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Abstract 
The two pion exchange potentials are evaluated by carrying out the numerical integrations of three 
Feynman parameters in the corresponding Feynman diagrams. The two pion exchange potentials 
give rise to the attractive force which is quite similar to the effective scalar meson with its mass of 

4.7 πsm m  and its strength of 
π

2

1.45
4


sg  at T = 0 channel. However, there is a strong isospin de-

pendence of ( )2
1 2τ τ⋅  which should be different from the phenomenological σ-meson exchange 

calculations. Therefore, the medium range attraction of the T = 0 nuclear interaction should be 
due to the two pion exchange processes, but the T = 1 channel is still an open problem. 
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1. Introduction 
The nuclear potential is first described by Yukawa [1] who introduces one meson (pion) exchange process, and 
this is reasonable since pion is the lightest meson in nature. However, one pion exchange potential (OPEP) alone 
cannot bind deuteron since it is not sufficiently strong. In this respect, one should consider a potential which 
gives rise to the leading nucleon-nucleon attractive potential which can bind deuteron. There should be basically 
two directions in understanding the leading potential, one which is due to the two pion exchange potentials 
[2]-[4] and the other which introduces many bosons that may presumably exist in nature [5]-[7]. 
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The two pion exchange approaches, however, cannot be very successful for describing the nucleon-nucleon 
scattering data. This is basically because the calculated potential is not necessarily written clearly in its shape, 
and therefore it is not very easy to understand what the real effect of the two pion exchange potentials is. On the 
other hand, the nucleon-nucleon interaction with one boson exchange potential (OBEP) is quite successful for 
reproducing the nucleon-nucleon scattering data. In fact, there are already sufficiently large numbers of works 
available for the determination of the shape of nucleon-nucleon potential with one boson exchange processes. In 
this case, exchanged bosons are taken from experimental observations with the exception of σ meson [8]-[11]. 
There, the masses and the coupling constants of the exchanged bosons are determined from various methods, 
partly experimentally and partly theoretically. The determination of these parameters may have some ambigui-
ties, but one can see that the basic part of the nuclear force can be well understood until now. 

However, there is one important problem which is not solved yet completely. This is related to the medium 
range attraction of the nucleon-nucleon potential, and this is normally simulated by the effective scalar meson 
exchange process. However, the quark model cannot predict the presence of the scalar meson, and therefore a 
massive scalar meson (σ-meson) should not be directly coupled to nucleons. People discuss that there should be 
a π − π resonance state with a very broad width, and this may be a candidate of the corresponding σ-meson 
which generates the medium attraction [12]. However, this pion must be far off the mass shell in nucleon- 
nucleon interactions, and therefore it should be extremely difficult to prove that the s-wave π − π resonance state 
may couple to nucleons and induce the nucleon-nucleon potential. 

In addition, people also believe that the medium range attraction may well be simulated by the second order 
calculation of one pion exchange potential (OPEP) in which the intermediate Δ-resonance state is included [13] 
[14]. However, it is also known that this cannot give rise to the sufficiently large contributions to the medium 
range attractions. Also, there are many calculations of the nucleon-nucleon interaction due to the two pion ex-
change processes [2]-[4], and this may indeed give rise to the medium range attraction even though until now 
there is no clear cut evaluation which can isolate the nuclear force contribution to the medium range attraction. 

In this paper, we present a careful calculation of the two pion exchange processes, and in the evaluation, we 
have made no approximation. We first evaluate the corresponding Feynman diagrams which contain the integra-
tion of the four momentum k. This integration can be carried out exactly by introducing the Feynman parameters, 
and thus we are left with the integrations of the three Feynman parameters. This can be only carried out numeri-
cally, and we find that the corresponding T-matrix can be expressed reasonably well, at least, up to ( )22

