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Abstract

This paper is describing in detail the way we define the equations which give
the formulas in the methods Runge-Kutta 6™ order 7 stages with the incorpo-
rated control step size in the numerical solution of Ordinary Differential Eq-
uations (ODE). The purpose of the present work is to construct a system of
nonlinear equations and then by solving this system to find the values of all
set parameters and finally the reduction formula of the Runge-Kutta (6,7)
method (6™ order and 7 stages) for the solution of an Ordinary Differential
Equation (ODE). Since the system of high order conditions required to be
solved is complicated, all coefficients are found with respect to 7 free para-
meters. These free parameters, as well as some others in addition, are adjusted
in such a way to furnish more efficient R-K methods. We use the MATLAB
software to solve several of the created subsystems for the comparison of our
results which have been solved analytically. Some examples for five different
choices of the arbitrary values of the systems are presented in this paper.

Keywords

Initial Value Problem, Runge-Kutta Methods, Ordinary
Differential Equations

1. Introduction

A system of ordinary differential equations of the form:

y'=f(xy),y(%)="Y (1)

with X, eR, y,y'eR™ and f:RxR"™ > R" is called Initial Value Prob-
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lem. Some related references are cited in the bibliography part [1] [2].

Carl David Tolmé Runge [3] and Martin Wilhelm Kutta [4] introduced the
methods bearing their names almost in the turning of the 19th century. These
methods are very practical and popular one-step methods for solving Ordinary
Differential Equations.

The reduction formula [5] of the method Runge-Kutta for the ODE
y'(x)=f(xy), y(%)=Y, is given by the relation Y, =Yy, +>, WK, (2)
with w; as weighting factors, vis the number of stages and

K; =hf (xn +ch,y, +Zi:laini)for i=12,--,vand j=1,2,---,i—-1 (3) with A
the step size of this method. The values of w; and expressions K; will be deter-
mined by the values of the unknown variables a; and ¢ In every R-K method

the relations Zi:lwi =1and c :Zifla fori=2,3,---,v (4) must be valid.

i

High order R-K methods have be(]eri p]resented by Butcher, Shanks, Lawson,
Fehlberg, Feagin, Hairer, Curtis and others.

The motivation for this work is to create high order R-K (6,7) methods in a
simple and practical way. In the present work after the Introduction follow the
paragraph with the Presentation of the R-K method 6™ order and 7 stages, the
choices of the arbitrary parameters (5 choices), the detailed presentation and the
solutions of the respective systems that result, as well as the tables with the found
values of the coefficients of the R-K method (6,7) and the summary expressions

of K. Finally, the Conclusions follow.

2. Presentation of the Method

From BUTCHER’S TABLE I (Table 1) [6] the equations of the nonlinear system
result, where the first column represent the order of the method, the second
column the symbolism of the function Ax,y) and its derivatives, and the third
column and so on the number of coefficients, for the study of Runge-Kutta
methods [6], of the equations of the nonlinear system. The values of w; ¢;and a;
will be found by the solving this system as well as the K; and the reduction for-
mula for the solution of the ordinary differential equation.
The equations of the nonlinear system in their general form are: [7]

[

e Wy =1 (5)

PINRAS —% (6)

2o WPy % (7)

2 WSy —% (8)

e (e =2—14 (9

WP, = % (10)
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Table 1. The resulted Butcher’s table.

