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Abstract

From ancient times to the present, mathematicians have put forward many
series expressions of the circular constant. Because of the importance of the
circular constant to mathematical physics, the research on circular constant
has never stopped. In this paper, the general function expression of the circu-
lar constant was given by studying the transient heat conduction equation.
From the physical aspect of the derivation process of the circular constant
expression, we can conclude that there is an infinite number of different se-
ries exist that can be used to express 7.
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1. Introduction

The calculation of circular constant has a long history [1] [2]. Many mathemati-
cians have proposed elegant calculation expressions for the circular constant [3]
[4] [5]. This research has no purpose to solve any specific problems. It is hoped
that it will bring new enlightenment and enrich its connotation to the research
on circular constant. Inspired by the problem of transient heat conduction,
based on the theory of Fourier series, I proposed a general expression for ex-
pressing the circular constant. It was discovered that there can be infinite differ-
ent series expressions for circular constant. I hope this general expression can
bring new inspiration to the rapid calculation of the value of circular constant

and its possible potential applications in mathematical physics.

2. Series Expressions of the Circular Constant

A general expression of the circular constant m was derived. The start point is
to study the unsteady heat transfer problem for different initial conditions,

whereas with the same initial average temperature. Without losing generality, the
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one-dimensional transient heat conduction equation can be written as [6]
oT 0T
LARSPLAS (1)
ot oX

With initial conditions: 1) the sample with uniform distribution of temperature,
I; 2) the sample with linear distribution of temperature, II; 3) using the solution 1)

attime t; as the initial temperature distribution, IIIL.

L t=0,0<x<L,T(X)=T, )

Il t=0,0<xs< L,T(O):O,T(L):TL,T(X):TTLX; 3)

on+1 Y. | 1 . (2n+1
II: t=0,0<x<L,T(x,0 ex t sin X | (4
(x.0)= Z p[ ( j°}2n+1 (2Lnj()

The average temperature of the three cases is equally, therefore, we have

ave - 2 Zexp|: (2n+1 j tc:|(% (5)

2n+1)

TL = 2Tave (6)

and the boundary conditions are one side at temperature 0°C, and the other side

is heat insulation. Mathematically

x=0,T(0,t)=0; (7)
dT )
x=L, d_X =0; (8)

The separation of variables method can be applied to solve the transient heat

conduction equation, by assuming
T(xt)=g(x)f(t) €

Therefore, we can obtain solutions of a discrete series

n+1 Y
fn(t)_exp{—a( m nj t} (10)

. (2n+1
=2H
9, (x) rlsm( m

where N=0,1---,N, and H, is the coefficient for n* series. The value of H,

nxj (11)

can be obtained by the initial condition, for initial condition I, II, and III, respec-

tively
ZZH sln(szlnxj:Talve (12)
ZZHélsin(zgzlnxj:%x (13)

2
22Hl”sm(2n+l szﬂZexp _a(2n+1nj . 1 Sin(2n+1nxj (14)
oL T 5 2L 2n+1 2L
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The H; can be obtained by the Fourier’s orthogonal series [7], which

o =LIL1II. By multiply sin ( erlnxj for both sides, and integral within the

interval [0,L]

T
H;zﬂ—2 (15)
n 2n+1
H“:(—l)nT—L( 2 jz (16)
" m\2n+1
2T
HY' =—p, (17)
T

which the Fourier’s integral JLSin 2n +1TEX sin 2n +1TCX dx = L is used, and
0 2L 2L 2

2
the expression of g, is defined as u, =exp|-a 2n+ln t, 1 , which
2L 2n+1

the symbol = represents the identity definition. Therefore, the solutions of the
three cases can be solved, respectively

4T 2n+1 V.| 1 . (2n+1
TH(x,1)=—2c% exp| —-a t sin X 18
(x1) n;p{(ZLn)}zml[an] (18)

