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(OMOMMY e pcces:

Abstract

In this article, we study generating sets of the complete semigroups of binary
relations defined by X-semilattices of unions of the class %, (.X,5). Found

uniquely irreducible generating set for the given semigroups and when X is
finite set formulas for calculating the number of elements in generating sets
are derived.
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1. Introduction

Let X #O, Dis an X-semilattice of unions which is closed with respect to the
set-theoretic union of elements from D, fbe an arbitrary mapping of the set Xin
the set D. To each mapping fwe put into correspondence a binary relation «,
on the set X that satisfies the condition a, = | J ({x}x f(x)). The set of all such

xeX
a, isdenotedby B, (D).Itis easy to prove that B, (D) isa semigroup with
respect to the operation of multiplication of binary relations, which is called a
complete semigroup of binary relations defined by an X-semilattice of unions D.
We denote by & an empty subset of the set X or an empty binary relation.
The condition (x,y)ea will be written in the form xay.
Let x,yeX, YCX, aeB, (D), D=|JY and T eD.Wedenote by the

YeD

symbols ya, Ya, V(D,a), X and V(X*,a) the following sets:
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ya={xeX|yax}, Ya=Jya, V(D,a)={Ya|Y e D},

yeY
X ={v|@=Yc X}, V(X' a)={Ya|@=#Y c X},
D, ={ZeD|TcZ}, Y/ ={yeX|ya=T}.

> “m-1

Theorem 1.1. Let D= {D,ZI,ZZ,~ - Z } be some finite X-semilattice of un-
ions and C(D)={F,,R,P,,---,P, ,} be the family of sets of pairwise noninter-
secting subsets of the set X (the set & can be repeated several times). If ¢ 1isa

mapping of the semilattice D on the family of sets C(D) which satisfies the con-

_ D Zl Zz "'mel
RV

ditions

and D, =D\ D,, then the following equalities are valid-
D:P0 VRUPU---UP |,
z,=Rv |J o(T)
Teby,

In the sequel these equalities will be called formal. The parameters P,
(0<i<m—1) there exist such parameters that cannot be empty sets for D. Such
sets P are called bases sources, where sets P, (0<;j<m—1), which can be
empty sets too are called completeness sources.

It is proved that under the mapping ¢ the number of covering elements of
the pre-image of a bases source is always equal to one, while under the mapping
¢ the number of covering elements of the pre-image of a completeness source
either does not exist or is always greater than one (see [1] Theorem 1.1, [2] [3]
chapter 11).

Definition 1.1. The representation o = | J (YT“ xT ) of binary relation o Is
TeD

called quasinormal, if \ J Y7 =X and Y7 "Y =@ forany T.,T'eD, T =T’

TeD
(see [1] Definition 1.2, [2], [3] chapter 1.1).
Definition 1.2. Let a,fc X xX . Their product 6 =a o3 is defined as
follows: x6y (x,ye X) If there exists an element z€ X such that xazfy

(see [1] Definition 1.3, [1], chapter 1.3).
Definition 1.3. We say that an element o of the semigroup B, (D) is ex-

ternal it a#0of for all 5,8eB,(D)\{a} (see [1] Definition 1.1, [2] [3]

Definition 1.15.1).
It is well known, that if B is all external elements of the semigroup B, (D)

and B’ is any generated set for the B, (D) ,then Bc B' (see [2] [3] Lemma
1.15.1).

2. Result

Let 3,(X,5) be a class of all X-semilattices of unions, whose every element is

isomorphic to an X-semilattice of unions D ={7,,7},7T,,7,,T,} , which satisfies
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the condition:
T,cT,cT,. ,cT,cT, T,\T, 20, T,\T, 20,
T\TL#0, T\T,#9, ,\T, #0, T,\T, #4,
T\T, %@, T\T, #@, T, 0T, =T, UT, =T, UT, =T, UT, =T,

(see Figure 1). It is easy to see that D= {T4,T3,T2,T1} is irreducible generat-
ing set of the semilattice D.
. , LT LTI
Let C(D)={FR,R.,P,P,P,} isa family of sets, where ¢ =
BB PP P
is a mapping of the semilattice D onto the family of sets C(D) and
P,B,P,P, P, are pairwise disjoint subsets of the set X. Then the formal equali-

ties of the semilattice D have a form:
T,=RURUPRUP,UP,
T,=RUPUPRUP,

I,=PRUBUP,UP, (2.1)
T,=BUP UP,
T,=RURUP,

Here the element F, is source of completeness and the elements P,,P,P,, A

are basis sources of the semilattice D. Therefore |X|>4 since |P|>1, |B|21,
|P|=1, |B|=1 (see Theorem 1.1).
From the formal Equalities (2.1) immediately follows
P=T,\T, B,=(T, AT)\T, o)

B =T\T,=T,\T,, R=T,\T,, B, =T, T,

2.1. Generating Sets of the Complete Semigroup of Binary
Relations Defined by Semilattices of the Class Z,(X,5),

When 7T,NT, #J

In the sequel, we denoted all semilattices D ={T,,7;,7,,7,,T,} of the class
% (X,5) by symbol %, (X,5), for which T, "7, #@. Of the last inequality
from the formal Equalities (2.1) of a semilattise D follows that 7, "7} =F, #J,
ie |X|=5.

Figure 1. Diagram of the semilattice D.
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We denoted by symbols 2A,,2(,,2,,2 the following sets:
U = {0 B L LT L T T AT B T T AT T T T
% ={{T L (T L LR B LT B LB R L LT T T
W ={T LT LT AT AT T T
A ={T BRI AT
Lemma 2.1.1. Let D e3,(X,5). Then the following statements are true:
a) Let T,,T, eV (D,a), then a is external element of the semigroup B, (D);
b) Let Ze{T,.T,}, Z'e{T,,T,} . If Z'¢Z and Z,Z' eV (D,a), then a is
external element of the semigroup B, (D);
o) Let 2,2'e{l,,T\} and Z#Z'. If V(D,a)={T,,T,,T,} , then a Iis ex-
ternal element of the semigroup B, (D).
Proof. Let a=060p for some §,8eB,(D)\{a}. If quasinormal repre-

sentation of binary relation & has a form
=Y T ) V(X <L) (¥ % T, )w (X7 < T, J o (¥ < T, ),
then
a=60f=(Y)xT,B)u(¥ xT,B8) U (X xT,8)u (%’ xT,8) (¥ xT,8).2.1.1)
From the formal Equalities (1) of the semilattice D we obtain that:
Lp=RBOBBOBLYPS VLR,
Lp=RpVBBORLUEP,
Lp=RBYRBORLVEP, (2.12)
Lp=RpOBLVPRS,
Lp=RBYELBP.
where Bf#Q forany B #Q0 (k=0,1,2,3,4) and BeB,(D). Indeed, by

preposition P, #& forany k=0,1,2,3,4 and f#O since JgD.Let
yeh, forsome yeX .Then yel,, B=a, forsome f:X —>D and

a,=J ({x}xf(x));{y}xf(y) , Le. there exists an element e f(y) for

xeX

which ya,t and ypt. Of this and by definition of a set B, B we obtain that
teBp since yePB, ypt.Thus, we have that B =, ie B feD forany
k=0,1,2,3,4.

Now, let T,f=Z and T/ﬂ:Z’ forsome 0<i#j<4 and Z=Z',
Z,7'€{T,,T,}, then from the Equalities (2.2) follows that Z=Ff=2" since Z

and Z' are minimal elements of the semilattice D. The equality Z=Z2" con-
tradicts the inequality Z = Z'.

