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Abstract 
 
A graph that consists of t cliques sharing a vertex v is said to be a t-friendship graph with center v. A friend-
ship graph is a graph that is t-friendship for some . We solve the problem of finding the best upper 
bound for the size of a greedy 2-friendship decomposition and a greedy friendship decomposition of graphs 
of order n. 
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1. Introduction 
 
For notation and terminology not discussed here the 
reader is referred to [2]. All graphs considered here are 
finite and simple, i.e., they have no loops or multiple 
edges. Let G be a simple graph with vertex set 

 and edge set . The degree of a 
vertex  will be denoted by deg  or briefly by 

 if it is clear which graph is being considered. A 
clique is a complete graph and the complete bipartite 
graph with parts of size m and n will be denoted by 

,m n

 =V V G
v

deg v

 =E E G
vG

K . A graph that consists of t cliques sharing a vertex 
v is said to be a t-friendship graph (t-fs graph) with cen-
ter v. A friendship graph is a graph that is t-friendship 
for so 1t  . A (t-)friendship decomposition of a 
graph G is a set of pairwise edge disjoint (t-)friendship 
subgraphs of G, such that every edge of G appears in 
exactly one element of the decomp n. Let 

me 

ositio  t G  
be the minimum number of elements in a t-friendship 
decomposition of G. The main goal is to study the func-
tion 

      = max = ,t tn G v G n  

which is the smallest number such that any graph G of 
n admits a t-f

 

order riendship decomposition with at most 

clique
Erdös, 

 t n  elements. 
Observe that a 1-friendship graph is just a . 

Goodman and Pósa [3] proved that 



 1 =n  
2 4n   . Sousa [5] determined the 

function  t n  for = 2t  and = 3t , and for 4t   its 
asymptotic value, as n tends to infinity, was determined. 

recisely, Sousa [5]  that 

the exact value 

More p proved

of 

 n  equals 2
2 8n    if n is e d ven an  2 1 8n   if n is t  odd; and tha
 3 n  equals 2 12n    if n is even    and 2 1 12n    

if n i o 5s 
tha

odd and not equal t . For proved 4t   it was 
t    2 2= 4t n n t o n  . 
In this paper our aim is to study the problem of look-

ing not at an optimal friendship decomposition of graphs 
but at greedy friendship decompositions of graphs. The 
motivation for this work comes from the work or 
McGuinness [4] about clique decompositions of graphs, 
proving a conjecture of Winkler [1]. (Note that a clique 
is simple a 1-friendship graph.) McGuinness proved that 
if maximal cliques are removed one by one from any 
graph wi vertices, then the graph will be empty after 
at most 

th n 
2 4n  steps. He also proves that 

e deco

this in fa

m

ct best 

ertices

possible. The result is the following. 
Theorem 1 [4] Any greedy cliqu position of a 

graph with n v  has at most 2 4n    cliques, and 
it has exactly 2 4n    cliques if and only if the graph is 

2 , 2n nK      
. 

Note that the result of McGuinness is strong in the 
sense that for clique decompositions of graphs the opti-
mal values are the same whether you consider optimal 
clique decompositions or greedy clique decompositions. 
With this work our goal is to see what happens if instead 
of 2-friendship decompositions of graphs one considers 
greedy 2-friendship decompositions of graphs. We will 
see later that the best values are not the , in fact, 
th

 same
ey are quite far apart. 
We start our work by properly defining the notion of a 

maximal (t-)friendship subgraph of a graph. A (t-)friend- 
ship subgraph of a graph G is said to be maximal if it is 
not a proper subgraph of another (t-)friendship subgraph 
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nts of the decomposition are cho-
se

ship decomp
s at most 

of G and its cliques can be ordered in such a way that 
each clique is maximal in the graph obtained after the 
edge set of the previous cliques have been removed. A 
greedy (t-)friendship decomposition of G is formed by 
choosing a maximal (t-)friendship graph in G, then 
choosing a maximal (t-)friendship graph in the graph 
remaining after deleting the edges of the first (t-)friend- 
ship graph and continuing removing maximal (t-)friend- 
ship graphs until the graph is empty. We will always 
assume that the eleme

