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Abstract 
This study presents a new method for designing algorithm for a triplet lens with one or two ele-
ments that are made of a gradient index medium (GRIN). This method is based upon considering a 
well-known designed triplet lens (Cooke triplet lens) as a target lens for designing of the Hybrid 
Triplet Lens (HTL). Our design was based upon keeping the total optical path length for the axial 
ray fixed for each case of design. The results showed that several designs for the HTL have the 
same total powers of the target lens. These designs depend on the variation of the GRIN element 
parameter values and the order of the GRIN element position in the system. These HTL designs 
have been evaluated by considering several optical merit functions, i.e., the root mean square 
(RMS) spot radius, wave front error and the spherical aberration. To achieve the optimal design, 
these functions are compared for the target lens and the HTL designs through a wide range of field 
angles. 
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1. Introduction 
All optical glasses are characterized by a physical quantity which is known as refractive-index. This refractive 
index of such a medium depends on the electrical and magnetic properties of the medium [1]. When the refrac-
tive index is independent of the coordinates in the medium, this medium is called homogeneous medium. Oth-
erwise, a medium, in which the refractive index varies from point to point within the medium, is called inhomo-
geneous medium. The term “gradient index” or “graded index” is often used to describe such medium, i.e., 
GRIN medium. GRIN glasses may be divided into two general categories: radial and axial [2]. Both types of 
GRIN’s are limited in the maximum change of the refractive index. Optical glasses containing very large axial 
property gradients had been commercially available since 1996. These glasses are formed by a layer diffusion 
process [3]. The properties, specification and tolerances of GRIN glass are reported. Many effective lens design 
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examples using gradient-index (GRIN) materials had been reported so far [4]. However, the GRIN materials that 
were used in those designs are very difficult to produce. These materials possess an index of refraction and va-
ries spatially [1] [5]. By providing additional design variables, GRIN lenses can improve the optical system 
performance and reduce the number of the optical surfaces in such system while maintaining its power fixed [5]. 
GRIN lenses were used to eliminate spherical aberration and the methods of manufacturing these lenses had 
been reported. In order to realize these benefits, however, manufacturing tolerances for gradient-index lenses are 
required [6]. GRIN lenses represent an interesting alternative to the use of aspheric surface (surface of a variable 
curvature) in lens design, since the lens performance depends on a continuous change of the refractive index 
within the lens material [7]. The Cooke triplets a photographic lens design designed and patented in 1893 by 
Dennis Taylor [8] [9]. It was the first lens system that allows elimination of most of the optical aberration. This 
lens is composed of three elements (three single lenses). Despite the fact that the Cooke design was patented in 
1893, it seems that the use of achromatic triplet designs in astronomy appeared as early as 1765. The 1911 En-
cyclopedia Britannica wrote [8], the triplet object-glass, consisting of a combination of two convex lenses of 
crown glass with a concave flint lens between them, was introduced in 1765 by Peter, son of John Dollond, and 
many excellent telescopes of this kind were made by him. Nowadays, the design and performance of a Cooke 
triplet have a wide range application as a component in the electro-optical instruments [9]. To optimize such a 
lens (improving its image quality), the optical designers have to vary a lot of parameters, i.e., the six curvatures 
of the elements surfaces and the two inner spacing between elements. This technique of lens optimization re-
quires a lot of computational work [10]. In the last decades, a new technique [11] for designing single lenses, 
which are made of gradient index material (GRIN) has been developed by optical designer. This technique 
showed its power as a good tool for reducing the geometrical aberrations of lenses. Thus, the optical perfor-
mance of the GRIN optical systems has been improved to a great extent. The goal of this research is to design a 
triplet lens with one or two GRIN elements which is called Hybrid Triplet Lens (HTL). Then, to optimize such 
design, two factors are considered: the position of the GRIN element in the HTL and the GRIN parameter of this 
element. The optical path length and the total powers of the target and HTL designs are kept constant. This study 
represents the design procedure that describes the technique used to design the HTL and the results analysis re-
lated to the HTL designs. A theoretical discussion for a ray aberration is described for the case of on- and off-axis 
rays incident upon the optical system. Since the optimization techniques of such an optical system are based 
upon reducing the ray aberrations, therefore a description of such aberrations is classified and given graphically 
in this study. And also, a brief discussion for techniques used in optical design to evaluate images formed by 
such an optical system is presented. Specifically, the optical designers are using many merit functions [9] to op-
timize such a system, i.e., RMS spot radius, wave front error and spherical aberrations transverse spherical ab-
errations (TSA) and longitudinal spherical aberrations (LSA). The design procedure of this study is introduced, 
and a new method for designing a hybrid triplet lens is presented. The mathematical procedures for such design 
are described. The optical path length of the axial ray and the total powers for the target lens and proposed HTL 
are kept constant, the parameters of the HTL are specified. Many designs for HTL have been obtained, through 
the control of the GRIN element position in the HTL and the variation of GRIN parameters, i.e., considering the 
positive and negative values. Then, the layout parameters of these new designs are tabulated; namely: front, mid, 
back and front-back GRIN element (with positive and negative GRIN parameters). Also, in this article, the im-
age quality, formed by each new design of the HTL, has been compared graphically with that of the target lens 
for a wide range of field angles (0˚ - 20˚). In this study, for a comparison reason, the previous well-known opti-
cal merit functions have been evaluated for this range of field angles. These comparisons predict the optimal de-
sign of the HTL, i.e., the best location of GRIN element and its GRIN parameter for this range of field angles. In 
this work, a computational program is written to evaluate the ray trace technique [12] [13] in a GRIN lens. The 
results obtained by this program were in very good agreement with that of the software ZEMAX program [14] 
which is used in this study for computing the previous optical merit functions.  