The statement a) of the Lemma 2.1.1 is proved.
Let If=Z', where Z'e{T,,T,} and T,f=Z, where Ze{T,T,} for

some 0<i#j<4.If 0<i<4,then from the formal equalities of a semilattice D

we obtain that

DOI: 10.4236/am.2024.152010

172 Applied Mathematics


https://doi.org/10.4236/am.2024.152010

N. Tsinaridze

LB=RAORBYRLORLORS=RE=Rf=Pf=PE=Fp=27,
TB=RBUPSUPBUPS=PB=PB=PR=Pp=Z,
LB=RBYRBVRBURB=RB=Rf=PB=PB=7,
LB=RBOPBURB=RB=FB=FpB=7"
Tp=RBURPURS=RS=PE=PR=Z.

since Z' is minimal element of the semilattice D. Now, let i# j.

WIf ,p=Rp=Pf=Pf=PpB=Ppf=7Z and j=1,2,3,4, then we have

Z=Tp=TLp=Tp=T.p=2",
which contradicts the inequality Z = Z'.
QI T,p=Rp=PP=Pp=PF=Z" and j=0,2,3,4, then we have
Z=T,p=T,p=T,f =2 URP, where Rf < D

Last equalities are impossible, since Z#Z'UT forany TeD and Z=#Z'
by definition of a semilattice D.
3)If ,F=RpB=Bf=Ppf=PF=Z" and j=0,1,3,4, then we have
Z=T,f=T,f=T,f=7'URp, whete Rfi D

Last equalities are impossible since Z#Z'UT for any Te€D and Z#Z'
by definition of a semilattice D.
HIf ,F=FRP=PRF=PF=Z" and j=0,1,2,4, then we have
Z=T,p=TB=T.p=Z"VEBURP,
Z=T,p=Z"UPRp, where Bf,P,f D
Last equalities are impossible since Z#Z'UTUT' and Z#Z'UT for any
T,T' € D, by definition of a semilattice D.
5If T,p=Ff=Rf=Ppf=2Z" and j=0,1,2,3, then we have
Z=T,p=Tp=T,p=Z'URBUPS.
Z=TpB=Z"UPpS, where B,S,P,feD
Last equalities are impossible since Z #Z'"UTUT’ and Z#Z'UT for any
T,T' € D, by definition of a semilattice D.
The statement b) of the Lemma 2.1.1 is proved.
Let 2,7'e{T,,T\}, Tp=Z, T,p=Z2" and Z#Z'.If T,f=Z where
0<i# j<4,we consider the following cases:
6) i=0,7=1,2,3,4. Then from the Equality (2.1.2) follows that Zc<Z’,
which contradicts the definition of a semilattice D;
7) i=1,7j=0,2,3,4.
If i=1,j=0,3. Then from the Equality (2.1.2) follows that Z'c Z,or Zc Z'
which contradicts the definition of a semilattice D,
If i=1,j=2,4. Then from the Equality (1.4) follows that

LB=(RBUPLUPL)UPP,
T,B=(RBUPRBUPL)URS,

where RSUPLUPRL, PP, BPeD, ie there exists such elements
T,7''T"e D, for which Z=TuUT' and Z'=TUT". Butsuch element T €D

DOI: 10.4236/am.2024.152010

173 Applied Mathematics


https://doi.org/10.4236/am.2024.152010

N. Tsinaridze

don’t exist by definition of a semilattice D.

8) i=2,j=0,1,3,4.

If i=2,j=0,4.Then from the Equality (2.1.2) follows that Z'c Z, or
Z < Z' which contradicts the definition of a semilattice D,

If i=2,j=13. In this case analogously for the case 7) we may prove that
Z=TuUT" and Z'=TuUT".Butsuchelement 7 €D don’texist by definition
of a semilattice D.

9) i=3,7=0,1,2,4.

If i=3,7=0,1. Then from the Equality (2.1.2) follows that Z'< Z, which
contradicts the definition of a semilattice D,

If i=3,j=2,4.Then from the Equality (2.1.2) follows that

{Tzﬂ =RBV(PSUPRSURS),
L.5=RpU(REIPP).
where RS, RLUPRBUPS, BFUPSeD, ie. there exist such elements
T,7'"T"e D, for which Z=TuUT' and Z'=TUT". Butsuch element T €D
don’t exist by definition of a semilattice D.

10) i=4,;=0,1,2,3.

If i=4,j=0,2. Then from the Equality (2.1.2) follows that Z < Z' which

contradicts the definition of a semilattice D,
If i=4,j=13.Then from the Equality (2.1.2) follows that

{Tlﬂ =RBV(BEUPLORS),
Lp=FRp(PBURS),
where RS, PRBUPLUPL, PBUPSEeD, ie there exist such elements
T.,T'.T"e D, for which Z=TuUT’' and Z'=TUT".But such element T €D
do not exist by definition of a semilattice D.

The statement c) of the Lemma 2.1.1 is proved.

Lemma 2.1.1 is proved.

Let DeX,(X,5). By symbols 2, B(2,) and B, we denoted the fol-

lowing sets:
Ay = {1 B T T T T T AT T T T VT T T T
LT AT LL L AT L T AT LT
B(%,)={a e B, (D)|V(X".a)e,):B,={acB, (D) (X .a)=D}.
Remark, that the sets B, and B(QIO) are external elements for the semi-
group B, (D).

Lemma 2.1.2. Let D e3,(X,5). Then the following statements are true:
a) If quasinormal representation of a binary relation « has a form

o= (57 1) (1 X 1) 0 0 5,

where YY" Y," ¢{Q}, then a is generating by elements of the elements of
set B(2,);
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b) If quasinormal representation of a binary relation « has a form
a =Y <) (% < T)u(% xT,),
where Y, ,Y",Y," ¢{Q}, then a is generating by elements of the elements of
set B(2,);
Proof 1). Let quasinormal representation of binary relations & and f have

a form
=17 xT, )L (7 < T, ) o (% < 1)U (X xT, ),
B=(TxT)O((L\T)x L) O((T\L)* L) U ((X\T)x T, ),
where Y7, YY" ¢ {2},
LO(BAT) V(T T)W(X\T,)
=(RURUPR)UPR UP,U(X\T))=T,U(X\T,) =X,
(see Equalities (2.1) and (2.2)), then &,8eB(2,) and
LA=T. Lp=(RURURUR)S=T,UT,=T,
LA=(RUPRURUR)S=T, UL, =T, L,5=T,
a=50f=(YxT,5) (¥ xLA) V(X < T5) V(1) <T,5)
= (K L) (BT, ) (10 < T, )0 (17 < T,
=(1 %) o (1 <2 L (1 O )x 7, ) =
if v2=v", ¥7 =YY and Y’ UY/ =Y, . Last equalities are possible since
77 U¥?[21 ([77|20 by preposition).

The statement a) of the lemma 2.1.2 is proved.
2) Let quasinormal representation of binary relations & and f have a

form
§=(% xL)u(B <1 ) (¥ <) u (% = T,),
B=(LxT)O((T\T)x T ) U((TAT) < T ) O ((X\T)xT,),
where Y7, YY" ¢ {@},
LU(T\G) V(TG )u(X\T,)
=(RVBUR)URURU(X\T,)=T,u(X\T))=X,
(see Equalities (2.1) and (2.2)), then &,8 e B(2,) and
LP=T, LA=(RVRVURUR)B=T,UT, VT =T,
Tp=(RVPRVRUPR)S=T,0T =T, ,A=T,
a=50p=(% xT,8) (¥ xT,8) (¥’ xT,8)u(¥; xT, )
= (5B ) o (55 o (1< T ) o (37 ;)
=(157 1) o (1 1) (1 03 )xTy ) = e

if =Y, ¥’ =Y and ¥ UY’ =Y, . Last equalities are possible since
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|Y25 U Y0‘>| >1 (|Yf| >0 by preposition).

The statement b) of the lemma 2.1.2 is proved.

