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Abstract

This paper exploits the links between a private value distribution’s hazard
rate, mean residual value, and eta functions in order to characterize posted-
price rules for a public agency to allocate scarce units of an indivisible good
under the utilitarian distributional objective of maximizing expected consu-
mer surplus. Sufficient conditions on the monotonic and non-monotonic
classes of the functions are established that identify either market assignment
at the clearing price or lottery assignment with partial or complete under-
pricing as the optimal allocation mechanism. The results are summarized
across a wide range of parametric value distributions, and selected non-mono-
tonic cases are evaluated numerically to determine the relative scarcity or ab-
undance of the good necessary for market or non-market assignment to do-
minate.

Keywords

Expected Consumer Surplus, Non-Market Mechanism, Lottery, Hazard Rate,
Mean Residual Value

1. Introduction

Public agencies are commonly commissioned with allocating scarce units of in-
divisible goods and services over large numbers of individuals or households.
Examples include assigning seats in schools, parcels of land and housing, access
to medical services, immigration visas, and recreational privileges on publicly
managed commons. An accompanying dilemma that agencies confront entails
implementing an allocation mechanism to determine who will be awarded a unit
and who will not. While expected revenues are maximized from allocating units
by price or willingness to pay alone, agency objectives, laws and legislative man-
dates, or majority public preferences may lead agencies to deviate from competi-

tive market assignment by under-pricing and allocating the units through a non-
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market mechanism, such as a lottery, queue or reservation system, or a merit or
need-based assignment rule.

Several studies have investigated non-market allocation mechanisms in isola-
tion and relative to market assignment or employed mechanism design to cha-
racterize optimal rules for allocating indivisible goods and services. In early
work, [1] considered distributional and political economic aspects of rationing
by queue, and [2] formalized a pseudo-market mechanism—the waiting-line
auction—to characterize queuing behavior and equilibrium arrival times. [3]
compared auctions, lotteries, and queues under deterministic demand and iden-
tified conditions for non-market assignment rules to be majority preferred. And
[4] and [5] compared the expected efficiency of lotteries and queues under sto-
chastic demand, whereby individual private valuations are drawn independently
from a common distribution, and both concluded lotteries are superior if the
good is relatively scarce and individual private values and time costs are suffi-
ciently homogenous or negatively correlated.

In the mechanism design literature, [6] considered the case of two individuals
with independent private valuations competing for a single unit of a good and
demonstrated that expected net efficiency is maximized by random assignment
if individuals incur sufficient signaling costs and the hazard rate of the distribu-
tion of individual private valuations is increasing. [7] also found random as-
signment to be optimal given an arbitrary number of ex ante identical individu-
als and a value distribution with an increasing hazard rate, whereas market as-
signment is optimal if sufficient screening costs are incurred by the agency and
the hazard rate is decreasing. And [8] investigated the allocation problem when
individual signaling costs are socially wasteful and the agency seeks to maximize
expected social surplus. Consistent with [6] and [7], lottery assignment is shown
to be optimal under certain conditions on individual types and the value distri-
bution’s hazard rate.

While the settings and approaches for investigating the market versus non-
market assignment problem vary across the literature, the shape of the value dis-
tribution’s hazard rate function (monotonic or non-monotonic) has consistently
proven informative and critical to the conclusions. The tradition continues in
this paper, where the links are exploited between the hazard rate function and its
close counterparts—the mean residual life (or value) function and [9]’s efa func-
tion—in order to address the agency’s mechanism choice problem under the
distributional objective of maximizing aggregate expected consumer surplus
(ECS)'. From a symmetric independent private values framework it is shown
that the optimal mechanism can be determined directly from the mean residual

