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Abstract

This study discusses the characterization of the lexicographic maximin (lex-
imin) choice rule using an axiom related to the Lorenz criterion, which states
that a utility vector that Lorentz dominates a solution vector should not be
Pareto dominated by any feasible vector, named Pareto Undominatedness of
Lorenz-superior Distribution (PULSD). PULSD in itself does not imply that a
solution vector of the choice rule is Lorenz undominated by any utility vec-
tors in the feasible set. Therefore, we may say that the PULSD’s requirement for
inequality aversion is weak. Indeed, PULSD is consistent with the utilitarian
choice rule, which is viewed as indifferent to equity. We show that the leximin
choice rule is characterized by PULSD, combined with the Suppes-Sen opti-
mality and the common ordinal invariance axiom.

Keywords

The Leximin Choice Rule, The Lorenz Criterion, Suppes-Sen Optimality, The
Common Ordinal Invariance Axiom

1. Introduction

We consider a choice problem to select the optimal distribution from a set of
feasible alternatives that represent utility vectors. The social planner may estab-
lish a choice rule, taking into account the equity property as well as the efficiency
property. For the efficiency notion, the Suppes-Sen optimality (SSO) is well
known and standard'. SSO requires that a solution utility vector be not
Suppes-Sen dominated by any utility vector sin the feasible set’. SSO is regarded

as representing the property of impartiality in the use of the strong Pareto opti-

1See Madden [6] and Mariotti [8].
28S0 is the counterpart of S-optimality of income distribution, defined by Saposnik [12].
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mality’. For the equity notion, the Lorentz criterion is renowned". In general, for
two utility vectors x and y; x is regarded as more inequality averse or equitable
than yif x Lorenz dominates y. A solution vector may be required to be Lorenz
undominated by any utility vectors in the feasible set, which we refer to as Lo-
renz undominatedness (LU). In this sense, LU requires that any vector that is
more inequality-averse or equitable than a solution vector is not included in the
feasible set.

Ok [11] proposed the notion that is obtained by combining LU with Pareto
optimality, which is referred to as Lorenz-Pareto optimality (LPO). LPO requires
that a solution be neither Pareto dominated nor Lorenz dominated by any vector
in the feasible set. LPO is a refined notion of Pareto optimality containing the
inequality-averse property. As Ok [11] demonstrated, provided that Sis a com-
pact and comprehensive set, GLO implies and is implied by the generalized Lo-
renz optimality (GLO), which requires that a solution vector be not generalized
Lorenz dominated by any feasible vector’.

The utilitarian choice rule, which aims to maximize the total utility and is
viewed as indifferent to equality or equity, is inconsistent with LU, LPO, and GLO.
In contrast, the lexicographic maximin (leximin) choice rule, which is regarded as
the representative egalitarian rule, satisfies all of them®. However, the leximin
choice rule may be characterized without directly requiring a solution vector to be
Lorenz undominated by any vector in the feasible set. In this study, we focus on
the characterization of the leximin choice rule. Instead of LU, LPO, or GLO, we
use the axiom, what we refer to as Pareto undominatedness of Lorenz-superior
distribution (PULSD), which requires that a feasible or infeasible utility vector that
Lorentz dominates a solution vector be Pareto undominated by any vector in the
feasible set. Note that PULSD is consistent with the utilitarian choice rule.

Then, we introduce an invariance axiom, Common Ordinal Invariance (COI),
which is based on the weak ordinal invariance axiom that Thomson [18] used to
characterize the lexicographic egalitarian bargaining solution’. COI states that
under any positive transformation of the feasible utilities the choice solution
utility vectors should be transformed accordingly. COI is regarded as the re-
quirement for consistency with respect to any positive transformation.

Herein, the leximin choice rule is characterized by combining SSO, PULSD,

and COI®.

3Mariotti [8].

“See Dasgupta, Sen, and Starrett [3] and Sen [14]. The Lorenz criterion they used is based on the
well-known notion of Lorenz curve representing inequality with respect to income distribution.
However, we use the Lorenz criterion with respect to utility distribution throughout the paper. See
also Ok[11].