Lemma 2.1.2 is proved.
Lemma 2.1.3. Let D e, (X,5). Then the following statements are true:

a) If quasinormal representation of a binary relation « has a form
a=(Y xT,)u(¥ xT,),

where YY) ¢{D}, then o is generating by elements of the elements of set
B(2,);
b) If quasinormal representation of a binary relation « has a form

a=(Y xT,) (¥ xT,),

where YY" ¢{D}, then o is generating by elements of the elements of set
B(2,);
¢) If quasinormal representation of a binary relation « has a form

a=(¥ xT)u(xT),

where YY" ¢{@D}, then o is generating by elements of the elements of set
B(2,);
d) If quasinormal representation of a binary relation « has a form

a =Y<L ) o (X xT,),

where Y'Y\ ¢{D}, then o is generating by elements of the elements of set
B(2,);
e) If quasinormal representation of a binary relation « has a form

a=(1 <) (1 <Ty).

where Y'Y\ ¢{D}, then o is generating by elements of the elements of set
B(2,);
f) If quasinormal representation of a binary relation o has a form

a=(1xT)u(¥ xT,),

where YY) ¢{D}, then o is generating by elements of the elements of set
B(2,);

g) If quasinormal representation of a binary relation o has a form
a=XxT,, then o Iisgenerating by elements of the elements of set B(2,);

h) If quasinormal representation of a binary relation o has a form
a=XxT, then a isgenerating by elements of the elements of set B(2,);

i) If quasinormal representation of a binary relation o has a form
a=XxT,, then o Iisgenerating by elements of the elements of set B(%,).

Proof. 1) Let quasinormal representation of a binary relations &, £ havea

form
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& =¥ xTy) (% <1 )u(¥) <7, ),
B=(T,xT)O((T,\T,)xT,) O ((X\T,)xT,),
where Y,Y’ ¢{Q}.
L U(1,\ 1)U (X 7))
=(RURVUR)U(PRUR)U(X\T)=T, U(X\T,)=X.
Then from the statement a) of the Lemma 2.1.2 follows that f is generating
by elements of the set B(2,), §eB(%,) and
Tp=T. TA=T,0T, =T, T,B=T,
5o f=(Y]xTB) (X' xT,8) V(1) <T,5)
= (K XL ) W (1T, o (1 T, )
=(1 X ) o((1 V)< ) =a
if ¥7=Y", ¥’ uY’ =Y. Last equalities are possible since |YI§UK)5|ZI
(|[%[20 by preposition).

The statement a) of the lemma 2.1.3 is proved.

2) Let quasinormal representation of a binary relations &, B have a form
5 =( <)o (% <1 ) (% <T,),
B=(T,xT)O((T\T)x T ) u((X\T,)x T, ),

where Y.,Y’ ¢{Q}.
T, U(L,\T,)U(X\T;)
=(RURUPR)U(RUR)U(X\T,) =T, U(X\T,)=X.

Then from &,8eB(%,) and
LB=T, TB=T,0T, =T, ,B=T,

5o B=(¥ xT,B) V(¥ xT,8) (¥ < T,5)
= (K%L ) o (075w (3 1)
=(1 <)o ((1 U )< T, ) =ar
if Y=Y, %’ ¥ =¥y Last equalities are possible since [1;’ U¥;’|>1
(|[%|20 by preposition).

The statement b) of the lemma 2.1.3 is proved.
3) Let quasinormal representation of a binary relations &, £ have a form

§=(0" %L )u (X' <L )u (¥ xT, ),
B=(LxL)O((T\L)x L) U((X\T)xT, ),
where Y).Y) ¢{Q}.
Lo(R\L)V(X\T)
=(RVBRVER)V(RVUR)U(X\T) =T, U(X\T,)=X.
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Then from the statement b) of the Lemma 2.1.2 follows that [ is generating
by elements of the set B(2,), §eB(%,) and

LA=T, LB=T,0T =T, T,3=T,

5o B=(¥ xT,8)u(¥ xT,8) V(¥ xT, )
=(5'xT ) o1 <)o (3 <T))
:(Ig‘st3)u((Yz‘quo‘s)le)=a,

if ¥7=Y", ¥Y UY’ =Y. Lastequalities are possible since |Y25 U Y(f| >1
( |YO§| >0 by preposition).

The statement c) of the lemma 2.1.3 is proved.

4) Let quasinormal representation of a binary relations &, £ have a form
§=(1xT,) o (1 xT, ) (15 <Ty).
B=(LxL)O((T\L)XT ) u((X\T)x T, ),

where Y.Y; ¢{Q}.Then &,4eB(,) and
LA=T, T,p=T,0T,=T, T,5=T,
8o =¥ xT,B) V(1) xT,5) (X < T, 8)
=(1xT ) o (X< T, )u (X7 xT, )

:()Gsxn)u(()’fu)’o‘s)x%):a,

if ¥7=Y", ¥Y UY =Y. Lastequalities are possible since |Y2‘5 V) Yob| >1
( |Y()5| 20 by preposition).

The statement d) of the lemma 2.1.3 is proved.

5) Let quasinormal representation of a binary relations &, f have a form
§=(¥) xT,)u(¥) xT,),
A=(((BAT)\E)XT)U((BAR)T, ) O (XN L) T, ),

where YY) ¢{@},
(B AT\L) (LT (X\T,)
=(RUP)URU(X\T,)=T, U(X\T,)=X.

(See Equalities (2.1) and (2.2)). Then from the statement b) of the Lemma
2.1.3 follows that & is generating by elements of the set B(2,) and from the
statement a) of the Lemma 2.1.2 element [ is generating by elements of the set
B(2,) and

LB=(RVRVR)B=T, VT, =T, T,B=T,
8o =¥ xT,8) (X xT,B) = (¥ < T, )u (¥ T, ) =,
if Y7 =YY, Y7 =Y. Last equalities are possible since |Yf| >1 |Y05| >1.

The statement e) of the lemma 2.1.3 is proved.
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6) Let quasinormal representation of a binary relations &6, £ have a form
&=(XxT, ) o (X7 xT, ),
B=(((BAT\L)xT) O((\L)xT) U((X\T)xT,),
where ;.Y ¢{Q},
(AT )O(T\T) U (X\T)
=(RUPR)VURU(X\T)=T,U(X\T)=X.
(See Equalities (2.1) and (2.2)). Then from the statement d) of the Lemma
2.1.3 follows that & is generating by elements of the set B(2,) and from the

statement b) of the Lemma 2.1.2 element [ is generating by elements of the
set B(2,) and

Lp=(RVPhVER)p=T,uT, =T, ,B=T,
8o =X xLA) V(X < T, B) =¥ xT, ) (¥ < T, )=t
if ¥7=Y", ¥ =Y. Lastequalities are possible since |Yf| >1 |Y05| >1.

The statement e) of the lemma 2.1.3 is proved.

7) Let quasinormal representation of a binary relations &, f have a form
=11, ) o (¥ %T,),
B=(TxT)V((L\T)xT)u((X\T)xT,),

where Y,.Y) ¢ {0},
TU(L\G)U(X\T,)
=(RURURUR)URU(X\T,)=T,U(X\T,)=X

(see Equalities (2.1) and (2.2)). Then from the statement e) of the Lemma

2.1.3 follows that & is generating by elements of the set B(2,) and from the
statement a) of the Lemma 2.1.2 element [ is generating by elements of the set
B(2,) and

LA=T, VT, =1, =T,

SoB=(Y xTB) V(¥ xT,B) = (¥ xT,) U (¥ x T, )= X xT, =a,
since representation of a binary relation § is quasinormal.

The statement g) of the lemma 2.1.3 is proved.

8) Let quasinormal representation of a binary relations &, £ have a form
&= <7 )u (X7 xT,),
B=(T, <L) O((T\T)x T ) ((X\T,)xT, ),
where Y°.Y) ¢{Q},

Lu(T\L)w(X\T,)
=(RURVUPRUPR)UPU(X\T))=T,U(X\T)=X

(see Equalities (2.1) and (2.2)). Then from the statement f) of the Lemma 2.1.3
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follows that & is generating by elements of the set B(2,) and from the state-
ment b) of the Lemma 2.1.2 element f is generating by elements of the set
B(%,) and

Lp=Lvl =T,T,f=T

5o =X xTB) (X xT,f)= (X xT, )0 (X xT; )= X xT; =a,

since representation of a binary relation & is quasinormal.
The statement h) of the lemma 2.1.3 is proved.