value function or indirectly from the hazard rate and eta functions, and suffi-

'For a given assignment of the good, consumer surplus is the difference between the sum of the pri-
vate valuations of the recipients and the price each incurs for a unit of the good. Consumer surplus
then appears in expectation because the agency is assumed to know the distribution of individual
private valuations but not the valuation of any particular individual and because units of the good
are allocated by lottery if price is set below the clearing rate. Further, as the price is posted by the
agency prior to assigning the units, the randomness of consumer surplus over the set of possible as-
signments is not due to price uncertainty.
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cient conditions on each are established for market assignment or random (lot-
tery) assignment with partial or complete under-pricing to be optimal®>. The
analysis extends results from [10]’s study of the effects of price controls on con-
sumer surplus in competitive markets and demonstrates that maximizing ECS
may be consistent with the agency achieving alternative objectives in allocating
units of indivisible goods and services, such as maximizing revenues, net effi-
ciency, or distributional equity. The results are summarized across a wide range
of parametric distributions, and selected non-monotonic cases are evaluated
numerically to determine the relative scarcity or abundance of the good neces-

sary for market or non-market assignment to dominate.

2. ECS Maximizing Allocation Rules
2.1. The Setting and Allocation Problem

An agency holds Q" units of an indivisible good to be distributed over N> Q" in-
dividuals, where N is assumed large and Q" may be small or large relative to M.
Each individual possesses unit demand and a private valuation v for the good
that is independently drawn from the interval [0, o) according to the distribu-
tion function A¥) with density f(v)=F'(v). Q, N, and Av) are assumed
commonly known, and each individual also knows his/her valuation but not the
valuation of any other individual. Individual expected demand is then represented
by the survival function F(v) =1 — A ). That is, F'(v) is the probability an indi-
vidual’s valuation is at least v or the probability the individual would be willing
to purchase a unit if the price were v. Aggregate expected demand is NF(v), and
the expected market clearing price v’ satisfies NF'(v) = Q.

The agency’s objective in allocating Q" is to maximize aggregate expected
consumer surplus by posting a uniform price p € [0, v] and randomly assigning
units if excess demand exists. Individual /s expected probability of acquiring a
unit conditional upon a valuation v, € [p, =) is 7(p) :Q+/NF+ (p) and 7s

expected consumer surplus is written:

ECS (), = [2(p)(v—p)  (v)av

Q ( L va(v)dv—p] vieN

“NF () F ()

Aggregate expected consumer surplus the agency seeks to maximize is ob-

(1

tained by multiply (1) by expected demand, and the pricing problem is written:

L va (v)dv— pj (2)

F(p)

Given the value distribution and clearing price, the solution to (2) may be de-

mngCS(p):Q*[

scribed by one of three mechanisms for allocating Q". These will be referred to as

*The hazard rate and eta function characterizations of the solution to the mechanism choice problem
are appealing for evaluating particular value distributions (e.g., uniform, Pareto, Weibull, etc.) be-
cause unlike the mean residual value function, the hazard rate and eta functions commonly appear
in closed form.
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market assignment at the clearing price p = v, pure lottery assignment at price p
=0, and Aybrid lottery assignment at a price p € (0, v).

To proceed, note the term in brackets in (1) and (2) is the individual expected
consumer surplus if a unit could be purchased outright for p. That is, it is the
difference between a price p and the individual mean private valuation condi-
tional upon it being at least as large as p. The expression is the value distribution
equivalent of a lifetime distribution’s mean residual life function, defined
MRL(t) = E[X —t|X > t]. For a lifetime random variable X, MRL({) is the ex-
pected remaining life of the respective entity (e.g., a machine or individual) con-
ditional upon its ‘surviving’ to time £ MRL(?) is a close counterpart of the hazard
rate function HR(t)= f (t)/F+ (t) and [9]’s eta function 7(t)=—f '(t)/f (),
and all are long-standing workhorses in the reliability engineering and stochastic
ageing literature (see e.g., [11] and [12]). Denoting the value distribution’s mean
residual value function by MRL(v) and its hazard rate and eta functions by
HR(v) and #(v), ECS(p) in (2) is then the product of Q" and MRL(v) evaluated at
price p= vfor v e [0, v]. That is, ECS(p) = Q" MRL(p).

