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ABSTRACT 

Let  be a simple graph with vertex set V and edge set E. A function  is said to be a re- 

verse total signed vertex dominating function if for every 

 ,G V E  : 1,1E  
v V

f V

 , the sum of function values over  and the elements 
incident to  is less than zero. In this paper, we present some upper bounds of reverse total signed vertex domination 
number of a graph and the exact values of reverse total signed vertex domination number of circles, paths and stars are 
given. 

v
v

 ,G V E
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1. Introduction 

In this paper we shall use the terminology of [1]. Let 
 be a simple graph with vertex set  

 E G
V G  

and edge set . Let  V G   n , E G m . For 
every , the open neighborhood of , de- noted by 

, is a set 
v vV

 GN v u uv E  and the closed neighbor- 
hood of , denoted by v  G , is a set N v    N v vG . 
We write  for the degree of a vertex Gd v  v V G

G
 

and the maximum and minimum degree of  are de- 
noted by  and   , respectively. For every v V , the 
edge-closed neighborhood of , denoted by v  EN v , is  

   nt to vox x v  r is inx

 : 1,1f V  

v V 

cideEN v . 

Many domination parameters in graphs has been stud-
ied richly [2-4] A function is a signed 
dominating function if for every vertex  

,      1
u N v

f N v f u


  . 

The weight  f f of  is the sum of the function 
values of all vertices in . The signed domination num- 
ber s  of  is the minimum weight of signed 
dominating functions on . This concept was introduced 
by Dunbar et al. [5] and has been studied by several au- 
thors [6-9]. As an extension of the signed domination, we 
give the definition of the reverse total signed vertex 
domination in a graph. 

G
G G

G

 ,G V E
G

 1,1 



Definition 1. Let  be a simple graph. A 
reverse total signed vertex dominating function of is a  

function  such that :f V E    0Ef N v    

for all . The reverse total signed vertex domination 
number of , denoted by tsv , is the maximum 
weight of a reverse total signed vertex dominating func- 

tion of G . A reverse total signed vertex dominating 
function is called a  w f

v V
G G

f 0
tsv

 0

-function of  if G   
 0

tsv G

G

. 

2. Properties of Reverse Total Signed Vertex 
Domination 

Proposition 1 For any graph , 

     0 mod 2tsv n mG 

f 0
tsv

. 

Proof. Let  be a  -function of . Then  G

     0
tsv G f V f E  

   

. 

Let 

 1 1V v V vG f  

   

, 

 2 1V v V G f v   

   

, 

 1 1E e E G f e  

   

, 

 2 1E e E G f e    . 

Then 

 
   

 

1 2 1 2

1 1 1 1

1 1

0

2 2

tsv V V E E

V n V E m E

V E n m

G    

     

   

. 

    0 mod 2tsv n mG  

G  0 mG 

. Therefore 

Propositon 2 For any graph , . tsv

Proof. Let 0
tsvf be a  -function of . Then for  G

  every  v GV ,  0Ef N v   and we have 
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0

2

2 .

v V

v V

EG
f

  G Guv E
f v f uv

 

 

N

f

v

f V E




 

 




0

 

Thus      tsv f V f E mE   
 

G f   . 
Propositon 3 For any graph , G 0

tsv 2G n    . 
Proof. Let f be a 0

tsv -function of . , , 
and  are defined as Proposition 2. Then  

G 1V 2V
E1E 2

      1 2 1 2
0
tsv f V f EG E V V E      

1G 2



. 

We define two induced graphs  and G  of G  as 
follows:  

 V V   1 2G G V  G ,  1 1E G E ,  2 2E G E . 

Then for every ,  1v V G

      E f v d vf v    
1 2

0G G vN d 

 
1 2

1d dv v

 

and G G . For every      2v V G , we 
have  

      GN v v vf f   
1 2

0E Gd d v 

 
1 2

1G Gd dv v 

 

and . Thus  
     

       

     

 
   

  
 

 

1

1 2

1 21

1 22

1

2 1

2

1 1

2 2
1

2
1

2

1
.

2

Gv V G

G Gv V G

G Gv V

G Gv V

2Gv V G

E E

d d

d d

d

G G

v v

v v

v v

v v

d

d d

V V

 







 

 

 

 

 

 

 







f E

 

Therefore 
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2

2 .

f E

V V

V n



 

1 2

1 2

0

1

1

2

tsv G V V

V V

  

 

 

 

Since 

   

  

   
  

 
     

 
1 2

1 22 2

G

G G

f uv

1 2

1 2

1

0

2

0

2

v V G

v V G uv E

v V

E

G

f

f v

f V f E V

V V d

V V n

V

N

n

v

n



 





 

  

  

    

   


 


V f E

d vv

 


, 

we have 1 2

n n
V

 
  . Therefore 0 2tsv nG     . 

 0
1, 1nKPropositon 4 For any star 1,nK , tsv . 