0y F 1 1 1
(IT) {f} 1 1 2
(I11) b0 ' 2 ¢

{£} 1 1 3
{sf}s 1 6 24
W) (2} 1 3 12
{1} 3 6 8
£} 1 1 4
{af}s 1 24 120
(52} 1 12 60
{2{f}H}2 3 24 40
(2} 1 4 20
V) {{at}a1} 4 24 30
{{£3H} 4 12 15
{1 3 12 20
{12} 6 12 10
"} 1 1 5
{sf}s 1 120 720
(4P} 1 60 360
{:{f}}s 3 120 240
(5} 1 20 120
{2{af}oA}2 4 120 180
{{fH}s 4 60 90
LA 3 60 120
LA} 6 60 60
{of*}, 1 5 30
{{sf}st} 5 120 144
v {{of}f} 5 60 72
{neg 15 120 48
{{£H} 5 20 24
{{of}{t}} 10 120 72
{£2H}H} 10 60 36
{{of}of?} 10 60 36
i 10 30 18
{{fy 15 60 24
{{fi} 10 20 12
{’} 1 1 6
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zf::;WKCKPKl :% (11)
o s 1
D Wi = (12)
= 4
® K= - 1
ZK=5 W, |: /1;1 % (Zi:lg @y P/zl):| = E (13)
@ (o} 1
ZK:AWK( ,1:3ardplz):% (14)
® P 1
ZK:4WK( 1:;a;dcipﬂl):4_o (15)
(2 1
2esWPa =5 (16)
2] k-1 1
z,(:4 WKCK ( A1=3 ard PA].) = % (17)
(o} 1
Z;{:SWKCK K2 — E (18)
> WP (19)
k=3 Kk k1l 20
WGP, = % (20)
@ 4 1
ZK:ZWKCK‘ :g (21)
2} K= _ _ 1
ZK:G W { ﬂ:; %, [Zi:ﬁ; Ay ( :l:;a/tv Pvl )j|} = ?0 (22)
® P - 1
Zx:s W [ 1; %y (Zi:la sy Puz )J = % (23)

[ k-1 A-1
ZK:5 W, [21:4 2 (zﬂ:s a/?.uc,u Pyl ):| = 240 (24)

1

2o Wi (Z:: %, P ) =120 (25)
> X (Xl haPa) |- % (26)
2o W ( Zﬁ ®%;C; P, ) = % (27)

e aWe (Z;; Ay, Pzzl) = % (28)
o (P - (29)

2 s WePes = % (30)

1

Z::5 WKCK [ZZ:; ald (Zi;:; aﬂy P;tl ):| = m (31)
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2] K-1 1
ZK:4WKCK (Zl:sam PAZ) :i (32)
2] xk-1 1
et Wi i (Zz:g 2,0 P/u) = E (33)
o 1
K=3 WK‘CK Pk‘3 = z (34)
2] k-1 1
ZK:4 prxl(z/lzsa;d P/u) T (35)
" WPLP, = (36)
ZK:3WK K1 k2 — %
2] K-1 1
ZK:4 WKCri ( gzgaxi Pll = % (37)
® 2 1
x=3 WKCK‘ PK‘Z = E (38)
® , 1
szs WKCK le = z (39)
1
@ 3
ZK:3 W,.C, Prcl = E (40)
1
@ 5
WS =g (41)
with
=7, (42)

P, =a,,C, +aCi++a, ,C., with x=3,4,---,7and 1=1,2,3,4 [5] (43)

2.1. 1stChoice: c2=¢cs=1/3,¢c3=2/3,cs=¢c6=1/2,c7=1[5]

From the system of (5), (6), (8), (12) kot (41) results that:

11 27 27 8
W, =—— (44) w,+w,=— (45) wW,=— (46) W.+W.=—— (47
L= 120 (44) w, “~ 0 (45) w, 20 (46) w; A 5 (47)
11 . -
W =120 (48) and setting w, =0 (49) and w, =w, (50) we have w, -z

(51) and w, =w = —% (52) while the Equation (21) verified.

Since the above equations become somewhat lengthy, we introduce the fol-

lowing abbreviations: [7]

o, +20, S,

gy + 8y =~ == (53)

Q52Cp + 85305 + 50 Cy = % = 8—35 (54)

QyCy + 83Cq + A, Cy + AsCs = 20, + 40 ;20{64 3% _ % (55)