n in a certain order. 
For greedy 2-friendship decompositions we will prove 

that any greedy 2-friend osition of a graph of 
order n ha 2 8 4n    elements. Further-
more, for  0, 1, 2 mod 4n   a greedy 2-friendship de-

of a graph of order n can have exactly 

n

composition 
2 8 4n   ments if and n   ele only if the graph is 

2 , 2n nK        . For  3 mod 4  n  a gree y 2-friendship 
n of 

d
decompositio 2 , 2n nK         can have exactly 

2 8 4n n    2-friendship graphs, however, in this case 
we can also have equality for non-bipartite graphs. We 
conclude by showing that any greedy friendsh com-
position of a graph of order n has at most 2n

ip de
  ele-

ments and we also prove that this upper bound is, in fact, 
est possible. 

. Greedy Friendship Decompositions 

oncerning greedy friendship decom-
po

dship decom
der n has at most 

b
 
2
 
We start this section with the following result about 
greedy 2-friendship decompositions of graphs and con-
clude with a result c

sitions of graphs. 
Theorem 1 Any greedy 2-frien position of 

a graph of or 2 8 4n n    2-friend- 
sh

f

uct a greedy clique decom  of G  
follows: 

be
is maximal, then we 

fir
m

f  ex
l 2- raphs in

exactly

ip graphs. 
Proof. Let G be a graph with n vertices, where 2n  , 

and   a greedy 2-fs decomposition o  G. Using the 
same order in which the elements of   were c sen 
we constr

ho
,  , asposition

Let F   and let 1 2,C C   its cliques. Assume 
without loss of generality that 1C  

st add 1C to   and then add 2C . 
Clearly   is a greedy clique dec position of G. Let 

1  be the set o  all 2-fs graphs in   that have actly 
1 clique and 2  the set of al    that 
have iques. Then, 

 
o

fs g
 2 cl 1 2= 2  rve   . Obse

that 1 2  n . Therefore, 
2

1
1 2 1

1 1
= =

2 2 4 2 2

(by Theorem 1.1)

tions show that 

n n            

 
   

 (2.1) 

Easy calcula 21 2 n  4 1 2 2n       

2 8 4n n=     and    
Theorem 2 Let  0, 1, 2 mod 4n   and let G be a 

graph of order n. Then G adm  2-friendship 
decompositi ly

 the result follows.

on wit
its a gr

h exact  
eedy

2 8 4n n    elements if 
and only if 2 , 2n nG K=       

. 
Proof. Let   be a greedy 2- decomposi-

tion  the gra G with exactly 
friendship 

of ph 2 8 4n n    elements. 
Let   and he proof of Theorem 1  be as in t 2.1. 
Supp hat ose t 2 4 1n    . From (2.1) we obtain 

2
1

2

8 4 = 1 2 1 2

1 2 4 1 2 1 2 2

n n

n n

      
         

which is a co tion for  0, 1, 2 mod 4n  . There-

 
 

ntradic
fore 2= 4n    and plies that Theorem 1 im

2 , 2= n nKG       
. 

Now assume that 2 , 2= n nG K      
. It suffices to find a 

osition of G, say  , with exactly 2-fs decomp
2 8 4n n    elemen , B of Gts. Let A  with be a partition 
 = = 1, ,iA a i A  and = = 1,iB b i   and 

assume, without loss of gene
, B

rality, that A B . We 
co rent ca

me that 
nsider three diffe ses. 
a) Assu  and construct   as follows: 
i) For = 1, , 2 2i k

= 4n k
 l the ed ident with 

i e edges 
, 

pt th
pair al ges inc

 excea  2,i ka b  and  ,i ia b and for 
= 2 1,2i k k

, 
 , pair 

s
all the ncident with ia  except 

 
edges i  

the edge  1,ia b  and  ,i ia b . In t  will get otal 
 1k k2   elements.

ii) Observe that 2d = 2 1kb k  , so we the 

edge cident with 2kb  except the edge  2 2,k ka b  to 

get 1k

 
eg  pair all 

s in

  2-f and w der the 2-f raph 

with edges 

s grap ihs e cons s g

 1 2 1, kb a   and  1 2, kb a . In total  will 

in
ges ft form a perfect match-

in  add them all to 
Thus,  



crease by k elements. 
iii) At this step the 2k ed  le
g and we  . 

