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Abstract 
In the paper, we study a kind of time-delayed novel coronavirus pneumonia 
dynamical model with vaccination. This model considers that people are vac-
cinated, and the human immune system has a series of processes, which need 
a certain time. We first obtain the disease-free equilibrium and the basic re-
production number 0R , and the system has a unique endemic equilibrium 
when 0 1R > . Then we discuss the stability of the disease-free equilibrium 
and the endemic equilibrium with different delays τ . For 0τ = , using the 
Lyapunov function approach, we obtained the stability of disease-free equili-
brium and the endemic equilibrium, respectively. For any delay 0τ ≠ , using 
the Routh-Hurwitz Criteria, we obtained that the disease-free equilibrium is 
locally asymptotically stable. We also find the critical value 0τ  at the en-
demic equilibrium, and obtain the condition that the system has a Hopf bi-
furcation at the endemic equilibrium. Finally, with the suitable choices of the 
parameters, some numerical simulations are presented in order to verify the 
effectiveness of the obtained theoretical results. 
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1. Introduction 

In December 2019, a kind of new atypical viral pneumonia cases, which is 
caused by a novel coronavirus (2019-nCoV), appeared in Wuhan City, Hubei 
Province of China. Since then, the novel coronavirus pneumonia (COVID-2019) 
has rapidly spread to other provinces of China and other countries with the Spring 
Festival passenger flew. The number of suspected/confirmed cases has increased 
rapidly [1]. The outbreak of COVID-2019 has attracted the attention of the 
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countries all over the world. According to the cases of COVID-19 in Wuhan and 
Hubei, the number of COVID-19 is a significant upward trend [2] [3]. There is 
already abundant information on 2019-nCoV and its spread worldwide [4] [5], 
as well as the risks it poses to the population. Globally, as of 5:31 pm CET, 10 
January 2022, there have been 305,914,601 confirmed cases of COVID-19, in-
cluding 5,486,304 deaths, reported to World Health Organization (WHO) [6] 
[7]. Due to the sudden outbreak of COVID-2019, it is a new type of infectious 
disease, people have not found a new measure to analyze, prevent and treat it. 
Every outbreak of the coronavirus has caused huge economic losses to the af-
fected countries. The epidemic of infectious diseases in history has seriously af-
fected people’s health and led to huge losses to the global economy [8] [9]. At 
the same time, the high mortality rate of the epidemic has also caused varying 
degrees panic. COVID-2019 spreads mainly through human contact. Therefore, 
governments throughout China and other countries have formulated policies for 
controlling populations to cut off the spread of the virus and to reduce the infec-
tion rate. At the same time, scientific medical treatment can effectively alleviate 
the epidemic situation and eventually terminate the epidemic situation after a 
period. However, the long-term population control has brought many inconve-
niences to the human daily life, and it has brought a great impact on the econo-
my. Therefore, it is very important that the government makes the timely and 
effective treatment measures to eliminate COVID-2019. It is necessary to use 
traditional infectious disease dynamics models to analyze and predict the de-
velopment of the epidemic. These can be achieved by establishing mathemati-
cal models that simulate the spread of the epidemic. Through the study of re-
lated mathematical models, the relevant parameters obtained through historical 
data inversion can measure the current situation of the epidemic in many ways, 
and numerical calculations from the model. Simulation can also predict the 
development trend of the epidemic, all of which provide effective reference 
value for proposing better and more scientific epidemic prevention and control 
schemes. 

The classical mathematical models describing the spread of infectious diseases 
include SI, SIS, SIR, SIRS, SEIR, and SEIRS model, etc [10] [11] [12]. Its main 
idea is to divide the population into different compartments: susceptible(S), la-
tent (E), infectious (I), and removed (R), and to establish the ordinary differen-
tial equation systems through the communication mechanism of one group 
transferring to another group, so as to reveal the law of the epidemic spread. 
These models (and their variants) are used to study the transmission of various 
infectious diseases such as measles, smallpox, rabies, Ebola virus, and population 
dynamics. After the SARS epidemic in 2003, the mathematical models of SARS, 
MERS and other coronavirus transmission laws were gradually enriched [13] 
[14]. 

Because most traditional models do not consider the effect of latency on propa-
gation delay, even considering into the latent (E) in the SEIR models of COVID- 
19, it is only assumed that the latent E is weakly infectious, which cannot depict 
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the characteristic that 2019-nCoV can propagate in the latent period. In addi-
tion, the above model hardly considers the data delay caused by the time re-
quired for diagnosis. To sum up, a model of COVID-19 with time delay effect is 
needed to describe the novel crown pneumonia epidemic more appropriately. At 
the same time, with the development of the scientific medical treatment, there 
are many immune drugs. As of 9 January 2022, 9,126,987,353 vaccine doses have 
been administered [7]. The infectious disease dynamics model based on time- 
delayed dynamics system with vaccination proposed in this paper inverse the 
model parameters through public historical data. The parameter analysis shows 
the effectiveness of prevention and control measures of governments at all levels. 
Based on these parameters, we well simulated the development of the current 
epidemic and accurately predicted the future trend of the epidemic. The simula-
tion results show that the epidemic situation can be controlled and gradually 
ended in a short time. 

