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Abstract

The scheme of creation of systems of the integro-differential equations for evaluation
of Green’s function in non-uniform elastic boundless medium is described. The
summand with singularity is allocated. The isotropic medium with constant coeffi-

cient of Poisson and unidimensional inhomogeneous isotropic medium are consi-
dered.
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1. Introduction

Transition from differential equations to integral equations (or to integro-differential
equations) is an alternative possibility of the solution of the differential equations. It is
sometimes simpler to receive the solution of the integral equation, than differential eq-
uation.

The general scheme of such transition for one linear differential equation is de-
scribed in work [1] and this scheme easily generalizes for systems of the linear equa-
tions. In work [2] such transition is described for unidimensional inhomogeneous sys-
tem of the linear theory of elasticity. The system of equations with mass forces is not
described by this case whereas the task about action of single force, ie. creation of
Green’s function, gets to this case. The purpose of article is to liquidate this lacune.

Such work partly repeats calculations of works [2] [3], but it needs to be made in an ex-
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plicit form.

2. General Scheme: The System of Integral Equations

Let’s consider nonuniform non-isotropic linearly elastic medium. We enter Cartesian
coordinate system of x; and we will designate displacements as u. Small deformations

are defined by Cauchy’s formulas
gq = (uy, +u,‘k)/2 (2.1)

where the comma in the inferior index means the derivative on the corresponding
coordinate.

Stresses are described by Hooke’s law

Gij = Cju€i = Gijaly s (2.2)

where ¢y, =c;, (X) are modules of elasticity and on the repeating indexes summa-
tion is made.

Then balance equations in displacements with single forces in the point éreceive the
kind

(Cijkluk,l )’j +676(x-¢)=0 (2.3)
where s is number of force, /is number of the equation, &° are Kronecker’s symbols,

0 is delta function; displacements of infinity vanish.

Let’s present elastic modules in the form

Cija = Ciia + ATy (2.4)
Then (2.3) receives the kind
(cﬁk,uky, )’j + a(Cf,—k.Uk,. )Y]_ +5°5(x-£)=0 (2.5)
where ais numerical parameter.
If system
(Cﬂk,vk,,)‘j +6°5(x-£)=0 (2.6)

has solution v; (X, & ) (Green’s function), then from (2.5) we receive
x)=aff(cjuu)  (E)Vi (x.§)aV (&) +[[[6(§-m)V (x.§)aV (§)  (27)

where integration is made on all space.

From (2.7) we have system of integro-differential equations (at s = 1, 2, 3)
x)—a[[[ (ciau, )’j (&) (x,€)aV (&)=} (x,&) (2.8)

For isotropic medium
Cia = 46384 + 11(84 5y + 5,5y, ) (2.9)

where A and y are Lame’s coefficients.

If to accept the condition

Ciy = Cyja (&) = const (2.10)
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then Green’s function (Kelvin’s tensor) in an isotropic homogeneous medium has kind

vi(x, &)= ! 4p(£) S_R.
R g R ) o

where v is Poisson’s coefficient,

B=1-v and R:\/(Xi—fl)z+(X2—§2)2+(X3_§3)2.

3. General Scheme: The Series Expansion of Solution

We look for the solution of system (2.5) in shape

b= amu™ (3.1)
m=0
Then (2.5) takes the form
3o (cgk,uﬁfP) o Zam*l(ci;k,uﬁ?,”) 4555(x-&)=0 (3.2)
m=0 J m=0 N

or

(Ci?klulg(,)l)) j +60(x=&)+ ) a" l:(ci(j)klulgr,?)) j + (Ci,jklulﬁTil)) J] =0 (3.3)
: pour] , ,
From (3.3) at identical degrees a we come to the following set of systems of equations

at zero boundary conditions

(Ci(J?klulE(,)I))'j +5is§(x_§) =0

(3.4)
(CSHUS))J + (Ci'ij;ngl))’j =0, m>1
By means of (2.7) and (2.8) of (3.4) we have
ui(O) (X) =V (va)
(3.5)

™ () = [[[(chutin ) (E)VE (x.€)aV (£). m=1

In essence, (3.1) and (3.5) is the solution of the equation (2.8) by method of succes-

sive iterations.

4. Special Case: The Isotropic Medium with
Constant Coefficient of Poisson

In these conditions of the balance equations in displacements has the kind
ﬁai+yAui+Qi+cSi55(x—§):0 (4.1)
@

where 0=u,,, ®=1-2v =const and
Q =40+2puU;; + 1, (ul,z + Uz,l) + U (ul,s + u3,1)
Q, = a1y (Upp +Upy )+ 4,0+ 241,Uy , + 15 (Upg +Us, ) (4.2)
Q=14 (u1,3 + U3,1) + U, (uz,s +Us, ) + 430+ 21,3U5
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If to rewrite system (4.1) without Q;, then we will receive
L6, + pru, + 6525 (x-€)=0 (4.3)
1)

The system (4.3) at v = const has Green’s function

s 1 4p o

gi Xv g = (_é] - R,isj (4.4)

(x.¢) 16nBu (&) R
It is easy to be convinced of it. If to divide the equations of system (4.3) on g, then we
receive

1 1

=0, +Au +——5°6(x-&)=0 (4.5)
® 1(x)

and then the solution (4.4) becomes obvious.