9) Let quasinormal representation of a binary relation & has a form

5=(T,xT)V((X\L)xT,),

then

15=(RURUPUR)5 =T, T,=T,, [,5=T,

508 =(T,xT8) V(X \T)xT8) =(T, < T, ) V(X \T)x T ) = X\ T =a
since representation of a binary relation & is quasinormal.

The statement i) of the lemma 2.1.3 is proved.

Lemma 2.1.3 is proved.
Lemma 2..4. Let D e, (X,5). Then the following statements are true:

a) If |X\T)|>1 and Ze{T,,T,}, then binary relation a=XxZ is gene-
rating by elements of the elements of set B(2,);

b) If X=T, and Ze{T, T}, then binary relation a=XxZ Iis external
element for the semigroup B, (D).

Proof. 1) Let quasinormal representation of a binary relation ¢ has a form

& =X <L, ) U (¥ < T ) (1) xT,),

where Y.,Y! ¢ {@} , then &5eB(A,)\{a}. If quasinormal representation of a
binary relation B hasa form B=(T,xZ)u J ({t’} Xf(l')), where fis any

t'eX\Ty
mapping of the set X \7 intheset {7,,7,}\{Z}.Itis easy to see, that f#a
and two elements of the set {7,,7,} belong to the semilattice V(D,p), Le.
5eB(2A,)\{a} . In this case we have

Lp=Tp=Tp=2;
§o f=(Y] xTB) (X xTB) V(X < T, 5)
=(WxZ)u(¥ < Z)u (¥ < Z)
(W oy U )xZ)=xxZ=a,
since the representation of a binary relation & is quasinormal. Thus, element
a is generating by elements of the set B(2,).

The statement a) of the lemma 2.1.4 is proved.
2) Let X=T,, a=XxZ, for some Ze{T,,T;} and a=05f for some
8,p € By (D)\{ca}. Then from the equality (2.1.1) and (2.1.2) we obtain that

LA=Tp=Lp=Tp=Tp=2, RE=Rp=P=RE=Lp=2,
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since Zis minimal element of the semilattice D.

Now, let subquasinormal representations f of a binary relation B has a

form
B=((RURURURUPR)xZ)U |J ({t'}xﬁz(l')),
1'eX\T,
here 7 R K P PP . " o But lement ing 7
where = 1S normal maj 1ng. complement maj 1N
=\, 27 27 pping. Bu p pping /3,

is empty, since X \T, =, ie. in the given case, subquasinormal representation

S of abinary relation S is defined uniquely. So, we have that

B =B =XxZ=a,which contradicts the condition B¢ B, (D)\{a}.
Therefore, if X =7, and a=XxZ, for some Ze{T, T}, then a is ex-

ternal element of the semigroup B, (D).

The statement b) of the lemma 2.1.4 is proved.

Lemma 2.1.4 is proved.
Theorem 2.1.1. Let DeX (X,5) and

Uy = {75 5. T AT . T L AT 5. T T T3 L T
(.1 T AT T T AT T T AT LT
B(%,)={a<B, (D) V(X" .a)e,}: B,={aeB, (D)|V(X"a)=D].

Then the following statements are true:
a) If |X\T,|=1, then S,=B,wB(,) is irreducible generating set for the

semigroup B, (D);

b) If X =T,, then S, =B, UB(A,)U{XxT,, X xT,} Iis irreducible genera-
ting set for the semigroup B, (D).

Proof Let De3 (X,5) and |X \75| >1. First, we proved that every element
of the semigroup B, (D) is generating by elements of the set S,. Indeed, let
a be arbitrary element of the semigroup B, (D). Then quasinormal repre-

sentation of a binary relation « hasa form
a =Y < T )o(¥ xT) (% x T ) o (% x T )u(¥y < T, ),

where YUY LY U UY =X and Y NY =0 (0<i#;<4). For
the ‘V(X*,a)

we consider the following cases:

1) ‘V(X*,a)‘ =5.Then aeB, and B,c S, by definition of aset S,.

2) ‘V(X*,a)‘ =4 . Then

v(xta)edt, ={{L.0. 0.0 L L LT AT LG L L L LT e 2,

ie. aeB(2,) and B(,)cS, by definition of a set S,.
3) ‘V(X*,a)‘ =3 . Then we have
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v(x'a)e, ={T. 00T LG L LT T T
LR ARU A

By definition of a set 2, we have
U T T AT T T AT T T AT LT <2y, de in this case o e B(2L,)
and B(2,)<S, by definition of aset S.

If V(X*,a)e{{]},TZ,Y“O},{Yg,TI,E)}}, then from the statement a) and b) of
the Lemma 2.1.2 element « is generating by elements B(2(,) and B(A,)<S,
by definition of a set §.

4) ‘V(X*,a)‘=2.Thenwehave

V(Xa)e, ={T. LT T AT LT T AT L HTL T

Then from the statement a)-f) of the Lemma 2.1.3 element « is generating
by elements B(2,) and B(2,)cS, by definition of aset S,.

5) [/(x".a)|=1. Thenwe have V/(X".) e, = {TL{TIATL{T}AT)} -

If V(X*,a) € {{T2},{Tl},{TO}} , then from the statements g), h) and i) of the
Lemma 2.1.3 element o is generating by elements B(2,) and B(2,)c<S,
by definition of a set .

If V(X*,a)e{{ﬂ},{ﬂ}}, then from the statement a) of the Lemma 2.1.4
element o is generating by elements B(2,) and B(%,)c=S, by definition
ofaset .

Thus, we have that S is generating set for the semigroup B, (D).

If |X\T,|>1, then the set S, is irreducible generating set for the semigroup
B, (D) since S, isa set external elements of the semigroup B, (D).

The statement a) of the Theorem 2.1.1 is proved.

Now, let DeX (X,5) and X = D. First, we proved that every element of
the semigroup B, (D) is generating by elements of the set S,. The cases 1),
2), 3) and 4) are proved analogously of the cases 1), 2), 3) and 4) given above and

consider case, when

V(¥ @) = (TR AT LT
If V(X*,a) € {{Tz},{Tl},{TO}} , then from the statements g), h) and i) of the
Lemma 2.1.3 element « is generating by elements B(2(,) and B(,)c<S,
by definition of a set .
If V(X*,a) € {{7}},{7’3}} ,then a €S, by definition of aset S,.
Thus, we have that S, is generating set for the semigroup B, (D).

If X =T,, then the set S, is irreducible generating set for the semigroup

B, (D) since S, isa set external elements of the semigroup B, (D).

The statement b) of the Theorem 2.1.1 is proved.

