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Abstract

Nowadays, picture fuzzy set theory is a flourishing field in mathematics with
uncertainty by incorporating the concept of positive, negative and neutral
membership degrees of an object. A traditional crisp relation represents the
satisfaction or the dissatisfaction of relationship, connection or correspon-
dence between the objects of two or more sets. However, there are some
problems that can’t be solved through classical relationships, such as the rela-
tionship between two objects being vague. In those situations, picture fuzzy
relation over picture fuzzy sets is an important and powerful concept which
is suitable for describing correspondences between two vague objects. It
represents the strength of association of the elements of picture fuzzy sets. It
plays an important role in picture fuzzy modeling, inference and control sys-
tem and also has important applications in relational databases, approximate
reasoning, preference modeling, medical diagnosis, etc. In this article, we de-
fine picture fuzzy relations over picture fuzzy sets, including some other fun-
damental definitions with illustrations. The max-min and min-max composi-
tions of picture fuzzy relations are defined in the light of picture fuzzy sets
and discussed some properties related to them. The reflexivity, symmetry and
transitivity of a picture fuzzy relation are described over a picture fuzzy set.
Finally, various properties are explored related to the picture fuzzy relations
over a picture fuzzy set.

Keywords

Picture Fuzzy Sets, Picture Fuzzy Relations, Picture Fuzzy Binary Relations,
Composition of Picture Fuzzy Relations

1. Introduction

In our daily life, we face some problems where uncertainty arises that cannot be
solved by classical set theory. To deal with those problems, L. A. Zadeh [1] in-
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troduced the concept of fuzzy set theory and then Atanassov [2] developed the
intuitionistic fuzzy set (IFS) which was the extension of fuzzy set. However, re-
cently many researchers keep their concentration on picture fuzzy set [3] by in-
corporating the concept of positive, negative and neutral membership degrees of
an element which is the extension of an intuitionistic fuzzy set. After the devel-
opment of picture fuzzy set, it has been considered a strong mathematical tool
which is adequate in situations when human opinions involved more answers of
the types yes, abstain, no and refusal.

Fuzzy relation was initially introduced by Zadeh [4] and then by Kaufmann
[5]. Also, it has been studied by a number of authors, such as Klir and Yaun [6]
and Zimmerman [7]. Then some scholars have used it widely in many fields,
such as decision making, fuzzy reasoning, fuzzy control, medical diagnosis, clus-
tering analysis [8] [9] [10] [11], fuzzy comprehensive evaluation [12] [13] [14].
Burillo and Bustince gave the definition of intuitionistic fuzzy relations [15] [16]
and discussed some properties of them. In 2005, Lei et al [17] further researched
intuitionistic fuzzy relations and composition operation of intuitionistic fuzzy
relations. Yang proposed the definition of kernels and closures of intuitionistic
fuzzy relations and proved fourteen theorems of intuitionistic fuzzy relations
[18]. B. C. Cuong [3] [19] proposed the notion of picture fuzzy relations and
studied some related properties.

In this article, picture fuzzy relation over picture fuzzy set is defined. Some
operations on this picture fuzzy relation are also discussed with examples. Nu-
merous properties are explored related to picture fuzzy relation over picture
fuzzy set.

This article is organized as follows: In section 2, some basic definitions and
properties are described which are essential to the rest of the paper. In section 3,
some structural properties of picture fuzzy relation over picture fuzzy sets are il-
lustrated. In section 4, the compositional relations of picture fuzzy sets over pic-
ture fuzzy sets are defined and describe some related properties of them. In sec-
tion 5, some properties of picture fuzzy relations in picture fuzzy sets are ex-

plained. Finally, concluding remarks are given.

2. Preliminaries

In this section, we recall some basic definitions which are used in later sections.

Definition 2.1. [1]. Let Xbe non-empty set. A fuzzy set A in Xis given by
Az{(x,,uA(x)):xeX},

where 1, : X —[0,1].
Definition 2.2. [2]. An intuitionistic fuzzy set A in Xis given by

A:{(x,,uA (x),vA(x)):xeX},

where 1,: X —[0,1] and v, : X —[0,1], with the condition
0<u,(x)+v,(x)<LVxeX.
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The values ,(x) and v,(x) represent the membership degree and non-
membership degree respectively of the element x to the set A.

For any intuitionistic fuzzy set A on the universal set X, for xe X
7, (x) :1—(,uA (x)+v, (x))

is called the hesitancy degree (or intuitionistic fuzzy index) of an element xin A.
It is the degree of indeterminacy membership of the element x whether belong-
ing to A or not.

Obviously, 0<7,(x)<1 forany xeX.

Particularly, 7,(x)=1-p,(x)-v,(x) isalways valid for any fuzzy set A on
the universal set X.

The set of all intuitionistic fuzzy sets in X will be denoted by IFS(X).

Definition 2.3. [3] [19]. A picture fuzzy set A on a universe of discourse X is

of the form
Az{(x,,uA (x),nA(x),VA(x)):xeX} ,

where p, (x) 6[0,1] is called the degree of positive membership of x in A4,
1,(x)€[0,1] is called the degree of neutral membership of x in A and
v,(x)€[0,1] is called the degree of negative membership of x in A, and where

t,(x),n,(x) and v, (x) satisfy the following condition:
0<p,(x)+n,(x)+v,(x)<LvxeX.
Here 1—(/JA (x)+m,(x)+v, (x));Vx € X is called the degree of refusal
membership of xin A.
The set of all picture fuzzy sets in X will be denoted by PFS(.X).
Definition 2.4. [3] [19]. Let 4,B e PFS(X), then the subset, equality, the
union, intersection and complement are defined as follows:
1) Ac B iff VxeX,u,(x)<py(x),m,(x)<ny(x) and v,(x)2v,(x)
2) A=B iff VxeX,pu,(x)=p;(x).n,(x)=1n,(x) and v, (x)=v,(x)
AUB = {(x,max(,uA (x), 44 (x)),min (77, (x) 75 (x)).

min (v, (x),v, (x))) xe X}
ANB = {(x,min(ﬂA (). 5 (x)),min (77, (x), 7, (x)),
max (v, (x),v, (x))) xe X}

5) A° :{(x,vA (x).7m,(x), 2, (x)):xeX}

Definition 2.5. [19]. Let X, Y and Z be ordinary non-empty sets. A picture

3)

4)

fuzzy relation R is a picture fuzzy subset of X x Y ie R given by
R={((%.3) 2t (. 9),715 (%:3):v4 (x,7)) :x € X,y € ¥}

where 1, : XxY > [0,1], 7, : XxY —>[0,1],v, : XxY —[0,1] satisfying the
condition

0< g (x,)+m (x,9)+vp(x,y)<1 forevery (x,y)e(XxY).