1.1. Cooke Triplet Design  
The Cooke triplet cementing three lenses, is a photographic lens designed in 1893 by Dennis Taylor [9]. This 
lens comprises a negative flint glass element in the Centre with a crown glass element on each side (see Figure 
1), thus maintaining a large amount of symmetry. In this design, the sum of all the curvatures times indices of 
refraction can be zero [9], so that the field of focus is flat. In other words, the negative lens can be as strong as 
the outer two combined, when one measures in diopters.   

http://en.wikipedia.org/wiki/1765
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Figure 1. Scheme of a Cooke triplet lens.           

 
The two positive elements must be made of a crown type glass which has a lower dispersion or higher Abbe 

number, and the negative element must be made of a flint type glass which has a higher dispersion or lower Abbe 
number [15]. The sizes of the airspaces in a Cooke triplet are a strong function of the dispersion difference be-
tween the crown and flint glasses. The difference in index of refraction between the crown and flint glasses enters 
into the optical solution. The positive elements should be made of a higher-index crown glass, and the negative 
element should be made of lower-index flint glass. Experience has shown that higher-index crown glasses gives 
better image quality, Petzval sum condition [9] reduces higher-order aberration. Given the crown glass selection, 
the basic optical design requires a matching flint having a certain dispersion difference and a low index. The op-
timized triplet lens, in which aberrations may be corrected, consists of two positive crown elements on either side 
of, and spaced away from, a negative flint element.  

1.2. Grin Concepts and Applications 
In spite of knowing the concepts of GRIN long time ago, its implementation in the optical systems started within 
the last three decades. And, the stages of the GRIN using in lens design and the technique for its manufacturing 
have been discussed in reference [1]. A computerized method for tracing ray through GRIN media has been de-
veloped by Sharma, et al. (1982) [12]. This method is based upon the numerical solution of ray equation. Thus, the 
evaluation of such an optical system with GRIN medium is eased. In the literature [4] [16] [17], several GRIN 
optical system have been designed and manufactured.   