Theorem 2.1.1 is proved.
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Theorem 2.1.2. Let n>6, D={T,,T,,T,,T,,T,} € £, (X,5) and
Ay = {005 L T AT T T T AT B T T T T T T
LT Ly AT T T AL T T AT 1L T
B(%,)={aeB, (D)|V(X".a)e,; B, ={aeB, (D)|V(X",a)=D|.
Then the following statements are true:
a) If | X \T,|>1, then the number |S,| elements of the set S, =B, U B(2,)
is equal to
|So|=5"—2-3"+1.
b) If X =T, then the number |Sl| elements of the set
S, =By UB(A,)U{X xT,, X xT,} isequal to
|S,|=5"-2-3"+3.
Proof. Let number of a set Xisequalto n>6, ie |X|:n26.Let

S, ={@.9,,-.¢,} is a group all one to one mapping of a set M ={1,2,---,n}
on the set Mand ¢,,p, ,-,¢, (m<n) are arbitrary elements of the group

S are arbitrary partitioning of a set X. By symbol £ we

denote the number elements of a set {Y(m Y, Y, } . It is well known, that

Lo () e

K= 2 )

If m=2,3,4,5, then we have

n’ Lo tey 0l

1 1 1 1 1 1
kaznfl_l, kr?:_.3n71_2n71+_’ k;l:_.4nfl__.3n71+_.2nfl__’
2 2 6 2 2 6
K =L.5"*1 _1.4"*1 +l.3”*1 _1.2"*1 +L.
24 6 4 6 24

If ¥,.Y, areanytwo elements partitioning of a set X'and
ﬁ:(Y(pl ><Z,)u(Y(p2 XZZ), where Z,,Z,eD and Z #Z,. Then number of
different binary relations /S of a semigroup B, (D) isequal to
2.k} =2"-2. (2.1.3)

If Y,.Y,.Y, areany tree elements partitioning of a set X'and

B=(Y, x2) (Y, xz,)u(¥, xZ,),
where Z,,Z,,Z, are pairwise different elements of a given semilattice D. Then
number of different binary relations S of a semigroup B, (D) isequal to
6.k’ =3"-3-2"+3. (2.1.4)

If Y o Y i Y i Y L, areany four elements partitioning of a set X and

B=(Y, x2,) (Y, x2,)u(¥, xZ,)u(¥, xZ,),
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where Z,,7Z,,7Z,,Z, are pairwise different elements of a given semilattice D.
Then number of different binary relations S of a semigroup B, (D) isequal

to
24kt =4"-4.3"+3.2"" 4. (2.1.5)

If Y,.Y, .Y, .Y, Y, areany four elements partitioning of a set X and
B=(Y, x2,)u(¥, xZ,)u(¥, xZ) (Y, xZ,)u(Y, xZ),

where Z7,,7,,7Z,,Z,,Z; are pairwise different elements of a given semilattice D.
Then number of different binary relations /S of a semigroup B, (D) isequal

to
120-k) =5"-5-4"+10-3" —10-2" +5. (2.1.6)

If aeB,, then quasinormal representation of a binary relation o has a

form
a =Y xT)O(¥ xT) U (% x T ) o (% x T )u(¥y < T, ),

where Y,Y",Y)",Y" ¢{D}, or a system Y7, Y, Y, Y, ¥, are partitioning of
the set X.

If the system Y/ ,Y,”,Y,Y,”, or a system Y/ Y,),Y,,¥", Y are partitioning

of the set X. Of this and from the equalities (2.1.4), (2.1.5) and (2.1.6) follows
that

|By|=(5"=5-4"+10-3"=10-2" +5)+(4" —4-3" +6-2" - 4)
=5 44" 163" 42" 11.
If aeB(,), then by definition of a set B(%,) the quasinormal represen-

tation of a binary relation « has a form:

a =Y xT,) (¥ < T, ) (¥ x T, ) U(¥y % T, ),
where Y, Y,".Y ¢{@}, or Y/, Y7, Y, Y, ¢{Q} are partitioning of the set X
respectively;

a =Y xT,) (Y < T U (% x T )u (¥ xT, ),
where YY", Y," ¢{@}, or ¥/, Y7 YY" ¢{Q} are partitioning of the set X
respectively;

a =Y xT,) (Y < T, ) u(X x T ) u (% xT,),
where Y'Y, %" ¢{@}, or Y], Y, YY" ¢{Q} are partitioning of the set X
respectively;

a =Y xT) (Y < T )% < T ) u (X x T, ),
where YY", Y," ¢{D}, or ¥, Y, YY" ¢{} are partitioning of the set X
respectively;

a =Y =T, ) (¥ xT,) U (¥ xT,),
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where YY" ¢{@}, or ¥/, YY" ¢{Q} are partitioning of the set X respec-
tively;

o =(¥ < T (1 X T ) (1 <T,),
where Y, Y" ¢{&}, or ¥/, YY" ¢{} are partitioning of the set X respec-
tively;
o =(1 T ) (1 <)o (X xT, ),
where YY) ¢{@}, or ¥,Y,",Y," ¢ {Q} are partitioning of the set X respec-
tively;
a =Y xT)u(% <1 u(¥ xT,),
where YY" e{@}, or Y'Y "Y," €{} are partitioning of the set X respec-
tively.
Of this and from the equality (2.1.3), (2.1.4) and (2.1.5) follows that
B2, )|=4-(2"—2)+8-(3"=3-2" +3)+4-(4" —4-3" +6-2" - 4)
—4.4" 8.3 +4.2",
So, we have
S| =|By W B(, )| = (5" —4-4"+6-3"—4.2" +1)+(4-4" -8-3" +4.2")
=5"-2.3"+1,
1S, =[B, UB(A,) U{X xT,, X xT,}|=5"-2-3"+3

Since

By B(Ay) =B, "{XxT,, XxT,,XxT,} = B(A)) {XxT,, X xT,, X xT,} =& .

Theorem 2.1.2 is proved.

2.2. Generating Sets of the Complete Semigroup of Binary
Relations Defined by Semilattices of the Class X, (X R 5) )

When T,NnT, =0
In the sequel, we denoted all semilattices D ={T7,,7;,7,,7;,T,} of the class
% (X,5) by symbol %, (X,5) for which 7, "7, =@ . Of the last equality
from the formal equalities of a semilattise D follows that T, "7, =F, =, ie
|X|=4 since B,#Q, R0, b0, B*J.
In this case, the formal equalities of the semilattice D have a form:

T,=RUPURUR,

=P UPUP,
I,=RUPUP, (2.2.1)
T,=PUP,
T,=RUP,

From the formal equalities of the semilattise D immediately follows, that:
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B =T\T,, B=T\T,, B,=T,\T,, E=T,\T,. (222)
In this case we suppose that De X (.X,5).
By symbols 2,,2;,2A, and %A, we denoted the following sets:

A = {7 L T AT B LI AT B L LT B T T
A = {1 T T AT L T AT T T T B T AT L T AT T T )
%, = {T AL AL R L (T LT T T T
% =T BB IMTAT -
Lemma 2.2.1. Let DeZX (X,5). Then the following statements are true:
a) Let 2,72'e{T,.,T,.,T,}, Z#Z'. If Z,Z'eV(D,a), then a Iis external
element of the semigroup B, (D);
b) Let Ze{T,,T\}, Z'e{T,,T,} . If Z¢Z' and Z,Z'eV(D,a), then «a
is external element of the semigroup B, (D).
Proof. Let a=060of for some &,p¢€B,(D)\{a}. If quasinormal represen-

tation of binary relation ¢ has a form
& =X % T ) o (¥ X T ) L(¥) % T, )u (¥ <1 )L (3 < T, ),
then
a=60B=(Y)xT,B)u(¥ xLB) (X xT,8)u (X’ xT,8)u (¥ xT,8).(2.2.3)
From the formal equalities (2.2.1) of the semilattice D we obtain that:
T,h=RBUPBUPBUPB,
LE=BpYBLURPS,
T,p=PBUPBUPS, (2.2.4)
Lp=BpYRpS,
LBp=REVEP,
where BB#@ for any B#Q (i=1,2,3,4) and BeB, (D). Indeed, by
preposition P # for any i=1,2,3,4 and f#C since J¢D. Let yeP,
for some ye X ,then yeD, B=a, forsome f:X —>D and

a, = U ({x}xf(x))g{y}xf(y) , Le. there exists an element ze f(y) for

xeX

which ya,z and ypz. Of this and by definition of a set B we obtain that
zePp since yeP, yfz.Thus,wehave PS#,ie BfeD forany
i=1,2,3,4.

Now,let 7,8=Z and T,f=Z" forsome 0<i#j<4 and Z#Z',
Z,7'e{T,,T,}, then from the Equalities (2.2.4) follows that Z=FRf=Z2" since
Zand Z' are minimal elements of the semilattice D. The equality Z=Z" con-
tradicts the inequality Z = Z'.

The statement a) of the Lemma 2.2.1 is proved.