The set of all picture fuzzy relations in Xx Y will be denoted by PFR(X xY).
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Definition 2.6. [20]. Let Re PFR(X xY). We define the inverse relation
R™' between Yand X:

Mo (1,2) = 11 (%,9)5 10 (15%) =1 (x5, 9) 5 v (1:%) = v (5,0),
V(x,y) e XxY.

Definition 2.7. [20]. Let R and Pbe two picture fuzzy relations between Xand
Y, for every (x,y)e XxY we define:

1) R<P& (,uR (x,y) < Up (x,y)) and (77R (x,y) <1 (x,y)) and
(Ve (x.3)2v,p (x,y))

RvP={(x,y), 1 (x.9)V 11 (x.3) 705 (x.3) A1 (x,).
VR(x,y)/\VP(x,y):xeX,er}

5 KT o)t (2 0) Aty (x09) 115 (3, 9) A1 (35, ),
vp(x,9)vv,p(x,y):xeX,yeY}
4) R = {((x,y),vR (x,y),nR (x,y),yR (x,y)) xeX,ye Y}
Here, v and A denote the maximum and minimum operators respectively.
Definition 2.8. [19]. Let Re PFR(XxY) and SePFR(YxZ). Then the
composition of Rand Sis the PFR from Xto Zdefined as

RoS ={((x,2), tpus (%,2) s (%,2) Vs (1,2)) 1 x € X,z € Z
where
Hires (%:2) =\ oyt (% 9) A g (222))
s (5:2) = A, or 4715 (6.9) A1 (3,2)}

and v, (x,z)= /\yey{vs (x,y)vvg (y,z)} .
Definition 2.9. [20]. The relation R e PFR(X xX) is called:
1) Reflexive if 1, (x,x) =1, 1, (x,x) =0 and v, (x,x) =0; VxelX.
2) Anti-reflexive if p, (x,x) =0, 17, (x,x) =0 and v, (x,x) =1; VxeX.
Definition 2.10. [20]. A PFR, R(XxX) is reflexive of order (a,y,p) if
,uR(x,x)=a, nR(x,x)zy and VR(x,x)=,B; VxeX and a+y+pf<I1.
Definition 2.11. [20]. A picture fuzzy relation R(XxX) is symmetric if
Hg (x,y) = Hg (y,x) > Mg (an’) =R (y,x) and v, (x,y) =V (y:x)5 Vx,yeX.
Definition 2.12. [20]. Let R(X xX) be a picture fuzzy relation. Then R is

transitiveif RoRC R.

3. Some Structures of Picture Fuzzy Relations

Definition 3.1. Let X be the universal set and A=(u,,7,,v,) and
B =(y.,n5,v5) be two PFSs of X. Define the Cartesian product AxB as the
PFSof XxX by AxB=(p,5.M5-Vss) Whereforall x,yeX,
,quB(xay):min{,uA(x)nlug(y)}s UAXB(X»y)=min{’7A(X)aﬂg(y)} and
Vs (X,)=max{v, (x),v, (»)} .

Definition 3.2. Let Rbe a PESof X xX with Rc AxB ie
V(x,y)eXxX;

1) /uR(x’y)S/quB(x’y);
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2) g (xay) SN 4p (xyy);

3) ve(xy)2vp(x)s

4) gty (%, y)+mp (x,9)+ve(x,y)<1.

Then we say that R is a picture fuzzy relation from A to B. In particular, if
A=DB then Ris said to be a picture fuzzy relation on A.

We denote the set of all picture fuzzy relations from A to Bby PFR(AxB).

From now on, we assume that, the set Xis finite; say X = {xl,xz,---,xn} . The
picture fuzzy relation R from Ato B, R(AxB) can be represented as a matrix
[R]= I:'uif’nif’vii:l » Where 1, = 11y (xi’x.f ) My =1 (xi’xj) and
Vi =Vg xl.,xj), i,j=12,---,n. We write [R”] = [y,.j] , [Rq] :[77,.]] and
[R]= [Vu] :

Example 3.2. Let X = {xl,xz,x3} be a non-empty set.

Let A={(x,0.7,0.1,0.2),(x,,0.5,0.2,0.2),(x,,0.4,0.3,0.1)} and
B={(x,,0.5,0.2,0.3),(x,,0.8,0.1,0.1),(x,,0.4,0.5,0.1)} be two picture fuzzy sets
on X. Then

AxB={((x,%),0.5,0.1,0.3),((x,,x,),0.7,0.1,0.2),{(x,,x,),0.4,0.1,0.2),
((x,,%,),0.5,02,0.3),((x,,,),0.5,0.1,0.2).((x,,,),0.4,0.2,0.2),
((%:,%),0.4,02,0.3),((x,,x,),04,0.1,0.1),{(x;,x,),0.4,0.3,0.1)}
X, X, Xy

x%[(0.5,0.1,0.3) (0.7,0.1,0.2) (0.4,0.1,0.2)

(
x%,[(05,02,03) (0.5,0.1,0.2) (0.4,02,02)|
x%[(0.4,02,03) (0.4,0.1,0.1) (0.4,0.3,0.1)

[AxB]:

(0.4,0.1,0.5) (0.5,0.0,0.4) (0.4,0.1,0.4)
Let [R]=|(0.3,0.2,0.5) (0.5,0.1,0.4) (0.2,0.1,0.6) |, while
(0.3,02,0.4) (0.2,0.1,0.6) (0.3,0.3,0.4)

04 0.5 04 0.1 0.0 0.1 0.5 04 04
[R,]=[03 05 02|, [R,]=|02 01 0.1| and [R,]=|05 04 06].
0.3 02 03 02 0.1 03 04 0.6 0.4

Definition 3.3. Let R be a picture fuzzy relation on A. The complement of the
relation R is a picture fuzzy relation R°, where 4 =v,, 1, =7, and
Ve = Hg -

We can write

R ={((%3):ve (5,2) 77 (%, 9), 5 (% 7)) : (%) € X x X .
Example 3.3. Consider the relation R from example 3.2

(0.4,0.1,0.5) (0.5,0.0,0.4) (0.4,0.1,0.4)
[R]=](0.3,02,0.5) (0.5,0.1,0.4) (0.2,0.1,0.6) |, then
(0.3,02,04) (0.2,0.1,0.6) (0.3,03,0.4)

(0.5,0.1,0.4) (0.4,0.0,0.5) (0.4,0.1,0.4)
[R]=](05,0.2,03) (04,0.1,05) (0.6,0.1,0.2)|.
(0.4,02,0.3) (0.6,0.1,0.2) (0.4,0.3,0.3)
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Definition 3.4. Let R be picture fuzzy relation from A to B. Then we define
the inverse relation R™' as My (y,x) = Uy (x,y) s M (y,x) =1, (x,y) ,
Ve (y,x)=v,(x,2).

