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ABSTRACT 

This paper explores the capacity choice for a public firm that is a welfare-maximizer and for a private firm that is a 
pure-profit-maximizer in the context of a price-setting mixed duopoly with a simple mechanism of network effects 
where the surplus that a firm’s client gets increases with the number of other clients of that firm. In this paper, we show 
that the public firm chooses over-capacity irrespective of the strength of network effects and the demand parameter, and 
that the difference between the output level and capacity level of the private firm strictly depends on the values of both 
the strength of network effects and the demand parameter. More precisely, the private firm chooses over-capacity when 
the strength of network effects is high relative to the demand parameter, while it chooses under-capacity otherwise. 
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1. Introduction 

This paper investigates the capacity choice issue for a 
public firm that is a welfare-maximizer and for a private 
firm which is a pure-profit-maximizer in the context of a 
price-setting mixed duopoly with network effects where 
the surplus that a firm’s client gets increases along with 
the number of other clients of that firm1. The purpose of 
this paper is particularly to show that the difference be-
tween the output level and the capacity level of the pri-

vate firm strictly depends on both the strength of network 
effects and the demand parameter2. 

Nishimori and Ogawa [19] is a seminal paper that 
considered the capacity choice problems in the context of 
a mixed duopolistic market using the approach à la Ho- 
riba and Tsutsui [20], and they showed that in a quantity- 
setting game with homogeneous goods, the public firm 
chooses under-capacity while the private firm chooses 
over-capacity, which is different from the result found in 
the existing literature on private oligopolistic markets3. 
Ogawa [21] and Barcena-Ruiz and Garzon [22] extended 
the model introduced in Nishimori and Ogawa [19] to 
quantity-setting and price-setting mixed markets with 
differentiated goods, respectively, and found that the 
difference between the output and capacity levels of the 
public firm and that of the private firm strictly depend on 

*We thank the financial support by KAKENHI (23730226). All re-
maining errors are our own. 
1The literature on mixed oligopoly can be traced back to the paper of 
Merrill and Schneider [1] and DeFraja and Delbono [2]. Since Merrill 
and Schneider [1] and DeFraja and Delbono [2], many researchers 
have been tackling several topics in the context of mixed oligopoly,
focusing on the privatization of the public firm and the optimal policy 
of the government from a viewpoint of social welfare, and recently, the 
literature on mixed oligopoly has become richer and more diverse. For 
example, Ishibashi and Matsumura [3], Nishimori and Ogawa [4], and 
Poyago-Theotoky [5] investigated the R&D competition between the 
public and private firms. Mujumdar and Pal [6] considered the tax 
effects on the market outcomes in a mixed oligopolistic market. Bár-
cena-Ruiz and Garzón [7] and Bárcena-Ruiz and Garzón [8] explored 
the policy interaction between the market integration and the privatiza-
tion policy. Corneo and Jeanne [9], Fjell and Pal [10], Pal and White 
[11], and Matsushima and Matsumura [12] investigated the interna-
tional mixed oligopolistic competition. Bárcena-Ruiz and Garzón [13] 
and Méndez-Naya [14] discussed a merger problem between the public 
firm and the private firm. Ohori [15], Bárcena-Ruiz and Garzón [16],
Wang et al. [17], and Chen and Wang [18] analyzed the environmental 
policies in the mixed oligopoly. 

