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Abstract 
The influence of the intrinsic spin of electrons on the excitation of transverse electromagnetic 
surface waves in magnetized plasma is considered. We use a fluid formalism to include quantum 
corrections due to the Bohm potential and magnetization energy of electrons due to its spin. The 
effects of both quantum corrections are shown in the dispersion relation for the propagation of 
surface waves. Also, it is found that the phase and group velocities are increased due to the quan-
tum effects. In the nonrelativistic motion of electrons, the spin effects become noticeable even 
when the external magnetic field is relatively low. 
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1. Introduction 
Already in the 1960’s, the excitation spectrum of quantum plasmas was studied by Pines. Since Pines’s pioneer-
ing paper, a number of researchers studied the theoretical quantum statistical properties of plasmas [1]. Dense 
plasmas composed of degenerate electrons, ions, positrons, and/or holes are referred to as quantum plasmas. In 
the latter, the degeneracy of the lighter plasma species (electrons, positrons, holes) appears at relatively low 
temperatures and very high densities, where the mean inter-particle distance is of the same order of the de Brog-
lie thermal wavelength [2]. Recently, so called quantum plasmas have received attention, in which the plasma 
particles’ quantum properties are taken into account [3]-[8]. The field of quantum plasma is becoming of in-
creasing current interest, motivated by its applications in modern technology [9]-[11]. Different research in 
quantum plasma has been presented such as quantum plasma, magnetoplasma, dusty plasma and laser plasma 
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[12] [13]. The studies have been motivated by the recent development in quantum wells and nanostructured ma-
terials [14], the discovery of ultracold plasmas, astrophysical applications [15], or a general theoretical interest 
[16]-[20]. There are various models to study quantum effects in plasma, for example the popular QHD model 
and the Wigner-Poisson system. The QHD model is a generalization of the fluid model for plasmas with the in-
clusion of quantum correction term known as Bohm potential. This term is responsible for the electron tunneling 
at nano-scale as well as for introducing new types of plasma waves in dense quantum plasmas [21]. Within fluid 
theory, the theoretical models applied cover effects such as the Bohm potential, and the Fermi pressure. The 
magnetization current associated with the electron spin and the magnetic dipole force have also been captured 
within fluid models, with a macroscopic spin density [22]. For wavelengths much longer than the characteristic 
de Broglie length of the particle, the quantum effects associated with particle dispersive effects disappear, and 
the evaluation equation is much simplified. The remaining quantum effects are all due to the electron spin, ex-
plicitly due to terms being proportional to the magnetic moment in the dynamic equations, or indirectly due to 
the background distribution function obeying Fermi-Dirac statistic [22]. The spin properties of electrons can be 
important even in high temperature plasmas of modest magnetic field strength and density [23]. The spin prop-
erties of the material constituents also make its presence felt through collective effects [24]. 

Several authors incorporated the effect of the dispersion caused by the quantum Bohm potential and/or the 
spin effect in the study of plasma waves [12] [25] [26]. Misra A. P., et al [25] investigated the nonlinear propa-
gation of electromagnetic electron-cyclotron waves along an external magnetic field, and their modulation by 
electrostatic small but finite amplitude ion-acoustic density perturbations in uniform quantum plasma with in-
trinsic spin of electrons. The effects of the quantum force associated with the Bohm Potential and the combined 
effects of the classical as well as the spin-induced ponderomotive force are taken into account. Asenjo, F. A. [26] 
studied the quantum corrections to the oblique propagation of the magnetosonic waves in a warm magnetoplas-
ma composed by mobile ions and electrons. Shukla P. K. [12] derived the linear dispersion relation for ellipti-
cally polarized electromagnetic waves in a dense fermionic quantum magnetoplasma, taking into account the 
quantum forces associated with the quantum Bohm potential and the magnetization energy of the electrons due 
to the 1/2-electron spin effect. 