Example 3.4. Consider the relation R from example 3.2

(0.4,0.1,0.5) (0.5,0.0,0.4) (0.4,0.1,0.4)
[R]=|(0.3,0.2,0.5) (0.5,0.1,0.4) (0.2,0.1,0.6) |, then
(0.3,0.2,0.4) (0.2,0.1,0.6) (0.3,0.3,0.4)

(0.4,0.1,0.5) (0.3,0.2,0.5) (0.3,0.2,0.4)
[R]=](05,0.0,04) (05,0.1,04) (0.2,0.1,0.6) .
(0.4,0.1,0.4) (0.2,0.1,0.6) (0.3,0.3,0.4)

(

Definition 3.5. Let R,R, € PFR(A,B). Then we say R c R, if for all
x,yeX;
1) g (%,9) < g, (x.9)5
2) 1 (%) <7, (x.9)5
3) v (x,y)= Vi, (x.).
If RcR, and R, R, then R =R,.
Example 3.5. Consider the example 3.2
(0.4,0.1,0.5) (0.3,0.0,0.6) (0.3,0.1,0.5)
Let R =|(0.3,0.2,0.5) (0.4,0.1,0.4) (0.2,0.1,0.6)| and
(0.3,0.1,0.4) (0.2,0.1,0.6) (0.3,03,0.4)

(05,0.1,03) (0.5,0.1,0.4) (0.3,0.1,0.5)
R, =/(0.5,0.2,0.3) (0.5,0.1,0.3) (0.3,0.1,0.5)| be two picture fuzzy relations
(04,0.1,04) (03,0.1,0.5) (04,03,0.3)

from A to B.

Clearly, R cR,.

Definition 3.6. Let R), R, be picture fuzzy relations from A to B. Then the
union of R and R,, R, UR, is a picture fuzzy relation whose positive member-

ship, neutral membership and negative membership are
Har, (5,3) = max { g (x,3), 1y, (% 3)}
Tan, (5.3) = min{n, (5.).75, ()
and vy e, (x,7) = min{v, (x,7).v,, (x.2)} -

Definition 3.7. Let R;, R, be picture fuzzy relations from A to B. Then the in-
tersection of Ry and R,, R (R, is a picture fuzzy relation whose positive

membership, neutral membership and negative membership are

Hym, (%3) =min{ g (), a5, (x.3)}
RNk (x’y) = min{ﬂRl (X:y)ﬁhez (an)}

and vy, (%,0)= rnax{vR1 (%,2)5Ve, (x,y)} :

Definition 3.8. Let R, R, be picture fuzzy relations from A to B. Then we de-
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fine the arithmetic mean operator between R, and R, as follows

() = g (%, 9)+ g, (%, )

Hr@r, \ X 2 >
g, (x J’)+’7R2 (x J’)
MR ar, (x ) 2

and vy o (%,9)= Vi (x,y)-;sz (x,»)

Definition 3.9. Let R, R, be picture fuzzy relations from A to B. Then we de-
fine the geometric mean operator between R, and R, as follows

Hsi, (53) =t (5,9 115, (%,7)
77R1$R2 (x’y) = \/an (x’y)-nRz (x’y)

and Vg (x,y)= \/VRI (x,y)-sz (x,5).

Definition 3.10. Let R, R, be picture fuzzy relations from A4 to B. Then we

define the harmonic mean operator between R, and R, as follows

2 (%) iy, (%)
t (2.9)+ g, (2.9)”
217, (x’y)'ﬂRz( .»)
My, (%) + 775, (x.5)
2vy (x%,9) v, (x.9)
Ve (%,0)+ v, (x.9)

Definition 3.11. Let R, R, be picture fuzzy relations from A4 to B. Then we
define the operator “H” between R, and R; as follows

Hror, (an)

MTrer, (an’) =

)

and Vjep, (x,y)=

o, (37) == () g, (%)
R BR, s 2(/«1}3] (x’-y).;lR2 (-x,y)-',-l) >

77R1 (st/)'ﬂRZ (xay)

T, (x,y) B 2(77R1 (x,)/)'URz (x,J’)+1)

VR (xay)'VR (x’y)

and v x,y)= : 2 .
R BR, ( y) 2(VRI (xay)'sz (x’y)+1)

Example 3.11. Consider the example 3.2
(0.4,0.1,0.5) (0.5,0.0,0.4) (0.4,0.1,0.4)
Let R =|(0.3,0.2,0.5) (0.5,0.1,04) (0.2,0.1,0.6)
(0.3,02,04) (02,0.1,0.6) (0.3,0.3,0.4)
(0.5,0.0,0.4) (0.4,0.1,0.5) (0.2,0.1,0.6)
R, ={(0.2,0.1,0.7) (0.3,0.0,0.6) (0.3,0.1,0.7)

(0.1,0.1,0.6) (0.3,0.1,0.5) (0.4,0.2,0.4)
tions from A to B. Then,

and

be two picture fuzzy rela-
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(0.5,0.0,0.4) (0.5,0.0,0.4) (0.4,0.1,0.4)
RUR, =|(0.3,0.1,0.5) (0.5,0.0,0.4) (0.3,0.1,0.6)

(0.3,0.1,0.4) (0.3,0.1,0.5) (0.4,0.2,0.4) |

[(0.4,0.0,0.5) (0.4,0.0,0.5) (0.2,0.1,0.6) |
RNR,=[(02,0.1,0.7) (0.3,0.0,0.6) (0.2,0.1,0.7)