The arrangement of the paper is as follows. Firstly, using the SVIR model in 
[15] as our baseline model, we formulate the time-delayed COVID-19 dynamical 
model with vaccination, and show the model biologically reasonable and ma-
thematically defined well in Section 2. We obtain the disease-free equilibrium, 
the endemic equilibrium, and a formula for the reproduction number, 0R , of 
the time-delayed COVID-19 dynamical model with vaccination by the next gen-
eration matrix [16] [17] in Section 3. In Section 4, when 0 1R > , we prove that 
the model (5) has a unique positive equilibrium. Then we discuss the eigenvalues 
of the model at the equilibrium through Routh-Hurwitz criteria [18] for 0 1R >  
and 0 1R < , respectively, so as to judge the stability of the disease-free equili-
brium and the endemic equilibrium. When the delay 0τ = , we construct Lya-
punov function [19] to judge the global stability of the equilibrium. According to 
the conditions for the existence of Hopf bifurcation of delay differential equa-
tions [20] [21], we find that the system has Hopf bifurcation when 0 1R >  and 

0τ τ= . Finally, we carry out numerical simulation and get different simulation 
results according to different data to verify the correctness of the theoretical re-
sults in Section 5. We finally give brief discussions of our findings and our future 
research plan in Section 6. 

2. The Model Formulation 
2.1. The Building of the Delay Dynamical Model with Vaccination 

From the study of infectious diseases, prevention is more important than treat-
ment. The researchers have established mathematical models to show the dy-
namic behavior of infectious diseases based on the occurrence, transmission and 
development law of infectious diseases and related social factors. Theoretical 
analysis and numerical simulation are also carried out through the model [15] 
[22] [23] [24] [25]. It can show the development process of infectious diseases by 
simulating dynamic behavior, analyzing the causes and key factors of infectious 
diseases by studying the impact of prevention and control methods on the epi-
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demic of infectious diseases, predict the epidemic law and development trend, 
seek for the development law of various infectious diseases, and find the optimal 
solution of disease prevention and control. These researchers also provide theo-
retical and quantitative basis for prevention as well as decision-making. What's 
more, vaccination is the most effective way to control the spread of the epidemic 
[26] [27] [28]. If people are vaccinated, the human immune system has a series 
of processes, which need a certain time [29] [30]. And if people can only have 
limited immune protection after vaccination [31], the vaccinators are not sus-
ceptible (S) and recovered (R) individuals, but belong to a new group. According 
to this situation, we build a time-delayed SVIQR model with incomplete vacci-
nation based on the SVIR model established by Liu et al. [15].  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
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d
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,

d
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d
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,

d
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S t I t S t S t

t
V t

S t V t I t V t V t
t

I t
S t V t I t I t

t
Q t

I t Q t
t

R t
V t I t Q t R t

t

β µ ρ τ

ρ τ σβ µ α

β σ µ ν δ κ

κ µ γ

α ν γ µ


= Λ − − − −




= − − − −



= + − + + +



= − +


 = + + −


           (1) 

with the initial conditions  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) [ ) ( ) ( )

1 2 3 4 5, , , , ,

,0 , 0, 0 0, 1,2,3,4,5.i i i

S V I Q R

C i

θ ϕ θ θ ϕ θ θ ϕ θ θ ϕ θ θ ϕ θ

ϕ θ τ ϕ θ ϕ

= = = = =

∈ − ≥ > =
 

where ( ) ( ) ( ) ( ), , ,S t V t I t Q t  and ( )R t  are the density of the susceptible, vac-
cinated, infected, quarantined and recovered population at time t, respectively. 
τ  is the time required for the vaccine to produce protection. Λ  is the constant 
entering flux into the S-class, β  is the transmission rates for individuals in 
S-class, µ  is the constant natural death rate, α  is complete vaccination rate, 
ρ  is the vaccination rate, κ  is isolation rate, δ  is the death rate because of  

CODIV-19. 1
ν

, 
1
γ

 are the average time of the infectious period and quarantine,  

respectively. σβ  is the transmission rates for individuals in V-class, 0 1σ≤ ≤ . 
When 0σ =  and 1σ = , it means that vaccination is completely effective and 
ineffective, respectively. 

