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Abstract

In this paper we present an alternative approach for the solution of the Black-Scholes partial dif-
ferential equation for European call option which pays dividend yield using the modified Mellin
transform method. The approach used in this paper does not require variables transformation.
We also extend the modified Mellin transform method for the valuation of European call option
which pays dividend yield. The numerical results show that the modified Mellin transform is ac-
curate, mutually consistent and agrees with the values of the Black-Scholes model.
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1. Introduction

Option valuation has been studied extensively in the last three decades. An option on an underlying asset is defined
as an asymmetric contract that entitles the holder to buy or sell the underlying asset at a specified price on or before
a certain date. The underlying asset includes stocks, foreign currencies, and stock indices, just to mention a few.
European options give the holder the right to trade the underlying asset in the future at a previously agreed price.
European options can be exercised only on the expiry date. American options give the holder more rights than
their European equivalent and can therefore be more valuable, and they can never be less valuable. The main point
of interest with American-style options is deciding when to exercise. Most of options traded on exchange are of
American type and therefore the valuation problem for American options has received a lot of attention.
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Until 1973, the valuation of an option was done by little more than guesswork. Black and Scholes [1] published
their seminar work on options valuation, in which they described a mathematical frame work for finding the fair
price of a European option by means of a non-arbitrage argument to describe a second order partial differential
equation which governs the evolution of the option price with respect to the time to expiry and the price of the
underlying asset. Since then, there has been an explosive growth, both in the trading and the study of options of
various kinds. Despite the success of the Black-Scholes model on hedging and pricing contingent claims, Merton
[2] noted early that options quoted on the markets differ systematically from their predicted values, which led up
to questioning the distributional assumptions based on geometric wiener process.

The Mellin transform in the theory of option pricing was introduced by Panini and Srivastav [3]. They derived
the expression for the free boundary and price of an American perpetual put as the limit of finite lived options.
Nwozo and Fadugba [4] considered the Mellin transform method for the valuation of some vanilla power options
with non-dividend yield. They extended the Mellin transform method to derive the price of European and Ame-
rican power put options with non-dividend yield. They also derived the fundamental valuation formula known as
the Black-Scholes model using the convolution property of the Mellin transform method. Jédar et al. [5] consi-
dered a new direct method for solving the Black-Scholes equation using the Mellin transforms. F. Al Azemi et al.
[6] obtained an analytical solution of the Black-Scholes equation for the European and the American put options.
For mathematical backgrounds, transform methods in the theory of options valuation and some numerical me-
thods for options valuation see [7]-[12] just to mention a few.

In this paper, we shall consider a new approach which does not require variables transformation for the solution
of homogeneous Black-Scholes partial differential equation for European call option with dividend yield using the
modified Mellin transform proposed by Frontczak and Schébel [13].

The structure of the paper is organized as follows. In the next section, we give an overview of the most fun-
damental ideas and mathematical tools needed for the Mellin transforms. We also present the most relevant
properties of the Mellin transforms. Section 3 presents a new approach for the solution of the homogeneous Black-
Scholes partial differential equation for European call option which pays dividend yield. Section 4 presents the
numerical experiments and discussion of results. Section 5 concludes the paper.

2. Mellin Transform and Its Fundamental Properties in the Theory of Option
Valuation

Let f (x) be a function defined on the positive real axis X e (O,oo). The Mellin transformation denoted by M
is the operation mapping the function f into the function F defined on the complex plane by the relation

M(f(x),v)zF(v)zzf(x)xV1dx. 1)

The function F (v) is called the Mellin transform of f . In general, the integral does exist only for complex
values of v=a+ jb such that ae(a,a,), where a, and a, depend on the function f(x) to transform.
This introduces what is called the strip of definition of the Mellin transform that will be denoted by V (a,,a,). In
some cases, this strip may extend to half-plane (a1 = —oo) or (a2 :oo) or to the complex v-plane (a1 = —oo)
and (a,=).

Conversely, the inversion formula of (1) is defined as

1 a+ jo
M (F(v))=f((x),v)=— | F(v)xdv 2
(FO)= 1) =5 | FO) @
where the integration is along a vertical line through Re(v) =a.