2The area of the demand parameter considered in this paper corre-
sponds to that wherein the goods produced by both the public firm and 
the private firm are substitutable. 
3As the examples of the capacity choices for the public firms, recently,
the local public firms are likely to set their optimal capacity levels 
through their aggressive construction investments in the mixed oli-
gopolistic markets including the industries of water-supply, sewerage,
and hospitals in Japan. Moreover, although there exists the M&A of 
SEAT, a Spanish publicly-owned automobile enterprise, with Volks-
wagen in 1986 as one of the most famous examples of the mergers 
between the public firm and the private firm, then, Volkswagen faced 
some sort of optimal capacity choice problem since it decided to con-
duct the managements of both the brands after such a merger. 
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the relation between the goods produced by them, that is, 
whether the goods are substitutable or complimentary4. 
Subsequently, from the viewpoints of both a quantity- 
setting and a price-setting mixed duopoly with differenti-
ated goods, Tomaru et al. [23] analyzed the influence of 
the separation between ownership and management in 
the fashion ofFershtman and Judd [24], Sklivas [25], and 
Vickers [26] on the difference between the output levels 
and capacity levels of both the public firm and the pri-
vate firm and the changes therein before and after the 
privatization of the public firm5. Most recently, Naka-
mura and Saito [28] and Nakamura and Saito [29] inves-
tigated the capacity choice of a public firm that is a wel-
faremaximizer and a private firm that is a relative-profit- 
maximizer in the context of quantity-setting and priceset-
ting mixed duopolies, respectively; their most important 
contribution in these two papers is to show that even 
though the relation between the goods produced by the 
two firms is restricted to being substitutable, the differ-
ence between the output level and capacity level of the 
private firm can change in accordance with the degree of 
importance of its relative performance6.  

In the context of a price-setting mixed duopoly, this 
paper checks the robustness of the result on the differ-

ences between the output and capacity levels of both the 
public firm and the private firm against introducing the 
strength of the network effects such that the necessity to 
build market share is stronger. For tractability, we con-
centrate on the simple mechanism of network effects as 
studied in Katz and Shapiro [35] and applied in Hoernig 
[36]. In this paper, we show that under the assumption 
wherein there exist network effects, a public firm chooses 
over-capacity irrespective of both the strength of network 
effects and the demand parameter, whereas a private firm 
chooses over-capacity when the strength of network ef-
fects is high relative to the demand parameter and it 
chooses under-capacity otherwise. The intuition behind 
the former result on the difference between the output 
level and the capacity level of the public firm is almost 
the same as that presented in Bárcena-Ruiz and Garzón 
[22]7. The public firm has a strong incentive to increase 
mixed duopolistic market competition to increase of con- 
sumer surplus since its objective function is social wel- 
fare. Then, in the model of this paper, by taking into con- 
sideration the fact that the price level of the private firm 
is negatively associated with the capacity level of the 
public firm for any strength of network effects and de- 
mand parameter, the public firm makes the private firm 
behave aggressively in the market by increasing its ca- 
pacity level. As a consequence, the public firm chooses 
overcapacity for arbitrary values of both the strength of 
network effects and the demand parameter. 

4More concretely, in a quantity-setting mixed duopoly, Ogawa [21] 
showed that a private firm chooses over-capacity irrespective of the 
relation between the products, whereas a public firm chooses under-
capacity if the products are substitutes and under-capacity if they are 
complements. In a price-setting mixed duopoly, Bárcena-Ruiz and 
Garzón [22] found that the private firm chooses under-capacity irre-
spective of the relation between the products, whereas the public firm 
chooses over-capacity when the products are substitutes and under-
capacity when they are complements.  
5Furthermore, in the context of a quantity-setting mixed duopoly, by 
introducing the following two alternatives as each firm’s delegation 
type to its manager: 1) partial delegation-delegating only the quantity 
setting; and 2) full delegation-delegating the determination of both the 
output level and the capacity level, Tomaru et al. [27] investigated the 
difference between each firm’s output level and capacity level, given 
its delegation type. They derived the equilibrium delegation type of 
each firm under the endogenous decision by its owner. 
6Note that Nakamura and Saito [28] which considered the quantity-
setting mixed duopoly with the degree of importance of the private 
firm’s relative performance showed that the difference between the 
output and capacity levels of the public firm also changes in accor-
dance with the degree of importance of the private firm’s relative per-
formance, even though the area of the demand parameter corresponds 
to the case wherein the relation between the products by both the pub-
lic firm and the private firm is substitutable. In addition, another strand 
of the capacity choice problems in a mixed oligopoly, comprising Lu 
and Poddar [30], Lu and Poddar [31], Lu and Poddar [32], and Bár-
cena-Ruiz and Garzón [33], too focused on several kinds of economic 
factors. Lu and Poddar [30] and Lu and Poddar [31] explored the ef-
fects of a change in competition style to sequential-move competition 
and of the introduction of demand uncertainty, respectively, on the 
capacity choice of both the public firm and the private firm. Further-
more, Lu and Poddar [32] and Bárcena-Ruiz and Garzón [33] investi-
gated a game with endogenous timing of the sequential choice of the 
capacity levels and output levels of both the public firm and the private 
firm on the basis of an observable delay game presented in Hamilton 
and Slutsky [34]. 