Let T,p=Z2",where Z'e{T,.T,} and T,=Z, Ze{T,,T,} forsome
0<i#j<4.If 0<i<4, then from the formal equalities of a semilattice D we
obtain that
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LB=RpYURBYRSUES=RE=Pp=Rp=Fp=2,
Lp=PpUPBURS=Pp=R=PB=2
LB=RBYUPBURS=RE=P=Pp=2"
LA=PRBORS=RB=Pp=2,
Lp=RpYPp=Rp=Rp=2,

since Z' is minimal element of the semilattice D.

Now, let i#j.
HIf ,p=Bp=Pf=Pf=Pf=2Z" and j=1,2,3,4, then we have

Z=TB=Tp=T,p=T,f=2",
which contradicts the inequality Z = Z'.
QIf .p=PRP=PP=PL=Z7Z" and j=0,2,3,4, then we have
Z=T,p=T,p=T,f=Z"URB, where BB e D;
Z=-T,p=7.
Last equalities are impossible since Z#Z'UT for any Te€D and Z=#Z'
by definition of a semilattice D.
3)If ,p=Rp=Ppf=PL=Z" and j=0,1,3,4, then we have
Z=T,p=T,f=T,p=2'URp, where Bf  D;
Z=T,p=Z"
Last equalities are impossible since for any 77e D and Z = Z' by definition

of a semilattice D.
HIf ,p=Pp=PF=27" and j=0,1,2,4, then we have

Z=Tp=Tp=Tp=2"VREVPP,
Z=T,p=72"UPp, where BS,P,p e D.

Last equalities are impossible since Z#Z'UTUT' and Z#Z'UT for any

T,T' e D, by definition of a semilattice D.
5If T,f=FRf=PRf=Z" and j=0,1,2,3, then we have

Z=T,B=TB=T,p=2"VRBUPp,
Z=Tp=7Z"UPp, where P,B,P,p € D.
Last equalities are impossible since Z#Z'UTUT' and Z#Z'UT for any
T,T' € D, by definition of a semilattice D.
The statement b) of the Lemma 2.2.1 is proved.

Lemma 2.2.1 is proved.
Let DeX (X,5). We denoted the following sets by symbols 2, B(%2,)

and B,:
Ay = {11 L T B L T LT B L T (T T T, T
(LT T AT T T AT L T
B(,)={acB,(D)|V(X".a)e,}; B,={aeB, (D)|V(X"a)=D].
Remark, that the sets B, and B(%2,) are external elements for the semi-

group B, (D).
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Lemma 2.2.2. Let DeZX (X,5). Then the following statements are true:
a) If quasinormal representation of a binary relation « has a form
a =Y xT,) (% xT, ) u(¥ xT,),
where YY" Y\ ¢{Q}, then a Iis generating by elements of the elements of
set B(2,);
b) If quasinormal representation of a binary relation « has a form
@ =1 D)o (X7 T ) o (% xT,).
where YY" ,Y, ¢{Q}, then a Iis generating by elements of the elements of
set B(2,);
¢) If quasinormal representation of a binary relation « has a form
@ =(1' D)W (5 <1 ) (1 <T,).
where Y,',Y," ¢{D}, then o is generating by elements of the elements of set
B,UB(%,).
Proof 1). Let quasinormal representation of binary relations § and f have

a form
§=(¥ <1, )u(¥% <1, ) o (% <1 ) u (¥ xT,),
B=(TxT ) V(LT T) O (T \ 1)< ) O ((X\T) % T ),
where Y, YY" ¢ {0},
L, V(LAT)O(TN\T) W (X\T)
=(RUBR)URUPRU(X\T))=T, V(X \T;)=X,
(see Equalities (2.2.1) and (2.2.2)), then 5,8 B(2,) and
TB=T, LA=(RURUPR)B=T,0T,=T,
TB=(RVRUR)B=T, VT, =T, T,B=T,
a=50f=(V)xT,5) (¥ xLA) V(X < TB)u(¥) <T,5)
= (KT ) W (5T, )0 (1 < T, )0 (17 <T,)
=(17 <7 ) o (1 1) o (17 3)<T) =a
if v2=Y", ¥/ =YY and Y’ UY/ =Y/ . Last equalities are possible since
77 U¥?[21 ([77|20 by preposition).

The statement a) of the lemma 2.2.2 is proved.
2) Let quasinormal representation of binary relations & and S have a

form
5= (1T, )0 (1T, ) (1 < T, ) o (3 T, ).
B=(TxT)O((T\T) L) O((TAL)< T ) u((X\T,)x T, ),

where Y,",Y,.Y" ¢{J},
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L(T ) O (TN T ) O (XN T,)
=(RLUP)URUPRU(X\T)=T,U(X\T,)=X,
(see Equalities (2.2.1) and (2.2.2)), then &,8¢ B(Qlo) and
Tp=T, T,f=(RUBUR)f=T,UT,UT, =T,
TB=(PUPUP)S=T,0T, =T, T,3=T,
a=80f=(XxT,H) V(Y xA) (X' xT,8) (X xT,5)
= (5B ) o (1, o (1 <1 ) (X7 <T,)
=(17 %1 (1 1) o ((1 V1)< ) =
if ¥2=Y", ¥’ =Y and ¥ UY’ =Y, . Last equalities are possible since
77 U¥?[21 ([77|20 by preposition).
The statement b) of the lemma 2.2.2 is proved.

3) Let quasinormal representation of binary relations & and £ have a

form
& =07 xT,)u(¥ % T )u (X7 xT, ),
B=((T\T)xT ) O((T\L)X T )W ((T\ 1) xT,)
V((BAT)T) O (XN T)XT, ),
where Y7, Y {0},
(TR V(T O(TAT) V(T \ T ) U (X\T,)
=RUPRUPLUP U(X\T))=T, U(X\T)=X,
(see Equalities (2.2.1) and (2.2.2)), then 5eB(2,), e B, and
TBp=(RUR)B=T,UT,=T,
Lp=(RUR)B=T, 0N =T, T,f=T, T =T,
a=80f =Y xTB) (¥ xT.5) V(¥ < T, 5)
=0 %L ) U (5 <7 (X < T, ) = a,
if ¥/=¥, ¥’ =¥ and ¥’ =Y. Last equalities are possible since |¥[>1,
72|21 and [%]20.
The statement c) of the lemma 2.2.2 is proved.

Lemma 2.2.2 is proved.
Lemma 2.2.3. Let De3 (X,5). Then the following statements are true:

a) If quasinormal representation of a binary relation « has a form
a=(Y xT,)u (¥ xT,),
where YY) ¢{D}, then o is generating by elements of the elements of set
B(2,);
b) If quasinormal representation of a binary relation « has a form

a=(1 <1 ) O (4 <Ty).
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where YY" ¢{D}, then o is generating by elements of the elements of set
B(2,);
¢) If quasinormal representation of a binary relation « has a form
a=(¥ xT,)u(XxT)),
where YY" ¢{D}, then a is generating by elements of the elements of set
B(2,);
d) If quasinormal representation of a binary relation « has a form
a=(¥ xT)u(¥y xT,),
where Y'Y\ ¢{D}, then o is generating by elements of the elements of set
B(2,);
e) If quasinormal representation of a binary relation « has a form
a=(1 ) (¥ <7,
where Y)Y\ ¢{D}, then o is generating by elements of the elements of set
B(2,);
f) If quasinormal representation of a binary relation o has a form
a=(%xT)u(¥ xT,),
where Y)Y\ ¢{D}, then o is generating by elements of the elements of set
B(2,);
g) If quasinormal representation of a binary relation o has a form
a=XxT,, then o Iisgenerating by elements of the elements of set B(2,);

h) If quasinormal representation of a binary relation o has a form
a=XxT, then a isgenerating by elements of the elements of set B(2,);

i) If quasinormal representation of a binary relation o has a form
a=XxT, then a isgenerating by elements of the elements of set B(2,).