π6q m  
as 

( ) ( )22
1 2 2 2

1
s

s

T q g
q m

τ τ− ⋅
+

                               (1.1) 

where 
2 2

π
π4.7 , 1.45 with 8

4π 4π
s

s
g g

m m                            (1.2) 

where the mass sm  and the coupling constant sg  should have a small increase ( up to ~20%) as the function 
of 2q . Here, πg  and πm  denote the πNN  coupling constant and pion mass, respectively. Therefore, the 
predicted values of the mass and the coupling constant of the effective σ  meson from the two pion exchange 
diagrams are given for the = 0T  channel as 

( )

2 2

650 MeV, 9 13,
4π 4π

0, NN state

s
s

g g
m m

T

σ
σ = = ×

= −

 

                         (1.3) 

which should be compared with the phenomenological values of the σ  meson mass and coupling constant as 
determined by fitting to the nucleon-nucleon scattering data for the 0T =  channel [8] [9] 

2

615 MeV, 11.7.
4π
g

m σ
σ                                 (1.4) 

They indeed agree with each other at the quantitative level. The physical reason why the two pion exchange 
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processes become quite large can be easily understood. The one pion exchange potential is suppressed due to the 
pseudo-scalar interaction with nucleon, and thus the one pion exchange process in the second order diagram is 
relatively weak. Indeed, one knows that the one pion exchange calculation should pick up the small component 
in the nucleon Dirac wave function. However, the two pion exchange diagrams have no such suppression and 
thus they can give rise to the largest contribution to the nucleon-nucleon potential. Since it is the fourth order 
process, it turns out to be an effective scalar interaction which is always attractive. 

The two pion exchange potentials have a very strong isospin dependence, and, in fact, T = 1 force is very 
weak. This may not be consistent with the σ meson exchange potential determined in OBEP, and the potential 
with the T = 1 channel may well be connected to the interaction with the intermediate Δ-resonance state. 

2. Nuclear Potential with σ-Meson 
It is well-known that the quark model cannot predict the existence of the σ-meson in nature since a quark and an  

anti-quark with spin 1
2

s =  cannot make 0+ state since they have an opposite parity to each other. However,  

there is a possible resonance state which may correspond to the σ-meson, that is, the s-wave π − π resonance 
which should be 0++ state. Here, we briefly discuss the physical effect of the σ-meson. 

2.1. Paris Potential 
The effect of the s-wave π − π resonance on nucleon-nucleon potential is first employed by the Paris potential, 
and in fact, they consider the medium range interaction in terms of the s-wave π − π resonance effect. However, 
the difficulty is concerned with the two pions which must be far off the mass shell state since they are ex-
changed mesons. In this respect, this is beyond the perturbation theory and thus any theoretical description must 
be very difficult. In fact, they make use of the dispersion relation in constructing the two pion resonance states in 
the Paris potential. As a result, the Paris potential has made a great success for the description of the realistic 
nucleon-nucleon potential, without explicitly using the σ-meson state. 

2.2. Real σ-Meson Exchange 
An existence of the σ-meson state in nature has been extensively discussed, but there is no clear cut explanation 
of experimental observation of the σ-meson state [12] [15]-[17]. This is mainly because this resonance should 
have, at least, a very broad width, and therefore it should be difficult to be identified as a particle. 

In addition, even if it is found as a particle, one should clarify how it can couple to nucleon. In this case, we 
find a T-matrix as 

( ) 2
2 2

1
NNT q g

q m
σ

σ
σ

−
+

                                (2.1) 

where NNgσ  denotes the coupling constant of the σ-meson which couples to nucleons. The mass mσ  should 
be taken to be a center of the broad peak. However, there is no way to determine the coupling of the σ-meson to 
nucleons, and most likely it cannot directly couple to nucleons. In addition, we do not know how we can take 
into account the effect of the large width in the T-matrix evaluation. 

However, if one starts from the 2π state, then the effect of the σ-meson should be quite similar to the Paris 
potential description, even though we cannot prove anything because it is beyond the perturbation theory. 