Some of the basic fundamental properties of the Mellin transforms are detailed below.

If f (x) is defined on the positive real axis t e (O,oo) , then the following properties hold.

a) Shifting property

M (X°f (x),v) =[x f (x)x"'dx = F (v+c). (3)

0

b) Scaling property
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M(f(ax);v):Tf(ax)xv‘ldx:a‘VF(v). %
c) The Mellin transform of derivatives
M [% f (x);vJ:(—l)k (v—k), F(v—k),(v=k)eV, keZ" )

where the symbol (v—k), is defined for k integer by:
(v=k), =(v=Kk)(v—k+1)--(v-1).
Equations (3) and (6) can be used in various ways to find the effect of linear combination of differential operator

m
such that v* (dij , k, m integers. The most remarkable results are
\

M (v%jk f (x);v} = (—1)k VEF (V)

d
M v £ 0| (2 ), F
where veV, , kapositive integer and v, =v(v+1)---(v+k-1).

3. The Homogeneous Black-Scholes Partial Differential Equation for European
Call Option with Dividend Paying Stock in the Domain of the Modified Mellin
Transform Method

Let us consider the homogeneous Black-Scholes partial differential equation for European call option E, (St ,t)
which pays dividend yield with the initial and boundary conditions given by

6EC(St,t)+o-28t2 0%E, (S,t) (r-q)s OE,(St)
ot 2 aS? tos,

EC(St!T):(St _K)+

rE, (S,,t)=0,S, €(0,0),te[0,T]

()
s!t'm)Ec(S“t):O
sltiﬂl E, (St,t) =

where o is the volatility, r is a risk-free interest rate, K is called the strike price, and T is the maturity date. It is

a known fact that the partial differential equation in (7) has a closed form solution obtained after several change of

variables and solving certain related diffusion equations. This procedure is not applicable in the vector framework

where E_(S,,t) isavectorand o, rare matrices.

Now, observe that

O(s),s, >0

E. (St vt) = (8)
0(8%2). 8 >0

for any veC on —a <R(v)<-a, where (-a,-a,) is called fundamental strip, the Mellin transform for

European call option does not exist since the integral does not converge. Here we shall make use of the modified

Mellin transform.

The modified Mellin transform for the price of European call option is defined as
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M (E, (S,.t),~v )=[E.(S,.t)S;ds,
0
and the inversion formula for the modified Mellin transform is given by

M’l(léc (v,t)):

E.((S.t),—v) :—aTWE (v,t)S/dv.

a]oo

©)

(10)

Taking the modified Mellin transform of the Black-Scholes partial differential equation for European call op-

tion in (7), we have that

202 A2
M(@Ec(st,t)_i_a S 0 EC(St,t)+(r

ot 2 68!

OE, (S,.t
—q)stM =M (rE,(S,.t)).
oS,
Using the properties of the Mellin transforms, we have the following modified Mellin transforms

OE, (S,,t “
MMJ dE(vt)
ot dt

202 72 2
M| IS TE (St Ec(f“t) =G—(v2—v) E, (v,t)
2 oS 2 .

M (r—q)StM]:(r—q)véc(v,t)

as,

M (rE,(S,.t))=rE, (v.t)

Substituting (12) into (11) and simplifying further yields

E, (v,t)= A(v)exp(—{vzgz _[%Z_U_q)]v_rnt.

Setting ¢(v)= (Vzaz - [0—2—(r - q))v— r] , then (14) becomes

2 2
E,(v,t)= A(v)exp(-g(v))t
where A(v) is a constant of integration to be determined and it is defined as
A(v) =y (v,t)exp(g(v)T)
y/(v,t) can be obtained by taking the modified Mellin transform of the initial condition of the form

E.(S,.T)=0(S,v)=(S-K)

Integrating (13) yields

then we have

(S, -K)' Sds,

w(vt)=M(0(S,.v),~Vv)=

O'—;S

K 1-v

v(v-1)

= [(s,-K)s;"ds, —js ~ds, - st ~ds, =
K
Using Equations (15), (16) and (18), we have that
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n Kl—v
E. (V1) :mexp(qﬁ(v)(T -t)). (19)

The modified Mellin inversion of (19) is obtained as
M (E, (v.1)) = E. (S,.1) :Zinj I hexp(gb(v)(T ~1))Svdv. (20)

A New Direct Approach for the Solution of the Black-Scholes Partial Differential Equation
for European Call Option with Dividend Paying Stock

An alternative approach for the solution of the homogeneous Black-Scholes partial differential equation for the
European call option with dividend paying stock is summarized in the theorem below:

Theorem 3.1.