In contrast, in this paper, we show that the difference 
between the output level and capacity level of the private 
firm strictly depends on both the strength of network 
effects and the demand parameter. In particular when the 
strength of network effects is high relative to the demand 
parameter, we obtain the result that the private firm 
chooses over-capacity, which is strikingly different from 
the result obtained in Bárcena-Ruiz and Garzón [22] with- 
out network effects. This result is explained by means of 
the following two effects induced by such network ef-
fects. First, as the strength of network effects increases, 
the private firm has less incentive to strategically set a 
lower level of its capacity in order to reduce market 
competition by raising the price level of the public firm. 
Second, as the strength of network effects increases, the 
strategic substitutability between the capacity levels of 
both the public firm and the private firm becomes weaker, 
and thus in the case wherein the strength of network ef-
fects is sufficiently high, the private firm tends to not de- 
crease its capacity level. Consequently, when the strength 

7In addition, in the economic environment wherein the private firm 
maximizes its relative profit in a price-setting mixed duopoly, Naka-
mura and Saito [29] also gave the intuition similar to that presented 
here against the result that the public firm always chooses over-capac-
ity.
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of network effects is high relative to the demand parameter, 
the difference between the output level and capacity level 
of the private firm is negative. Therefore, in the context 
of a price-setting mixed duopoly, in addition to the rela- 
tion between the goods produced by both firms and the 
degree of importance of the private firm’s relative per- 
formance, the strength of network effects also plays an 
important role as a determinant of the difference between 
the output level and capacity level of the private firm. 

The remainder of this paper is organized as follows. In 
Section 2, we formulate a price-setting mixed duopolistic 
model with capacity choice of both the public firm and 
the private firm and with network effects. In Section 3, 
we consider the difference between the output and capac-
ity levels of both firms. Section 4 concludes with several 
remarks. Each firm’s equilibrium price level is relegated 
to the Appendix8. 

2. Model 

We formulate a price-setting competition model in a 
mixed duopoly with the capacity choice of both the pub-
lic firm and the private firm and with an additional term 
that reflects network effects in the fashion of Katz and 
Shapiro [35] and Hoernig [36]9. 

We assume that firm 0 is a public firm that is a wel-
fare-maximizer whereas firm 1 is a private firm that is a 
pure-profit-maximizer. Similar to Hoernig [36], firm i 
faces a linear demand of the following form: 

,  0,1;  ,i i i jq a ny p bp i i j       

where  and  are demand parameters. 
 indicates the strength of network effects, and 

i  is consumers’ expectation on firm i’s equilibrium 
market share. As explained in Hoernig [36], the above 
demand system can be derived from the following quasi- 
linear concave utility function of a representative con-
sumer: 
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where m denotes the income of the representative con-
sumer and  represents some symmetric function 
of expectations. In this paper, as in Hoernig [36], we 
suppose that 

 ,f  

     2 2
0 1 0 0 1 1, 2 2 21f y y n y by y y b     10. 