The relationship between ECS(p) and MRL(v) is appealing for characterizing
the solution to (2) because the shape of ECS(p) (monotonic or non-monotonic)
is the same as that of MRL(v) for ve [0, v] and because the shape of MRI(v) is
implied directly by HR(v) and indirectly by 5(v) as shown by [9] [13] and [14]°.
Evaluation of HR(v) or #(v) may then be sufficient for determining the optimal
allocation mechanism. The results are formalized for monotonic and non-mo-
notonic classes of MRL(v), HR(v), and #7(v) in the remainder of this section and
selected cases are evaluated numerically in Section 3.

2.2. Results

In order to distinguish the monotonic and non-monotonic classes of MRL(v)
from one another, let JMRL (DMRL) denote MRI(v) that is monotonic increas-
ing (decreasing). That is, MRL(v) is IMRL (DMRL) if MRL{v) > 0 (<0) for v e
[0, ). For the non-monotonic classes, let DIMRL (IDMRL) denote the case in
which MRIL(v) initially decreases (increases) to a minimum (maximum) at v;
(0, ) and then increases (decreases). That is, MRL(v) is DIMRL (IDMRL) if
MRL(v) =0, MRL(v) <0 (MRL(v) > 0) for v< v, and MRL(v) >0 (MRL(v) <
0) for v> w. Further, as MRL(v) = HR(v)MRL(v) — 1, it follows that at MRL(v)’s
interior minimum or maximum, MRL(v;) = 1/HR(v;). The monotonic and non-
monotonic classes of HR(v) and #5(v) will be similarly referenced below (e.g.,
IHR and DIHR).

Given ECS(p) = QMRL(p) if p = v, it is clear that ECS(p) is maximized by
market (pure lottery) assignment of Q' if MRL(v) is IMRL (DMRL). If instead
MRL(v) is non-monotonic, then ECS(p) may or may not be monotonic for p €
[0, ¥) and information on the relative scarcity or abundance of the good is
needed to determine the optimal mechanism directly from AMRL(v) or indirectly

from HR(v) and #(v). To link HR(v) and ECS(p) through MRL(v) the following
*Relations between MRL(v), HR(v), and 7(v) can be seen by noting that MRL(v) = HR(v)MRL(v) —
1, MRL(v) = HR(v)MRL(v) + HR(v)MRL(v), and HR(v) >/=/< 0 if n(v) >/=/< 1/ HR(v).
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sufficient conditions from [13] and [14] are used:*

1) If HR(v) is IHR (DHR), then MRL(v) is DMRL (IMRL).

i) If HR(v) is IDHR and f0)u< 1 (A0)u = 1), then MRL(v) is DIMRL (IMRL).

i) If HR(v) is DIHR and A0)x> 1 (A0)u < 1), then MRL(v) is IDMRL
(DMRL).

Monotonicity of HR(v) therefore implies monotonicity of MRL(v), whereas
non-monotonicity AR(v) may or may not imply non-monotonicity of MRL(v).
For linking #(v) and ECS(p) through HR(v), sufficient conditions from [9] are
used. Defining £and d, respectively, as lim, ,, f(v)=¢ and
lim,_,,, 7(v)/HR(v) =&, the conditions are:

1) If y(v) is I (D), then HR(v) is IHR (DHR).

i) If yp(v)is DIand e=0o0r < 1 (¢= o or 0> 1), then HR(v) is IHR (DIHR).

i) If p(v) is IDand e=0or < 1 (¢ =« or J > 1), then HR(v) is IDHR
(DHR).

Monotonicity of #(v) therefore implies monotonicity of HR(v) and of MRL(v)
by transitivity, whereas if #(v) is non-monotonic, then HZR(v) and MRL(v) may
or may not be non-monotonic. While the above conditions are used here for
characterizing optimal allocation rules, they have proven invaluable for deter-
mining the shape of MRL(?) in reliability engineering and stochastic ageing stu-
dies because MRL(#) typically does not appear in closed form (see e.g., [11]).

The solution to (2) is given first in Proposition 1 and Corollary 1 for cases of
HR(v) and 7(v) that imply MRL(v) that is monotonic, followed by the cases of
non-monotonic MRL(v) in Propositions 2 and 3.