Q75Cy + By3Cy + U7, C, + UysCs + Ay Co = 20y, + A0, * ZZ” o 3ag + 35, _ %7 (56)
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and
o, +4a S,+2a
0y +a,,c2 = 22 43 _ 24 43 (57)
9 9
S; +2a,
e +855C5 + g, Gy = ETSS (58)
2Sg +8a, + 30
UeC; +8geCs + AgyCy + AesCs = % (59)
2S, +8a,, + 3, + 3
07yC +873C5 + Qg€ + OtygCe +875C = — r 36 75 e (60)
and
S, +6«a
@y a0, = 2 (61)
27
S; + 6«
A5pC; + 8y €3 + 8y, Cp = ———2 (62)
27
4S, +48a,, +15¢,
AgyC; + 8gaC3 + Uy €y + UgsCa = —— - = (63)
216
4S, +48a,, +150,5 +15a
035C +875C5 + 07, Co + QysCo + BygCo = — 73216 i 7 (64)
and
S, +14a
0,Cy +8,,Cy =B (65)
81
S, +14a
QgpCy +8gCs + g€y = —————> (66)
81
8S, +224¢,, +57¢,
gC; +8gaCs + gy + UgsCa = — > = (67)
1296
8S, +224a, +57a,, +57ax
0,Cy +8,5Cs + 0y, C) + OysCo +8ygCo = — ﬁmem % (68)

Then we substitute the defined abbreviations in the original system, as well as
the found values of &, &, &, &, G &, Ws, W3, Wi, W, We, W5, and as a result the
system is simplified. Also omitting the equations which are a linear combination

of equations of the system the 30 x 15 system is obtained:
162 a,, +162S, —64S, —32S, +11S, =120 (69)
162 a0, - 64(0(530(32 +a.,S, ) - 64(01630(32 + 0y Sy + s S ) (70)

+11( 204505 + 2017, + 205Sg + 0176S; ) = 30
6485 — 256 ar; —32(8arg; + 35 ) +11(8ary; + 3ty + 30t ) =120 (71)
108¢a,, +54S, —-325, -16S, +11S, =90 (72)
=32 0t5 043005, — 32 [%40‘430‘32 + 05 (gt + 05y, )}

(73)
+11[a74a43a32 +ays (a53a32 + xS, ) + g (0‘630‘32 + Uy Sy + A5 Ss )] =3
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256(a54a43 + Qg Q3 + A5 sz ) _88(0‘740‘43 + Q75053 + Oy 03 ) (74)
—33a,50 =12

12801, +128 0y, S, + 64 S, — 4401, S, — 227 S, — 11t S, = 12 (75)

320, —11a,, —11ay, =32 (76)

54 04505, —16(sg0r3, + 5, S, ) —16(tgytyy + 1y Sy + 5Ss ) =3 (77)
108¢,, —320; —32 ¢y —12 0, =3 (78)

32442 +32452 ~12852 —3252 +1152 = 216 (79)

72a,, +18S, ~16S, ~8S, +11S, =72 (80)

64 ags05, 04305, — 22 {0‘750‘540‘430‘32 + Qg [0‘640‘430‘32 + Qs (%30‘32 + S, ):|} =-1

(81)

32 0155y 04 — 1] Q151,25 + Otz (pa s + st ) | = 0 (82)

64 05ty S, — 22 15015, S, — 11ty (2016, S, + s S ) = =3 (83)

1loz0 =8 (84)

64 05 sty —11[2a75a53a32 + Qg (2063003, + s S )] =-9 (85)

648 014525, — 256 tsy 25, —128] 20502, + g5 (20055 + S5 ) | )
+11[ Byt + Aatys (20055 + Sg ) + tzg (8ctey +3atgs + 255 ) | =144

324 01,5013, —128( 5y, + 05, S] ) ~128( gty + 6, S7 + 1sS? ) .

+11( 4017003, + 40y, S +4atssSZ + 0S¢ ) = 36
1944 a0y, — 7168 05005, — 768 3005, —320 2 S5 + 264 @558, (88)

+110 ;5 Sy + 55 15 S = 312
11[0‘740‘430‘32 + s (%30"32 + g3, ) + Qg (aesaaz + 0y Sy + s Sy )J =2 (89)

540,305, +128 a0, +128( 0,05 + A5l

+11( 2055005, + 20014y + 20025Sg + 200,6S ) =18 ©0
2160ty ty, + B8yt + A1y S, + 66 yg S, + 33 S, = 72 (91)
Sho,+22ay +220,, =47 (92)
3248, 045005 —128 S (stgy + 005, S, ) — 64 S (glgy + 06y S, + s Ss) ©3)
+118, (20305, + 207, S, + 201255 + 26S ) = 60
1296 0,,S, — 512 25, — (2560155 +396ct5) S o1
+ (880, + 3301y, +33a5) S, = 288
18,0, = -1 (95)
720,160, —16 0 — 4 =1 (96)
10802 —10852 +1152 =144 (97)
240,65, 1115, = 48 (98)
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From (69), (72), (80) kot (98) result:

2
Oy =— (99)
1
S, = < (100)
S, =3 (101)
and
4S. +2S, =3 (102)
From (79) we find:
3252 +8S2 =9 (103)
so:
3
S. =— 104
5= g (104)
3
SG = Z (105)
From (71), (76), (78), (92) and (96) result:
1
A, =—— 106
w =" (106)
1
a65 = E (107)
63
a.,=— 108
%= (108)
and
ata. -2 (109)
53 T 853 16
16
Qs+, =—— 110
75 76 11 ( )
From (84):
16
a,,=—— 111
T (111)
and from (110):
a,=0 (112)
while the Equations (95) and (97) are verified.
By substitution the found values from (75), (77) and (109) we find
18
a, =— 113
%=1 (113)
and
9
ag, + &g, =—§ (114)
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from (81):
9
4ag, +ag, :_§ (115)

and from (90):
192a,, —32(ay, +ag, ) =0 (116)

The solution of the system of Equations (109), (114), (115) and (116) is:

3

dg, :_B (117)
6

a54 =—E (118)
6

a63 :—E (119)

and

12

a64 :—E (120)

Using the defined abbreviations S, = «,, +2a,;, S5 =0, + 20+,

Sg =20, +4ag + 20, +30s and S, =20, +40,, + 205, + 35 + 30, Te-

sult:
2 =1, (121)
18
a5, = I (122)
9
8, = 3 (123)
9
a7, = I (124)
From the relations zi:la” =¢;, for 1=2,3,4,56,7 result:
1
B = (125)
1
=15 (126)
1
85 = 16 (127)
85, =0 (128)
and
9
a; = H (129)

The remaining equations are verified.

Runge-Kutta methods usually presented in a so-called Butcher table (Table 2)
(8].

DOI: 10.4236/am.2022.134024 346 Applied Mathematics


https://doi.org/10.4236/am.2022.134024

G. D. Trikkaliotis, M. Ch. Gousidou-Koutita

Table 2. The so-called Butcher table.

c A

The table contains on the 1* column the coefficients ¢; the matrix 4 with the
coefficients of a;, which appear in the Formulae of K}, and w; the coefficients in
Formula of yj.

In this type of table, we have w',c e R™ while AeR™". Then, the method
shares m stages and in case that ¢ = 0 and A [5] is strictly lower triangular, it is
evaluated explicitly.

Therefore we get Table 3:

with
K, =hf (x,,Y,) (130)
h K
K,=hf| x +—,y +—% b1
: (”3y”3] Y
2h 2K
: ( 33 j e
h K, +4K, — K
Ky =hf | X, +—, Y, +——7—> 1%
4 [ ntg Yo 12 ) 1
Ks = hf Xn+E,yn+_K1+18K2_3K3_6K4 (134)
> 16
K, = hf Xn+n,yn+9K2_3K3_6K4+4K5 (135)
2 8
K, = hf [Xn #h,y, 22 =20 T T 12K _64K5) e
44
and
11K, +81K, +81K, —32K, — 32K, +11K, (137)

=y, +
yn+1 yn 120

2.2.2nd Choice:c;=c3=1/4,¢c4=2/4,cs=c6=3/4,¢c7=4/4[5]

From the system of (5), (6), (8), (12) kat (41) results that:

W, = 9—70 (138)

W, + W, = % (139)

w, = % (140)

W = o (141)

DOI: 10.4236/am.2022.134024 347 Applied Mathematics


https://doi.org/10.4236/am.2022.134024

G. D. Trikkaliotis, M. Ch. Gousidou-Koutita

Table 3. For choices values of arbitrary constants: a = a=1/3,a=2/3, 6= =1/2, ¢/ =

1.