2. Gradient Index Types 
Since in GRIN glasses, the refractive index, n , varies with the position within the glass. Then, the GRIN 
glasses may be divided in two general categories [1]: one is an axial GRIN medium, which the refractive index 
is a function only of distance ( )z  from a fixed plane, i.e.; the gradient is along the optical axis of the lens (see 
Figure 2). the other is radial GRIN medium, refractive index is a function of the radial distance from the optical 
axis ( )r  (see Figure 2). The distribution equations for both of them, can be expressed as: 

( ) 2 3
00 01 02 03n z N N z N z N z= + + + +                             (1) 

for an axial gradient index where 00N , 01N , 02N , 03N  are constants which are known as GRIN parameters. 
And for radial GRIN Medium with cylindrical symmetry, can be expressed as: 

( ) 2 4 8
00 01 02 03n r N N r N r N r= + + + +                             (2) 

where 00N , 01N , 02N , 03N  are constants which are known as GRIN parameters. 

http://en.wikipedia.org/wiki/Image:Taylor-Cooke_Triplet.svg
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Figure 2. Comparison of axial and radial refractive in-
dex gradient.                                     

 
In lens design, the axial gradient-index lens has two important advantages. First, the curved lens surfaces still, 

focusing performance is far deviations. Second, axial gradient-index material can theoretically be fabricated in 
any size or thickness. 

Ray Trace in Grin Medium 
The path of the rays in a GRIN medium is obtained by solving the ray equation (Equation (3)). Since this equa-
tion is not in a convenient form for direct numerical integration, Sharma [12] has described a numerical method 
for solving this equation. It is a standard Runge-Kutta [18] method to three dimensions. Given the initial ray da-
ta, Runge-Kutta techniques prescribe sampling the field at a specified number of places in the neighborhood of 
the initial position. This information is then used to find approximate ray data a distance t∆  away. Using the 
notations given [19] the mathematical procedures which give the ray trace equation in GRIN medium are sum-
marized as follows:  

The vectorial form of the ray equations is: 

( )n n′′ =R ∇                                          (3) 

which can be written as 
2

2
2

d 1
2d

n
t

=
R

∇                                          (4) 

where ˆˆ ˆxi yj zk= + +R  is the position of the ray, 
dd st
n

=  is an infinitesimal arc length, along the trajectory, 

divided by the index. Then, let T  represents the optical direction cosines, i.e., 
d d d ˆˆ ˆ
d d d
x y zi j k
t t t

= + +T                                      (5) 

Also, the right hand side of Equation (4) can be represented as: 
2 2 21 ˆˆ ˆ

2
n n ni j k
x y z

 ∂ ∂ ∂
= + + ∂ ∂ ∂ 

D                                  (6) 

Using these notation, Equation (4) can be rewritten as: 

( )
2

2

d
d

t
t

=   
R D R                                        (7) 

Since this is a second-order differential equation, the initial position and direction are required in order to 
specify a solution. The Runge-Kutta prescription for the position and direction of the ray often ( )1k +  steps in 
terms of the position and direction often k  steps can be written as: 

( )1
1 2
6k k kt+

 = + ∆ + +  
R R T A B                                (8) 
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( )1
1 4
6k k+ = + + +T T A B C                                   (9) 

where A , B  and C  are given by: 
( ) ,

1 1 ,
2 8

1 .
2

k

k k

k k

t

t t t

t t t

= ∆

  = ∆ + ∆ + ∆    
 = ∆ + ∆ + ∆  

A D R

B D R T A

C D R T B

                             (10) 

In this study, Equations (8)-(10) are used to design a FORTRAN program which evaluate the ray trace 
through an axial GRIN medium for various field angles. In reference 17, an algebraic solution for the ray equa-
tion in a linear axial GRIN medium, ( ) 00 01n z N N z= + , is presented in detail. Also, a general ray trace in 
GRIN medium is given for off-axis incidence.  

3. Results and Analysis 

In this work, various designs of hybrid triplet lenses (HTL), based upon a well-designed triplet lens (target lens), 
will be presented. In these designs, one or two elements of GRIN lens replaces the original elements in the target 
lens. The optical path length of the target triplet lens, measured from the vertex of the first element surface to the 
vertex of the last element surface, is kept constant for all the presented HTL designs. These HTL designs are 
evaluated by using different merit functions, i.e., (RMS) of the spot diagram, wave front error, TSA and LSA. 