Proposition 1: Given @, N, and Av):

1) If HR(v) is DHR (IHR), then ECS(p) is maximized by market (pure lottery)
assignment of Q.

) If HR(v) is IDHR and uf(0) 2 1 (DIHR and uf(0) < 1), then ECS(p) is
maximized by market (pure lottery) assignment of Q.

Proof i) If HR(v) is DHR (IHR), then MRL(v) is IMRL (DMRL). Therefore,
ECS(v) > ECS(p) for p € [0, v) (ECS(0) > ECS(p) for p € (0, v]) and ECS(p) is
maximized by market (pure lottery) assignment of Q.

) If HR(v) is IDHR and uf0) > 1 (DIHR and uf0) < 1), then MRL(v) is
IMRL (DMRL). Therefore, ECS(v)) >ECS(p) for pe [0, v) (ECS(0) >ECS(p) for
p € (0, v]) and ECS(p) is maximized by market (pure lottery) assignment of Q.

Distributions for which Proposition 1 applies (and Propositions 2 and 3 be-
low) are reported in Table 1. If private values are Pareto distributed (see [10] for
a detailed example) or exponential-geometric distributed, then MRL(v) is IMRL
and ECS(p) is maximized by market assignment of @, and if private values are
uniform, truncated normal, or Gompertz-Makeham distributed, then MRL(v) is
DMRL and ECS{(p) is maximized by allocating Q' by pure lottery. If instead val-
ues are Weibull or gamma distributed, then market or pure lottery assignment
could be optimal as MRL(v) is either IMRL or DMRL.

Corollary 1 follows immediately from Proposition 1 and [9]’s sufficient condi-

*[15] showed that conditions i-iii also hold if the distribution has a finite upper bound.
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Table 1. Allocation Mechanisms that Maximize ECS(p) for Parameteric Value Distributions®.

Distribution (Proposition)
Exponential Geometric (1)
Gamma (1)
Gompertz-Makeham (1)
Pareto (1)
Truncated Normal (1)
Uniform (1)
Weibull (1)
Gumbel (2)
Inverse Gaussian (2)
Log-normal (2)

Burr XII (1, 2)
Log-logistic (1, 2)
Beta (1, 3)
Exponential Power (1, 3)
Modified Weibull (1, 3)

Weibull Extension (1, 3)

Exponeniated Weibull (1, 2, 3)

Generalized Weibull (1, 2, 3)

Monotonicity of HR(v) Allocation Mechanism
DHR IHR DIHR IDHR Market Pure Lottery Hybrid Lottery
X X
X X X X
X X
X X
X X
X
X X X X
X X X
X X X
X X X
X X X X
X X X X
X X X X X
X X X X X
X X X X X
X X X X X
X X X X X X X
X X X X X X X

*The distributions and their properties are discussed in [11] [12] or [17].

tions on #(v) discussed above.

Corollary 1: Given @, N, and Av):

1) If n(v) is D(1), then ECS(p) is maximized by market (pure lottery) assign-
ment of Q.

) If p(v) is DI(ID) and e=0o0r < 1 (¢= oo or > 1), then ECYp) is max-
imized by pure lottery (market) assignment of Q.

Proof The results follow by transitivity from Proposition 1 and [9]’s sufficient
conditions on 7(v) for HR(v) to be DHR or IHR, implying MRL(v) is IMRL or
DMRL, respectively.

In the remaining cases, HR(v) implies MRL(v) is non-monotonic. A graphical
depiction of HR(v) and MRL(v) that are 1)IDHR and DIMRL and ii) DIHR and
IDMRIL appear in Figure 1 and Figure 2, respectively. Included are MRL(v) and
1/HR(v). From Figure 1, if the clearing rate v is such that MRL(v') > MRI(v,) =
4 then F/(v) < F/( v,) and ECS(p) is maximized by market assignment, and if
MRL(v) < MRL(v,)= u, then F(v) >F(v,) and ECS(p) is maximized by pure
lottery assignment. From Figure 2, if v > v; then MRL(v) < MRL(v;), F(v) <
F(n), and ECS(p) is maximized by allocating @ by hybrid lottery at price p =

v;; otherwise, market assignment of Q' is optimal.
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1/HR(v)
MRL(v)

MRL(v)

A% I v v(/, v

Figure 1. Example of Non-monotonic AR(v) and MRL(v) for Proposition 2.

