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Abstract 
A physical fundament was derived to support the empirical correction to the balance between the 
force given by Newton 2nd law and Newton gravitation introduced previously by the author to ac-
count for the perihelion precession of Mercury. An equation was obtained that coincided in sign 
and magnitude with the Einstein perihelion shift when the 3rd law of Kepler was used to express 
the orbital period in term of the semi-major axis and the same level of accuracy was demanded. 
Other more accurate equations for the intrinsic perihelion shift were obtained that resulted in a 
relative deviation of about 1% or less. 
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1. Introduction 
Alternative theories to the Einstein General Theory of Relativity (GTR) that fully account for the intrinsic (two- 
body problem) perihelion precession of Mercury can be found in the literature. Few examples are: The devel-
opment of a modified relativistic theory of gravitation with focus on the Mach’s principle [1]; The generaliza-
tion of the Einstein Special Theory of Relativity (STR) to an acceleration field [2]; The Maxwellian Gravity 
theory, where use is made of gravitational Lienard-Wiechert potential and gravitational Thomas precession in 
the relativistic version of Maxwell-Heaviside’s toy model vector theory of gravity [3]; The use of the momen-
tum conservation law, the relativistic variation of mass and the relativistic variation of time (using the gravita-
tional redshift factor) as the components of the total precession [4].  

The present work derives a fundament to the empirical correction to the balance between the force given by 
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Newton 2nd law and Newton gravitation introduced previously by the author to account for the intrinsic perihe-
lion precession of Mercury. An equation is obtained that coincided in sign and magnitude with the Einstein pe-
rihelion shift for the same level of accuracy. Also more accurate equations for the perihelion shift are obtained 
that result in a relative deviation of about 1% or less. 

The fundament introduced in this work is based on the concept of Newtonian acceleration, length contraction 
and time dilation and it results in an acceleration equation which differs from the Newtonian one by just a power 
of the ubiquitous Lorentz factor. Because of this, the equation of motion is very simple and can have a beneficial 
impact on the computational efficiency of, for example, relativistic many-body problems.  

The motivation of this paper is to provide a physical fundament to the results empirically obtained in refer-
ence [5], to make a correction to the sign of the perihelion shift equation reported in [6] and to show that proper 
equations for the intrinsic perihelion shift can be obtained using the extended Newtonian theory presented here. 

2. Extended Newtonian Theory for Gravitational Bound Systems  
The one dimensional Newtonian acceleration for an observer at rest with the ‘fixed stars’ can be expressed as  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )( )
0 0

, ,

t t

x t t x t t t t x t x t t t t tv x t t v x t
a

t t t t t t
∆ → ∆ →

+ ∆ − + ∆ − − − − ∆ − − ∆+ ∆ −
= =

+ ∆ − + ∆ −
 

which it can be written as  

Newtonian0

d d
d d Nt

x t x t v va
t t t

+ −

∆ →

∆ ∆ −∆ ∆
= = =

∆
                        (1) 

Note that it is assumed that the space and time length do not depend on the relative velocity of the observers 
and that the time flows at the same rate always while the space displacement depends intrinsically on the 
speed-time profile of the moving body. 

The Newtonian force is then written as  

d d
d dN
v vF m ma m ma
t t

′
′= = = =   

where the prime indicates an observer at rest with the moving body. 
If the concept of “fixed stars” is not good enough one can always refer it to the center of the Galaxy, Cluster, 

or of the Universe in question.  
The Michelson-Morley experiment result along with the Lorentz-Fitzgerald transformation, and Einstein spe-

cial theory of relativity support the concept of the apparent time dilation and length contraction given by  

( ) 1 221t t β
−

′∆ = ∆ − . Time dilation v cβ = , v is the speed of the moving reference frame and c is the speed of 

light in vacuum and ( )1 221x x β′∆ = ∆ −  length contraction.  

Substituting those relations into Equation (1), 
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( ) ( )
3 221 ,a a x tβ ′ ′ ′= −   

So the force measured in a frame at rest with the “fixed stars” can be written as: 

( )3 22 d1
dN N

N

vF ma F m
t

β= ⇒ = −   

Note that here it was used 3 space-time points with one space-time interval contraction/dilation (one interval 
boost). However the concept of acceleration requires 2 space-time intervals contraction/dilation (two succes-
sive-interval boosts) to relate the 3 space-time points in question.  
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Considering another reference frame moving with a velocity v with respect to the prime reference frame, the 
following is written (two successive interval boosts): 

( ) ( )1 2 12 21 1t t t tβ β
− −

′ ′′ ′′∆ = ∆ − ⇒ ∆ = ∆ −   

( ) ( )1 22 21 1x x x xβ β′ ′′ ′′∆ = ∆ − ⇒ ∆ = ∆ −   

( )221x t x t β′′ ′′∆ ∆ = ∆ ∆ −  

Substitute into Equation (1): 
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( )32 d1
d N
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t