4. Design Procedures  

In this study, a well-known triplet lens (designed in Ref. [9]) is used as a target lens. The parameters of this lens 
are given in Table 1. 

The procedures for designing a hybrid triplet lens, where one element is replaced by GRIN element, are 
summarized as follow; considering the definition of the optical path length [19] (OPL) of the axial ray through 
the triplet lens, 0L , one has: 

6

0
1

i i
i

L t n
=

= ∑                                       (11) 

where it  and in  are the thickness and the refractive index to the right of ith the optical surface (see Figure 1). 
For the proposed hybrid triplet lens with a GRIN element, the OPL of this ray through this element is computed 
as:  

( )
0

d
t

GL n z z= ∫                                      (12) 

where t  is the GRIN elementthickness.  
Using linear axial GRIN and by direct integration, Equation (12) gives:  

 
Table 1. Target lens layout parameters.                                                                     

Refractive Index Thickness (cm) Radius (cm) 

1.62031 0.4 4.298789977 

1.0 1.0510108 −24.80774001 

1.61644 0.25 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- - −3.350753903 
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2
00 01

1
2GL N t N t= +                                    (13) 

In our study, we equate the OPL of the axial ray through the target triplet lens with the OPL of this ray 
through the proposed hybrid triplet design. Applying this condition, the thickness ( )t  of  the GRIN element 
used in the proposed design is computed, while the values of 00N  are considered to be equal to the refractive 
indices of the original elements. For comparision reason, the values of GRIN parameter, 01N , is specified as  

0.1± , 0.2±  and 0.3±  for all proposed HTL designs.  

4.1. Hybrid Triplet Lens Design 
Following the previous procedures, the layout parameters for various hybrid triplet lenses designs are given in 
Table 2. The colored raws in all tables show the parameters of the GRIN element and its locationin the HTL 
design.  

All parameters of a mid GRIN element of triplet lens are calculated (see in Table 2). The designs (a) and (b) 
in Table 2 are related to positive and negative GRIN parameters respectively. 

4.2. Results Analysis 
The optical performance of hybrid triplet lens (HTL) is evaluated by considering the following merit functions:  

4.2.1. The RMS Spot Radius  
Figure 3 shows comparison between the corresponding values of the RMS spot radius as function of field an-
gles for the following lenses. Target lens (red line), the HTL with positive mid GRIN element, i.e., (designs 6-a), 
and the HTL with negative mid GRIN element, i.e. (designs 6-b). Referring to this figure, as the values of GRIN 
parameters increase positively, the corresponding values of RMS spot radius increase for all field angles. Whe-
reas, through the field angle ranges (0˚ - 12˚), the values of RMS spot radius increase as the values of GRIN pa-
rameters increase negatively. Through the field angle range (0˚ - 6˚), the values of RMS spot radius for positive 
and negative GRIN elements are almost close to each other and really equal to its corresponding values of the 
target lens. This indicates that the use of GRIN element has a slight effect on the optical performance of the tar-
get lens. Also, through the field angle range (12˚ - 15˚), the values of RMS spot radius for the GRIN design 4b 
( )01 0.1N = −  are greater than its corresponding values of the GRIN design 5b ( )01 0.2N = − . But, through the 
field angles range (15˚ - 20˚), the values of RMS spot radius for the GRIN design 6b ( )01 0.3N = −  are greater 
than its corresponding values of the GRIN design 5b ( )01 0.2N = − . Through the field angle range (10˚ - 20˚), 
the values of RMS spot radius for the GRIN designs (4b-6b) are less than its corresponding values for the target 
lens, i.e., the GRIN design 5b is more optimized compared with the design 6-b.This indicates that the design of 
the HTL with negative mid GRIN element will improve the optical performance for this high range of field an-
gles (wide field angle). 