0
tsvProof. Let f be a  -function. Let 

   1, 0 1 2, , , ,n nV K v v v v  , 

   1, 0 1 0 2 0 3 0, , , ,n nE K v v v v v v v v 

0v

, 

where  is the center of 1,nK . Since for every 
 1,nv V K ,    0Ef N v  , we have 

     

    

 

1

0
1

0

0
,

0 1

nv

E

n

s

i

t

iN v

K f V f E

f f v

f v





 

 

  



:

. 

On the other hand, consider the function  

     1, 1, 1,1n nKV KE   , g  

such that 

  1ig v   0 i n  0 1jg v v    1 j n , . 

Then g  is a reverse total signed vertex dominating 
function on 1,nK  and 

      1 1w g g g nE nV      . 

   1,
0 1tsv gK w  n , which implies that  Thus 

 0 1ts K 1,nv . 
Propositon 5 For any circle , n nC  0 0tsv C . 

0
tsvProof. Let f be a  -function of . Let nC

   1 2, , ,n nV C v v v     1 2 2 3 1, , ,n nE C v v v v v v 

nv C

, . 

  3EN v  ,Since for every , we have  

   1Ef N v  



. 

Thus 

  

     

   
2

2

v V G

v V G uv E G

En f

f v f uv

f V f E

N v


 

 

 

 


  . 

       0 0C f fV f E En      

:

Therefore tsv n

On the other hand, consider the mapping  
. 

     1,1n nCV EC   , g  

such that 

  1ig v   0 i n   1ig e    1 i n , . 

Then g  is a reverse total signed vertex dominating fun- 
ction on  and   0w gnC  . Therefore 

   0 0ntsv C w g   , 

 0 0tsv nC  . which implies 
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Propositon 6 For any complete bipartite graph 

2,nK  2n  0
sv,  2, 2t nK n  . 

0
tsvProof. Let f be a  -function. Let  

 1 2,U u u V v, ,   1 2 1, , , ,n nv v v

 2, 1 1n U V V K  

and  

   1 2, 1n iv u v i n  2, iKE u . 

Since for every ,v V   3EN v  , we have  
  E v
0

 1 

   K f

f N

   1 2f u f u 

   2,: 1,1n n  

  1 j n

. Therefore 

 
  

2,

2

tsv

E

n

v V

V

N vf

n

f E









 . 

On the other hand, consider the mapping  

 2,K Kg V E  

such that ,  for 1 1 2g u g u   1jg v   
n

,  

  1i jg u v    for  and 1 . Then  1,2i j  g  is  

a reverse total signed vertex dominating function on 2,nK  

and . Therefore ,    2w g     2w nK g  

2,t n

n 0
2,ntsv

 0 2

 
which implies sv K n   . 

3. Acknowledgements 

This work was supported by the Natural Science Founda- 
tion of Hebei Province (A2012408002), the Educational 
Commission of Hebei Province (ZH2011122, Z2011157) 

and Langfang Teachers College (LSZQ201106). 

REFERENCES 
[1] J. A. Bondy and V. S. R. Murty, “Graph Theory with 

Application,” Elsevier, Amsterdam, 1976.  

[2] T. T. Chelvam and G. Kalaimurugan, “Bounds for Do- 
mination Parameters in Cayley Graphs on Dihedral 
Group,” Open Journal of Discrete Mathematics, Vol. 2, 
No. 1, 2012, pp. 5-10. doi:10.4236/ojdm.2012.21002 

[3] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, “Fun- 
damentals of Domination in Graphs,” Marcel Dekker, 
New York, 1998. 

[4] G. T. Wang and G. Z. Liu, “Rainbow Matchings in Prop- 
erly Colored Bipartite Graphs,” Open Journal of Discrete 
Mathematics, Vol. 2, No. 2, 2012, pp. 62-64.  
doi:10.4236/ojdm.2012.22011 

[5] J. E. Dunbar, S. T. Hedetniemi, M. A. Henning and P. J. 
Slater, “Signed Domination in Graphs,” Combinatorics, 
Graph Theory, Applications, Vol. 1, 1995, pp. 311-322. 

[6] O. Favaron, “Signed Domination in Regular Graphs,” 
Discrete Mathematics, Vol. 158, No. 1, 1996, pp. 287- 
293. doi:10.1016/0012-365X(96)00026-X 

[7] Z. Zhang, B. Xu, Y. Li and L. Liu, “A Note on the Lower 
Bounds of Signed Domination Number of a Graph,” Dis- 
crete Mathematics, Vol. 195, No. 1, 1999, pp. 295-298.  
doi:10.1016/S0012-365X(98)00189-7 

[8] X. Z. Lv, “Total Signed Domination Numbers of Graphs,” 
Science in China A: Mathematics, Vol. 37, 2007, pp. 573- 
578. 

[9] X. Z. Lv, “A Lower Bound on the Total Signed Domina- 
tion Numbers of Graphs,” Science in China Series A: 
Mathematics, Vol. 50, 2007, pp. 1157-1162.  

 

http://dx.doi.org/10.4236/ojdm.2012.21002
http://dx.doi.org/10.4236/ojdm.2012.22011
http://dx.doi.org/10.1016/0012-365X(96)00026-X
http://dx.doi.org/10.1016/S0012-365X(98)00189-7