0

1/3 1/3
2/3 0 2/3

1/3 1/12 4/12 -1/12

1/2 -1/16 18/16 -3/16 —-6/16

1/2 0 9/8 -3/8 —-6/8 4/8

1 9/44 -36/44 63/44 72/44 0 —64/44

11/120 0 81/120 81/120 -32/120  -32/120 11/120

W, :9—70 (142) and setting W, =0 (143) and w, =w, (144) we get

32

16

W, = %0 (145) and w, =w; :% (146) while the Equation (21) verified.

Since the above equations become somewhat lengthy, we introduce the fol-

lowing abbreviations

O,Cy + 87305 + 0, Cp + AgsCs + 07 Cq =

and

and

XgoCy + 853C5 + A€y + A5 Cs

2 2 2 2
XgpCy + 85303 + A, Cf + A5G =

2 2 2 2 2
07,C; + Q7305 + 7,0y + Q7505 + Q75C6 =

%0y +8y5C; =

O5,Cy +855C5 + 5, Cy =

2 2
%5Cy + 3,305

2 2 2
U5,Cy + 85303 + 5, Cy =

3 3 3 _
A5,C; +855C5 + 5, C, =

3 3
%ypCo + 84505 =

3 3 3 3
A, Cy + 85305 + gy Cy + AgsCs =

Oy +0y3

4

Qs + gy + 205,
4

Qgy + gz + 20, + 305 S

Sa
4

SS
4

4

6
4

Olyy + Oty + 207, + 30075 + 30t _

Ogp T %y3

16

4

3¢

16

S; +2a,
16

Sq + 20, + 60,

16

S, + 20, + 60,5 + 6044

S

64

S; +60a,
64

Sg + g, + 240

16

64

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)
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S, +6ay, + 240, + 240,

0y Ca +875CS + Ay Co + 0y Co + 8Co = ” (158)
and
4 4 S4
0,,Cy +8,5C; = 256 (159)
S. +14¢
0ls,Cy + 8gsCq + Qg Cy = ﬁ (160)
S, +4a,, +78c
Qg,Cy +gyCs + g, Ch + Ot Ca = 00— 76 26;6 &5 (161)
S, +14a., + 18- + 718
Q,Cy +8,Cs + @y Cy + ysCh + BygCa = — 4 s 16 (162)

256

Then we substitute the defined abbreviations in the original system, as well as
the found values of &, &, a, &, G» &, W3, W3, Wi, Ws, We, W5, and as a result the
system is simplified. Also omitting the equations which are a linear combination

of equations of the system and the 30 x 15 system is obtained:

32a,, +125, +16S, +165, + 7S, = 60 (163)
1205005, +16( gy0r5, + 054 S, ) +16( Agay + Ay Sy + U5 Ss) (a64)
+7 (05730:32 +0,S, + Q7 Ss + a7686) =15

16(2as, ) +16 (20 + 6015 ) + 7 (2017, + 625 + 6175 ) = 60 (165)
32a,, +24S, +48S; +48S, +28S, =180 (166)
16 a5y 505, +16 [0%40‘430‘32 + g5 (a53a32 +ag,S, )] (167)

+7 [0‘7405430‘32 T (assaaz + gy S, ) + (0‘630‘32 + 05, S, + Sy )] =3
16 s (2015, )+ 7| @75 (20t ) + 2z (2014 + 6055 ) | = 9 (168)

1601, S, +16 (6, S, + 201555 )+ 7 (4 Sy + 207585 + 20155 ) = 21 (169)

160ty +7 (5 + 75 ) =8 (170)

6 503, +A( g0ty + 05y Sy ) + A( sty + 0y Sy + s Ss ) =3 (171)
7(a74+3a75+3a76):12 (172)

320 +1252 +1652 +16S2 + 752 = 72 (173)

20,5, +35,+95,+9S,+7S, =36 (174)

32 05005y 4313, +14{a75a54a430‘32 + Qg [%40‘430‘32 + Qs (0‘530’32 +a,S, )]} =1

(175)

T 00 205, =1 (176)

16 g5t S, + 7| rgt,S, + g (sS4 + 206555 ) | =3 (177)

T o0 =1 (178)