(0.1,0.1,0.6) (0.2,0.1,0.6) (0.3,0.2,0.4) |

(0.5,0.1,0.4) (0.4,0.0,0.5) (0.4,0.1,0.4)
R =|(0.5,02,0.3) (0.4,0.1,0.5) (0.6,0.1,0.2)

)

(0.4,0.2,0.3

0.45,0.05,0.45

( )
R @R, = {(0.25,0.15,0.60)
)

(0.6,0.1,0.2) (0.4,0.3,0.3)

(0.45,0.05,0.45) (0.30,0.10,0.50)

(0.40,0.05,0.50) (0.25,0.10,0.65)

(0.20,0.15,0.50) (0.25,0.10,0.55) (0.35,0.25,0.40)
[(0.45,0.00,0.45) (0.45,0.00,0.45) (0.28,0.10,0.49)

R SR, =[(0.24,0.14,0.59) (0.38,0.00,0.49) (0.24,0.10,0.65)
1(0.17,0.14,0.48) (0.24,0.10,0.55) (0.35,0.24,0.40)
[(0.44,0.00,0.44) (0.44,0.00,0.44) (0.27,0.10,0.48)
ROR, =|(0.24,0.13,0.58) (0.38,0.00,0.48) (0.24,0.10,0.65)
(0.15,0.13,0.48) (0.24,0.10,0.55) (0.34,0.24,0.40)
(0.12,0.00,0.12)  (0.12,0.00,0.12)  (0.04,0.005,0.15)

R BR, =|(0.03,0.01,0.24) (0.09,0.00,0.15) (0.03,0.005,0.30)

(0.02,0.01,0.15)  (0.03,0.005,0.20)

(0.07,0.03,0.09)

Theorem 3.12. Let Re PFR(AxB) be a picture fuzzy relation. Then
(R')" =R.
Proof. By the definition of inverse relation, we have
tor (1:0) = 1 (%,3), 1 (1:3) =10, (2,9) 5 v (95%) =i (x,0).
Now,

Ay (3.%) = s (x,9) = e (,)

U(R71)71 (y’x) =g (x,y) =T (y,x)

and

1/(1rl),1 (r,x)= Vo (x,0)=vg (y.x).

Hence, (R'l)f1 =R.

Theorem 3.13. Let R,R, € PFR(AxB) be two picture fuzzy relations. Then

1) (RUR) =R'UR;".

2) (RNR) =R'NR;".

Proof. 1) By the definition of inverse relation, we have H ( y,x) = My, (x, y) ,
77R1—1 (.V:x) =g, (x,y) > VRfl (y,x) =Vr (x:y) and /’IREI (y,x) = Hg, (x>y) >
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URZ’I (y,_x) = 77R2 (x,y) s VREI (y; x) = VRZ (x, J’) .

Therefore,

Moy (y.x)= Hg ur, (%)
= max {44, (%), g, (%,9)}
= max{,uRl,l (y,x),#Ril (y,x)}
= My (95%)

U(RIURZ)—I (y,x) =1rUr, (x,y)
= min {7, (%,).7, (x.7)}
= min {7, (7,%),7,. (%)
=izt (1-%)

and

Y (rUR)" (7:%) =Viur, (%.7)
= min{le (xsy)vsz (an’)}
= min{le,1 (y,x),sz,l (y,x)}
= Vg (r:x)
Hence, (Rl UR, )71 = Rfl UR;'
2) We have, 4., (7,x) = pty, (%,7), s (3,%) =15, (%.7)

Vil (y,x) =Vg (x,7) and Hpg: (3.x)= Hp, (%) Mgy (7.x)= Tk, (x7),
VRz_l (y,x)=VR2 (x’y)'

Therefore,

'u(RlﬂRz)’l (y’x) = Hrinr, (x’y)
= min{,uRl (x,y),ﬂRz (x,y)}
= mln{ﬂRl,l (y;x)aﬂRil (yﬂx)}
= ,LlRl—lnRz—] (y,x)

Trnry (7.x)= T, (x.)
= min{f]Rl (X,J’)aﬂkz (X,J’)}
= min{?]Rl,l (y, X),UREI (ya x)}
= gyt (%)

and

V(RlﬂRz)_l (y’x) =Vrng, (x’y)
= max{le (%,7)Va, (x,y)}
= max{le,l (y,x),vRil (y,x)} :

= VRflmRz—l (y»x)
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Hence, (R,NR,) =R'NR;".

Theorem 3.14. Let R,R, be picture fuzzy relations from A to B. Then
R @R,, RSR,, ROR, are also picture fuzzy relations from A to B. But the
relation R, *R, may not be closed ie, R HR, may not be picture fuzzy rela-
tion from A to B.

Proof 1t is easy to check that for LetR,R, € PFR(AxB), R @R,, RSR,,
ROR, are picture fuzzy relations from A to B.

Now we will show that by an example that the operation H is not closed.

Let X ={x,x,,x;} beanon-empty set.

Let 4={(x.0.7,0.1,0.2),(x,,0.5,0.2,0.2),(x,,0.4,0.3,0.1)} and

B={(x,0.5,0.2,0.3),(x,,0.8,0.1,0.1),(x;,0.4,0.5,0.1)| be two picture fuzzy
sets on X. Then

X Xy X3
[AXB]ZXI (0.5,0.1,0.3) (0.7,0.1,0.2) (0.4,0.1,0.2)
X, (0.5,0.2,0.3) (0.5,0.1,0.2) (0.4,0.2,0.2) '
X (0.4,0.2,0.3) (0.4,0.1,0.1) (0.4,0.3,0.1)
(0.4,0.1,0.5) (0.5,0.0,0.4) (0.4,0.1,0.4)
Let R = (0.3,0.2,0.5) (0.5,0.1,0.4) (0.2,0.1,0.6) and
(0.3,0.2,0.4) (0.2,0.1,0.6) (0.3,0.3,0.4)

(0.5,0.0,0.4) (0.4,0.1,0.5) (0.2,0.1,0.6)
R, = (0.2,0.1,0.7) (0.3,0.0,0.6) (0.3,0.1,0.7) be two picture fuzzy rela-
(0.1,0.1,0.6) (0.3,0.1,0.5) (0.4,0.2,0.4)

tions from A to B. Then
(0.12,0.00,0.12) (0.12,0.00,0.12) (0.04,0.005,0.15)

R BR, =|(0.03,0.01,0.24) (0.09,0.00,0.15) (0.03,0.005,0.30)
(0.02,0.01,0.15) (0.03,0.005,0.20) (0.07,0.03,0.09)

According to the definition of picture fuzzy relation over picture fuzzy sets,
we have 1 o (x,x)=012< 1, (x,x)=0.5,
Maer, (%5%)=0.0<7,,(x,x)=0.1 but
Vier, (6:%)=0.122v, 4 (x,x%)=03.