1/HR(v)
MRL(v)

1/7(0)

MRL(V)

Vi Vi Vo

Figure 2. Example of Non-monotonic HAR(v) and MRIL(v) for Proposition 3.

Figure 1 and Figure 2 also indicate that the optimal mechanism can be de-
termined from evaluation of HR(v) and y if v is sufficiently scarce or abundant.
The results are formalized in Proposition 2 for HAR(v) implying DIMRL and in
Proposition 3 for HR(v) implying DIMRL.

Proposition 2: Given HR(v) that is IDHR and uf(0) < 1:

) If HR(v) > 0 and 1/HR(v) > g, then ECS(p) is maximized by pure lottery
assignment of .

i) If HR(v) < 0 and 1/HR(v) = y, then ECS(p) is maximized by market as-
signment of Q.

i) If Iime]/ HR(V) < i, then ECS(p) is maximized by pure lottery as-
signment of Q.

Proof In all cases, if HR(v) is IDHR and uf(0) < 1, the MRL(v) is DIMRL.

i) As MRL(v) < 0 if HR(v) > 0 and 1/HR(v) = g it follows that if HR(v) > 0
and 1/HR(v) = y, then u > MRI(v). Therefore, ECS(0) > ECS(p) for p € (0, V]
and ECS(p) is maximized by pure lottery assignment of Q.

i) If HR(v) < 0 and 1/HR(V) > y, then MRL(v) > u. It follows that ECS(v') >
ECS(p) for p € [0, v) and ECS(p) is maximized by market assignment of Q.

i) From [16], lim,_, MRL(v)= IimHmJ/HR(V) if the latter limit is finite.

Therefore,
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lim, I\/IRL(V) <u if IimeJ/HR(V) < u . It follows that ECS(0) > ECS(p)
for p € (0, v] and ECS(p) is maximized by pure lottery assignment of Q.

Figure 1 depicts cases 7and ii of Proposition 2.° Case i applies to the lower in-
terval v € [0, v;]. As HR{(v) > 0 and 1/HR(v) 2 u, it follows that u > MRL(v).
Therefore, if Q' is sufficiently abundant such that v < v,, then ECS(0) > ECS(v),
and ECS(p) is maximized by allocating @ by pure lottery. For case ii, as HR(v)
< 0 and 1/HR(v) = u in the upper interval v € [y, o), it follows that MRL(v) >
i Therefore, if @ is sufficiently scarce such that v > v, then ECS(v) > ECS(0)
and market assignment is optimal. Similar to Proposition 1, examples of distri-
butions for which Proposition 2 applies are reported in Table 1. Included are the
lognormal, inverse Gaussian, log-logistic, and Burr XII distributions and va-
riants of the Weibull distribution.

Lastly, the case in which HR(v) implies MRL(v) that is IDMRL is covered in
Proposition 3.

Proposition 3: Given HR(v) that is DIHR and uf(0) > 1:

i) If HR(v) < 0 and 1/HR(v) < y then ECS(p) is maximized by market as-
signment of Q.

i) If HR(v) = 0, then ECS(p) is maximized by hybrid lottery assignment of
Q.
Proof In both cases, if HR(v) is DIHR and pf(0) > 1, then MRL(v) is IDMRL.
) If HR(v)< 0 and 1/HR(v) < g, then v < v;. As @ > NF(v) for v>v and
MRL{(v) > 0 for v < v, it follows that ECS(v) > ECS(p) for p € [0, v) and
ECY(p) is maximized by market assignment of Q.

i) If HR(v) = 0, then v > v; and MRL(v) > MRL(v) for v € [, v). There-
fore, ECS(p) > ECS(v) for p € [w, v) and ECS(p) is maximized by hybrid lot-
tery assignment of Q.