3. Two Pion Exchange Processes 
Now, we should consider the two pion exchange diagrams in order to obtain a proper nucleon-nucleon interac-
tion. There are, of course, many calculations of the two pion exchange diagrams [2]-[4] [18], but until now there 
is no solid calculation of the two pion exchange potentials which are compared to the observed data in a clear way. 
However, one can easily convince oneself that the fourth order process involving the four γ5 interactions is not 
suppressed at all, in contrast to the one pion exchange diagram where the γ5 coupling is indeed suppressed by the  

factor of πm
M

 with M  denoting the nucleon mass, which is basically due to the parity mismatch. Therefore, it  
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should be very important to calculate the two pion exchange processes properly in order to understand the me-
dium range attraction of the nucleon-nucleon interaction. 

3.1. T-Matrix Evaluation 
Now, the evaluation of the two pion exchange Feynman diagrams is done in a straight forward way [18] [19], 
and we find the corresponding T-matrix as 

( )
( )

( )

( ) ( )
( )

( )

( ) ( ) ( )
( )

4
24

π 1 2 4

1 1
5 52 2 1

1

2 2
5 52 22

π 2

d
2π

1 1

1 1

kT ig

i i
k m i p k M i

i i
q k m i p k M i

µ
π µ

µ
µ

τ τ

γ γ
ε γ ε

γ γ
ε γ ε

= ⋅

×
− + − − +

×
− − + + − +

∫

                   (3.1) 

where ( )1 1p p′  and ( )2 2p p′  denote the initial (final) four momenta of the two nucleons, and q is the four 
momentum transfer which is defined as 1 1q p p′= − . Here, we have ignored the crossed diagram which is much 
smaller than Equation (3.1). By noting 

( )( ) ( )( )2 21 2
5 5 5 51, 1, µ µγ γ γ γ γ γ= = = −  

we can rewrite Equation (3.1) as 

( )
( ) ( )

( ) ( )

( )
( ) ( )

( )

4
24

π 1 2 4 2 2 2 2
π π

1 2
1 2

2 22 2
1 2

d 1 1
2π

.

kT ig
k m q k m

p k M p k M

p k M p k M

µ µ
µ µ

τ τ

γ γ

= ⋅
− − −

− − + −
× ×

− − + −

∫
                       (3.2) 

Now, we introduce the integration trick in terms of Feynman parameters x, y, z as 

( ) ( ) ( )
1

40 0 0

1 16 d d d .
x y

x y z
abcd a b a x c b y d c z

= ×
+ − + − + −  

∫ ∫ ∫  

Further, we assume that the nucleons at the initial state are on the mass shell 

( ) ( ) ( ) ( )1 1 2 20, 0p M u p p M u p− = − =/ /  

and therefore we also find 

( ) ( )1 1 0.u p q u pµ
µγ′ =  

In addition, we take the non-relativistic limit for the nucleon motion and thus obtain 

( )
( )

( )
( )

22 24124
π 1 2 4 40 0 0 2

14 2d6 d d d
2π

x y k M z ykT ig x y z
k s

τ τ
+ −

− ⋅ ×
−

∫ ∫ ∫ ∫               (3.3) 

where s is defined as 

( )( ) ( ) ( )2 22 2 22 1 .s q y x y x M z y m yπ= − + − + − + −                    (3.4) 

The momentum integration of k can be easily done, and we find 

( ) ( )224
12π

1 22 20 0 0

2 21d d d .
32π

x y M z yg
T x y z

s s
τ τ

 −
− ⋅ × − 

  
∫ ∫ ∫                  (3.5) 
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3.2. Dependence of Momentum Transfer q 
This three dimensional integration of x, y, z can be done only numerically, and the calculated result can be well 
fit by the following shape 

( )
4

2 π
1 2 2 2 232π s

g AT
q m

τ τ− ⋅ ×
+


                             (3.6) 

where A and ms are found to be weakly dependent on the momentum transfer q. Here, we replace the four mo-
mentum transfer of q as 

2 2 2 2
0q q q q= − −  

since we may use the static approximation to a good accuracy 

( ) ( ) ( )
2 22 2 2 2 2 2 2 2

0 1 1 1 12

1 .
4

q M p M p p p q
M

′ ′= + − + −                (3.7) 

If we take the value of the πNN coupling constant as 
2
π 8

4π
g
 , then we find 

( )
2

2
1 2 2 2

s

s

g
T

q m
τ τ− ⋅

+


                               (3.8) 

where 
2 4

π
2 .