2.2. Positive Invariant Sets of the Model System 

Below, we show that the system (1) is biologically reasonable and mathematically 
defined well. For the simplicity, we give the following notations:  

( ){ } ( ){ } ( ){ } ( ){ } ( ){ }5 0 0 0 0 0S t V t I t Q t R t+ = ≥ ∪ ≥ ∪ ≥ ∪ ≥ ∪ ≥  for the  
nonnegative orthant of space 5 , and  

( ) ( ) ( ) ( ) ( ) ( ){ }5 5int \ 0S t V t I t Q t R t+ += = = = = =   for the interior of the 
5
+ . From the system (1), we have  
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( ) ( )( )( )
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exp d
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( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )( )

0

0

0

0 exp d ,

exp 0 exp d ,

exp 0 exp d .

t

t

t

I t I S V

Q t t Q I t

R t t R V I Q t

β η σ η µ υ δ κ η

µ γ κ η µ γ η η

µ α η ν η γ η µ η η

= − + − + + +

= − + + + −

= − + + + −

∫

∫

∫

  (2) 

If we suppose that ( ) ( ) ( ) ( ) ( )( ) ( )50 , 0 , 0 , 0 , 0 intS V I Q R +∈  , according to 
the third equation of (2), for all 0t ≥ , ( ) 0I t > . Because for any 0t ≥ ,  

( ) 0S tρ τΛ − − > , hence, from other equation of (2), we have ( ) 0S t > ,  
( ) 0V t > , ( ) 0Q t > , ( ) 0R t > . 
From the initial conditions, for all [ ),0t τ∈ − , ( ) 0S t > , ( ) 0V t > ,  
( ) 0I t > , ( ) 0Q t > , ( ) 0R t > , thus, ( ) 0S t > , ( ) 0V t > , ( ) 0I t > , ( ) 0Q t > , 
( ) 0R t >  for any [ ),t τ∈ − +∞ . 
In addition, we suppose that the total population  
( ) ( ) ( ) ( ) ( ) ( )N t S t V t I t Q t R t= + + + + . Thus, adding all the equations for  
( ) ( ) ( ) ( ), , ,S t V t I t Q t , and ( )R t  in (1) together, we get  

( ) ( ) ( )
d

.
d

N t
N t I t

t
µ δ= Λ − −  

Because of ( ) ( ) 0N t I t> > , we obtain  

( ) ( ) ( ) ( )
d

.
d

N t
N t N t

t
µ δ µΛ − + ≤ ≤ Λ −  

Consequently, for any [ )0,t∈ +∞ ,  

( ) ( )( ) ( )

( )( ) ( )0 0

0 exp

0 exp ,

N t N t

N N N t

µ δ
µ δ µ δ

µ

 Λ Λ
+ − − + ≤ + + 

≤ + − −

           (3) 

where 0N  is the initial population, ( )0N  is the population at time 0t = , which 
yields that ( ) ( )( ) ( ) ( )0 00 exp 0N t N t N N Nµ δ− + ≤ ≤ + − , for )0,t T +∈  , 
where 0T + > . Thus, we obtain that ( )N t  is bounded on )0,t T +∈  , which 
implies that T + = +∞ . Let t → +∞  in (3), we obtain  

( ) ( ) 0liminf limsup .
t t

N t N t N
µ δ →+∞ →+∞

Λ
≤ ≤ ≤

+
 

For showing that the system (1) is biologically reasonable and mathematically 
defined well, we need to prove that the set  

( ) ( ) ( ) ( ) ( )( ) ( ) ( )5 0, , , , int :D S t V t I t Q t R t N t N
µ δ+

 Λ
= ∈ ≤ ≤ 

+ 


    (4) 
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is positively invariant for the system (1). Let ( ) ( ) ( ) ( ) ( )( )0 , 0 , 0 , 0 , 0S V I Q R D∈ , 
then ( ) ( ) ( ) ( ), , ,S t V t I t Q t , and ( )R t  are defined on [ )0,+∞ , with (3) hold-
ing for ( )N t . Since ( ) ( ) ( ) ( ) ( )( )0 , 0 , 0 , 0 , 0S V I Q R D∈ , it follows from (3)  

that ( ) 0N t N
µ δ
Λ

≤ ≤
+

 for all [ )0,t∈ +∞ . This means that D is a positively  

invariant set. Therefore, we have  
Theorem 2.1. The set D is a positively invariant set for the model system (1).  
Because the total population ( ) ( ) ( ) ( ) ( ) ( )N t S t V t I t Q t R t= + + + + , the 

model system (1) is equivalent to the following model system,  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

d
,

d
d

( ) ,
d

d
,

d
d

,
d

S t
S t I t S t S t

t
V t

S t V t I t V t V t
t

I t
S t V t I t I t

t
Q t

I t Q t
t

β µ ρ τ

ρ τ σβ µ α

β σ µ ν δ κ

κ µ γ


= Λ − − − −




= − − − −

 = + − + + +

 = − +

           (5) 

with the initial conditions and the positively invariant region Ω  as follows,  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) [ ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )

1 2 3 4

4 0

, , , ,

,0 , 0, 0 0, 1, 2,3, 4

, , , int : .

i i i

S V I Q

C i

S t V t I t Q t N t N

θ ϕ θ θ ϕ θ θ ϕ θ θ ϕ θ

ϕ θ τ ϕ θ ϕ

µ δ+

= = = =

∈ − ≥ > =

 Λ
Ω = ∈ ≤ ≤ 

+ 


     (6) 

3. The Equilibria of the Model System 

When t → +∞ , ( ) ( )S t S t Sτ− = = , ( )V t V= , ( )I t I= , ( )Q t Q= . Equili-
brium points of system (5) are given by solutions ( ) 4, , ,S V I Q +∈  of  

( ) ( )
( )

0,
0,

0,
0.