’See proposition 1 of Ok [11] (p. 309). For the notion of the generalized Lorenz dominance, see
Shorrocks [15], Madden [6], and Ok [11].

°It will be shown later.

’See also Nielsen [10].

8In Mori [9], the leximin bargaining solution is characterized in the case of the two-person bargain-
ing problem. The present study shows that the leximin choice rule can be characterized using similar

axioms within the framework of a choice problem of society comprising n(>3) individuals.
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The remainder of the paper is organized as follows. Section 2 presents the pre-
liminaries of the analysis and the axioms. Section 3 provides a theorem and two
corollaries about the characterization of the leximin choice rule. Section 4 pro-

vides concluding remarks.

2. Preliminaries and Axioms

We consider a society comprising 7(>3) individuals. A choice problem is de-
fined as a set of feasible utilities S — R". Sis assumed to be closed and bounded
above. Let C" be the class of choice problems satisfying this condition. A
choice rule is a nonempty correspondence F:C" — R" such that for every
SeC",F(S)cS.Wereferto re F(S) asa choice solution utility vector or,
in short, a solution vector.

The following vector notations are used throughout. For s,reR",s>r if
s;2r, foreach i s>r if 5,27 foralliand s#r,and s>r if s5,>r for
each i For each pef{l,---,n!}, a function z”:R" —R", is defined such that
7’ (s) =(7z{’ (s), 7! (s)) where 7/ (s)=s_, )
o’ :{1,---,n} - {l,---,n} .Let 7' (S) be such that 9 is the identity permuta-
tion, e, 7'(s)=s,and 5! ,-~-,sJ be the elements of slisted in ascending order

for a permutation

where s] denotes the i-th element from the minimum one, ie, s, <---<s, °.
The lexicographic maximin (leximin) rule is the correspondence L . :C" - R",
which is defined as follows'":
Lmin(S)={eeS\seESifelT <s]T,e]T =51T andezT <s;,--~, W
1
f,---,eT_l = sg_l,and e: < SI}

n

1
ore =s

Note that L (S)#@ since Sis closed and bounded above.

The impartiality and efficiency property that is generally imposed on a solu-
tion Fis as follows:

Suppes-Sen Optimality (SSO): For any 7 F(S) and for any seR", if
s>’ (t) forsome pe{l,---,n!},then seS"

Following Madden [6] and Mariotti [8], we say that s Suppes-Sen dominates ¢
if s>7"(t) for some pe{l--,n!l}"”. SSO requires that there be no utility
vector sin the feasible set that Suppes-Sen dominates any solution utility vector
L.

A standard notion used for representing the inequality aversion property is
Lorenz dominance (LD), which is defined as follows: A utility vector » e R"

Lorenz dominates seR" if and only if Y s,=> r, and for all k<n,

i=1 i=1

\'M»

k k k

D5, <Y 1 with at least one k<n such that D s, <Y r. ' In words, LD
i=1 i=1 i=1 i=1

°The notation of s
10Gen [13].
"Madden [6] p.250.
12As is well-known, the notion of Suppes-Sen dominance is based on Suppes [16] and Sen [13].

follows Mariotti [7].

PDasgupta, Sen, and Starrett [3], Sen [14]. Note that they state Lorenz dominance in terms of in-
come, but we define it in terms of utility. See also Ok [11].
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says that between two utility vectors whose total utilities are equal, for all klower
utility individuals of the population n, r does not yield a smaller sum of utilities
than s, and for some 4 lower utility individuals of the population n, r yields a
larger sum of utilities than s. We can say that r is more inequality averse or
equitable than s. From Hardy, Littlewood, and Polya’s [5] theorem, LD is equiv-
alent to the condition that a bistochastic matrix Q exists such that »=Qs and r
is not equal to a permutation of s**. From the theorem of Birkhoff-von Neu-
mann, Qs represents a convex combination of permutations of s"°. Therefore,

the set of vectors that Lorenz dominate s, L(s), can be expressed as follows'®:

L(s):{r eR” |r:i/lp7r” (s)for A=(4,,4,)eA
p=1

()
andr;tﬂ”(s),p=l,---,n!}
where A:{MOS&F<1,p:1,---,n!,2/1p: }
p=1
Note that for reL(s) each r,i=1,--,n isa weighted average of s,,--,s,

Wecall reL(s) aLorenz-superior distribution with respect to s e R".