4.2.2. The RMS Wave Front Error  
Figure 4, compares the corresponding values of the RMS wave front error as function of field angles (0˚ - 20˚) 
for the following lenses. Target lens, the HTL with positive mid GRIN element, i.e., (designs 6-a), and the HTL 
with negative mid GRIN element, i.e., (designs 6-b). Referring to this figure, as the values of GRIN parameters 
increase positively, the values of RMS wave front error increase. Whereas, through the field angle range (0˚ - 
15˚), the values of RMS wave front error increase as the values of GRIN parameters increase negatively. Also, 
through the field angle range (15˚ - 19˚), the values of RMS wave front error for the GRIN design 4b ( )01 0.1N = −  
are greater than its corresponding values of the GRIN design 5b ( )01 0.2N = − . But, through the field angle 
range (19˚ - 20˚), the values of RMS wave front error for the GRIN design 6b ( )01 0.3N = −  are greater than its 
corresponding values of the GRIN design 5b ( )01 0.2N = − . Through the field angle range (0˚ - 3˚), the values 
of RMS wave front error for positive and negative GRIN elements are almost equal to its corresponding values 
of the target lens. Also, through the field angle range (3˚ - 8˚), the values of RMS wave front error for the GRIN 
design 4a ( )01 0.1N =  are less than its corresponding values for the target lens, through the field angle range 
(10˚ - 20˚). The values of RMS wave front error for the GRIN designs (4b-6b) are less than its corresponding 
values for the target lens, through the field angle range (10˚ - 15˚). This gives that GRIN design 4b is more op- 
timized compared to the design 5-b. Whereas through the field angle range (15˚ - 20˚), the GRIN design 5b is 
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Table 2. Layout parameters for the mid GRIN triplet lens design for zero field angle.                                  

Index parameter (cm−1) Index Refractive Thickness (cm) Radius (cm) Design 

1.62031 0.4 4.298789977 

Design 4-a 

1.0 1.0510108 −24.80774001 

N01 = +0.1 N00 = 1.61644 0.248096071 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 9.00561 −3.350753903 

1.62031 0.4 4.298789977 

Design5-a 

1.0 1.0510108 −24.80774001 

N01 = +0.2 N00 = 1.61644 0.2462486438 R3 = −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 9.381773 −3.350753903 

1.62031 0.4 4.298789977 

Design6-a 

1.0 1.0510108 −24.80774001 

N01 = +0.3 N00 = 1.61644 0.2444546573 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 9.779361 −3.350753903 

1.62031 0.4 4.298789977 

Design4 -b 

1.0 1.0510108 −24.80774001 

N01 = −0.1 N00 = 1.61644 0.251963755 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 8.310547 −3.350753903 

1.62031 0.4 4.298789977 

Design5-b 

1.0 1.0510108 −24.80774001 

N01 = −0.2 N00 = 1.61644 0.2539909559 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 7.988586 −3.350753903 

1.62031 0.4 4.298789977 

Design6-b 
 
 
 
 

1.0 1.0510108 −24.80774001 

N01 = −0.3 N00 = 1.61644 0.2560855793 −3.82103495 

1.0 0.986946 4.395894235 

1.62031 0.45 65.66634928 

- 7.681885 −3.350753903 
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Figure 3. Comparison between the corresponding values of RMS Spot Radius for the 
target lens and the mid GRIN triplet design as function of field angles.                 

 

 
Figure 4. Comparison between the corresponding values of RMS Wave Front Error for 
the target lens and the mid GRIN triplet design as function of field angles.              
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more optimized compared to the design 6-b. As a result of this study, it is recommended to use mid negative 
HTL design as an optimized technique in optical design for a triplet lens. 

4.2.3. Transverse Spherical Aberration (TSA) 
Figure 5 compares the corresponding values of the transverse spherical aberration (TSA) as a function of the 
aperture radius at zero field angle for the following lenses. Target lens and the HTL with positive mid GRIN 
element, i.e., (designs 6-a), and the HTL with negative mid GRIN element, i.e., (designs 6-b). According to this 
figure, it is noticed that the corresponding values of TSA  increase as the absolute values of GRIN parameters, 

01N , increase through the whole range of aperture radius. But, for a small aperture radius (paraxial rays), the 
corresponding values of TSA , for these lenses, are almost equal. Also, at the middle of aperture radius, the 
values of TSA for the design 5b ( )01 0.2N = −  are less than its corresponding values for the target lens. Whe-
reas, for a large aperture radius (non-paraxial rays), these corresponding values of TSA  are deviated. But, the 
values of TSA for the design 4b ( )01 0.1N = −  are less than its corresponding values for the target lens. Also, 
the design 5b ( )01 0.2N = −  is more optimized compared with the design 4-b ( )01 0.1N = − . This implies that 
this design (5-b) of the HTL will improve the optical performance of the target lens.   