SI S S
S VI V V

S V I I
I Q

β µ ρ
ρ σβ µ α
β σ µ ν δ κ
κ µ γ

Λ − − − =
 − − − =
 + − + + + =
 − + =

                  (7) 

We easily obtain the disease-free equilibrium point ( )0
0 0 0 0, , ,S V I Q=E  of 

system (5) in the situation, where  

( )( )0 0 0 0, , 0, 0.S V I Qρ
ρ µ ρ µ µ α
Λ Λ

= = = =
+ + +

 

The basic reproduction number 0R  is known as the expected number of sec-
ondary cases produced by a typical infectious individual during its entire period 
of infectiousness in a completely susceptible population [17] [32] [33]. For sys-
tem (5), we can find the new infected person matrix Φ  and the removed in-
fected person matrix Ψ , respectively:  

( ) ( )( ) ( ) ( ) ( ), ,S t V t I t I tβ σ µ ν δ κ= + = + + +Φ Ψ  
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and hence, the basic reproduction number 0R  is  

( ) ( ) ( )
( )( )( )0

0 01
0 .

S V
R

β σ β µ α σρ
ρ

µ ν δ κ ρ µ µ α µ ν δ κ
− + Λ + +

= = =
+ + + + + + + +E

ΦΨ  

Let c µ ν δ κ= + + + , the basic reproduction number can be written as  

( )
( )( )0 .R

c
β µ α σρ
ρ µ µ α

Λ + +
=

+ +
 

Theorem 3.1. Let t → +∞ , then if 0 1R < , the system (5) has no positive 
equilibria; if 0 1R > , the system (5) has a unique positive equilibrium point 

( )* * * * *, , ,S V I Q=E .  

Proof. By the first equation of (7), we get S
Iρ µ β

Λ
=

+ +
. By the second equ-

ation of (7), we get 
( )( )

SV
I I I

ρ ρ
µ α σβ ρ µ β µ α σβ

Λ
= =

+ + + + + +
. By the fourth 

equation of (7), we get 
IQ λ

µ γ
=

+
. Then we substitute ,S V  and Q  into the  

third equation of (7) and simplify it:  

( ) 2
1 2 3 0,H I h I h I h= + + =                      (8) 

where  

( )( )( )
( )( )( )

2
1

2

3 0

0,

,

1 .

h c

h c

h c R

σβ

β βσ µ α σ ρ µ

µ α ρ µ

= − <

= Λ − + + +

= + + −

                (9) 

If 0 1R < , it is ease to prove that 2 30, 0h h< < . Hence the equation  
( ) 0H I =  does not have positive roots, so the (5) has no positive equilibrium. 
If 0 1R > , then 3 0h > . Hence the equation ( ) 0H I =  has a positive root 

and a negative root. We take the positive root as *I  and obtain the positive 
equilibrium point ( )* * * * *, , ,S V I Q=E  of the system (5), where  

( )( )

*
*

*
* *

*
*

,

,

,

S
I

V
I I

IQ

ρ µ β
ρ

ρ µ β µ α σβ

λ
µ γ

Λ
=

+ +
Λ

=
+ + + +

=
+

                (10) 

and *I  is the unique positive root of the quadratic equation for 0 1R > .     □ 

4. The Stability of the Equilibria of the System (5) 

Now, we research the stability of the equilibria of the system (5). 

4.1. Global Stability of the Equilibria When 0=τ  

At first, we give the definition of the Lyapunov-candidate-function to research 
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the stability of the equilibria. Let : nL →   be a continuous scalar function, 
if L satisfies  

( ) ( ) { }0, 0, \ ,L L U= > ∀ ∈x x0 0  

with U being a neighborhood region around =x 0 , then L is called a Lyapu-
nov-candidate-function. 

Next, we state the general Lyapunov stability theorem [34].  
Lemma 4.1. Consider the following vector field  

( ) , .n= ∈x f x x                         (11) 

Let 0x  be a equilibrium point of (11) and let :L U →   be a 1C  function 
defined on some neighborhood U of 0x  such that 

1) ( )0 0L =x  and ( )L >x  if 0≠x x , 
2) ( ) 0L ≤x  in { }0\U x , 

then 0x  is stable. Moreover, if 
3) ( ) 0L <x  in { }0\U x , 

then 0x  is asymptotically stable.  
The proof and the geometric interpretation of the Lemma 4.1 can be found in 

the second chapter in reference [34]. 
Now, we prove the stability of the equilibrium points of the system (5).  
Theorem 4.1. If 0 1R < , 0τ = , then the disease-free equilibrium 0E  of 

system (5) is globally asymptotically stable in Ω .  
Proof. We transform the disease-free equilibrium 0E  into the origin by 

transforming 0X S S= − , 0Y V V= − , I I= , Q Q= , then we get a new sys-
tem (12) by the transformation.  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