64 gy Uy Uy + T s Oy sy + 7[0{76 (@633 — 5 S5 )} =-1 (179)
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16(6 s ) sy + 7 (6 ary ) gy + 7 (6t ) (g, +3atgs ) = 27 (180)

2 2 2 2 2 2
120,05, +16(0(530!32 + a5, )"'16(%30‘32 + 0, Sy + 0lgsSe )

+7(a73a§2 +01,,S2 + 01, S? +a76862)=12

161, S, +16 05, S, +7 2;,S, =3

(181)

(182)

7 [amaas%z + 0ty (st + sy Sy ) + g (Qggliyy + g4 S + s S )] =1 (183)

8agay, =1 (184)
7(024Ss + 207585 + 202655 ) = 9 (185)
640y +7a,, =20 (186)
12S,045005, +16Sg (g3, + S, ) +16 S (g3sy + Sy + 65 Ss) (187)
+ 78, (5003, + 07484 + 23S + 0175S, ) = 20
16 Sgorg, +16 S (g, +3 05 )+ 7Sy (g4 + 35 + 3075 ) = 42 (188)
6,0, =1 (189)
8y, +8( g, +3ctg5) =9 (190)
8a’ +6S2+1252 +1252 +7S2 =60 (191)
20, +6S, +27S5,+27S,+28S, =120 (192)
From (163), (166), (174) and (192) result:
o, :% (193)
1
S, =5 (194)
S, =2 (195)
and
S, +S¢ = S (196)
4
From both Equations (173) and (191) we find
81
SZ+S¢ = o (197)
From the system SZ+S? = %
and S;+S; :% result:
9
S, =S, =3 (198)
From (176) and (178):
1
as, =5 (199)
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From (184): aeszi (200) from (178): am:; (201)

From (189): 0‘43:% (202) from (170): @, =0 (203)

From (172): a,, =0 (204) from (182): a64:—% (205) from (186):
a73=; (206)

From (171) and (189): a.,,; =0 (207) and a4 :% (208)

The remaining equations are verified.

From 84:1: a42:—% (209) from Sszgz 0‘52:% (210)

N

From Se=§‘ aezzg (211) from S, =2: a72=—§ (212)

From the relations zij_l a.=¢C, 1=2,3,4,56,7 result:

=17ij i

1
@ =7 (213)
1
a0 =2 (214)
o, =0 (215)
1
Oy == 216
517 (216)
oy =0 (217)
and
1
a; = 7 (218)
Therefore we get Table 4:
with
K, =hf (x,,¥,) (219)

Table 4. For choices values of arbitrary constants: & = ¢s = 1/4, a=2/4, 6 = s = 3/4, & =