β= −                                       (2) 

So the force measured in a frame at rest with the “fixed stars” is written as: 

( )32 d1
dN N

N

vF ma F m
t

β= ⇒ = −  

The Newtonian acceleration (Equation (1)) in 3 dimensions is written as 

0

d
d Nt

r t r t va
t t

+ −

∆ →

∆ ∆ −∆ ∆
= =

∆
                             (3) 

2 2 2r x y z± ± ± ±∆ = ∆ + ∆ + ∆  

In gravitational bound systems where the moving object is revolving around a very massive body or around 
the center of mass of the system, the direction of the moving body in question is continuously changing, it is as-
sumed then that the length contraction happens in the 3 Cartesian directions, and assuming that the speed of the 
gravitational interaction is the same as the speed of light in vacuum, the following holds for two successive in-
terval boosts: 

( )21x x β′′∆ = ∆ − , ( )21y y β′′∆ = ∆ − , ( )21z z β′′∆ = ∆ − ,  

( )21r r β± ±′′∆ = ∆ − , ( ) 121t t β
−

′′∆ = ∆ − , v cβ = , 2 2 2
x y zv v v v= + +  

When the above equations are substituted into Equation (3), Equation (2) is reproduced.  
Note that Equation (2) was obtained assuming that the body of interest was initially at rest, if the body were 

initially moving and slowing down to a rest state, one could think that the exponent of the multiplier of the 
Newtonian acceleration should be −3 instead of +3 which could suggest that the sign of the exponent depends on 
the local (Newtonian) acceleration. However when this dependence was implemented in the numerical solution 
of the time-dependent two-body problem, no significant perihelion shift was obtained for Mercury. This sug-
gests that the sign of the exponent could be an indication of a separate effect (e.g. the expansion/contraction of 
the system in question: star systems (e.g. solar system, birth/explosion and death/implosion of stars), galaxies 
(e.g. Milky way), the universe in question (ours), etc.).  

It could be worthy as mentioned before in [6] to perform experiment to determine n from ( ) Ngravit.21
d
d

n

N

F
vm
t

β− =  

in gravitational bound systems involving high speed moving bodies. 

3. The Intrinsic Perihelion Precession  
The balance between the force given by Newton’s 2nd law and the Newtonian gravitation in polar coordinates 
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using −3 (instead of +3) as the exponent of the multiplier of the Newtonian acceleration (Equation (2)) was ob-
tained in reference [6] for the solar system, that Equation generalized for an arbitrary exponent is written as  

22
2

2

d d1
dd

n
u uu b uλ

θθ

−
    + = − +       

                           (4) 

( ) 2b G M m h= + , 2 2h cλ = , ( ) ( )2 21h a e G M m= − +  

The solution of Equation (4), noting that the multiplier of b represents a small perturbation, is expressed in 
terms of a Fourier series as [7] 

( ) ( )0
2

cos cosu b be νλβ ρθ λ β νρθ
∞

= + + + ∑                         (5) 

From which the following equations are obtained: 
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= − − ∑                      (5b) 

Neglecting the terms containing 2nd and higher power of λ  and using trigonometric identities: 

( ) ( )( )2 2 2 21 2 2 cos 2cos 2u b e e eλ λ ρθ ρθ= + + +                     (5c) 
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                   (5e) 

( ) ( )2 2 2
1 2 1 2a be b eρ= + + , 2

2 2a b e= , ( )2 2 2
3 2 2a be b eρ= − +  

For n = −3, 
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d1 1 3 3 cos 3 cos 2
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θ
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              (5f) 

It is notified that Dr. Roy [8] called my attention on that in reference [6], the sign in front of 2a  (Equation 
5(f)) was in error which changed the sign of the reported perihelion shift, Equations (5a)-(5f) are the results of a 
further review. 

Substituting into Equation (4) and comparing coefficients of ( )cos ρθ : 21 6 bρ λ= +  expanding into series 
up to the linear term: 21 3 bρ λ= + . 

The angle between two succeeding perihelion is written as: 

( )2π 1 1ψ ρ= + −  So ( )22π 1 3 bψ λ= −  

The precession of the perihelion per revolution is: 

( )( ) ( )
( )

2

2 2 2 2
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+ +
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The precession of the perihelion per orbital period is 
( )
( )3 2 2

6π
1

G M m
S

Tc a e−

+
= −

−
 Neglecting the mass of the pla-

nets in comparison to the mass of the Sun: 

( )3 2 2

6π
1
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                                   (7) 
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The Einstein GTR result of the precession per revolution is given by [9] 
( )

2
3

2 2 2
24π

1E
a

T c e
δψ =

−
 which 

when expressed per orbital period is,  

( )
2

3
3 2 2

24π
1E

aS
T c e

=
−

                                 (8) 

In reference [6] it is reported that the absolute value of Equation (7) is the same as that of the Equation (8) 
when the orbital period is expressed in terms of the semi-major axis through the 3rd Kepler law. So  

( )
( )

3 2

3 5 2 2 2

3
1E

GM
S S

a c e− = − = −
−

.  