Let the price of a European call option denoted by E, (St ,t) be Mellin transformable and continuous, then

E.(S..t)

for S,,te [O,T) is a solution of the homogeneous Black-Scholes partial differential equation for the European
call option with dividend yield given by

= | ep(g(v)(T 1)) s

:Z_TEJ.erjOO (V_l)

aEcgf“t)ﬂ;Stz GZE(;S“U+(r—q)81%§:'t)—rEc(St,t):0, S, <(0.%0),t e[0,T]
EC(St’T):(St_K)+

lim . (S,,t) =0

lim E, (S.t) =<0

Proof: We want to prove that the expression (20) is a solution of the Black-Scholes partial differential equation
for European call option given by (7). Let us assume that

v=m+ jn=dv = jdn. (21)
Substituting (21) into (20) yields
E, (S.1) ZLT S s{™ M exp(g(m+ jn)(T —t))dn. (22)
et 2n Y (m+ jn)(m+ jn-1)
vie? (o°
Substituting v=m+ jn into ¢(v):[ 5 —[7—(r—q)jv—rj,then we have that

¢<m+in>=(W—[‘§—(r—q>}(m+jn)—rJ

(23)
_ O'Zm2 _o‘zn2 B O'2m +(r_q)m_r I mnO'z _O'_2n+(r_q)n
2 2 2 : 2 '
Since E, (St,t) is Mellin transformable and continuous, setting t =T then (22) becomes
© 1-m-jn .
E (S = [ —— 5™ "gn, (24)

2n 2 (m+ jn)(m+ jn-1)

—0

Equation (22) is well defined and satisfies (24).
Using the definition of the modified Mellin transform, then
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| Kl—m jn |

|(m+ jn)(m+ jn— 1| ﬂ (s)|s"'ds  vneR 25)
) we have that

2 Kl—m jn
i s

(m+jn)
(m+ jn)(m+ jn- 1|‘

and for te[0,T

exp(¢4(m+ jn)(T —t))|dn

S I P M O R T

Using the differentiation theorem of parameter integrals [14] and the fact that

© 2 2
jn‘exp[ "2 (T- t)jdn<oo, =012,

te[0,T). 27)
Then it follows that upon differentiation of (22), we have that
oE (St’t) 1% Kl—m—jn . (e .
_ e\~ Sm+1n) T_t))d
w2 g (ST (g n)(T-)
OE (S.t) 1 T K -m-n
8,  2n(m+j

n)(m+ jn—1) (m+ jn)S{"™ " exp(¢(m-+ jn)(T ~t))n
O°E (S.t) 1% j

Kl—m—]n
oS? _z_n;[o(m+jn)(m+jn_1)

(28)

(m+ jn)(m+ jn-1)S{™ " exp(g(m+ jn)(T ~t))d
Substituting (22) and (28) into the Black-Scholes partial differential equation for European call option given by
(7), we have
OE, (S,.t 252 9°E, (S,,t E.(S,.t
C( : )+O-Sl ¢ c(2t )+(r_q)sta C( t )—I’EC(SI,'[)
ot 2 0S; 0S,
——iT KEm g(m+ jn)S™ 1V exp(g(m+ jn)(T -t))d
~ 2n 4 (m+ jn)(m+ jn-1) )= P J
o’st 1% Kim-in . . in- .
= ~1)s{m 2 T-t))d
; 2n_J;(m+jn)(m+jn—l)(m+Jn)(m+Jn )S, exp(g(m+ jn)(T -t))
+(r-q)s iT S (m+ jn)S{™ Y exp(g¢(m+ jn)(T —t))dn
“2n? (m+ jn)(m+ jn-1) !
1 T Kl m-jn