An axiom imposing the inequality aversion property on a solution vector is as
follows.

Lorenz Undominatedness (LU): Forany te F(S), L(1)NS=0.

LU requires that any utility vector se L(r) for a solution utility vector be
not contained in the feasible set S. This implies that the distributional disparity
of a solution utility vector should be reduced to the minimum".

The notion of LD concerns the relation between two distributions whose total
utilities are equal. When comparing two utility vectors whose total utilities are
not equal, we can use the notion of the generalized Lorenz dominance (GLD),
which is defined as follows'®: A utility vector » € R” generalized Lorenz
dominates seR" if and only if for all k<n, isi < ir,. with at least one

k k . .

k<n such that) s, <> r.. From the equivalence theorem on LD mentioned

i=1 i=l1

above, the following alternative expression is possible: A utility vector » e R”

!4See Dasgupta, Sen, and Starrett [3] (lemma 2) and Sen [14]. For the proof of the theorem, see Berge
(1], pp.184-187.

*For the theorem of Birkhoff-von Neumann, see von Neumann [19], Berge [1], pp.182-183, Sen
[14], and Dasgupta, Sen, and Starrett [3] (lemma 1).

16Tt is possible that r=» A 7’ (s) for AeA,and r=z"(s) for some p. For example, let
=l

n=3, s=(L,12), 7'(s)=7"(s)=(11,2), 7 (s)=x"(s)=(1,2,1), and 7°(s)=7"(s)=(2,L1).
Then, Az'(s)+A7 (s)=(1,1,2) for (4,4,0,0,0,0), Az’ (s)+A7x"(s)=(1,21) for
(0,0,4,,4,,0,0),and Az (s)+ A7’ (s)=(2,1,1) for (0,0,0,0,4,4). L(s) excludes all of these
elements. Note that if sis an equal utility vector, then L (s) =.
7Sen [14].

¥Madden [6], Ok [11].
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generalized Lorenz dominates s € R" if and only if there is a bistochastic ma-
trix Qsuch that > Qs with r> Qs if Qs isequal to a permutation of s°.

It is legitimate to require that a solution vector be not generalized Lorenz
dominated by any feasible vectors. We refer to this requirement as the genera-
lized Lorenz optimality (GLO) .

Generalized Lorenz Optimality (GLO): For any ¢ e F(S), for some r e L(z),
and forany seR",if s>r,or s>z’ (t) for pe{l,---,n!},then sgS§.

Ok [11] discussed the notion of the Lorenz-Pareto frontier, which is a set of
Pareto optimal vectors that are not Lorenz dominated by any utility vectors in
the feasible set, and introduced the notion of Lorenz-Pareto optimality, which is
defined in our framework as follows.

Lorenz-Pareto Optimality (LPO): For any ¢ F(S) and for any seR",if
s>t or seL(t),then s¢S.

Ok [11] argued that for two Pareto optimal vectors x and y; and a vector zin
the feasible set, when x Pareto dominates z which in turn Lorenz dominates y; it
can be said that x clearly dominates y*'. Ok [11] states that if this is the case, it
may be said that a Lorenz-Pareto improvement over yis feasible, and that a vec-
tor u is Lorenz-Pareto optimal if and only if a Lorenz-Pareto improvement over
uis infeasible. Based on the discussion, we say that it is natural to consider that
a feasible or infeasible distribution » € R" that (strictly) Lorenz dominates a
solution vector ¢ should be Pareto undominated by any distribution in the feasi-
ble set. In other words, there should be no feasible distribution that (strictly) Pa-
reto dominates a Lorenz-superior distribution with respect to a solution vector.
We introduce the following axiom, which we refer to as the Pareto undomina-
tedness of Lorenz-superior distribution.