  2 2= 2 1 2 = 2 = 8 4k k k k k k n n        

b) Assume that = 4 1n k   and construct  as fol-
lo

e ent


ws: 
i) For = 1,i k , pair all th edges incid  with 

ia  exce
, 2

pt edges  ,i ia b . In total  will get 

dges left form a matching and 
w ll to 

  22k  
elements. 

ii) At this step the 2k e
e add them a  . 

Therefore, 2 2= = 8 4n n   . 

c) A

2 2k k

ssume that = 4 2n k   and construct  as fol-
lo

i


ws: 
) For = 1, , 2i k 1 r all the edges incident with 

t edges 
, 

p
pai

 exceia  i i,a b . In total  will get 
 k k

i) For = 1, , 2i k
2 1  elements. 

1i  r all the edges incident with , pai
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 exce  . In total  will get 
ents. 

ore,  

ia pt edges  ,i ia b 
2

Theref
1k k  elem

 
2 2

= 2 1

= 2 = 8 4

k

n n

1 2

3 1

k k

k k

 

    

Th ing example shows that for 
 3 mod 4n   


 

Remark: e foll

.

ow
2 , 2n nK        is not the only mal graph 

dship decompositions. 

us the ed

ce an  . In 

d   will 

extre

nstr

2 1

, then

fo

fo

tot

inc

r greedy 2-frien
Example: Let  1 2 1= , , kA a a   and  1 2 2= , , kB b b   

and let G be the complete bipa graph with parts A 
and B pl

rtite 
ge  2 1 2,k kb b 2 . Co uct   as 

llows: 
i) For = 1, ,i k  pair all the edges incident with 

ib  ex pt edges   d the edge 
2 1 ,

,i ia b  2 2,k kb b 

ep
al   will get  2 1k k  elements. 
ii) Pair all the edges incident with 2 2kb   exc t the 

edges  2 1 2 2,k ka b   an  2 1 2 2,k kb b  

rease by k elements. 
iii) Finally, we add to   the single edges  ,i ia b , 

, e 2-fs th edges 

 2k ka b ,  2 1 2,k kb b   a
for 

ad

= 1, 2i k
1 2 1, 

ents

 and th  grap i

 nd

Therefore,  

h w

 2 2k k 2

 . 
 2 1,a b , thus we 

d 2 1k   elem  to 

  2 2n

 de

= 2 2 2 1 = 2k k k k   4 1 = 8k n   

an

the size of a greedy friendship composition 
of

 frien sition

4  

d the graph G is not bipartite. 
We conclude this section with the following trivial 

theorem on 
 a graph. 

Theorem 3 Any greedy dship decompo  of a 
graph of order n, where 3n  , has at most 2n   ele-
ments. rmFurthe ore, th d is sharp for th rtite 
gr

is boun e bipa
aph 2, 2nK  . 
Proof. Let G be a graph wit 3  vertices. We will 

proceed by induction on n. If = 3n  then the edges of G 
form either a triangle or path of length 1 or 2, thus any 
friendship decomposition of G will have exactly one 
element. Suppose the result holds for graphs with less 
than n vertices. Let   be a greedy friendship decom-

sition G, let F be the first friendship graph picked for 
  and let v ter. Co h 
vertex s

h n 

nsider the 
po

 be its graph H wit
et 

 cen
   v  and    V G  =E H E G E F . 

Clearly  F  is a ip decomposition  greedy
, so 

 friendsh
of H by induction   3F n   , hence the result. 
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