4/4.
0
1/4 1/4
1/4 1/8 1/8
2/4 0 -5/6 8/6
3/4 1/8 1/8 0 4/8
3/4 0 3/8 2/8 -1/8 2/8
4/4 1/7 =2/7 4/7 0 0 4/7
7/90 0 32/90 12/90 16/90 16/90 7/90
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K, = hf (xn +=, Y, +%j (220)
K; = hf [Xn+n,yn+—K1;K2) (221)
K, = hf xn+2—h,yn+M (222)
4 6
K5:hf (Xn"_@'yn'i_wj (223)
4 8
( 3K2+2K3—K4+2K5j (224)
8
(x ihy, + K, -2K, +4K, + 4K, j (225)
7
and
Yo, = +7K1+32K3+12K4 +16K; +16K, + 7K, (226)
90
Working in a similar way we are presented three other choices:
2.3.3rd Choice: c2=¢c4=4/12,¢3=8/12,¢c5=3/12,¢c6=9/12,
c;=12/12 [5]
For 3™ choice we get Table 5:
with
K, =hf (x,,¥,) (227)
Kl
K,=hf| x,+=,Y, +? (228)
2h 2K
K, =hf =, B 229
[ 3t j (229)
K,+4K,-K
K, =hf|x, +D yn+M (230)
3 12
Table 5. For choices values of arbitrary constants. & = a = 4/12, ¢ = 8/12, & = 3/12, s =
9/12, ¢ = 12/12.
0
4/12 1/3
8/12 0 2/3
4/12 1/12 4/12 -1/12
3/12 10/64 -9/64 0 15/64
9/12 -3/64 —-27/64 27/64 —45/64 96/64
12/12 | 55/116  -81/145 —-459/580 528/145 —384/145 128/145
29/360 0 27/200 27/200 64/225 64/225 29/360
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K, = hf [xn+n,yn+loK1_9K2+15K4] (231)
4 64
ki [x 430 7327, 27K, ~45K, + 96K, (232)
4 64
215K, g1k, — 4% | 5o8K, — 384K, +128K,
K, =hf|x +hy, +—2 4 (233)
145
and
=y, + 14Ky 243K, + 243K, + 512K, + 512K, +145K, (234)
1800
2.4. 4% Choice: cz=¢c3=1/5,¢c4=2/5,c5 =3/5,¢c6 =4/5 kat
c;=5/5=1]5]
For 4th choice we get Table 6:
with
K, =hf (x,,Y,) (235)
h K
K,=hf|x,+=,y, +— 236
2 ( n 5 yn 5) ( )
h K, +K
K,=hf| x, +=,y, +——2% 237
3 [ n 5 yn 10 ) ( )
K, = ht (Xn 2 +Mj (238)
40
Ko—nf[x 43y HKT17K, + 21K, +16K, (239)
5 40
K, —nf[x 440, 78K, +21K, +35K, 40K, + 40K, (240)
5 60
<. =hf (Xn +hy, 1 88K ~5K, ~165K, +7f340|<4 ~120K, +60K6j (241)

Table 6. For choices values of arbitrary constants: & = ¢ = 1/5, a1 = 2/5, ¢ = 3/5, as = 4/5
Kat ¢ =5/5=1.

0
1/5 1/5
1/5 1/10 1/10
2/5 0 -9/40 25/40
3/5 4/40 -17/40 21/40 16/40
4/5 —-8/60 21/60 35/60 -40/60 40/60

1 66/76 -5/76 -165/76 60/19 -30/19 15/19

19/288 0 75/288 50/288 50/288 75/288 19/288
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Table 7. For choices values of arbitrary constants: & = a = 1/5, & = 2/5, ¢ = 3/5, ¢ = 4/5
kat ¢ =5/5=1.

0

1/5 1/5
2/5 0 2/5

1/5 11/60 —-4/60 5/60
3/5 -3/20 4/20 3/20 8/20
4/5 0 -12/15 -8/15 22/15 10/15

1 51/76 140/76 225/76 —280/76 -120/76 60/76

19/288 0 50/288 75/288 50/288 75/288 19/288
and
Yoi = +19Kl +75K, +50K42—;850K5 + 75K, +19K, (242)

2.5. 5th Choice: c;=c4=1/5,c3=2/5,c5=3/5,¢c6 =4/5 kat

¢;=5/5=1[5]
For 5th choice we get Table 7:
with
K, =hf (x,,¥,) (243)
h K
K, =hf (xn T +?1] (244)
2h 2K
K,=hf|x +—,y +—2 245
3 [ n 5 yn 5 j ( )
K4:hf Xn+nlyn +M (246)
5 60
K, =t o oS, 3K 4K, 43K, 48K, (247)
5 20
K, = h (Xn+4—h,yn+_12K2_8K3+22K4 +1OK5j (248)
5 15
K, =hf[x +hy, + 51K, +140K, + 225K, — 280K, —120K + 60K, (249)
76
and
yn+1:yn+19K1+50K3+75K4+50K5+75K6 +19K, (250)

288

3. Conclusions

In the R-K methods it is ¢ = 0 and we choose ¢, = 1, that is, in method (6,7)

presented here, it is ¢; = 1. For methods up to 4th order the number of steps is

DOI: 10.4236/am.2022.134024 354 Applied Mathematics


https://doi.org/10.4236/am.2022.134024

G. D. Trikkaliotis, M. Ch. Gousidou-Koutita

equal to the order of the method. For the higher order method, the number of
steps exceeds its order. In the 6th order R-K method the steps are 7 and 8 or
more. We look for the method with the fewest steps because increasing the steps
also increases the number of parameters to be calculated. Because the system
from which the parameters will be calculated is not linear, some “arbitrary” val-
ues [5] must be given to parameters to solve the system. We have given 5 choices
as examples, to the values of the arbitrary constants and the solutions of the re-
spective systems that result are made analytically.