8T, n+1 Y o 1 V. (2n+1

Th(x,t)=—=Yexp| -a t|{(-1)"| —— | sin X 19
(1) nZEF{ (2Lnj }()(Znﬂj [2L“J (9)

4T 2n+1 Y. |. (2n+1
TM(x,t)=— exp| —a t |sin X 20
()n;unp“ZLn”[ZLn] 20)

Averaging the temperature with respect to space coordinate x, we can obtain

T (1) = j T'( aveZe p{ (2”” )Zt}(% 1)

2n+1)

2 3
"= LT (e “”LZexr{ (B ()

+1 )(t+tc)}ﬁ (23)

ch t, ! is used. The average tem-
2n+1

T (¢ jT“l X,t)dx = ZZexp{ [

2n+1
2L

which the relation g, ==exp {—a(

perature should be equal for the three cases, when t =0, thus,

4T, 2
T(0)="232> ——— 24
=2 ™ (2n+1)° 20
wigy 26T sy (LY
0= (5] 2s)
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2
T (0)=g2exp{_a(2;:1nj tc:l(%;:'rave (26)

T n

The Equations (24) to (26) can lead to

Zn:(_l)n (2n2+ 1)3

= > (27)
Zn:(2n +1)2
) 8
=N —— 28
" Zn:(zn +1)° 9

@ ~325 () [mj 29)

We can see that mathematics and physics are inseparable, and the connection
between them is so wonderful. In this way, the series expression of m, %, and m°
are obtained corresponding to three different initial conditions used here. The
functional form of the initial conditions is infinite, and the possible expressions of
1" can even be obtained from this, hence, we can imagine that there is infinite
number of different series exist can be used to express m. For a general initial
temperature distribution, written as following

t=0,0<x<L,T(x0)=h(x) (30)

Similarly, we can obtain the solution

T(xt)= Zexp{ (2n+1nj2t:| 2n2+1sin(22:1nxj

(31)
L 2n+1
.{h+(0)+jo cos( oL nxjdh( )}
which the coefficients of the Fourier’s orthogonal series expressed as
2 1 L 2n+1
H, = =l h,(0)+| cos X [dh(x 32
”2n+1n{()jo [ZLRJ()} (32)

Averaging the temperature with respect to space coordinate x over the length Z,

():izzn: { (Zgzlnrt}(mil)z

.{m (0)+ IOLCOS(Zg:lnXth(X)}

Making h(x) satisfies the normalization condition

therefore,

(33)

Ih dX 1, and

t =0, corresponding to the initial average temperature. Therefore, we can obtain

. ZZn:(Zn2+1)2 {fh (0)+J.0Lcos(2;:1nxjdh(x)}
"o %fOLh(x)dx

(34)
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Here, the h(x) is an arbitrary (temperature) distribution function, which pe-
riodic with period L. We can deduce that the constant 7t can be expressed by infi-
nitely different kinds of series, which due to the function h(x) have infinitely
choices. Further, can we conjecture that any mathematical and physical constants
can be expressed by infinitely different kinds of seriest Combining Equation (33)
with Equation (24) and let t =0, we obtain

ZL{E (0)+ J'oLcos[er]:lnxjdh(x)} = %.[OL h(x)dxzn:ﬁ (35)

+ (2n+1)° 2n+1
where the 7t is disappeared in the expression, which states that Equation (35) is
valid for arbitrary function h(X). Similarly, combining Equation (33) with Equ-

ation (25) and let t =0, therefore, we obtain an expression of

1L of 20N
I L (525) »

Zz{m (0)+foLcos(2;:1ﬂdeh(X)}

~ (2n+1)°

where h(x) is an arbitrary function, which satisfies the normalization condition

1
Tave L

joLh(x)dx:l.

3. Conclusion

A general mathematical expression of the universally circular constant m was de-
rived. The circular constant can be expressed by infinitely different kinds of series
for the infinitely different choices of the initial distribution function. From this,
can we conjecture that any mathematical and physical constants can be expressed
by infinitely different kinds of series?
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