Pareto Undominatedness of Lorenz-Superior Distribution (PULSD): For
any te F(S),forany relL(r),andforany seR",if s>r,then s¢S?.

Satisfying PULSD means that no utility vector is more efficient than any utili-
ty vector that is more equitable than a solution vector. Note that PULSD does
not require that e L(¢) for a solution utility vector #be excluded from S. In
this sense, PULSD’s requirement for equity is relatively weak.

It is certain that GLO implies SSO, LU, LPO and PULSD. Indeed, GLO is
equivalent to the combination of SSO, LU, and PULSD.

Moreover, we introduce the following invariance axiom.
Common Ordinal Invariance (COI): Let 7:R — R be a strictly increasing

function and let S'={(r(sl),~~-,2'(sn))|seS}. For §,8'eC", if teF(S),

“Madden [6] p.250.

*Madden [6] refers to a feasible utility vector which is not generalized Lorenz dominated by any
other feasible vector as a generalized Lorenz optimum (p.251).

20k [11] pp.307-308.

21t seems that, strictly speaking, what Ok [11] calls the feasibility of a Lorenz-Pareto improvement
over y means that there is a vector x such that x weakly Pareto dominates z which strictly Lorenz
dominates y; or, x strictly Pareto dominates z which weakly Lorenz dominates y.

PPULSD can be also defined as the following condition: For any e F(S), for seR" such that

s>t,if reL(s),then resS.
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then ¢ = (r(tl),--~,z'(tn )) eF(S)™

COI requires that under any positive monotonic transformation of the feasible
utilities the choice solution utility vectors be transformed accordingly. Such
transformations preserve the order of utility levels regarding the intrapersonal
and interpersonal comparisons of utilities since the positive monotonic trans-
formation of vectors implies that for any r,seR" (maybe r=s), for
i,je{l,-~,n}, r,<s, if and only if r(rl.)<r(sj) and 7 =s; if and only if
z'(ri)z T(Sj). This axiom is usually said to correspond to the supposition that
individual utilities are ordinally measurable and interpersonally full-comparable.
However, it should be noted that COI is consistent with the supposition that in-
dividual utilities are cardinally measurable and interpersonally full-comparable.
In fact, COI is satisfied whenever for all 4 7(s,)=a+fs,a,B€R,f>0%.
Even in such a case, social planner may disregard how large or small the intra-
personal and interpersonal utility differences are. Hence, COI should be consi-

dered as the consistency condition with respect to any positive transformation.

3. Characterizing the Leximin Choice Rule

It is well-known and easily demonstrated that L, (S) satisfies GLO.
Lemma: L, (S) implies GLO.
Proof. Suppose by contradiction that there exists s < S, which generalized

j j
Lorenz dominates e e L, (S). It must be that el <> forall j<n
i=1 i=1

J J j i
and Z:e;<Z:S[T for some j<n. Let h:min{je{l,---,n}|ie,.T <isf}.
i=l1 i=1 .

It follows that ej = s: forall i<h and ez < sz . That is a contradiction since

eeL (S).Hence, L (S) implies GLO. QE.D.
However, LU combined with SSO and COI is insufficient for L (S) to be

the unique rule for the choice problem. To illustrate this, we define ScR" as
a set composed of two vectors a,b € R" such that blT >a,
sz == b,j_, < azT == aI_] , and bnT > a: . Then, we consider the following

choice rule:

. arg max x; if§=S
F(S)= ves A (3)
L. (S) if §=8

Since a¢L(b),b¢ L(a) for a,be S, ﬁ(S) satisfies LU. Also, it is easily
checked that F (S ) satisfies SSO and COI*.

#As mentioned in Introduction, it follows the weak ordinal invariance axiom in Thomson (p.1256)
[18].
»For the discussion on the invariance axioms, see Bossert and Weymark [2].