(m+jn)

2 m+ Jn m+ ]n—l) t exp(¢(m+ jn)(T —t))dn
N 2q2 -
I[ (m+ jn)+628t (m+ jn)(m+ jn-2)S? +(r-q)s, (m+ jn)s{™ _f]

( Klfm—jn

(

(m+jn)

ey ePemein)(r —t))Jdn

o)
2 2 2 2
Kl—m—Jn (m+jn)
(m+jn)

X(erJ'n)(nHjn—l) (" exp(¢(m+ jn)(T ~t))dn
(m+ jn)(m+ jn—1) " exp(¢(m+ jn)(T —t))dn -0.

©

—00

1 Kl—m—jn
= I (m+ jn)+g(m+ jn))
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Hence the price of the European call option denoted by E, (St ,t) and given by (20) is a solution of (7) and the
result is established.

4. Numerical Experiment

Experiment 1

We consider the valuation of European call option with nine months to expiration via the modified Mellin
transform method. The stock index is 95, the exercise price is 90, the risk-neutral interest rate is 0.2 per year, the
dividend yield is 0.06 per year and the volatility is 0.3 per year.

The parameters are:

§=95K=90,T =0.75,r =0.2,q = 0.06,0 = 0.3.

The results obtained are displayed below.

The value of the analytic pricing formula is 16.943.

The modified Mellin transform put price is obtained as 16.943.

Experiment 2

We consider the performance of the modified Mellin transform method against the “true” Black-Scholes model
and binomial model for the valuation of European calloption which pays dividend yield g with the following
parameters.

S = {40,50, 60, 70,80} ,K =50,T =3,r=0.050=0.25,9 =0.01,0.02,0.03,0.04,0.05
The results obtained are shown in the Table 1 below.

Table 1. The effect of dividend yield on the performance of the modified Mellin transform method against the “true” Black-
Scholes model and binomial model [15] for the valuation of European call option.

Binomial Model with Modified Mellin Transform

S K Black-Scholes Model N = 1000 Method
g=0.01
40 50 5.101 5.101 5.101
50 50 10.885 10.883 10.885
60 50 18.257 18.258 18.257
70 50 26.627 26.628 26.627
80 50 35.580 35.580 35.580
q=0.02
40 50 4553 4.553 4553
50 50 9.914 9.912 9.914
60 50 16.862 16.863 16.862
70 50 24.835 24.837 24.835
80 50 33.426 33.426 33.426
gq=0.03
40 50 4.052 4.502 4.052
50 50 9.007 9.005 9.007
60 50 15.541 15.542 15.541
70 50 23.125 23.126 23.125
80 50 3.356 31.355 3.356
q=0.04
40 50 3.595 3.595 3.595
50 50 8.162 8.160 8.162
60 50 14.292 14.293 14.292
70 50 21.492 21.493 21.492
80 50 29.367 29.367 29.367
q=0.05
40 50 3.180 3.180 3.180
50 50 7.377 7.375 7.377
60 50 13.113 13.115 13.113
70 50 19.936 19.937 19.936
80 50 27.461 27.460 27.461
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Discussion of Results

From Experiment 1, we can see that the price of European call option via the modified Mellin transform method
and analytic option pricing formula are the same. Table 1 shows the effect of dividend yield on the performance of
the modified Mellin transform method against the “true” Black-Scholes model and binomial model for the valu-
ation of European call option. The results obtained show that the higher the dividend yield, the smaller the values
of the three methods. The madified Mellin transform is more accurate than the binomial model when pricing
European call option with dividend yield. Hence the modified Mellin transform is mutually consistent and agrees
with the values of the Black-Scholes model.

5. Conclusion

Financial modeling in the area of option valuation involves detailed knowledge about stochastic processes de-
scribing the asset payoffs. In this paper, we developed an alternative approach for the solution of the homoge-
neous Black-Scholes partial differential equation for European call option with dividend yield using the mod-
ified Mellin transform method. The approach used in this paper does not require variables transformation. The
modified Mellin transform method seems likely to be quick and accurate when pricing European call option
with dividend yield.
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