Results from Proposition 3 are depicted in Figure 2. Case 7 applies to the in-
terval v e [0, v;]. As HR(v) < 0 and 1/HR(v) < u it follows that MRI(v) > pand
MRL(v) > 0. Therefore, if the scarcity of Q' is such that v < v,, then ECS0) <
ECS(v), and ECS(p) is maximized by selling @ outright. For case 77, as MRL{v)
<0 for ve (v, =), if HR(V) =20 (or v = v,) then MRL(v,) = MRL(v). It follows
that MRL(v) > MRL(v) for some values in the interval (0, v'). Therefore, if Q' is
sufficiently abundant such that v > v, then ECS{(p) attainable from allocating Q'
by hybrid lottery exceeds that from market assignment. Table 1 report several
distributions for which Proposition 3 applies. Included are the beta and expo-

nential power distributions and variants of the Weibull distribution.

3. Numerical Examples

As shown above, while the allocation mechanism that maximizes £CS(p) is in-
dependent of @ if MRI(v) is monotonic (Proposition 1), information on the
relative scarcity or abundance of the good is needed to determine the optimal
mechanism if MRL(v) is non-monotonic (Propositions 2 and 3). To demon-

strate, two of the distributions reported in Table 1 are evaluated numerically. In

*Case zii would appear in place of case iiin Figure 1if lim,_ 1/HR(v)<u.
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the first, private values are assumed log-logistic distributed. MRL(v) is DIMRL
for certain parameter values and ECS(p) is maximized either by market or pure
lottery assignment (see Proposition 2 and Figure 1). In the second, private val-
ues are assumed beta distributed. MRL(v) is IDMRL for certain parameter values
and ECS(p) is maximized either by market or hybrid lottery assignment (see
Proposition 3 and Figure 2).

3.1. Log-Logistic Distribution

The survival and hazard rate functions of the log-logistic distribution are given
by:

pg P
1 Vo2 A%

-, A 3
1+(av)ﬁ 1+(av)ﬂ ®

F™(v)

where a> 0 and > 0. Derivation of MRL(v) yields:

s
e i TR
(24

where Av) = 1 — F(v), B(1/5, 1 - 1/p) is the beta function, By, (1/5 1 - 1/p) is
the incomplete beta function, and x=MRL(0)= B(l/ﬂ,l—]/ﬂ)/aﬁ (see [11]).
Despite the complexity of MRL(v), if B> 1, then HR(v) is IDHR and uf(0) - 1 <
0 and therefore MRI(v) is DIMRL.

To determine the optimal mechanism directly from MRL(v) or indirectly
from HR(v) and u (Proposition 2), and referencing Figure 1, if MRL(v) >
MRL(v,) = g, then F(v) < F(v,) and ECS(p) is maximized by selling Q out-
right. If instead MRL(v) < MRL(v,) = p, then F(v) > F(v,) and ECS(p) is
maximized by pure lottery. 7*(v,) is calculated from (3) and (4) across a range of
parameter values and compared against F(v) = Q/N (or NF(v) = Q) to de-
termine from MRI(v) whether market or pure lottery assignment is dominant.

For evaluation of Proposition 2, if 1/HR(v) > 1/HR(v,) = g and HR(v) > 0,
then F(v) > F'(v;) and MRL(v) < MRL(v) for v e [0, v). It follows that ECS(p)
is maximized by allocating @ by pure lottery. If instead 1/ HR(v) > 1/HR(v,) = u
and HR(v) < 0, then F(v,) > F(v) and MRL(v) > MRL(v) for v € [0, V).
Therefore, ECS(p) is maximized by selling Q outright. 7 (v;) and F'(v,) are
calculated and compared against F(v) = (/N to determine the relative scarcity
or abundance of the good for the mechanism to be identified from HR(v) and p.