In the present work, we study the quantum effects introduced by both the Bohm potential and the spin of elec-
trons in propagation of surface waves in electron magnetoplasma. We will derive and analyze the dispersion re-
lation of the excitation of transverse electromagnetic (TM) surface waves by using fluid (QHD) model. 

2. Model of Equations 
We consider a homogeneous quantum plasma half-space under an external strong magnetic field 0 0 zB=B e . In 
order to study the TM surface waves in dense Fermi-Dirac plasma, we assume that the quantum statistical pres-
sure, the quantum tunneling effect and the magnetization energy of the electrons due to the 1/2-electron spin ef-
fect are included while immobile ions form the neutralizing background. 

By employing the QHD model, we can write the dynamic equations of an electron as follows: 

( ) ( )0 Qmn qn P n
t

∂   + ⋅ = + × + − +  ∂ 
v v v E v B B F∇ ∇                       (1) 

where, 

( )
2 2

2Q B
n B

m n
η α µ

 
= −  

 
F  ∇

∇ ∇                               (2) 

QF  is the quantum force due to the different quantum effects. The first term in the Equation (2) representing 
the Bohm potential and the second term due to the dynamics of spin electrons. E , B  and 0B  are the in-
duced electric, magnetic fields and constant external strong magnetic field in the z-direction, respectively. Also, 
equation of continuity is: 

( ) 0n div n
t

∂
+ =

∂
v                                     (3) 

Here ,n v  and m are the number density, the velocity and the mass of electron respectively and h is the 
Plank’s constant divided by 2π . The electrons obey the following pressure law which represents the equation 
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of state in Fermi gas: 

( ) ( ) 02 , 2 tanh , B
Fe

Fe

B
P nT

T
µ

η α α α= = =  and 
2B
e
mc

µ =
  

We now study the response of the system to any small perturbations and assume that every physical quantity 
ψ  representing ( ), , ,n v E B  has this form 0 1ψ ψ ψ= + , where 0ψ  is the unperturbed value and 1ψ  is a 
small perturbation, with ( 1 0ψ ψ ) with varying like ( ) ( )expx i i tψ ω⋅ −K r  with y yk=K e . 

The electromagnetic fields of TM surface waves ,x yE E  and zB  are given by the Maxwell-Poisson equa-
tions. 

4πen∇ ⋅ = −E                                         (4) 
0∇ ⋅ =B                                             (5) 

1
c t
∂

∇ ∧ = −
∂
BE                                       (6) 

1 4π
c t c
∂

∇ ∧ = +
∂
EB J                                   (7) 

The Equation (1) can be linearized, by assuming that the equilibrium quantities 0o o o= = =E B v , to obtain 
the velocity components of the plasma electrons as follows: 

( ) ( )

( ) ( )

2

2 2
0

2

2 2
0

Fe z
x x B

c

y Fec
y y B z

c

mv Q Bi nv eE
n x xm

ik mv Q
eE n ik B

nm

ω η α µ
ω ω

ω η α µ
ω ω

 ∂− ∂ = + +  ∂ ∂−   

 
− + + 

−   

                    (8) 

( ) ( )

( ) ( )

2

2 2
0

2

2 2
0

+

y Fe
y y y B z

c

c Fe z
x B

c

imk v Qiv eE n ik B
nm

mv Q BneE
n x xm

ω η α µ
ω ω

ω η α µ
ω ω

 −
= + + 

−   

 ∂∂
+ + ∂ ∂−  

                      (9) 

0zv =                                                            (10) 

The Equations (8)-(10) display that Bohm potential and the spin quantum effects enhance the perturbation 
velocity of the electrons. The continuity Equation (3) yields the following wave equation for the perturbed elec-
tron density: 

( )

( )