We suppose that both firms adopt identical technolo-
gies represented by cost function , where i ,i i iC q x  x  
is the capacity level of firm . Following Vives 
[37], Ogawa [21], Bárcena-Ruiz and Garzón [22], 
Tomaru et al. [23], Nakamura and Saito [28], and Na- 
kamura and Saito [29], we assume that the cost function 
is given by i i i i i i

11. This 
cost function implies that if each firm’s output level 
equals its capacity level, i i , then the long-run av- 
erage cost is minimized. The profit of firm i is given by 

i i 

q q 

q x

0,1

 2
, ,x i  C q x c 10,

   0,1, ,C q x i i i i i i i . Consumer surplus as the 
representative consumer utility is represented as follows: 

p q  

 0 1 0 1 0, ; ,q y y p q 0 1p q 1CS U q , whereas producer 
surplus is given by the sum of the profits of both firms 0 
and 1, 0 1  . Finally, we suppose that social welfare 
in this paper is equal to the sum of consumer surplus and 
producer surplus. 

We investigate the game with the following two stages: 
In the first stage, firms 0 and 1 simultaneously set their 
capacity levels. In the second stage, after both the firms 
observe each other’s capacity level, they engage in a 
price-setting competition. In the fashion of Hoernig [36], 
we consider the subgame perfect Nash equilibrium pre-
sented in Katz and Shapiro [35] as our equilibrium con-
cept. Thus, in the equilibrium, we derive the subgame 
perfect Nash equilibrium under the additional “rational 
expectations” assumption:  and . 0y q 0 1 1y q

3. Equilibrium Analysis 

We solve the game by backward induction from the sec-
ond stage to obtain the “rational expectations” subgame 
perfect Nash equilibrium. In the second stage, firm 0 
maximizes social welfare W with respect to 0 , whereas 
firm 1 maximizes its pure profit 1  with respect to 1 . 
The best-response functions of both the firms in the sec-
ond stage are given as follows: 
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   1 0 1 1 0 1 1; , 3 3 2 3 4.p p y x a c bp x ny        (2) 

From Equations (1) and (2), we find that for any 
strength of network effects,  is increasing in , in p jp , 
and thus the price levels of both firms 0 and 1 are strate-
10This assumption on the form of  implies that the representa- ,f  
tive consumer's utility is the highest with respect to the consumption 
vector of the goods produced by both the public firm and the private 
firm,  0 1,q q , when expectations are correct. 
11We assume that  1a b c

8The equilibrium market outcomes including each firm’s profit, con-
sumer surplus, and social welfare are available upon request. 
9In the model which is employed in this paper, the parameters are a, b,
c, and n. The economic meanings of such parameters are given in the 
following body of this paper. 

0    in order to ensure the nonnega-
tivity of all equilibrium outcomes. 
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gic complements .  , 0,1;i j i j 
Furthermore, we obtain the rational expectations Nash 

equilibrium of the price-setting stage by substituting the 

two conditions 0 0y q  and 1 1  into the best-re- 
sponse functions of both firms 0 and 1. Then, we obtain 

y q
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In the first stage, both firms 0 and 1 know that their capacity choices affect their price levels in the second stage. 
Given Equations (3) and (4), firms 0 and 1 simultaneously and independently set their capacity levels with respect to 
social welfare and own relative profit, respectively. Thus, by solving the first-order conditions of firms 0 and 1 in the 
first stage, we have 
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Note that superscript * is used to represent the subgame perfect equilibrium market outcomes with consumers’ ra-
tional expectations. Thus, the output levels of both the firms in the equilibrium are given as follows12: 
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Hence, from easy calculations, we obtain the following results on the difference between the output and capacity lev-
els of both firms 0 and 1: 

        0 0 2 4 2 4 2 2 2 3

3 1 1
0, 0,1 and 0,1 ,

24 18 32 18 11 2

b b b a c bc
q x b n

b b n b n b n n b n n
     
       

       
 

 

12The equilibrium price levels of both firms 0 and 1 are given in the Appendix. 
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Thus, we recognize that the public firm chooses over- 

capacity irrespective of the strength of network effects, n, 
and the demand parameter, b. In contrast, we find that the 
difference between the private firm’s output level and 
capacity level strictly depends on both n and b. By sum-
ming the above two facts, we obtain the next proposition 
on the differences between the output levels and capacity 
levels of both firms 0 and 1. 