The first half of Table 2 reports F(v,), F'(v;), F(v), and the Gini coefficient
for the log-logistic distribution across a range of (a, f) values. The Gini coeffi-
cient indicates that individual private values become increasingly homogenous as
B increases from 1. Considering F(v,), the results indicate lim, F*(vﬂ)zl
and lim, F" (vﬂ) =0. It follows that given the relative scarcity of the good,
market (pure lottery) assignment will tend to dominate as > 1 (8 > o). For
example, if f < 2 then F(v,) > 0.50. Therefore, MRL(v) > u and ECS(v) >
ECS(0) if F(v) < 0.50. It follows that market assignment dominates pure lottery
assignment if @' is less than half of N. In contrast, if > 3 then F/( v,) < 0.10, so
pure lottery assignment will dominate if Nis less than ten times greater than Q.
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Table 2. Ranges of the Log-logistic and Beta Distributions for Maximizing ECS(p) by Market, Pure Lottery, or Hybrid Lottery

Assignment®.
Log-logistic Distribution Beta Distribution
Proposition 2 Proposition 3

(a, p) F(v,) F(vp) F(vy) Gini (a, p) F(w) F(wvp) Fi(vy) Gini
(0.5,1.5) 0.92 0.98 0.16 0.67 (0.5,1.5) 0.66 0.73 0.41 0.54
(0.5,2.0) 0.50 0.89 0.11 0.50 (0.5,2.0) 0.58 0.69 0.35 0.56
(0.5,2.5) 0.21 0.85 0.05 0.40 (0.5,2.5) 0.52 0.67 0.31 0.58
(0.5, 3.0) 0.08 0.84 0.02 0.33 (0.5, 3.0) 0.47 0.65 0.27 0.59
(0.5, 3.5) 0.03 0.85 0.01 0.29 (0.5, 3.5) 0.43 0.64 0.24 0.59
(0.5, 4.0) 0.01 0.86 0.00 0.25 (0.5, 4.0) 0.39 0.63 0.22 0.60

‘From F(v) = 1 - Hv), where Hv) is the cumulative distribution function, F"(v,) references MRL(v,) = y F'(v;) references 1/HR(v;) = g similarly, F'(v;)
references 1/HR(v,) = u F'(v,) references HR (v;) = 0; and F'(v;) references MRL'(v;) = 0. The values and equalities also appear in Figure 1 and Figure 2.

The results in Table 2 also identify the scarcity or abundance of @ needed for
the optimal allocation mechanism to be determined from HR(v) and g, as for-
malized in Proposition 2. From the columns labeled F(v;) and F(v,), if Q and
Nare such that F(v) > 0.84 then ECS(p) is maximized by pure lottery, whereas
market assignment can be identified as the optimal mechanism if Q' is relatively
scarce. For example, market assignment is optimal if #< 2 and N exceeds Q by
at least tenfold (F(v) < 0.10). In general, the results in Table 2 indicate that if
private values are log-logistic distributed with £ > 1, then evaluation of HR(v)
and u is sufficient to conclude market assignment will be superior if the agency

has a small number of units to allocate over a large population of individuals.

3.2. Beta Distribution

In contrast to the log-logistic distribution, the upper bound of the beta distribu-
tion is finite and the survival and hazard rate functions do not appear in closed
form. The functions may be written:
F (v) B(a,8)-B,(a.B) (v)= Va—l(l_v)ﬁ—l
B(a,p) ’ B(a,8)-B,(a.B)

where a > 0 and £> 0, and B(q, p) and B/a, p) are the beta function and incom-

(5)

plete beta function, respectively. Derivation of MRL(v) yields:

MRL (v) = 1-B,(a+1p)/B(a+1p) ©

a+p 1-B,(a.B)/B(a,p)
where u= MRL(O) = a/(a +ﬂ) . [15] showed that HR(v) is DIHR and MRL(v)
is IDMRL for a< 1.
To determine the mechanism that maximizes ECS(p) directly from MRL(v),

and referencing Figure 2, note that A/RL(v) attains an interior maximum atv;, so
if v, 2 v then F/(v) 2 F(w) and ECS(p) is maximized by market assignment of
Q. Ifinsteadw, < v then F(v) <F'(v) and ECS(p) is maximized by allocating Q'
by hybrid lottery at price p = v;. F(;) is calculated from (5) and (6) across a
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range of parameter values and compared against 7(v) = /N to determine
from MRL(v) whether market or hybrid lottery assignment is optimal.