Hence R HR, isnot picture fuzzy relation from A to B.

4. Composition of Picture Fuzzy Relations

Definition 4.1. Let RePFR(AxB) and SePFR(BxC), then the
max-min composition of R and Sis the picture fuzzy relation from A to Cde-

fined as
RoS ={((x,): ttpos (%, 3)spus (%) Vs (%, 3)) 3,y € X,
where

Heos (%,) = VzeX{'LlS (x.2) A g (z,y)} ’
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Mres (67) = Ay {1 (5.2) A1 (2, 9)}
and
Vs (6.9) = A (Vs (1.2) v v (2)}
when ever 0< s1,.s (%,7)+ s (¥.) + Ves (5,) <1
Proposition 4.2. Let R € PFR(AxB) and R, € PFR(BxC), then
R oR, € PFR(AxC).
Proof Forall (x,z)e XxX,let proof
Haor, (%2) F 14 0, (X:2) + Vi g, (%,2) <1
Forall €>0,thereexists y € X:
Hgon, (%:2) < gty (%37 ) A pag (¥72) +e.
It is easily seen that
Mayer, (5:2) <1, (%37 ) A (372)
and Vg .. (x,z)< Ve, (x,y*)v Ve (y*,z).
Now,
Hpgoy (%:2) F 11 g, (%,2) + Vg, (%,2)
< tty, (3" ) A i (¥ 2) +10, (60" ) Ay, (V72)

v (157 )vvg (2) +e
Case 1: vy, (x,y*)vle (y*,z) = Vg, (x,y*). Then

Hg, (x7y*)/\:uR| (y*az)+77R2 (xay*)/\nR] (y*az)+VR2 (xﬂy*)VVRl (y*,z)+e
= g, (50" ) At (V752) 4770, (5.7 ) A (35 2) + v, (5,07 ) +e

< Hp, (x,y*)+77R2 (x,y*)+vR2 (x,y*)-i-e
<l+e

Case 2: vy, (x, y*)v Vi (y*,z) =Vg (y*,z) . Then

ta (53" ) At (52) #7150 ) Ay (175 2) 4 v, (607 ) v vy (072) +e
= s, (%37 ) A g (52) +100, (6 0" ) Ay (95 2) F v (52) e
< Uy (y*,z)—i-an (y*,z)—i-vR] (y*,z)+e
<l+e

Then py .p, (x,z)—H]RluR2 (x,z)—H/RloR2 (x,z)<l+e forall e>0.

Hence 1 .p, (x,z)+77RloR2 (x,z)+leoR2 (x,z) <1.

Theorem 4.3. For each R e PFR(AxB) and Se PFR(BxC),

(SoR) =R"oS™" is fulfilled.
Proof.
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.y (%:2)
—vyeX{uR X,9) A ptg (1.2)}

=\ e g ( o (20)
{

/J(SOR) ( )

=\ per (Mo (Z,y)AﬂR—I (v.x)]
SPRRNER
Mgyt (35%) = sy (%:2)
—A,Ex{m x,y) Atgs (3.2)}
/\yex{ﬂ (Zsy)}
= Ayer {50 (Z,y)w,rl (v.x)]
()

and
V(SOR ( ) (x )
_/\}EX{VR x,y)vvs(y,z )}
—/\}Ex{VR Vv (z y)}
/\}eX{ Zy vV, y,x)}
=V (z,x).
Theorem 4.4. Let P,Q,R € PFR(AxB). Then
1) P<QO= PoR<QoR.
2) P<O=RoP<RoQ.
Proof. 1) P<Q,then

1y (722) < 11y (1:2) s 1y (322) <1y (122) and v, (32) 2 vy (7.2).
Now,
Hpr (.2) =/ ot (2.9) A 1 (9:2)}
SN yer (e (2.2) A g (7:2)] a8 s (1,2) < 11 (3.2)
= Ho.g (%.2)
Similarly, we can prove that,
Mpor (%,2) < Tgur (%,2) -
Again,
Vpor (X’Z) = /\yeX{VR (x,y)v Vp (y,z)}
2 Ao (Ve (5 0) Vv (1:2)] s v, (1.2) 2 v, (1.2)

> Vo (%.2)

The property 2) can be proved in similar manner.
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Theorem 4.5. Let P,R e PFR(BxC),Q € PFR(AxB), then
1) (RvP)eQ=(RoQ)v(P-0Q).
2) (RAP)oQ=(RoQ)A(P-0).
Proof 1) In order to proof 1), we have to show that
) Mgy pyo (%:2) = g (X.2)V tpg (x,2) .
) 7iruryo (%,2) = 4o (%,2) AT1pug (%,2) -
) Virvrpo (%,2) =Vho (.2) AV (%,2).
Now,
Hiryp)eo \/‘Ex{/”Q
—vyeX{ g (x5, 3) A g (92)) (11 (% 9) A 1 (3,2) )|
=V e (o (2. 0) Aty (1.2 v v (0 (3 0) 7 (32}

#a (
(
(
_'uRQ( ’Z)V'uPQ( .2)
7 (
(
(.

2 2)V pp (3,2))}

a)

Nrorro (%:2) = Aex o (% 0) A (7 (1,2) A, (7,2) )}
= Aver| (o xy)AnR 7.2))A (1 (% 3) Ay (3,2))}
= Ao\ (70 (2 0) A7 (1 2)f A Al (70 () A1 (3:2))}

= o (%, 2) AT (x,2)
Vioryo (%:2) = Ay (Vo (22)V (Vi (7:2) Avi (32))}

(vo (2 3)v v (3:2)) A (v (3 3) v v (1:2))

= Aer | (V0 (o) vV (1)) A A ] (Vo (6 9) v v (32)))

Vi (1.2) AV (x02): V(x.) € Ax B

{
= Aver
{

The property 2) can be proved in similar manner.
Theorem 4.6. Let Qe PFR(AxB),PePFR(BxC),RePFR(CxD) then

(RoP)oQ=Ro(PoQ).