4π 4π 32π
sg gA

×                                  (3.9) 

Here, we discuss the q dependence of the numerical calculations of ms and 
2

4π
sg . In addition, the two pion ex-

change potentials have a strong isospin dependence, and indeed the T = 0 channel is very strong, and therefore 

we define the σNN coupling constant for the T = 0 channel as 
2 2

9
4π 4π

sg gσ = . In Table 1, we show the q depen-

dence of the σ mass and the coupling constant 
2

4π
sg . 

As can be seen from Table 1, we see that the mass mσ and 
2

4π
sg  weakly depend on the momentum transfer  

q. These values of ms and the coupling constant should be compared with the phenomenological values of the σ  

meson mass mσ and coupling constant 
2

4π
gσ  as determined by fitting to the nucleon-nucleon scattering data for  

the T = 0 channel [8] [9] 
2

615 MeV, 11.7.
4π
g

m σ
σ    

 

Table 1. The q dependence of the σ mass and the coupling constant 
2

4π
sg

. 

q ms 
2

4π
sg

 
2

4π
gσ  

2mπ 581 (MeV/c2) 1.10 9.9 

4mπ 653 (MeV/c2) 1.47 13.2 

6mπ 718 (MeV/c2) 1.77 15.9 
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They indeed agree with each other at the quantitative level. The physical reason why the two pion exchange 
processes become quite large can be easily understood. The one pion exchange potential is suppressed that the 
one pion exchange calculation should pick up the small component in the nucleon Dirac wave function. Howev-
er, the two pion exchange diagrams have no such suppression and thus it can give rise to the largest contribution 
to the nucleon-nucleon potential. Since it is the fourth order process, it turns out to be an effective scalar interac-
tion which is always attractive. 

3.3. Comparison with Reid Potential at T = 0 Channel 
In order to see more explicitly what is the behavior of the two pion exchange potentials, we show the strength of 
the two pion exchange potentials as a function of r at the T = 0 channel and compare them with the behavior of 
the Reid potential [20]. As can be seen from Figure 1, we can say that the behaivior of the two pion exchange 
potentials together with the one pion exchange potential at the T = 0 channel is quite similar to the one obtained 
from the Reid potential. It should be very important to stress that the two pion exchange potentials obtained here 
does not have any free parameters to adjust, and still it is consistent with the Reid potential even though it is on-
ly for the T = 0 channel. 

In Figure 1, we show the comparison between the calculated potential due to the two pion exchange 
processes and the Reid potential. They agree with each other in a quantitative level. 

4. Double Counting Problem 
In general, the evaluation of the two boson exchange potential should be carefully made due to the double 
counting problem. This is clear since the solution of the Schrödinger equation with the one boson exchange po-
tential should contain the repeat of the one boson exchange process in some way or the other, and therefore the 
inclusion of the two pion exchange diagrams in the field theory evaluation should be examined to what extent it 
should be considered for the nucleon-nucleon interaction. In this section, we clarify that the double counting ef-
fect concerning the two pion exchange potentials is not very large, and it is indeed well justified that we do not 
have to worry about the double counting problem in a practical sense. 
 