Proposition 1. Public firm 0 chooses over-capacity, 

0 0 , for any value of the demand parameter q x   0,1b  
and any strength of network effects n n contrast,
the difference between private firm 1’s output and capac-
ity levels strictly depends on both n and b. More pre-
cisely, firm 1 chooses over-capacity 1 1q   is high 
relative to b, whereas it selects under-capacity, 1 1q x

 0,1 . 

x  

I  

if n
  , 

e. Moreover, the area in the  ,b n -plane where 
 1 selects under-capacity becomes wider as b in-

creases. 

otherwis
in firm

Proposition 1 gives the result that irrespective of both 
n and b, public firm 0 chooses over-capacity, which cor-
responds to the case of substitutable goods presented in 
Bárcena-Ruiz and Garzón [22] wherein n = 0 was inves-
tigated. Thus, the intuition behind this result is the same 
as that given in Bárcena-Ruiz and Garzón [22]. For arbi-
trary values of both the strength of network effects n and 
the demand parameter b, from Equaiton (4), we find that 
the capacity level of firm 0, 0x , is negatively associated 
with the price level of firm 1, 1 . Since firm 0 takes 
consumer surplus into account, it has a strong incentive 
to make private firm 1 behave aggressively in the mixed 
duopolistic market. Thus, firm 0 sets a relatively high 
capacity level in order to decrease the price level of firm 
1, and consequently firm 0 chooses over-capacity for any 
values of  and 

p

 0,1n  10,b . 
In contrast, in Proposition 1, it is stated that the differ- 

ence between the output level and capacity level of firm 
1 strictly depends on both the strength of network effects 
n and the demand parameter b. In Figure 1, the differ- 
ence between the output level and capacity level of pri- 
vate firm 1 is described when the values of the demand 
parameter b and the strength of network effects n change. 
In particular, we obtain the surprising result that if n is 
high relative to b, private firm 1 chooses overcapacity, 
which is strikingly different from that in Bárcena-Ruiz 
and Garzón [22], whereas firm 1 chooses undercapacity, 
otherwise. The intuition behind the latter result is the 
same as that presented in Bárcena-Ruiz and Garzón [22]. 
Firm 1 has an incentive to reduce the market competition, 
and thus, an incentive to raise the price level of the 

opponent firm. From Equaiton (3), the capacity level of 
firm 1 is negatively associated with the price level of 
firm 0, and this negative relation is sufficiently strong 
when b is high relative to n. Thus, firm 1 sets a relatively 
low capacity level to raise the price level of firm 1 if b is 
high comparative to n. As a consequence, private firm 1 
chooses under-capacity when the demand parameter b is 
high relative to the strength of network effects n. The 
intuition behind the former result that private firm 1 
chooses over-capacity if the strength of network effects n 
is high relative to the demand parameter b is given as 
follows. When n is high relative to b, from Equation (3), 
we recognize that firm 1 is less likely to have an incen-
tive to strategically set a lower capacity level in order to 
raise the price level of firm 0. In addition, although we 
find that from Equations (5) and (6), the capacity levels 
of both firms 0 and 1 are strategic substitutes in the first 
stage, this strategic substitutability is weak if the strength 
of network effects n is high relative to the demand pa-
rameter b.13 Thus, when the strength of network effects n 
is low relative to the demand parameter b, the capacity 
level of private firm 1 becomes comparatively low owing 
to a downward spiral induced by the relatively strong 
strategic substitutability between them, implying the re-
sult that firm 1 chooses under-capacity. In reverse, when 
the strength of network effects n is high relative to the 
demand parameter b, firm 1 is less likely to set a lower 
capacity level compared to the case wherein n is low 
relative to b. Consequently, we obtain the surprising re-
sult that private firm 1 can choose over-capacity when 

13From easy calculations, by differentiating Equations (5) and (6) with 
respect to 1x  and 0x , respectively, we get  
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Thus, we find that the capacity levels of both firms 0 and 1 are strate-
gic substitutes in the first stage. Furthermore, we obtain the following 
result: 

0 1 1 00 0
lim 0 and lim 0.
b b

x x x x
 
       

Consequently, although in the first stage, the capacity levels of both 
firms 0 and 1 are strategic substitutes, we find that this strategic sub-
stitutability is sufficiently weak, in particular when the strength of 
network effects n is high relative to the demand parameter b, since the 
capacity levels of both firms are set to become more independent and 
irrelevant with respect to each other as b decreases, given n. 
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the strength of network effects n is high relative to the 
demand parameter b. 