0

0

0 0

d ,
d
d ,
d
d ,
d
d .
d

X X t S I t X t I t
t
Y X t V I t Y t Y t Y t I t
t
I S V I t cI t X t I t Y t I t
t
Q I t Q t
t

ρ µ β β

ρ σβ µ α σβ

β σ β σβ

κ µ γ

 = − + − −



= − − − −

 = + − + +

 = − +

     (12) 

The feasible region of system (12) is  

1 0 0 0 0, , 0, 0, .X S Y V I Q X Y I Q S V
µ

 Λ
Ω = > − > − > > + + + ≤ − − 

 
 

We define a Lyapunov function 1L  as  

2 2
1 02 .L X Y S Iµ

ρ
= + +  

The derivative of the Lyapunov function 1L  along the trajectories of system 
(12) is  
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( ) ( )

( ) ( )

2 21
0 0 0 0

(12)
2

2
0 0 0

2 2

2
2 2

0 0 0

2 2 2

d
2 2 2 2

d
22 2 2 2

2 2

2 2

22 2

L X S XI X I S S V c I
t

S XI S YI XY S YI Y

Y Y I

X XY Y S c S V I

X I Y I Y

ρ µ β β β σ

µβ σβ µ σβ
ρ

µα µ σβ
ρ ρ

µρ µ µ β σ
ρ

µ µαβ σβ
ρ ρ

 = − + − − + + − 

+ + + − −

− −

 
 = − + − + − − +   

 

− − −

   (13) 

If 0 1R < , then ( )0 0 0c S Vβ σ− + > . Because the arithmetic mean is larger 
than or equals to the geometric mean, we have  

( )
2

2 2 2X Y XY XYµ ρ µρ µ µ µ
ρ ρ

+
+ + ≥ ≥ . For 1, , ,X Y I Q∀ ∈Ω , there is  

1

(12)

d
0

d
L
t

< , so 1

Eq.(12)

d
d
L
t

 is negative in 1Ω . Hence, the disease-free equilibrium  

0E  of system (5) is globally asymptotically stable. The proof is complete.     □ 
Theorem 4.2. If 0 1R > , 0τ = , then the endemic equilibrium *E  is glo-

bally asymptotically stable.  
Proof. At first, we prove that the endemic equilibrium *E  is locally asymp-

totically stable. 
If 0 1R > , we obtain that the Jacobian matrix of the system (5) at the endemic 

equilibrium point *E  is  

( )

( )

* *

* *
*

* *

*
*

*
*

*

* *

e 0 0
e 0

0 0
0 0

1 e 0 0

e 0

0 0
0 0

I S
I V

I I

S
S

S V
V

I I

λτ

λτ

λτ

λτ

µ ρ β β
ρ µ α σβ σβ
β σβ

κ µ γ

ρ β

ρρ σβ

β σβ
κ µ γ

−

−

−

−

 − − − −
 

− − − − =  
  − − 

Λ − + − − 
 

− 
−=  

 
 
 − − 

J E

    (14) 

When 0τ = , we get the characteristic equation of the matrix ( )*J E  is  

( )( )3 2
1 2 3 0,a a aλ λ λ λ µ γ+ + + + + =                 (15) 

where  

2

*

1 * *

2 2 * * 2 * *
2 *

* * 2 2 * *
2 * *

3 * *

0

0

0

Sa
S V

a V I S I
V

S I V Ia S I
V S

ρ

ρσ β β

ρβ σ βσβ ρ

Λ
= + >

Λ
= + + >

Λ
= + + >

              (16) 
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Obviously, the characteristic Equation (15) always has a negative real root 
λ µ γ= − − . And the remaining roots are determined by the following equation,  

3 2
1 2 3 0a a aλ λ λ+ + + =                        (17) 

By Routh-Hurwitz Criteria, the coefficients of the Equation (17) satisfy  

1 1 0H a= >                            (18) 

( )
( )

1 3
2 1 2 3

2
2 2 *

2 * * *
* * *

22 * * 2 * *

1

1
0

a aH a a aa
SS I I

S V V
S I S I

ρ ρ µβ µ β

ρβ σ ρσβ

= = −

Λ
= + + +

+ − +
>

                (19) 

1 3

3 2 3 2

1 3

0
1 0 0
0

a a
H a a H

a a
= = >                     (20) 

therefore, the endemic equilibrium *E  is locally asymptotically stable. 
Below, we prove that the endemic equilibrium *E  is globally asymptotically 

stable. When = 0τ , delay differential equation system (5) becomes the ordinary 
differential equation system as follows,  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( ) ( )

d
d
d
d
d
d
d .
d

S S t I t S t S t
t
V S t V t I t V t V t
t
I S t V t I t cI t
t
Q I t Q t
t

β µ ρ

ρ σβ µ α

β σ

κ µ γ

 = Λ − − −

 = − − −

 = + −



= − +

             (21) 

We define a Lyapunov function 2L  as  

* * * * * *
2 * * *ln ln ln .S V IL S S S V V V I I I

S V I
= − − + − − + − −  

The derivative of the Lyapunov function 2L  along the trajectories of system 
(21) is  

