as (&,+,¢,)

varies over U" .
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(b) A necessary and sufficient condition for a group G to be orderable is that,

for every finite subset {a,,---,a,} = G\{1}, the intersection of the 2" normal
subsemigroups SG(al‘gl o al ) isempty as (&,--,¢,) variesover U".

Theorem 4.2. The class of orderable groups is elementary.

Proof. Foreach neN, &=(¢,,¢,)eU" andeach
]\_/z(NO,Nl,---,Nn)e N Jet w(g,ﬁ) be a word of positive length at most
N, on the free semigroup generators (regarded as compound symbols; so, no
> 1<i<n,1<j<N,. In view of Lo-

renzen’s Theorem (see [14]), the class of orderable groups is axiomatized by the

formal cancellation is permitted) z; ; yiz

group axioms together with the sentences

I<i<j<n FeU” i=1

VX, Vot Vs 2o 0 2, H A (yiiy;/.)/\ A (xzw(e?,ﬁ))j—)\n/(y,.zl)]

as n varies over N, and the N vary over N™*' and as the w(g,ﬁ) vary
over all possible choices. (Note: a, #1 so y, =1).H

Corollary 2. Any elementary free group and more generally any universally
free group is orderable.

Theorem 4.3. The class of left- orderable groups is elementary.

Proof. To prove this we shall utilize the characterization of elementary classes
given in Theorem 3.2. Suppose (G,. )ie] is a family of left-orderable groups in-
dexed by a nonempty set I For each ie/,let <, bealeft order on G,.Let D
be an ultrafilter on 7 and let G be the ultraproduct of the family (G,. )[E , with
respect to the ultrafilter Don L.

Then [g], <[h], is well-defined on G by insisting {iel:g, <, h}eD
and it is easily seen to be a left order on G. Thus, the class of left-orderable
groups is closed under taking ultraproducts. Now suppose H is a left-orderable
group and K = H . By the Keisler-Shelah characterization of elementary equi-
valence ([10]), H and K have isomorphic ultrapowers “H and ‘K . The fact
that the class of left-orderable groups is closed under taking ultraproducts im-
plies that “H admits a left order. Then the isomorphic group ‘K admits a left
order. But Kembeds in ‘K and the left order is inherited by subgroups. Thus,
H left-orderable and H =K implies K left-orderable. Hence, the class of
left-orderable groups is closed under elementary equivalence as well as ultra-
products. Therefore the class of left-orderable groups is elementary. H

Theorem 4.4. The class of orderable groups is a quasi-variety of groups with
an undecidable theory.

Proof. Using Mal’cev’s characterization of quasi-varieties it suffices to show
that the class of orderable groups is closed under taking subgroups and unre-
stricted direct products. We have already noted that order is inherited by sub-
groups. (Alternatively, since the class has a set of universal axioms it is closed
under taking substructures).

Suppose <, isan order on the group G, and <, is an order on the group
G,. Then the lexicographic order on G,xG, (ie, if (g,.g)# (%% ), then
(g0-8) <(hy.h) provided either g, <, h, or g,=h, and g < h ) makes
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G, xG, into an ordered group. Corollary 2 of Chapter 7, Section 47, p. 292 of
Gritzer [15] asserts that if an elementary class X is closed under the direct
product of two structures, then it is closed under arbitrary direct products of
nonvoid families of structures in X .

Alternatively, we could argue as follows. We may well-order the index set of
any nonvoid family of orderable groups. There is no loss of generality in taking
the index set to be an ordinal « . Suppose <, isaleft order on G. for all or-
dinals & < . Then the lexicographical order on

G=I]6:
f<a
(ie, if (gé )gm # (hé )§<a, then (gé )gm <<h§ )§<a provided g, <, &, where
4 is the least ordinal & such that g: # h.) makes G into an ordered group.
It follows that the class of orderable groups is a quasi-variety of groups.
[ |

Theorem 4.5. The class of left-orderable groups is a quasi-variety of groups.

We must now show undecidability.

Theorem 4.6. The theory of orderable groups is undecidable.

Proof. By a result of Bludov and Glass [16], there is a finitely presented or-
derable group with unsolvable word problem. The result then follows from the
proof of Theorem 2.3. W

Exactly the same proof shows.

Theorem 4.7. The theory of left-orderable groups is undecidable.

Remark 4.8. It would be of interest to find explicit quasi-identities axiomatiz-

ing the class of left-orderable groups.
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