Proof. 1) Let quasinormal representation of a binary relations &, £ havea
form
5= <) u(% <1 ) (% <T,),
B=(T,xT,) V(T \T,)x L) O (X \T,)xT; ),
where .Y’ ¢{D}.
1,0(1,\T,)u(X\T,)
=(RUPR)U(RUPR)U(X\T)=T,U(X\T;)=X.
Then from the statement a) of the Lemma 2.2.2 follows that £ is generating
by elements of the set B(2,), &< B(2,) and
Lp=1,1p=1,9T, =1, T,p=T,.
8o f=(X]xTB) (X xT,) V(1) <T,5)
(WX ) o (8 <)o (37 1)
(

T,
Y xT) (X VY )x T ) =a,
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If v0=Y7, ¥°UY’ =Y. Last equalities are possible since |Y1§ U Y(f| >1
(|Y0‘$| 20 by preposition).

The statement a) of the lemma 2.2.3 is proved.

2) Let quasinormal representation of a binary relations &, £ have a form
8= (Y7 xT,) (% < T ) u(¥) xT,),
B=(TxT,)O((T,\T,)x T )L ((X\T)xT; ),

where ;.Y ¢{Q}.
7, 0(7,\T,)U(X\T,)
=(RUR)U(BUR)V(X\T)=T,0(X\T,)=X.

Then from &,8eB(%,) and

LA=T1, =T,V =T, I, =1,
8o =Y xR (X' xT5) V(1) <7, )
=(K L) o (075, ) o (5 T, )
=(1 %7 ) (15 O3 )Ty ) et
if =Y, ¥°UY’ =Y. Last equalities are possible since |Yl§ v Y(f| >1
(|Y;)§| 20 by preposition).

The statement b) of the lemma 2.2.3 is proved.

3) Let quasinormal representation of a binary relations &, £ have a form
&= xT)u (¥ <L )u (¥ xT,),
B=(LxL)O((T\T)x L) U((X\T)xT, ),
where Y.V, ¢{Q}.
7,0(T,\T)u(X\T,)
=(RVR)V(RUR)V(X\T)=T, 0 (X\T,)=X.
Then from the statement b) of the Lemma 2.2.2 follows that £ is generating
by elements of the set B(2,), §eB(%,) and

LA=T, LA=L, V=T, T,p=T,.
8o =X x L) (¥ < LB) V(X < T, 5)
(1 xT3) o (1< T, ) o (3 T,)

=(1 <) (5 1)< ) e
if =Y, ¥ UY’ =Y". Last equalities are possible since |Y2fy uYf| >1
(|Y;)§| 20 by preposition).

The statement c) of the lemma 2.2.3 is proved.

4) Let quasinormal representation of a binary relations §, £ have a form
8= (1T, ) (1 < T )0 (K T, ).
B=(LxT)O((T\ 1)< T, ) U ((X\T)xT, ),
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where YY) ¢{@}. Then &,8eB(2,) and
LB=T, LB=T, VT, =T, T,B=T,
5o B=(¥ xT8)u(¥ xT,8) V(¥ xT, )
=5 1) V(5 <1, Jo (3 < T, )
=(17 <) (1 1)< ) =a

if ¥7=y®, ¥J UY =Y. Lastequalities are possible since |Y25 v Yf| 21
( |Yf| >0 by preposition).

The statement d) of the lemma 2.2.3 is proved.

5) Let quasinormal representation of a binary relations &, f have a form
§=(¥ xT,)u(¥) xT,),
A=(((T, AENT)T, ) O((B )T, ) (X T)XT,),
where YY) ¢{Q},
(LATNL)U(BAT)U(X\T)=RURU(X\T,) =T, U(X\T,)=X.
(See Equalities (2.2.1) and (2.2.2)). Then from the statement b) of the Lemma
2.2.3 follows that & is generating by elements of the set B(2,) and from the
statement a) of the Lemma 2.2.2 element [ is generating by elements of the set
B(2,) and
LB=(RVPR)p=T, 0T, =T, T,B=T,
8o f=(¥ xT,8) (X xT,B) = (¥ x T, ) U (¥ T, ) = .
if v7=Y", ¥ =Y. Lastequalities are possible since |Y45| >1 |Y05| >1.

The statement e) of the lemma 2.2.3 is proved.

6) Let quasinormal representation of a binary relations &, B have a form
=X xT)u (¥ xT,),
B=(((B AT\ T ) O (L) T ) o (X \ 1) x T, ),
where Y.Y; ¢{D},
(B ATNT)U(TAL)V(X\L) =P UR U(X\T) =T, (X \Ty) = X.
(see Equalities (2.2.1) and (2.2.2)). Then from the statement d) of the Lemma
2.2.3 follows that & is generating by elements of the set B(2,) and from the

statement b) of the Lemma 2.2.2 element [ is generating by elements of the
set B(2,) and

TB=(PUP)B=T,uT, =T, T,A=T,
5o B=(¥ xTB) V(¥ xT,8)=(¥ < T,)u (¥ < T, ) = e,
if ¥7=Y", ¥ =Y. Last equalities are possible since |Yf|21 |Y05|21.

The statement e) of the lemma 2.2.3 is proved.
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7) Let quasinormal representation of a binary relations &, f have a form
5=(¥ =T, )u(¥y xT,),
B=(TxT)V((LAT)xT) (XN T)xT,),

where Y,.Y) ¢ {0},
TLU(L\T)U(X\T)=(RURUP)URU(X\T)=T, U(X\T,)=X

(see Equalities (2.2.1) and (2.2.2)). Then from the statement e) of the Lemma

2.2.3 follows that & is generating by elements of the set B(2,) and from the
statement a) of the Lemma 2.2.2 element [ is generating by elements of the set
B(%,) and

L=,V =T.T,f=T,

8o =0 xT,B) V(¥ xTyB) = (¥ x T, ) U (X' x T, ) = X xT; =a
since representation of a binary relation & is quasinormal.

The statement g) of the lemma 2.2.3 is proved.

8) Let quasinormal representation of a binary relations &, £ have a form
§=(¥'xT)u (¥’ xT,),
p=(LxL) (1AL ) D) (X T)T,),

where YY) ¢{@},
T,U(T\T,)U(X\T,)=(RUPRUP)UP U(X\T)=T, U(X\T,)=X

(see Equalities (2.2.1) and (2.2.2)). Then from the statement f) of the Lemma

2.2.3 follows that & is generating by elements of the set B(2,) and from the

statement b) of the Lemma 2.2.2 element f is generating by elements of the
set B(2,) and

Lp=Lvl =T.T,p=T
5o f=(X xLB) U (Y] < T,B)=(¥’ xT,)u(¥) xT,) = X xT; = a,

since representation of a binary relation & is quasinormal.
The statement h) of the lemma 2.2.3 is proved.
9) Let quasinormal representation of a binary relation 6 has a form

§=(T,xT) V(X \L)xT,),

then
L6=(R,URUR)S=T,UT,=T, [,6=T,
508 =(T,xT8) V(X \T)xT68) =(T, x T, ) V(X \T)x T ) = X\ T =a

since representation of a binary relation & is quasinormal.
The statement i) of the lemma 2.2.3 is proved.

Lemma 2.2.3 is proved.
Lemma 2.2.4. Let DeXy (X,5). Then the following statements are true:

a) If |X\T,|>1 and Ze{T,,T,}, then binary relation a=XxZ is gene-
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rating by elements of the elements of set B(2,);
b) If X =T, and Ze{T,,T,}, then binary relation o =X xZ is external
element for the semigroup B, (D).
Proof. 1) Let quasinormal representation of a binary relation ¢ has a form
8 =1L, ) o (1 <L) w (3 xT,),
where Y.,Y! ¢ {@} , then §eB(A,)\{a}. If quasinormal representation of a
binary relation B hasa form B=(T,xT)u |J ({t'} Xf(t')) , where fis any

t'eX\Tj
mapping of the set X \7 intheset {7,,7,}\{Z}.Itis easy to see, that f#a
and two elements of the set {7,,7,} belong to the semilattice V'(D,p), Le.
5eB(2A,)\{a} . In this case we have
Lp=Tp=Tp=2;
8o f=(X] xTB) (X xTA) V(X < T, 5)
=(WxZ)u(¥ < Z)u (¥ < Z)
(W oy U )xZ)=xxZ=a,
since the representation of a binary relation & is quasinormal. Thus, element
a is generating by elements of the set B(2,).