2 22
2

2 2 2

2
0 20

2 2 2

1 c
y

y Fe

y y c Bx c z
x y y y z

Fe Fe

n k n
x k v Q

E k nen E i BE ik E k B
x xmv Q mv Q x

ω ω

ω η α µω
ω ω

 −∂  − −
∂   

∂   − ∂ ∂
= − − + − −  ∂ ∂ ∂   

           (11) 

where, 2 24πp oe n mω =  and c oeB mω =  are the electron plasma frequency and Larmor frequency. Also, 
2 2

2 21 .
4

y

Fe

k
Q

m v
= +



 

To obtain the above Equations (7)-(11), the very slow nonlocal variation are neglected, (i.e., 
4 4 2 2 2

yx x k∂ ∂ ∂ ∂  ). Also, from Maxwell’s equations, the electric field components and the wave equation 
of the magnetic field component for these TM surface modes are obtained in the following forms: 

1 2 2 1 3 2 3
c yz

x y z

kB nE k B n
x x

ω
χ ε χ ε χ ε χ

ω
 ∂ ∂

= − + +  ∂ ∂  
                    (12) 



B. F. Mohamed et al. 
 

 
338 

2 2 1 2 3 1 3
cz

y y z y
B nE i ik B i ik n
x x

ω
ε χ χ ε χ ε χ

ω
∂ ∂ = − + + + ∂ ∂ 

                   (13) 

2 2
2 23
12 2

2

cz
z y

B nB k n
x x

ω χ
ω χ

  ∂ ∂ −ℵ = −   ∂ ∂   
                               (14) 

where, 2 2
1

2 2
yk

c
ω
ε χ

ℵ = − , 
( )

4 2

22 2 2
1 p c

h

ω ω

ω ω ω
∆ = −

−
, 2 2 2

h p cω ω ω= + , 
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−
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ω ω

−
=

−
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2
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c
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ω ω εωεχ α
ωω ω ω
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
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2
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ω ω
χ α

ω ω ω

 
 = −
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4π
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By substituting the values of xE  (Equation (12)) and yE  (Equation (13)) in Equation (11), we can get on 
the wave equation of the perturbed density in the following form: 

22
2 2
22 2

z
y z

Bn n S k B
x x

 ∂∂
−ℵ = − ∂ ∂ 

                             (15) 

where, 
( )2 2

2 2
2 2

c
y

Fe

k
v QL

ω ω−
ℵ = − , ( )

2
0 2
2 2 tanh ,c

Fe

en c
S

Lm v Q mc
ω ε ω α

ωω
 
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  

( )
( )
( )

2 2 2 22

2 2 2 2 2
1 1 .c p cp

h h

L
ω ω ω ωω

ω ω ω ω ω

 + −
 = + +
 ∆ − − 

 

It is worth to notice that the parameters 1 2, and Sχ χ  including the spin effect which strongly acts on the 
density and the electric and magnetic fields of the excited surface modes. Also, the excitation of these surface 
waves in our case are related to the following two conditions: 

( ) ( )
22 22

2
2 2 2 2 2

tanhc ph

y c h

c
k m

ω ωω ωω α
ω ω ω ω
 −∆

+ ≤ − − 



 and 2 2 2 2
c y Fek v QLω ω≤ +  

The inhomogeneous differential Equations (13) and (14) are dependent relations. We have solved them to-
gether (as in Ref. [27]) to obtain: 

( ) ( )
2 2 2 2
1 23

1 1 2 22 2 2
2 1 2 1

1 exp expy yc k kS Sn A x A x
L L

ω χ
ω χ

    ℵ − ℵ −     = − −ℵ − −ℵ             ℵ −ℵ ℵ          
       (16) 

( ) ( )
2 2
13

2 2 1 12 2
2 1 2

exp exp , 0yc
z

k
B A x A x xω χ

ω χ
 ℵ −  = −ℵ + −ℵ >     ℵ −ℵ   

                    (17) 

( )3 exp , 0zB A x xν= ℵ <                                                     (18) 

where, 
2

2 2
2 21 .y

y

k
c kν
ω 

ℵ = −  
 

 