( )

( )

( )

( )

( )

( )

2 2

2

2

*
* *2

(21)
*

* * * * *

* * *
* * * *

*

*
* * * * * *

*

* *
*

*
* * *

*

d
d

2

2

2

L SS V V cI S S I
t S

VI S V cI S V V V I
V

V S S VS S S I S SI
S S VV

V SS S I S S S I
SV

S VS SI
S V

S SS S I
S S

µ µ α ρ µ β

β σ ρ µ α σβ

ρ µ ρ ρ µ β ρ β

ρ µ β ρ µ ρ β

ρ µ ρ β

µ β

Λ
= Λ − − − − − + + +

− + + − + + +

= Λ + − − − + − − −

 = + + + − − − 

− + − −

 
= − + + − − 

 

* *
*

* * 3 .S V SVS
S V S V

ρ
 

+ + − 
 

  (22) 
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Because the arithmetic mean is larger than or equals to the geometric mean, 
we have  

*

* 2 0,S S
S S
+ − ≥  

* *

* * 3 0.S V SV
S V S V
+ + − ≥  

Hence for 1, , ,S V I Q∀ ∈Ω , there is 2

(21)

d
0

d
L
t

≤ . So the endemic equilibrium  

*E  of system (5) is stable. 

In addition, if * *,S S V V≠ ≠ , then, 2

(21)

d
0

d
L
t

< , hence, the endemic 

equilibrium *E  is globally asymptotically stable. The proof is complete.     □ 

4.2. Local Stability of the Equilibria When 0≠τ  

Theorem 4.3. For any time delay 0τ ≠ , the disease-free equilibrium 0E  is 
locally asymptotically stable if 0 1R < , and unstable if 0 1R > .  

Proof. We obtain that the Jacobian matrix (23) of the system (5) at the dis-
ease-free equilibrium 0E  is  

( )
( )

0

0
0

0 0

e 0 0
e 0
0 0 0
0 0

S
V

S V c

λτ

λτ

µ ρ β
ρ µ α σβ

β σ
κ µ γ

−

−

 − − −
 

− − − =  + −
  − − 

J E       (23) 

Hence, we get the characteristic equation for the above matrix ( )0J E  is  

( ) ( )( )( )( )0 0e 0.S V cλτλ µ ρ λ β σ λ µ α λ µ γ−+ + − + + + + + + =     (24) 

If 0 1R < , then The characteristic Equation (24) always has three negative real 
roots  

( )1 0 0 2 3, , .S V cλ β σ λ µ α λ µ γ= + − = − − = − −  

The other characteristic roots of (24) is determined by the following equation  

e 0.λτλ µ ρ −+ + =                        (25) 

We suppose that a root of the Equation (24) is imaginary number 0λ . 
Through calculation, we get that its conjugate 0λ  also satisfies the Equation 
(24). So the root of the Equation (24) must be a real number. Hence we obtain  

e .λτλ µ ρ µ−= − − ≤ −  

Therefore, the disease-free equilibrium 0E  is locally asymptotically stable. 
If 0 1R > , then ( )0 0 0S V cλ β σ= + − > . Hence the characteristic Equation 

(24) has at least one positive root. So the disease-free equilibrium 0E  is unsta-
ble. The proof is complete.                                           □ 

When 0τ ≠ , we get the characteristic equation about the matrix (14) is  

( )( )( )3 2 2
1 2 3 4 5 6 e 0,b b b b b b λτλ λ λ λ λ λ µ γ−+ + + + + + + + =        (26) 
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where  

2

*

1 * *

2 *
2 2 * * 2 * *

2 * *

* * 2 2 * *
2 2 * *

3 * *

4

2 *

5 *

2 * * 2 2 * *
6

,

,

,

,

,

.

Sb
S V

Sb V I S I
V V

S I V Ib V I
V S

b

Sb
V

b S I V I

ρ ρ

ρ ρσ β β

ρβ σ β ρσ β

ρ

ρ

ρσβ ρσ β

Λ
= + −

Λ
= + + −

Λ
= + −

=

=

= +

              (27) 

The characteristic Equation (26) always has a negative real root λ µ γ= − − . 
And the remaining roots are determined by the following equation,  

( )3 2 2
1 2 3 4 5 6 e 0.b b b b b b λτλ λ λ λ λ −+ + + + + + =             (28) 

We assume that the pure imaginary number iλ ω=  is the root of the Equa-
tion (28), and substitute iλ ω=  into the equation,  

( ) ( )( )( ) ( ) ( )( )( )
( ) ( )( )

3 2
4 1 5 2

6 3

cos sin cos sin

cos sin 0

i b i b b i b i

b i b

ω λτ λτ ω λτ λτ ω

λτ λτ

− − − + + − +

+ − + =
  (29) 

We separate the real and imaginary parts of the Equation (29) and obtain the 
following system,  

( ) ( ) ( )

( ) ( ) ( )