Figure 6 compares the corresponding values of the transverse spherical aberration (TSA) as a function of the 
aperture radius at field angle 200 for the following lenses. Target lens, the HTL with positive mid GRIN element, 
i.e., (designs 6-a), and the HTL with negative mid GRIN element, i.e., (designs 6-b). Referring to this figure, it 
is noticed that the corresponding values of TSA  increase as the absolute values of GRIN parameters, 01N , 
increase through the whole range of aperture radius. But, for a small aperture radius (paraxial rays), the corres-
ponding values of TSA , for these lenses, are almost equal. But, at the middle aperture radius, the values of 
TSA for the GRIN design 5-b are less than its corresponding values for the target lens. Whereas, for a large 
aperture radius (non-paraxial rays), these corresponding values of TSA  are deviated. But, the values of TSA 
for the design 6-b are less than its corresponding values for the target lens. Also, the design 5-b is more opti-
mized compared with the design 6-b. This implies that this design (5-b) of the HTL will improve the optical 
performance of the target lens. 

4.2.4. Longitudinal Spherical Aberration (LSA) 
Figure 7 shows values of the longitudinal spherical aberration (LSA) as a function of the upper half of the aperture 

 

 
Figure 5. Comparison between the corresponding values o TSA for the target lens and 
the mid GRIN triplet design as function of aperture radius at zero field angle.           
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Figure 6. Comparison between the corresponding values of TSA for the target lens and the 
mid GRIN triplet as function of aperture radius at field angle = 20˚.                       

 

 
Figure 7. Comparison between the corresponding values of LSA for the target lens and the 
mid GRIN triplet design as function of upper half of the aperture radius for zero field angle.    
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radius, for zero field angles, for the following lenses. Target lens, the HTL with positive mid GRIN element, i.e., 
(designs 6-a), and the HTL with negative mid GRIN element, i.e., (designs 6-b). Referring to this figure, it is no-
ticed that the corresponding values of LSA  increase as the absolute values of GRIN parameters, 01N , in-
crease through the whole range of aperture radius upper half. But, for a small aperture radius (paraxial rays), the 
corresponding values of LSA, for these lenses, are almost equal. But, at the middle aperture radius, the values of 
LSA for the designs (6-b) are less than its corresponding values for the target lens. Whereas, for a large aperture 
radius (non-paraxial rays), these corresponding values of LSA are deviated. As a result of this study, the LSA is 
reduced by using a mid GRIN triplet lens with a negative GRIN parameter for small values of aperture radius. 
But, the HTL is free of LSA ( )LSA 0=  at a normalized aperture radius with a value which is less than that of 
the target lens. Also, this value of the normalized aperture radius decreases as the value of GRIN parameter, 

01N , increases negatively. 

5. Conclusion 
The result of this study reveals that it is technically possible to design a hybrid triplet lens (HTL) for a wide field 
angles. Also, it proves that the image quality of this design is effected to a large extent by the location of the 
GRIN in this lens. The optimal design of the HTL is achieved when the GRIN element is placed at the mid of 
the triplet lens, since this design will maintain the symmetry of the optical system. The other proposed designs 
of the HTL have a bad image quality compared to that of the target lens. Also, this study proves that the image 
quality of the proposed designs of the HTL is good for the large values of field angles, when the GRIN has a 
negative value. The design of HTL proves that it is more effective than other conventional optimal techniques 
for the triplet lens designs in case of wide range field angles. Therefore, for optical designer, it is recommended 
that the optimal design of the HTL is accomplished by using a GRIN element in the mid-location of the system 
and with negative GRIN parameter.  
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