Remark. Expressions (2.11) and (4.4) formally match up, but between them there is
the important difference. The formula (2.11) is the consequence of the assumption
(2.10), and the formula (4.4) is the solution of system of equations.

Now for (4.1) by analogy with (2.5)-(2.8) it is possible to write the system of the in-

tegro-differential equations

x)=[[[Q(§)gi (x.£)av (€)= 07 (x.¢) (46)

5. Some Data on Fourier’s Transformation

Let’s note some properties of Fourier’s transformation which will be used further. In
this section and further we will designate Cartesian axials (x, y; 2) and Fourier’s trans-
formation by the sign “~” or by the arrow = . We will determine direct and inversion
Fourier’s transformations by formulas

©

f(p)= ] f(x)e™dx, f(x)—%

—0

f(p)e™dp (5.1)

8'—.8

Transformation of the derivative on x leads to multiplication of the transform on
(—pi).

We have some useful formulas. The Fourier’s transformation of product of functions
is

< 1
f §(r)dr=—1 5.2
(x) L p-7)d(z g (5.2)

Differentiating the first formula (5.1) on p, we receive

0 df (p)’
" f —-i) —Z 53
1 (0= (i) L g
We have also formula
X" = 2(~i)" ns" (p) (5.5)
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We will determine Fourier’s double transformation by formulas

f(p,q)= J' f f(x y)e™  dxdy,

Y (5.6)
(x +yq)i
Xy_4_2L'L qudpdq
In the axisymmetric case from (5.6) we receive Hankel’s transformation
f(p):_[rf (r)J, (pr)dr, f(r):jpf(p)Jo(pr)dp (5.7)
0 0

where I = \/x2 +y2, p= \/p2 +0° and J, is the Bessel’s function.

6. Unidimensional Inhomogeneous Medium

Let’s consider unidimensional inhomogeneous on the axis z medium. Such problems
matter in sciences of the Earth. Let’s designate displacements on axes (x, y; 2) as (1, v;

w). In these conditions of the balance equations in displacements has the kind

H
Z(U'XX VAW, )+ AU+ g, (W U, )+ 575 (2) =0
%(uny +V, FW, ) + AV + 11 (wy +V, ) +6,6(2)=0 (6.1)
%(u,xz +V, W, ) + AW+ A, (U,x +V, +W, ) +2u,W, +8,6(2)=0
where @=1-2v, A=2vu/w and A is the Laplacian operator.

It is possible to apply the general methods stated in Sections 2 and 3 to the solution

of system (6.1). However, it is better to make double Fourier’s transformation on (x, y)

according to Section 5. Then (6.1) takes the form

0

g(—pzﬂ — pQU—ipW, )+ p(=p 0+, )+ g, (~ipW+0, )+ 575 (2)
g(—pqﬁ—qZV—quv‘Z )+/u(_p2\7+\7,zz )+/u,z <_iqw+\7,z )+5ZS§(Z) =0
%(—ipqz —iQV, +W,, )+ (=" W, )+ A, (—ipd —iqV +W, )+ 24, W, +556(2) =0

(6.2)

Application of the general methods to (6.2) is more reasonable as in this case we re-

ceive system of the one-dimensional integro-differential equations. For the system

g(—pzﬂ— pav —ipW, )+ 1 (—p?0+ 0, )+ 675 (2) =0

K om n20 ik —

(- pat -y —iai, )+ u(=p"0 9, )+ 57(2) =0 (6.3)
g(—ipa,z QU + W, )+ u(—p W+ W,, )+ 8555 (2) =0

with constant elastic moduli Green’s function is Calvin’s tensor (2.11) transformed by

Fourier’s transformation.
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As in Section 4, it is possible to investigate the case of constant coefficient of Poisson.

In this case the system (6.2) can receive other form if to divide the Equations (6.2) on

(z)

7,

l(—pqu —q2\7—iqv~vl)+(—p2\7+\7u)+K(—|qv"v+\72)+15§5(z) =0
® P

1

(0P, 0T, + 1. ) + (P-4 i)+ (~ip0 — i+ 1, )+ 2, +%5§5(z) 0
(6.4)

where x=(Iny) and w=4,/u=2vk/w.

\Z
7. Conclusion

Formulas (2.11) and (4.4) can be considered as zero-order approximation of Green’s
function for the inhomogeneous medium. These formulas allocate part of the formula
of Green with singularity. For the half-space it is necessary to apply Mindlin’s tensor [3].
It is possible to consider two-dimensional heterogeneity. In Section 6 it is possible to

apply Fourier’s transformation on the final interval to finite bodies.
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