Proof. 1t is sufficient to prove that
Q) Hipopyo (x,2)= ) (x.2).

b) Nrep) (X»Z) = Mre(pPo0) (X’Z) .

) Vigerpo (x,z)= Vie(po0) (x,2).

We have,

Hiaeryo (52) =/ oy Lt (% 9) A b (7:2)]
=, {0 (%) {v,{ﬂp (30 i (2)}}]

)
vt At (8.2)}}}
)

—VJ{V Ho (% y) Aty (
_\/t{\/1 [,uQ (x,y /\,u,,(y,t ]/\ﬂk( )}}
{

=V {IUPQ x,t) /\ﬂR(t’Z)}}
:ﬂRo(ch)(va), V(x,z)e AxC
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Nigeryo (:2) = Asex {10 (5:9) Atp (:2)}
A0 (60~ {A,{np(y, YA (,2)}})
=Ay{m Mo (x.3) A fm (v50) A (1,2) )
= Ao (v Anp(ya )] ame (1.2)}]
{

= Ao (1) AT (1:2))
:nRo(PoQ)('x7Z)a V(X,Z)EAXC

and
Vo (22)= A or 1V (5.2 v Vi (7.2)]
= Ao (x2)v {/\,{vp(y’ A
= AfAdve (5 n)v e () v v (62)}]
= A Ao () v va () v v (12))}

= AdVeo (1) v v, (1.2))
= Vro(Pog) (x,2); V(x,z)e AxC.

Definition 4.7. Let RePFR(AxB) and SePFR(BxC), then the

min-max composition of R and S is the picture fuzzy relation from A4 to C
defined as

R*S :{((X’y)nuk*s (x’y)’nR*S (x’y)’VR*S (x,y)):x,ye X} >

where
Hros (%9) = AU ts (0.2)V 11 (2,9)].
Mges (X,7) = /\zeX{’]S (x,z) Amg (z,y)} s

and vy (%)=, (Vs (n.2)Ave(z,0))
when ever 0< 1.5 (X, 1)+ Mgus (%,3) +Vpus (x,3) < 1.
Theorem 4.8. Let R, Pbe two elements of PFR(A X A) , then
(RoP) =R *P°.
Proof. As p. (x,2)=vg(x,2), M (x,z)=1,(x,z) and
Ve (x,2) =ty (x,2); for every (x,z)e Ax A4
We have,

RoP={(x.2)., {ttp (3. 0) At (3.2)} v (110 (3 0) A (3.2)}
Voive (. 0) v (y,z)}}.
Therefore,
(ReP) ={(x.2)s A, (Vo () v v (1 2)s A, (0 (5. 9) A1 (3,2))

A (5 3) At (3,2)}]
=R * P°.
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Theorem 4.9. For each Re PFR(AxB) and Se PFR(BxC),
(S*R)" =R"'+S™" is fulfilled.

Proof.

byt (25) = oy (52)
—/\}Ex{ﬂ x.y)V s (3.2}
= Ao ( o (20)

= Apex B (20)v 1, (y,X)}

= M50 (2:%)

My (z.x)= M(s+r) (x.2)
= Ayex {1 (%) A s (3,2)}
= Ao T (nx) A (2.9)
= Aver (T (Z2) A (3,3)
=Tprog1 (2:%)

and

Viser)”! (z,x) =, Vissr) (x.2)
_VyeX{VR xy /\VS Y.z )}
_V)eX{V S Zy)}

V)e)({ Zy /\V ~1 yax)}
=V (z.x).

Therefore, (S*R)f1 =R'"xS7",

Theorem 4.10. Let P,Q,R € PFR(AxB) . Then

1) P<Q=P*R<Q=*R.

2) P<Q= R*xP<RxQ.

Proof 1) P<Q,then

/UP(J”Z) < Uy (y,z), p (y,z) < ”Q(y’z) and VP(J”Z) 2 Vo (y,z)
Now,
Hpor (%:2) = Ay Vi (% 0)V 20 (3,2)}
< At (o 2) v g (,2)} a8 pp (32) < g (7,2)
= Hger (¥.2)
Similarly, we can prove that,
Mpur (%,2) 11gup (%,2).
Again,
Vo (%:2) = v/ o {Ve (2.2) AV (1,2))
= VyEX{VR (x»y)/\"g (y,z)} asvp (y’z) 2 Vg (y,z)

2 Vg (x,z)
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The property 2) can be proved in similar manner.
Theorem 4.11. Let P,Re PFR(BxC),0 € PFR(AxB), then

1) (RvP)*Q=(R*Q)v(P*Q).

2) (RAP)xQ=(R*Q)A(P*0Q).

Proof 1) In order to proof 1), we have to show that
a) /uRvP*Q( ) :uR*Q(x Z)V'UP*Q(X Z)

RvP )=Q ( ) UR*Q (x Z) A 77P*Q ( )
) Virvrpo (%:2) = Vo (%, )/\VP*Q (x,2).
o (1:2)= I

V(e (3,2)V 1 (,2))}

X,z

) (ﬂQ( y)v R(yﬂz))v(,UQ(X,y)V/JP(y,z))}
= Aver{ (o ()Y e () A e { (g (5 0) v 112 (3,2))}
= Urag (X.2)V lpag (1, 2)
Mrorpo (52)= Asex (g (62 A (10 (3 2) n 0y (3,2))}
(70 (. )77R(y,Z))/\(UQ(X,y)/\ﬂp(y,Z))}
= Aoer {0 (2 2) A (12 A A x| (0 (5 9) A1 (3,2)))
= reg (%.2) Allpag (1,2)
Virvrpo ($:2) = vyex{vg(x YIA (Vi (3,2 Avp(y,z))}
{ )A (v (6 0) AV (3,2))}
=V | (Vo (o) Ave (12 Ay (Vo (5 9) Avi (3,2)))
Vo (1.2) AV (1.2): V(x,7) € AX B,

a)

b)

(».2)
=V yer (Vo (3:3)Ave (:2)
(»:2)

The property 2) can be proved in similar manner.

Theorem 4.12. Let Q € PFR(AxB),P e PFR(BxC),Re PFR(CxD) then
(R*P)xQ = R*(P*0).

Proof. 1t is sufficient to prove that

a) H(repyro (x,z) = Hpu(peg) (x,z) :

) 7ipepyeo (x.2)= Trs(Pr0) (x.2).