For n = +3, 

( ) ( )( )
32

2
1 2 3

d1 1 1 3 3 cos 3 cos 2
d
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θ

−
    − + = − − −       

             (5g) 

Substituting it into Equation4, passing the denominator of Equation (5g) to the left-hand side, neglecting the 
terms containing 2nd and higher power of λ , using trigonometric identities, passing back to the right-hand side 
all terms no belonging to the left-hand side of Equation (4), and equating the coefficients of ( )cos ρθ , the fol-
lowing is obtained: 

( ) ( )2 2 2
1 3 2

33 3 0
2

be be a be be a be be a bρ λ ρ λ ρ λ− + − − + − − + − =  

Substituting the expression for 1 2 3, ,a a a , the following quartic polynomial equation is obtained: 
4 2 0A B Cρ ρ+ + =                                   (9) 

( )33
4

A beλ= , ( )3 23 1 2B be b e eλ= − + + , ( ) ( )33 2 333 1 2 6
4

C b e e be b e beλ λ λ= − + − − +  

Making the substitution 2ρ ρ′ =  a quadratic equation is obtained: 
2 0A B Cρ ρ′ ′+ + =   

As A is much smaller than B and C and the root of interest is close to 1 the quartic term is dropped to get: 

( ) ( )

( )
( )

( )

3 33 2 3 3

3 2 3 2

3 33 1 2 6 6
4 41

3 1 2 3 1 2

b e e be b e be be b e
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        (10) 

Neglecting the 1st term in the numerator and the 2nd term in the denominator: 
21 6 bρ λ= −                                     (11) 

Using series expansion  
21 3 bρ λ= −                                     (12) 

Then the perihelion shift based on Equation (12) is 
( )3 2 2

6π
1
GMS

Tc a e+ =
−

 which is identical to the Einstein pe-

rihelion shift equation when the 3rd law of Kepler is used. 
It is noted that when Equation (11) is substituted back into Equation (9) for verification, the left-hand side 

becomes zero if the terms containing 2nd and higher power of λ  are neglected which is consistent with the ac-
curacy level used to obtain 3S− . 

Mercury perihelion shift using MS Excel, results in 48.57634, 43.20905, and 42.98185 for calculations based 
on Equations (9), (10) and (12) respectively.  

Due to the very small value of the A coefficient it was suspected that the results based on the quartic equation 
could be affected by the number of precision-digits used in MS Excel 2010. Table 1 shows the perihelion shift  
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Table 1. Intrinsic Mercury perihelion precession in arcsec/century.                                                 

Nd Equation (9) Equation (10) Equation (11) Equation (12) 

 (quadratic) (quadratic) (quadratic) (quadratic) 

10 1.06740E+07 43.21072 42.99547 42.99547 

15 200.80901 43.20905 42.98184 42.98184 

20 43.43459 43.20905 42.98184 42.98184 

30 43.43625 43.20905 42.98184 42.98184 

40 43.43625 43.20905 42.98184 42.98184 

 
for Mercury using the different approximations described here. The 1st column is the number of precision-digits 
set in the code editor of Maple 18. The other columns show the results of the perihelion shift based on the indi-
cated equation number. From that table it can be seen that when the perihelion shift calculation is based on the 
quartic approximation (Equation (9)) it is needed about 20 precision-digits to obtain reliable results however the 
quadratic equations yield accurate results for even 10 digits. Note that the difference between the results based 
on Equation (12) and the one based on Equation (9) is about 0.45 “/cy (~1% relative deviation) while with re-
spect to the results based on Equation (10) the difference is about 0.23 “/cy (0.5%). 

The values of ,e a  and T  used in Table 1 were taken from reference [6]. 

4. Summary 
A fundament is derived to support an empirical correction to the balance between the force given by Newton 2nd 
law and Newton gravitation introduced previously. The fundament is based on the concept of Newtonian acce-
leration, length contraction and time dilation, and it results in an acceleration equation which differs from the 
Newtonian one by just a power of the ubiquitous Lorentz factor. 

An equation is obtained (from the polar coordinate-equation of motion) that coincides in sign and magnitude 
with the Einstein perihelion shift when the 3rd law of Kepler is used to expressed the orbital period in term of the 
semi-major axis and the same level of accuracy is demanded. 

Other more accurate equations for the intrinsic-perihelion shift are obtained that result in a relative deviation 
of about 1% or less.  
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