The process of solving the system starts by giving values to ¢ to calculate the
w;. The resulting system is a linear 6 x 7 system. To solve it we give the same
value in two ¢ eg & = G or ¢ = ¢ etc. while the values of ¢; we choose to be in
ascending order. As the variable ¢ does not occur often we prefer one of the two
equals ¢ to be . In the choice eg ¢ = ¢ we consider ws + ws as one parameter
and after it is found that ws + w3 = k we set w» = 0 and w3 = k. In choices 2.1 and
2.2 the same values were given to two pairs of parameters ¢; and we omitted one
equation to make the system 5 x 5 and whose solution must verify the omitted

equation.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-

per.

References

[1] Fried, I. (2019) Consistency and Stability Issues in the Numerical Integration of the
First and Second Order Initial Value Problem. Applied Mathematics, 10, 676-690.
https://doi.org/10.4236/am.2019.108048

[2] Abdullah Alzaid, N. and Omar Bakodah, H. (2018) Numerical Treatment of Ini-
tial-Boundary Value Problems with Mixed Boundary Conditions. American Journal
of Computational Mathematics, 8, 153-174.
https://doi.org/10.4236/ajcm.2018.82012

[3] Runge, C. (1895) Ueber die numerische Auflsung von Differentialgleichungen. Ma-
thematische Annalen, 46, 167-178. https://doi.org/10.1007/BF01446807

[4] Kutta, M.W. (1901) Beitrag zur Naherungsweisen Integration von Differentialglei-
chungen. Mathematical Physics, 46, 435-453.

[5] Gousidou-Koutita, M. (2008/9) Numerical Methods with Applications of Ordinary
and Partial Differential Equations. University Lectures 2008/9, Aristotle University
of Thessaloniki, Thessaloniki, Greece.

[6] Butcher, J.C. (1963) Coefficients for the study of Runge-Kutta Integration Processes.
Journal of the Australian Mathematical Society, 3, 185-201.
https://doi.org/10.1017/S1446788700027932

[7] Fehlberg, E. (1968) Classical Fifth-, Sixth-, Seventh-, and Eight-Order Runge-Kutta
Formulas with Stepsize Control. NASA Technical Report, R-287, 4-13.

[8] Butcher, J.C. (1964) On Runge-Kutta Processes of High Order. Journal of the Aus-
traljan Mathematical Society, 4, 179-194.
https://doi.org/10.1017/S1446788700023387

DOI: 10.4236/am.2022.134024

355 Applied Mathematics


https://doi.org/10.4236/am.2022.134024
https://doi.org/10.4236/am.2019.108048
https://doi.org/10.4236/ajcm.2018.82012
https://doi.org/10.1007/BF01446807
https://doi.org/10.1017/S1446788700027932
https://doi.org/10.1017/S1446788700023387

	Derivation of the Reduction Formula of Sixth Order and Seven Stages Runge-Kutta Method for the Solution of an Ordinary Differential Equation
	Abstract
	Keywords
	1. Introduction
	2. Presentation of the Method
	2.1. 1st Choice: c2 = c4 = 1/3, c3 = 2/3, c5 = c6 = 1/2, c7 = 1 [5]
	2.2. 2nd Choice: c2 = c3 = 1/4, c4 = 2/4, c5 = c6 = 3/4, c7 = 4/4 [5]
	2.3. 3rd Choice: c2 = c4 = 4/12, c3 = 8/12, c5 = 3/12, c6 = 9/12, c7 = 12/12 [5]
	2.4. 4th Choice: c2 = c3 = 1/5, c4 = 2/5, c5 = 3/5, c6 = 4/5 και c7 = 5/5 = 1 [5]
	2.5. 5th Choice: c2 = c4 = 1/5, c3 = 2/5, c5 = 3/5, c6 = 4/5 και c7 = 5/5 = 1 [5]

	3. Conclusions 
	Conflicts of Interest
	References