*Note that F (S) violates the independence of irrelevant alternatives axiom (IIA), which requires
that for any §,8'eC", if $'cS and F(S)e S’ , then F(S’):F(S). (For ITA see Thomson
[17].) For letting S'z{a,b} and S={ab,c} where b'>a >c/ bl ==b] <a]=-=a],,

and b >a', it follows that ﬁ(§)=a,but F(S)=bh.
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We characterize L (S) using PULSD.

Theorem: A choice rule F(S) on C" satisfies SSO, PULSD, and COI if
and only if it is the leximin choice rule L (S).

Proof. First, we demonstrate that L. (S)< F(S). By Lemma L (S) sa-
tisfies GLO, which implies SSO and PULSD. Since any positive transformation
of utilities preserves the order of utility levels, it follows that ee L, (S) if and
onlyif ¢ el () where ¢=(7(e).,.7(e,)),

S’ = {(r( 5,), 7 (s, )) |seS } , and 7is a strictly increasing function. Therefore,
L. (S) satisfies COL

Second, we prove that F(S)c L, (S). Let a choice rule F(S) satisfy all
axioms in the theorem. We suppose by contradiction that F(S)z L (S).
Consider ¢ such that te F(S) and r¢ L, (S),and ee L (S). Note that ¢
is not a permutation of e. Our strategy for the proof is to demonstrate that a positive

monotonic transformation of t'=(r(tl),---,r(tn )), satisfying COI violates
PULSD. Let k= min{i e{l,,n}|1 <e } There exists & since e is not a per-

mutation of #and e satisfies SSO. It follows that t,. —¢ for i<k if k>2.By

$SO, there must exist i {k+1,---,n} suchthat ¢ <7 .Let

m:min{ie{k+1,'“,n}|e,~T <tiT}'

We define 7:R—=>R a5 follows:

1
X if x<e
z'(x)= g (4)
ex+(l1-¢)e,  ife <x
T T
where O<g<+ef tﬁ
2)17m+ _1 t” _ek

We consider S’:{ (s, ,---,r(sn))} for seS.Letting

t=(tty) = ( (t).7 (2, ))’ ¢'=(e,re,)= (T(el) 51(6»1))’ by COI it

follows that ' e F(S"), t'¢ L, (S'),and €L, (5'). Let
1

(5)
v=v,0,) ( (tl) (ﬂ )), and z=(z,- ,Z,,)=(T(€1T)a""f(ej))' By

the definition of 7, the elements of v and z are in ascending order, ie,
v <---<vy, and z <---<z , respectively. Note that v, =z for i<k,
v, <z,, v;<z forisuchthat k<i<m,and v,6 >z, .

It should be noted that L(v)=L(¢'),and z”(w)eL(v) forany weL(v)
and for any pe{l,---,n!}. Therefore, z>w implies that ¢ <z”(w)eL(t)
for some pe{l,---,n!}. By PULSD, it must be z#w for any weL(v).
However, we can find we L (v) such that w <z, as will be proved below.

Let v(i,/) beavectorsuchthat v, and v, aretransposed remaining other

elements unchanged, ‘e, v(i,j)=(v],m ViV Vigst ",v/._l,v,.,vj“,m,vn) for
i,je{l,---,n}. We consider
o1
w =—v+—v(k,m) (5)
2 2
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1 1
w=—w +—w’ (k,m+1 6
Wt ( ) (6)

;1 1,
w{=5w{71+5w(71(k,m+€), {=2,---,n—m. (7)

¢ ‘
Note that v, v, ,w, #w,

m+l+1°

£=0,---,n—m—1 by construction. It follows
that w’,w',---,w"™ € L(v).”” More specifically, w’,w',and