<) V(reP)r0 (

We have,

X,2) = Vi pag) (X,2)

Hireryo (5:2) = Aex {Ho (5 9)V B (,2)]

= Aver{ o (5 )V A {0 (10)v 11 (1,2)}}
= /\yex{/\,{ﬂg (2 2) v ttp (:2) vt (t,z)}}}
= /\x{/\y{[ﬂg (5. 2)V st (98) |V 11 (t,z)}}
= Adltng (v.0)v 1 (12)})

= /'IR*(P*Q) (X,Z); V(X,Z) e AxC
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U(R*P)*Q( z)= /\)EX{UQ(xy ) Agep (3,2 )}
= a0 (x.0) A {A,{m( ) amg (62}
= A AT (6 2) A 1y (90 A (1,2)}
= A A0 (e A (v, g (1.2}
{

= A Tpop (X:1) AT tz)}
UR*P*Q( ) (x,z)eAxC

and

Vieerro (4:2) =\ Vo (3:0) AV (7.2)}
=y {vo (6 2) A v (v (1) Ave (12)})
v Vo (xe) A {vs () Ave (12)))
- vt{vy{[vg (x.9)Ave (3.0) [ AV, (t,z)}}

= \/I{VP*Q (x,0) AV, (t,z)}
=Viu(prg) (x,2), V(x,z) e AxC.

5. Picture Fuzzy Relations in a Picture Fuzzy Set

Definition 5.1. The relation R € PFR(Ax A) is called:
1) Reflexive if for every xe X, u, (x,x) =1, n, (x,x) =0 and

Ve (x,x)=0.
2) Anti-reflexive if for every xe X, u, (x,x) =0, 7, (x,x) =0 and
vp(x,x)=1.

Definition 5.2. A PFR Ron Ae PFS(X) is reflexive of order (a,)/,ﬂ) if
tp(x,x)=a, n(x,x)=y and vy(x,x)=p; VxeX and a+y+p<1.

Theorem 5.3. Let Re PFR(AxA) , then R is reflexive iff R is an-
ti-reflexive,

Proof. Let Ris reflexive. Then we have,

te (%,x)=1, 17, (x,x)=0 and v, (x,x)=0.
From the definition of complement relation, we have
p, (xx)=ve (%.5), 1, (2x) =17, (2.x) and v, (x.x)= s, (x,x)
which implies,

Mo (x,x):O, M e (x,x):O and Ve (x,x)zl.

Thus, R is anti-reflexive.

Conversely, let R° is anti-reflexive. Then
Mo (x,x) =0, M e (x,x) =0 and Ve (x,x) =1.
From the definition of complement relation, we have

My (x,x) =V, (x,x) s e (x,x) =1, (x,x) and Ve (x,x) = Uy (x,x)

DOI: 10.4236/ajcm.2023.131008

177 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2023.131008

M. K. Hasan et al.

which implies,

Ve (x,x)=0, 7,(x,x)=0 and g, (x,x)=1.

Theorem 5.4. Let R € PFR(AxA) is reflexive. Then

1) R is reflexive.

2) R VR, isreflexive for every R, € PFR(AxA).

3) R AR, isreflexiveifand onlyif R, € PFR(AxA) is reflexive.
Proof. 1) Since R, is reflexive, so for every xe X;

g (6, x)=1, 7, (x,x)=0 and v, (x,x)=0.
From the definition of inverse relation, we have

fgr (93) =t (53). 1, (73) = (129) v, (0) =0 (19).

Therefore,

Hy (x,x) = Uy, (x,x) =1l;as R, is reflexive.
Myt (x,x)= Mk, (x,x)=03as R, isreflexive.
VR],l (x,x) =V (x,x) =0;as R, isreflexive.
Thus, R is reflexive.

2)

My r, (x,x) = My, (x,x)v Mg, (x,x) =1V 1y, (x,x) =1

=

Moo, (x,x) =11y, (x, )/\77R2 (x,x)= (N7 (x,x)=0

Vior, (5:X) =V (x,x) Avg (x,x)=0Av, (x,x)=0

VR,
Thus, R, VR, isreflexive.
3)
Hg, rr, (x,x) = My, (x,x) A U, (x,x) =1A g, (x,x) = Iy, (x,x) =1
iy (%:X) =115 (0,%) AT (6,X) =1AT, (x,%) =17, (%, %) =0
Vi, (5X) =V, (6,x) vy (x,0)=0vv, (x,x)=v, (x,x)=0
Thus, R, AR, isreflexive.
Theorem 5.5. Let R,R, € PFR(Ax A) are reflexive. Then
1) R UR, isreflexive,
2) R NR, isreflexive.
Proof. 1) Since R, and R, are reflexive, so for every xe X ;
Mg (x,x)=1, un (x,x)=0 and Vi (x,x)=0 and
My, (x,x)=1, Mz, (x,x)=0 and Vg, (x,x)=0.
Now,
Hyug, (%,%) = max{,uRl (%, %), atg, (x,x)}
=max {1,1} as R and R, are reflexive
=1

77R1UR2 (x’y) = min {an (X, )’):ﬂRz (xay)}
=min{0,0} as R and R, are reflexive
=0
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Veus, (67)= min{vRl (%, 2) Vs, (x,y)}
=min{0,0} as R and R, are reflexive
=0

Therefore, R UR, is reflexive.

2)

Since R, and R, arereflexive, so for every xe X;

Now,

Hy (x,x)=1, Mx, (x,x)=0 and Vi (x,x)=0 and

g, (%) =1, 17, (x,x)=0 and v, (x,x)=0.

/uRI ﬂRz (x’y) = min{:uRl (x: y)’:uR2 (x7 y)}
=min{L,1} as R, and R, are reflexive
=1

nklﬂRz (xay) = min{an (xs y)anRz (x9y)}

=min{0,0} as R and R, are reflexive
=0

Vink, (x,y)=max {VRI (x,y),sz (x,y)}
=max {0,0} as R, and R, are reflexive
=0

Therefore, R (R, is reflexive.

Theorem 5.6. If R is reflexive of order (a,y,ﬂ) ,then then sois R'.

Proof. Since Ris reflexive of order (a,y,f), so for every xe X;

tp(x,x)=a, mp(x,x)=y and v, (x,x)=p4.
From the definition of inverse relation, we have

oy (1:0) = e (5,3)s 1 (1:x) =1, (59)5 v (95%) = v (x,0).