For evaluating Proposition 3, if I/ HR(v) < 1/HR(v;) = gand HR(v) < 0, then
F(v) > F(v;) and MRI(v) > MRL(v) for v € [0, v). It follows that ECS(p) is
maximized by selling Q outright. If instead 1/HR(v) < 1/HR(v;) and HR(v) > 0,
then F(v) <F(v) and MRI(v) < MRI(v) for v € [0, v). ECS(p) is therefore
maximized by allocating @ by hybrid lottery. F(v;) and F'(v,) are calculated
from (5) and (6) and compared against F(v) to determine the relative scarcity
or abundance of the good for the optimal mechanism to be identified from
HR(v) and p.

The second half of Table 2 reports F(v;), F'(v;), F(v), and the Gini coeffi-
cient across a range of (a, B) values’. In contrast to the log-logistic distribution,
the homogeneity of individual private values is relatively constant across the
cases considered as indicated by the Gini coefficients. Referencing F (v;), the
results indicate the interior maximum of MRL(v) is located well within the up-
per and lower bounds of the distribution, with F*(v;) ranging from 0.66 to about
0.40. As ECS(p) is maximized by hybrid lottery assignment at price p = v, if
F(v) > F(v) and by market assignment at p = v if F/(v;) < F(v), it follows
that across the cases reported in Table 2 the hybrid lottery is optimal if Q' is less
than fourth tenths of N and market assignment is optimal if Q' is at least two
thirds as large as V.

The results in Table 2 also identify the relative scarcity or abundance of
Q'needed for the optimal allocation mechanism to be determined from HR(v)
and y, as formalized in Proposition 3. As F*(v,) ranges from 0.73 to 0.63 and
F(v,) ranges from about 0.40 to 0.22, it follows that allocation of @ by hybrid
lottery is optimal over all cases in Table 2 if F* (V) < 0.22, or Nis at least five
times greater than (', whereas market assignment is optimal if 7(v)> 0.73, or
Q is at least three-fourths as large as N. Overall, in settings in which the agency
has a limited number of units to be allocated over a large population of individ-
uals, if private values are beta distributed with a < 1, then the expected consumer
surplus from screening low-valued individuals by posting a non-zero price and
assigning units by lottery will exceed that resulting from selling the units out-
right.

4. Conclusions

This paper contributes to the growing body of literature investigating the per-
formance, merits, and shortcomings of non-market allocating mechanisms
against market-based benchmarks. A framework was developed for characteriz-
ing optimal posted-price mechanisms for a public agency confronted with the
problem of allocating units of an indivisible good or service under the utilitarian
distributional objective of maximizing aggregate expected consumer surplus.
From a setting of symmetric independent individual private valuations and sur-

vival function representations of individual and aggregate demand, the optimal

The Gini coefficient of the beta distribution is given by (a/2)B(a + 5 a + f)/(B(a, a) BB, p)).
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allocation mechanism could be determined from direct evaluation of the value
distribution’s mean residual value function or indirectly from the hazard rate
and [9]’s eta function.

Monotonicity of any of the three functions was shown to be sufficient to iden-
tify either market assignment or pure lottery assignment as being optimal, whe-
reas information on the relative scarcity or abundance of the good may or may
not be necessary to determine the optimal mechanism and degree of under-
pricing for the non-monotonic classes of the functions. The results also provide
a simple means by which to determine the optimal mechanism given distribu-
tional assumptions regarding individual private valuations and allow for direct
comparison to outcomes in the design literature established in terms of the ha-
zard rate function. The current work can be extended in several dimensions, two
of which include the introduction of a revenue target for the agency and the
characterization of the optimal mechanism when units of the good can be parti-

tioned and allocated through a mixture of market and non-market mechanisms.
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