Finally, Proposition 1 provides that given the strength 
of network effects n, as the demand parameter b in-
creases, firm 1 strategically tends to choose under-ca- 
pacity. The intuition behind this result is given as follows. 
In general, firm 1 attempts to raise the price level of firm 
1 by setting a relatively low capacity level, since it has a 
strong incentive to decrease the market competition. 
From Equation (3), on the basis of this incentive of firm 
1, it chooses a lower capacity level when b is sufficiently 
high. Therefore, as b increases, it is likely that the area in 
the -plane wherein the difference between firm 1’s 
output and capacity levels is positive, becomes wider. 

 ,b n

4. Conclusions 

This paper explored capacity choice for a public firm that 
is a welfare-maximizer and a private firm that is a pure- 
profit-maximizer in the context of a price-setting mixed 
duopoly with network effects. With regard to network 
effects, we consider the situation wherein consumers’ ex- 
pectation on each firm’s equilibrium market share is di-
rectly reflected in the demand for its product. More pre-
cisely, in the model of this paper, the degree of consum-
ers' expectation on each firm’s equilibrium market share 
that is reflected in the demand for its product implies the 
strength of network effects. Then, we derived the sub-
game perfect Nash equilibrium with consumers’ rational 
expectations such that each firm’s output level is equal to 
its capacity level, which was introduced in Katz and 
Shapiro [35] and applied in Hoernig [36]. 
 

 

Figure 1. Difference between firm 1’s output and capacity 
levels in the equilibrium. 

Although Barcena-Ruiz and Garzon [22] investigated 
capacity choice for a public firm and a private firm in the 
context of a price-setting mixed duopoly without network 
effects, the public firm chooses over-capacity whereas 
the private firm chooses under-capacity, if the relation 
between the goods produced by them is restricted to be 
substitutable, in this paper, we specifically obtained a 
strikingly different result on the difference between the 
private firms’s output level and capacity level from that 
in Bárcena-Ruiz and Garzón [22]. In particular, we found 
that the private firm chooses over-capacity when the 
strength of network effects is high relative to the demand 
parameter. This result never occurs without such network 
effects. The intuition behind this result is given by the 
following two phenomena related to the strength of net-
work effects. First, as the strength of network effects 
increases, compared to in the case wherein such network 
effects are not considered, the private firm has less in-
centive to set a lower capacity level in order to reduce the 
market competition by increasing the price level of the 
public firm. Second, in the stage wherein the capacity 
levels of both the public firm and the private firm are set, 
that is, in the first stage of the model in this paper, as the 
strength of network effects increases, the strategic sub-
stitutability between them becomes weaker relative to the 
case wherein the network effects are not taken into ac-
count. The above two facts yield the comparatively high 
capacity level of the private firm, implying that it chooses 
over-capacity when the strength of network effects is 
high relative to the demand parameter. 

Finally, similar to Nakamura and Saito [28] and Na-
kamura and Saito [29], we found that even though the 
area of the demand parameter corresponds to the case 
wherein the relation between the products by both the 
public firm and the private firm is substitutable, the dif-
ference between the output level and capacity level of the 
private firm changes in accordance with the exogenous 
variables in the model. Therefore, similar to Nakamura 
and Saito [28] and Nakamura and Saito [29], this paper 
discloses that the simple dichotomy between price and 
quantity as each firm’s strategic variable and that be-
tween substitutable goods and complementary goods are 
not enough to explain the difference between the output 
level and capacity level of the private firm. 
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Each Firm’s Equilibrium Price level 
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