Therefore,

My (x,x) = U, (x,x) = ; as Ris reflexive of order « .
M1 (%,%) =17, (x,x) = 7 5 as Ris reflexive of order y.

Ve (x,x) =V, (x,x) = [ ; as Ris reflexive of order S .

Thus, R

is reflexive of order (a,7,8).

Theorem 5.7. Let R,R, € PFR(AxA) are reflexive of order (a,7,f).

Then
1) RUR,
2) RNR,

is reflexive of order (a,7,p).
is reflexive of order (a,7,8).

Proof. 1) Since R, and R, are reflexive of order (a,y, ﬂ), so for every

xeX;

ty (x.x)=0a, 1y (x,x)=y and v, (x,x)=p and

ty, (x,x) =, 1, (x,x)=y and v, (x,x)=4.
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Now,

B, (%) = max { g (x,%), g, (%)}
=max{a,a} as R, and R, are reflexive of order &
=a
77R| UR2 ()C, J/) = min{an ()C, J’),URz ()C, y)}
=min{y,y} as R and R, are reflexive of order y
=7
Vi, (4:7)= rnin{vRI (%,3):Va, (x,y)}
=min{/A,} as R and R, are reflexive of order /8
=p
Therefore, R UR, is reflexive of order (a,7,5).
2) Since R, and R, are reflexive of order (a,y,f3), so for every xe X;
ty (x.x)=a, n, (x,x)=y and v, (x,x)=f and
Hg, (x,x) =a, 1, (x,x) =y and v, (x,x) =4.

Now,

Hryim, (% v) = min{ g (5, 9), tag, (x,7)]
=min{a,a} as R, and R, are reflexive of order o
=a
Tana, (%) = min{m, (x,),74, (x.7)}
=min{y,y} as R and R, are reflexive of order y
=Y
Vi, (%, ) = max {VRI (x,)Ve, (x,y)}
=max{f,} as R and R, are reflexive of order 3
=p
Therefore, R (R, isreflexive of order (a,7,p).
Definition 5.8. A PFR, R e PFR(AxA) is symmetric if and only if
Hy (%:3) = g (3:x%) 7 (%) =1 (3.%) and v (x,) = v, (¥.%)3
Vx,yeX.
Theorem 5.9. If Ris symmetric, thensois R'.
Proof. We know,
Hor (%,9) = pe (1)
= iy (x,y) since R is symmetric
=, (y,x) by definition of R

Mo (%) =1 (9, %)

=1 (x,y) since R is symmetric
=1 (»,x) by definition of R
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and

Vet (x,y) =Vg (y’x)
=V, (x,y) since R is symmetric
=V (,x) by definition of R

Theorem 5.10. Ris symmetric if and only if R=R".

Proof. Let R is symmetric, then

M (x,y) = g (y,x) = g (x,y); since Ris symmetric.
M (x,y) =1, (y,x) =1, (x,y) ; since R is symmetric.
Voo (%,5) =ve (1,x) = v (%, ) 5 since Ris symmetric.

So R'=R.

Conversely, let R™' =R . Then

Il
=
—
=

=
SN

He (%, 9)= 1, (%,9)

Hence, R is symmetric.

Theorem 5.11. Let R,R, € PFR(Ax A) are symmetric. Then
1) R UR, issymmetric,

2) R/NR, issymmetric.

Proof. 1) Since R, and R, are symmetric,so Vx,ye€ X ;

#y (%,9) = g (3:%), g, (% 9) =115, (9,%) and v (x,7) = v, (3,x) and
tr, (%,9) =t (3.%)5 1, (x,) =118, (¥,x) and v (x,9)=v, (9,%).
Now,
Hn, (%5,3) = max { g (x,), 1y, (%,7)}
= max { g, (%), t, (3,%)} as R, and R, are symmetric

= Hrur, (y,x)

Taon, (o) = min {1 (6.9).75, (x.9)]
= min{nR1 (1:X) 17, (y,x)} as R, and R, are symmetric
= nR[URZ (x’y)

Vi Un, (x,y)= min{le (x,y),sz (x,y)}
= min{vR] (y,x),sz (y,x)} as R, and R, are symmetric
= VRIURZ (y,x)

Therefore, R, UR, issymmetric.
2)
Since R, and R, aresymmetric,so Vx,ye X;

Hy, (%.9) =ty (3.%)5 My, (x.9) =1 (v,x) and vy (x,)=v, (y.x) and
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Hiy (%)= gy (%) g, (%,7) =18, (%) and vy, (x,7) = vy, (1,%)
Haom, (%3) = min{ gy (%), g, (%)}
= min{yR1 (%), g, (y,x)} as R, and R, are symmetric
= Hrnr, (v,x)
N, (%) = min {7, (%,9),7, (%)}
= min {7, (%), (3,%)} as R and R, are symmetric
=Mrnr, (v.x)

Vinm, (6:7) = max{le (%, 7) Vs, (x,y)}
= max{vR1 (1:%), v, (y,x)} as R, and R, are symmetric
=Vrng, (y.x)
Therefore, R (1R, is symmetric.
Definition 5.12. A PFR R on Ae PFS(X) is said to be transitive if
RoRCR.
Theorem 5.13. If Ris transitive, then sois R™'.
Proof We know,
Hir (%3) = e (9,%)
2 fiyo (¥, %)
=V oo U (92) A 1 (2,0)}
=Vl (22) At (220
=M1 g (5:7)
Mot (%,3) =11, (1, %)
2 Mg (3:)
= Ao e (1:2) A1 (2:%)}
= A {1 (22) An (2.0)
=1 g (:7)
Ver (%:2) = v (3,%)
< Vaor (1)
= /\zeX{VR (9.2) vy (z,x)}
= AV (2) Vv (2.0)
=V (50)
So, R"oR"'cR".
Hence, the theorem is proved.
Theorem 5.14. If R, and R, are two picture fuzzy transitive relations on a

set X, thensois R MNR,.
Proof. Trivial.
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6. Conclusions

Picture fuzzy relations play a vital role in real life situations where uncertainty
arises with the positive, neutral and negative membership degrees of an element.
Nowadays many researchers have become interested in working in this field be-
cause of the less complicated and rapid decision making strategies using picture
fuzzy relations. In this work, picture fuzzy relations over picture fuzzy sets have
been defined with examples. Several properties are described related to the pic-

ture fuzzy relations over picture fuzzy sets.
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