2 2
1 3 4 6 5

3 2
2 4 6 5

cos sin ,

sin cos .

b b b b b

b b b b

ω ω λτ ω λτ

ω ω ω λτ ω λτ

− + = − −

− + = − − −

         (30) 

This leads to  

( ) ( ) ( )2 2 22 3 2 2 2
1 3 2 4 6 5 .b b b b b bω ω ω ω ω− + + − + = − +          (31) 

We make 2ϕ ω= , and then simplify the Equation (31)  

( ) 3 2
1 2 3 0,G g g gϕ ϕ ϕ ϕ= + + + =                 (32) 

where  
2 2

1 1 4 2
2 2

2 2 4 6 1 3 5
2 2

3 3 6

2 ,

2 2 ,

.

g b b b

g b b b b b b

g b b

= − −

= + − −

= −

                   (33) 

Theorem 4.4. For any time delay 0τ ≠ , if 0 1R >  and the coefficients in the 
( )G ϕ  meet the Routh-Hurwitz Criteria, then the endemic equilibrium *E  is 

locally asymptotically stable.  
Proof. If the coefficients in the ( )G ϕ  meet the Routh-Hurwitz Criteria, then 

there is no positive real root in the Equation (32). Hence, there is no pure im-
aginary root in the Equation (28). It is known from Theorem 4.2. that when 

0τ = , all roots of the Equation (28) are negative real parts. According to the 
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continuity of roots to parameters, for any time delay τ , all roots of the Equa-
tion (28) have strict negative real parts. Therefore the endemic equilibrium *E  
is locally asymptotically stable. The proof is complete.                     □ 

Theorem 4.5. For any time delay 0τ ≠ , if 0 1R > , then the endemic equili-
brium *E  is locally asymptotically stable when 3 6 0b b− <  and [ )00,τ τ∈ ; 
The system (5) undergoes a Hopf bifurcation at *E  when kτ τ= ; the endemic 
equilibrium *E  is unstable when 0τ τ> .  

Proof. Because 
2* * 2 2 * *

2 * *
3 6 * * 0S I V Ib b S I

V S
ρβ σ βσβ ρ Λ

+ = + + > , 3 0g <   

when 3 6 0b b− < . Hence ( )0 0G < , ( ) 0G +∞ > . Because ( )G ϕ  is a conti-
nuous function, at least one positive real number ϕ  satisfies ( ) 0G ϕ = . There-
fore the Equation (28) has a pair of pure imaginary roots 0iω± . 

We get 0kτ >  from Equation (18), and the Equation (28) has a pair of pure 
imaginary roots 0iω±  when kτ τ= , where  

( )( ) ( )
( ) ( )

( )

2 2 3
1 0 3 4 0 6 5 0 0 2 0

2 220 4 0 6 5 0

0

1 arccos

2 , 0,1,2, .

k

b b b b b b

b b b

k k

ω ω ω ω ω
τ

ω ω ω

ω
π

− + − − − +
=

− +

+ = 

       (34) 

Taking the derivative of the Equation (28) with respect to τ ,  

( ) ( )

( )

2
1 2 4 5

2
4 5 6

d d3 2 2 e
d d

de 0,
d

b b b b

b b b

λτ

λτ

λ λλ λ λ
τ τ

λλ λ λ τ
τ

−

−

   + + + +   
   

  + + + − − =  
  

             (35) 

we obtain  

( ) ( )
( )

( ) ( )

21
1 2 4 5

2
4 5 6

2
4 51 2

3 2 2
1 2 3 4 5 6

3 2 2 ed
d e

23 2
.

b b b b

b b b

b bb b
b b b b b b

λτ

λτ

λ λ λλ τ
τ λλ λ λ

λλ λ τ
λλ λ λ λ λ λ λ

−−

−

+ + + +  = − 
+ + 

++ +
= + −
− + + + + +

       (36) 

Thus,  

( )

( ) ( )

( ) ( )
( ) ( )

0

0

1

2
4 51 2

3 2 2
1 2 3 4 5 6

=

6 2 4 2 2 2 4
0 1 2 0 2 1 3 0 4 0

2 23 4 2
1 0 3 0 2 0

d dsign sign
d d

23 2
sign

3 2 2 2 2
sign

k i

i

Re
Re

b bb bRe
b b b b b b

b b b b b b

b b b

τ τ λ ω

λ ω

λ λ
τ τ

λλ λ
λ λ λ λ λ λ λ

ω ω ω ω

ω ω ω

−

= =

      =    
       

  ++ +  = + 
 − + + + + +   

+ − + − −
= +

− + + − +

( )
( )

2 2
4 6 5 0

23 2 4
4 0 6 0 5 0

2b b b

b b b

ω

ω ω ω

 + − 
 

− +  

 (37) 

From (31), we get ( ) ( ) ( )2 2 22 3 2 2 2
1 0 3 0 2 0 4 0 6 5 0b b b b b bω ω ω ω ω− + + − + = − + , hence  
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( ) ( )
( )0

21
0

22 2 2
4 0 6 5 0

d dsign sign sign .
d d

k i

GRe
Re

b b bτ τ λ ω

ωλ λ
τ τ ω ω

−

= =

    ′      = =      
  − +          

 (38) 

When 3 6 0b b− < , ( )2
0 0G ω′ > , so 

( )
( )

2
0

22 2 2
4 0 6 5 0

sign 1
G

b b b

ω

ω ω

 ′  = 
− +  

. 