Here, 1A  and 2A  are the constants which describe the amplitudes of the perturbed field and density inside 
the plasma and 3A  is the amplitude of the excited magnetic field in the vacuum. From the boundary conditions 
at 0x = , which consist in the vanishing of the fields and the normal component of the electron velocity on the 
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boundary, we can get the amplitudes ( 1A  and 2A ) inside the plasma region from the following relations: 

( )
( )

2 2
22 1 2

1 32 2
3 2 11c y

A A
k

νχω
ω χ

   ℵ +ℵ   ℵ −ℵ
=        ℵ −ℵℵ −     

                       (19) 

3
2

2

1

1

AA
ν

ν

=
  ℵ +ℵ
−  ℵ +ℵ  

                                        (20) 

The general dispersion relation for the electromagnetic surface waves in quantum magnetized plasma has also 
been obtained as follows: 

( )
( )

( )
( )

( )

2 22

1 1 2 1 1 2 12

2 22

2 1 2 2 1 2 22

3
1

2

tanh

hc c c
y y

p

hc c c
y y

p

Z k k

Z k k

Z
mc

ω ωω ω ωε ε ε ε
ω ω ωω

ω ωω ω ωε ε ε ε
ω ω ωω

χ α
χ

 ∆ −          + −ℵ + + −ℵ                      
 ∆ −          − + −ℵ + + −ℵ                      

+ +


2 0c c
y yk kν ν
ω ωε
ω ω

        +ℵ − +ℵ =                 

            (21) 

where, 
2 2

2 32 1
1 2 2

1 21

c

y

Z S
k

ν

ν

ω χ
ω χ

  ℵ +ℵ ℵ −ℵ  = −   ℵ +ℵ ℵ −     
, 

2 2
2 3

2 2
21

y ck
Z Sω χ

ω χ
 ℵ −   =      ℵ    

, 2
3

1

1cZ ν

ν

ω
ω

 ℵ +ℵ = −   ℵ +ℵ   
 

The quantum corrections appear due to the spin effects, which are proportional to βµ  in the definition of 
tanhα , and due to the Bohm potential effect through the correction of 2

  order in the definition of Q. When 
there is no background magnetic field, the effect of spin vanishes, but the quantum correction due to the Bohm 
potential will not vanish because it is independent to the coupling to the magnetic field. On the other hand, clas-
sical results are recovered when 0→ , obtaining the well-known dispersion relation for classical surface 
modes [28]: 

2 2 2

2 2 21 0p y

c

c kω
ω ω ω

− − =
−

                                 (22) 

3. Discussions 
The classical and the quantum corrected modes in magnetized or unmagnetized plasma are studied numerically 
through the dispersion relation (21) in this section. By taking the same procedure in Ref. [27], we are going to 
investigate the above dispersion relation by introducing the following normalized quantities pW ω ω= , 

c pω ω ω= , pK ck ω= , FeV v c=  and 22p FeH mvω=   which describes the ratio of plasmonic energy den-
sity to the electron Fermi energy density. The values of magnetic field and number density are chosen for some 
magnetized dense astrophysical plasma. 

In the first, we plot the dispersion relation (21) of the surface modes in Figure 1, for the simple case of un-
magnetized plasma ( 0cω = ), under different quantum effects ( 1, 2,3, 4H = ) and compare its behavior with the 
classical dispersion relation (Equation (22)) which is indicated by ( 0H = ) in this figure. 

The most remarkable effects of quantum contribution is the increase in the effective group velocity ( kω∂ ∂ ) 
and phase velocity of these modes which is due to the term of the Bohm potential. The implications of this 
quantum behavior in possible anomalous dispersion regions are under study. Besides, this effect in the phase and 
group velocities can lead to very exciting implications. 
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Figure 1. Dispersion relations of electromagnetic TM surface modes in quantum 
unmagnetized plasma ( 0ω = ) for different quantum effect ratios ( 0,1,2,3,4H = ). 