The statement a) of the lemma 2.2.4 is proved.
2) Let X=T,, a=XxZ, for some Ze{T,,T;} and a=05°f for some

8,p € B, (D)\{a}. Then from the Equalities (2.2.3) and (2.2.4) we obtain that
TB=Tp=Tp=Tp=T\p=Z, Ff=PB=Bp=FpB=7,
since Zis minimal element of the semilattice D.

Now, let subquasinormal representations /S of a binary relation B has a

form
F=(BuRwRUR)xZ)u | ({r}xA(1),
t'eX\Ty
where S, :(g 2 1;2 ??j is normal mapping. But complement mapping

B, is empty, since X \T, =@, ie. in the given case, subquasinormal represen-
tation S of abinary relation f is defined uniquely. So, we have that
B = =X xZ=a,which contradicts the condition S ¢ B, (D)\{a}.

Therefore, if X =7, and a=XxZ, for some Ze{T,,T,}, then a is ex-
ternal element of the semigroup B, (D).

The statement b) of the lemma 2.2.4 is proved.

lemma 2.2.4 is proved.

Theorem 2.2.1. Let DeX, (X,5) and

U, = {70 L L L AT T L T T B 1L T AT T T T s
(1T T AT 1L T (T T T

B(%,)={a e B, (D)V(X".a)e,}; B,={a B, (D)|V(X",a)=D}.
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Then the following statements are true
a) If | X\T,|=1, then S,=B,B(,) is irreducible generating set for the

semigroup.
b) If X =T,, then S, =B, UB(A,)U{XxT,,XxT,} is irreducible genera-

ting set for the semigroup B, (D).
Proof. The theorem 2.2.1 we may prove analogously of the theorems 2.1.1.
Theorem 2.2.2. Let n>6, D={T,,T,.T,.T,.T,} € Z,,(X,5) and
Ao = {00 0 T AT T L T A T B 1L T AL T T T s
(1.1 T AT T T AT T T
B(%,)={a e B, (D) (X".a)e,}; B,={a e B, (D)|V(X",a)=D}.
Then the following statements are true:
a) If |X\T,|>1, then the number |S,| elements of the set S, =B, B(2,)
is equal to
|So|=5"=3-3"+2-2" +2.
b) If X =T,, then the number |S,| elements of the set
S, =B, UB(A,)U{XxT,, XxT,} isequal to
|S)|=5"-3-3"+2-2" +4.
Proof. Let number of a set Xisequalto n>6, ie |X| =n>6. Let
S, ={@,0,,---,¢,} is a group all one to one mapping of a set M ={1,2,---,n}
on the set Mand ¢,,p, -, (m<n) are arbitrary elements of the group

S

n?

Y,.Y, .Y, are arbitrary partitioning of a set X. By symbol £ we

denote the number elements of a set {Y% DARENA } . It is well known, that

. m (_l)m+[ .
K'=) ——————i"".
’ ;.(i-l)! (m—i)

If m=2,3,4,5, then we have

1 1 1 1 1 1
hy =2" =1, k=3 =2 o k=4 -3 2
2 2 6 2 2 6
oL L L Lpm, L
24 6 4 6 24

If v,,Y, areanytwo elements partitioning of a set X'and
ﬁ:(Y(pl ><Z,)u(Y(p2 XZZ), where Z,,Z,eD and Z #Z,. Then number of
different binary relations /S of a semigroup B, (D) isequal to
2-k2=2"-2. (2.2.5)
If Y,.Y, .Y, areany tree elements partitioning of a set Xand
B=(Y, xZ) (Y, xZ,)u(¥, xZ,),

where Z,,Z,,Z, are pairwise different elements of a given semilattice D. Then
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number of different binary relations S of a semigroup B, (D) isequalto
6-k =3"-3-2"+3. (2.2.6)

If v,.v,.Y,.Y, areany four elements partitioning of a set X'and

B=(Y, x2,)u(Y, xZ,)u(¥, xZ,)U(¥, xZ,),
where Z,,7,,7Z,,Z, are pairwise different elements of a given semilattice D.

Then number of different binary relations /S of a semigroup B, (D) isequal

to
24k =4"-4.3"+3.2"" —4. (2.2.7)

If Y,.Y, .Y, .Y, Y, areany four elements partitioning of a set X and

B=(Y, xZ,)u(¥, x2,)u(¥, xZ) (¥, xZ,)u(¥, xZ),
where Z7,,7,,7Z,,Z,,Z; are pairwise different elements of a given semilattice D.

Then number of different binary relations /S of a semigroup B, (D) isequal

to
120-k) =5"-5-4"+10-3" —10-2" +5. (2.2.8)
If aeB,, then quasinormal representation of a binary relation o« has a
form
a =Y xT, ) (¥ x T ) o (5 x T, ) U (% < T )u (¥ xT, ),
where Y",Y,",Y;",Y" ¢{D}, or a system Y/, Y7, ¥, Y, ¥ are partitioning of
the set X,
If the system Y/ ,Y,”,Y/,Y,”, or a system Y Yy,Y, Y%, Y, are partitioning
of the set X. Of this from the Equalities (2.2.7) and (2.2.8) follows that
|By|=(5"=5-4"+10-3"=10-2" +5)+(4" —4-3" +6-2" - 4)
=5"-4-4"+6-3"-4-2"+1.
If aeB(,), then by definition of a set B(2,) the quasinormal represen-

tation of a binary relation « has a form:

a =Y xT,) (¥ x T ) (X x T, ) (¥ xT, ),
where Y, Y".Y) ¢{@}, or Y/, Y7, Y, Y, ¢{Q} are partitioning of the set X
respectively;

a =Y xT,) (Y < T (% x T )u (¥ xT, ),
where YY", Y," ¢{@}, or ¥/, Y7 Y Y, ¢{Q} are partitioning of the set X
respectively;

a =Y xT,) (Y < T, ) u(X T ) u (% xT,),
where Y'Y, Y," ¢{@}, or Y], Y, YY" ¢{Q} are partitioning of the set X
respectively;

a= (1L )01 L Jo (5 xT, ) o (¥ T, )
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where YY" ¢{@}, or ¥ ,Y, YY" ¢{Q} are partitioning of the set X
respectively;

a =Y xT,)u(% <1y ) (¥ <T,),
where YY" ¢{@}, or ¥/, ¥{,Y," ¢{Q} are partitioning of the set X respec-
tively;

a =Y xT,)u (5 x5 )u (¥ < T,),
where YY" ¢{@}, or ¥/, YY" ¢{Q} are partitioning of the set X respec-
tively;

a =T ) o (5 D) (4 xT,)
where YY) ¢{@}, or ¥,Y,",Y," ¢{Q} are partitioning of the set X respec-

tively.
Ozthis and from the Equality (2.2.5), (2.2.6) and (2.2.7) follows that
B2, )|=3-(2"=2)+7-(3"=3-2" +3)+4-(4" —4-3" +6-2" - 4)
=4.4"-9.3"16-2" +1.
So, we have that:
1S, =[B, v B(2L,)
=(5"-4-4"+6-3"—4.2" +1)+(4-4" 93" +6-2" +1)
=5"-3.3"+2-2"+2,
1S, =[By W B(A)V{X X T, X x T} }|=5"~3-3"+2-2" +4.
Since
BynB(2Ay) =B, " {XxT, XxT,, X xT,} = B(A) { X xT,, X xT,, X xT,} =0 .

Theorem 2.2.2 is proved.
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