14
w,l=2,---,n—m are constructed as follows:

w’iw? =v, fori=k,m, (8)

t1 t_1
o o vtv, 4 tel+(1-g)e tk+ek+g(tm_ek)

w, =w
k m 2 2 2
(Note that v, = t; < e,I <el < t; =v ).
w'iw =w fori#k,m+1, )
0 T T T
L _wetw 11k +ek+g(tm_ek) 0 T
We =W = == +ek+g(tm+l_ek)
2 2 2
1 3 1 1
sz,j +Z€: +& E(f;tﬂ —€Z)+Z(t; —e:)
wow =w forizkm+0, (=2, n—m, (10)
1 1
¢ W/i_] +Wfrz_+lﬂ
Wk m+/{ 2
1 4 13+ I + L+ 2
:—2“1 t + 1__24+1 e t& E(IW[ —e, )—i—---+—2[+1 (tm —e )
Note that w/'™” =w’ Wi =w! -, W' =w'"", and, therefore,
wi Wi <<l Since tIM < t,T or (t:M —eZ)s (t: —e:) for
1 e,T —tkT P .
£=0,--,n—m and &< o S by the definition of 7 it follows that
2 _1 tn _ek
wrt <wil << Wl =T

:#t,ﬁ +(1_ﬁje,f +EB( I —eZ)+...+2n}n1+1 (t; —e;j)} (11)
<#t§ +(1—2"1m+1j|:e,j +6‘(t; —e,j)}<e,j =T(€Z)=Zk.

Therefore, it is certain that w".”

m+l

<z for /=0,---,n—m . Combining this

m+l

n—m

observation with the assumption that w'™ =v, <z for i<m, we have
w'™ <z . By construction, w'" eL(v)=L(¢) and zeS', which violates
PULSD. Q.E.D.

The independence of three axioms characterizing the leximin rule is shown by
pointing out that each of the following rules violates one axiom while satisfying
the others.

#This observation follows straightforwardly from the fact that the product of two bistochastic ma-
trices is also a bistochastic matrix. See Berge (1963, Ch.8, §4) on the Theorem 1 (p.181).
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Consider the utilitarian choice rule is the rule U :C" — R”"

se§

U(s)= argmaxzn:sl.
i1

Certainly, U(S) violates COL.

The leximax rule,

L. (S):{teS|seSif tl<s,zl =5 andz,_ <5 -,

n
(12)
or T; ZSZT,'--,TT :sT

n no

andrlT <sf},

violates PULSD.

Bylemma L (S) satisfies GLO, which implies SSO and PULSD. Therefore,
it follows from the theorem that GLO together with COI implies and is implied
by L. (S)-

Hence, we have the following corollary.

Corollary 1: A choice rule F(S) on C" satisfies GLO and COI if and only
if it is the leximin choice rule L (S).

As mentioned above, L (S) isnot characterized by the set of SSO, LU, and
COI in our setting. However, if the feasible set Sis restricted to be comprehen-
sive, then LU implies PULSD. Therefore, those three axioms together imply
L. (S), which is easily determined from the proof of Theorem. Hence, we also
have the following corollary.

Corollary 2: Given that the feasible set S is comprehensive, a choice rule
F(S) on C" satisfies SSO, LU, and COI if and only if it is the leximin choice
rule L, (S).

4. Concluding Remarks

It is interesting to clarify the difference between axiomatizations of the utilita-
rian and leximin choice rules. Mariotti [8] demonstrated that given a set of feas-
ible social alternatives A, which is nonempty and compact, the utilitarian set of
A coincides with the baseline independent Suppes-Sen maximal set of A (Theo-
rem 1, p.299). This actually implies that the utilitarian choice rule U(S) is
characterized by SSO and the translation invariance (TI) axiom® in our frame-
work.

D’Aspremont and Gevers [4] used social welfare functionals® and characte-
rized the utilitarian and leximin social welfare orderings using the two sets of
axioms between which the only difference lies in the invariance axiom. Analo-
gously, in our formulation the utilitarian and leximin choice rules are characte-
rized using the two sets of axioms that are incompatible only in the invariance
axiom. Specifically, although both U(S) and L (S) satisfy SSO and
PULSD, U(S) violates COland L, (S) violates TL

One may ask which axiom, TI or COI, social planner should adopt. Indeed,
BTI is defined as follows: For all §,8’eC" and for all BeR" if S’={s+ﬂe R"|se S} , then
1+ B eF(S') whenever e F(S’).See Thomson [17].

»As is well-known, the concept of social welfare functional was developed by Sen [13].
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such an issue is open to discussion.
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