 
But in the case of quantum magnetized plasma, there are more different surface modes can be excited. So, we 

have numerically solved the dispersion relation (21) and some of these solutions are investigated in Figures 
2(a)-(d). In the case of unmagnetized, the surface modes are initially excited with high frequency pω ω=  and 
are increased with increasing wavenumber. But, in the case of quantum plasma under external magnetic field, 
the surface modes (Figure 2) are initially excited with frequencies less plasma frequency pω ω< . 

Figure 3 displays the dispersion relations of the excited surface modes in quantum magnetized spin plasma 
with different quantum ratios ( 1, 2,3, 4H = ) for two solutions of Equation (21) (which are displaced in Figure 
2(a) and Figure 2(b). The phase velocity of surface modes in Figure 3(a) is very high in the beginning of exci-
tation and is decreased tends to zero with increasing the wavenumber. On the other side, the phase velocity of 
the modes in Figure 3(b) starts from zero in the beginning and increases with increasing wavenumber. But for 
all modes in two Figure 3(a) and Figure 3(b), it is clear that the phase velocity of these modes is monotonically 
increased with quantum ratio. 

Besides, the effect of external magnetic field on the excitation of TM surface waves is investigated in the 
Figure 4. The magnetic field makes increasing the frequency of these modes in the beginning of excitation. It is 
also noted that the phase velocity of the modes tends to zero along the wavenumber for all values of external 
magnetic field ( 0.1, 0.2, 0.3ω = ). 

A comparison between the dispersion of the modes in quantum magnetized plasma with and without spin ef-
fects is investigated in Figure 5. The solution of the dispersion displaced in the Figure 2(d) is studied and com-
pared with the solution of the relation (21) without spin effects (by assuming tanh 0α = ). It has been shown 
that the influence of electron spin produces an increasing in the phase velocity and effective group velocity of 
the surface modes for small wave number, but this increasing is not enough to produce an anomalous dispersion 
effect. It is also noticed that the frequency of the surface mode initially excited in the spin case is bigger than the 
frequency in the case of without spin effect due to the addition of magnetization term of spin. 

4. Conclusion 
To summarize, we have solved the full set of equations of quantum hydrodynamic model which describes the 
spin dynamics of electrons. The quantum corrections to the excitation and propagation of surface waves in 
quantum plasma under an external magnetic field have been investigated. These corrections are due to Bohm 
potential and to spin of electrons. It showed how contribution of both quantum effects modifies the plasma cur-
rent density and thereby introduces a correction term in the dispersion relation, which, in turn gives rise to new 
modes. The dispersion relation for these waves is solved numerically for normal variables of frequency and 
wave number. This dispersion equation is studied for different cases and investigated graphically (classical or  
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(a)                                                    (b) 

   
(c)                                                    (d) 

Figure 2. Different solutions ((a), (b), (c) and (d)) for dispersion relation (21) of electromagnetic surface modes in quantum 
magnetized plasma. 
 

   
(a)                                                    (b) 

Figure 3. Two different solutions of dispersion relation (21) for electromagnetic TM surface modes in quantum magnetized 
plasma ( 0.1ω = ) for different quantum ratios ( 1,2,3,4H = ). 
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Figure 4. Dispersion relations of electromagnetic TM surface modes in quantum 
magnetized plasma ( 0.1, 0.2, 0.3ω = ) with quantum ratio ( 1H = ). 

 

 
Figure 5. Solution of dispersion relation (21) with and without spin effect of elec-
tromagnetic surface modes in quantum magnetized plasma ( 0.1ω =  and 1H = ). 

 
quantum, magnetized or unmagnetized and with or without spin effect). It is found that the phase and group ve-
locities are increased due to the quantum effects. It is also noted that increase of magnetic field tends to increase 
the frequency of the excited modes. Besides, when the spin effect is taken into account, it is similar to the effect 
of increasing magnetic field. 
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