Hence 
( )d

0
d

k

Re

τ τ

λ
τ

=

> . 

When 0τ τ= , the Equation (28) has a pair of pure imaginary roots 0iω± , and  

the other roots are not integral multiples of 0iω . And 
( )

0

d
0

d
Re

τ

λ
τ

=

≠ . Therefore  

System (5) undergoes a Hopf bifurcation at *E . 
The Equation (28) does not have a pair of pure virtual roots when [ )00,τ τ∈ . 

According to the theorem 4.2 and the theorem 4.4, we obtain that the endemic 
equilibrium *E  is locally asymptotically stable. 

Because 
( )d

0
d

k

Re

τ τ

λ
τ

=

> , the Equation (28) has positive real number roots  

when 0τ τ> . Therefore, the endemic equilibrium *E  is unstable. The proof is 
complete.                                                         □ 

5. Numerical Simulation 

In this section, we give some examples to imitate the theoretical results and to 
verify the correctness of the theoretical results.  

Example 1. We choose a set parameters 1Λ = , 0.2β = , 0.05µ = ,  
0.8ρ = , 0.1σ = , 0.45ν = , 0.3κ = , 0.75γ = , 0.28α = , 0.01δ = , from 

which one can obtain 0 0.3609 1R = < . Therefore the disease-free equilibrium 
0E  of system (5) is globally asymptotically stable (The figures of the system (5) 

are like as Figure 1).  
 

 
Figure 1. For 0τ = , the disease-free equilibrium 0E  of 
system (5) is globally asymptotically stable. 
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Figure 2. For 0τ = , The endemic equilibrium *E  of system (5) is 
globally asymptotically stable. 

 

 
Figure 3. For 2.30τ = , The endemic equilibrium *E  of system 
(5) is locally asymptotically stable. 
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Figure 4. For 2.33674τ = , (a) The endemic equilibrium *E  is 
periodic solution. (b) The system (5) undergoes a Hopf bifurca-
tion at *E . 

 
Example 2. We choose another set of parameters 1Λ = , 0.4β = , 0.05µ = , 

0.8ρ = , 0.4σ = , 0.25ν = , 0.3κ = , 0.35γ = , 0.28α = , 0.01δ = , from 
which one can obtain 0 1.5195 1R = > , 0 2.33674τ =  and  

3 6 0.0003291 0b b− = − < . 
The endemic equilibrium *E  of System (5) is globally asymptotically stable 

when 0τ =  (The figures of the System (5) are like as Figure 2). 
The endemic equilibrium *E  is locally asymptotically stable when  

3 6 0b b− <  and [ )02.30 0,τ τ= ∈  (The figures of the System (5) are like as 
Figure 3). 

The system (5) undergoes a Hopf bifurcation at *E  when 02.52τ τ= ≈  (The 
figures of the system (5) are like as Figure 4). 

6. Conclusion 

In this paper, we construct a time-delayed COVID-19 system with vaccination to 
study the effect of time-delay τ  on the stability of the equilibrium points. We 
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get the basic reproduction number, 0R , by the next generation matrix, and the 
system has a unique endemic equilibrium when 0 1R > . Due to  

( )
( )( )

0
2

1
0

R
c

βµ σ
ρ µ α ρ µ

Λ −∂
= <

∂ + +
, so we can reduce the basic reproduction number  

by increasing the vaccination rate. That is, if the vaccination rate is increased 
and COVID-19 is actively and effectively prevented, it will help to control the 
transmission of COVID-19. 

For delay 0τ = , using the Lyapunov function approach, we obtained that the 
disease-free equilibrium 0E  and the endemic equilibrium *E  are globally 
asymptotically stable when 0 1R <  and 0 1R > , respectively. For any time delay 

0τ ≠ , using the Routh-Hurwitz Criteria, we obtained that the disease-free equi-
librium 0E  is locally asymptotically stable when 0 1R < . We also find the crit-
ical value 0τ  at the endemic equilibrium. The endemic equilibrium *E  is lo-
cally asymptotically stable when [ )00,τ τ∈ . The Hopf bifurcation appears in the 
system, and the endemic equilibrium forms periodic solutions when 0τ τ= . 
From a biological point of view, the time delay affects the spread of infectious 
diseases. Therefore, in the epidemic prevention and control measures, we 
should strengthen the development of vaccines to reduce the time to generate 
antibodies after vaccination, so that we can better control the spread of the 
epidemic. 

Our analysis is still not complete. We have not been able to show the global 
stability of the infection-free equilibrium and the endemic equilibrium for any 
delay 0τ ≠ , which is planned in our future research. 
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