 
Figure 1. Potential curves of one-pion plus two-pion, in which 
the two-pion contributions are calculated from the presented T- 
matrices for q = 2.0 mπ, 4.0 mπ, 6.0 mπ (dashed lines). The Reid 
potential (solid line) and one-pion potential (dotted line) also 
shown for comparison. 
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4.1. Ladder Diagrams 
In order to understand the double counting problem, we should first start from the Lippmann-Schwinger equa-
tion for the T-matrix, and the T-matrix equation for the nucleon-nucleon scattering case can be written as 

0

1
NN NN NN NNT V V T

E H iε
= +

− +
                              (4.1) 

where VNN and H0 denote the nucleon-nucleon potential and the two nucleon Hamiltonian in the free state, re-
spectively. Suppose this VNN should be one pion potential Vπ, and we insert it into Equation (4.1) and expand it 
into the ladder type contributions 

( )π
π π π

0

1 .NNT V V V
E H iε

= + +
− +

                            (4.2) 

Here, it is claimed that the second term should correspond to the contributions from the two pion exchange 
potentials. Indeed, it indicates that some part of the two pion exchange processes should be taken into account in 
this T-matrix equation. However, this is not necessarily correct for the pion exchange process since the one pion 
exchange potential is suppressed a great deal due to the γ5 interaction which picks up the product of the large 
and small components of the Dirac wave function. On the other hand, the second order ladder calculation can 
take into account only the large components of the Dirac wave functions. This is clear since the Lippmann- 
Schwinger equation is solved only for the non-relativistic wave function. In addition, the OPE potential is ob-
tained already by making the approximation of the non-relativistic reduction, and thus the two pion exchange 
processes are completely different from the second order ladder contribution of OPE potential. Below we will 
discuss it more explicitly. 

4.2. One Pion Exchange Potential 
Here, we see that the T-matrix of the one pion exchange process is written as 

( ) ( ) ( ) ( ) ( )2 5 5
1 1 1 2 2 22 2

1OPET g u p u p u p u p
q m iπ

π

τ γ τ γ
ε

′ ′= − ×
− +

                 (4.3) 

and after some static and non-relativistic approximations, we obtain the OPE potential 

( ) ( ) 2 22 π
1 2 π π π

π 12 1 22 2
π

e 1
4π 3 3

m r m m mfV r S
r rm r

τ τ
σ σ

−  ⋅  
= × + + + ⋅  

   
                 (4.4) 

where 

( )( ) π
12 1 2 1 2ˆ ˆ3 , .

2 N

m
S r r f g

M
σ σ σ σ≡ ⋅ ⋅ − ⋅ ≡  

Here, one finds the suppression factor of π

2 N

m
M

. The most important point is that the OPE potential can be  

obtained only after one takes the expectation value of the γ5 matrix with free Dirac wave functions, and the sup-
pression factor comes from this point of the expectation value ( ) ( )5u p u pγ  which is proportional to the prod-
uct of the large and small components of the Dirac wave function. 

4.3. Two Pion Exchange Potentials 
On the other hand, the two pion exchange diagrams do not have any such suppressions because one considers all 
the intermediate states which pick up the states strongly coupled to the γ5 vertex with the initial nucleon state. 
We can write it more explicitly 
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( ) ( )
( )

( ) ( )( )
( ) ( )

4
24

π 1 2 4

22 2 2
1

1
1 5

2π
1

TPEP d kT ig

k m i p k M i

u p p

τ τ

ε ε

γ

= ⋅

×
− + − − +

′×

∫

1
k−( ) ( ) ( )

( )( ) ( )( )
( ) ( )

1
5 1

2 22 2
2

2
2 5

1

M u p

q k m i p k M i

u p p

γ

ε ε

γ

+

×
− − + + − +

′×
2

k+( ) ( ) ( )2
5 2 .M u pγ+

                     (4.5) 

Here, one can see that the dominant contributions of the numerator become 

( ) ( )1
1 5u p pγ′

1
k−( ) ( ) ( )1

5 1 ,M u p Mγ+   

( ) ( )2
2 5u p pγ′

2
k+( ) ( ) ( )2

5 2M u p Mγ+   

and thus there is no suppression any more, in contrast to the one pion exchange potential case. In addition, one 
sees that the ladder contribution of Equation (4.2) can only take into account the intermediate states which are 
always described in terms of the non-relativistic wave functions in the Lippmann-Schwinger equation, and the 
OPEP is obtained only after one has taken the expectation value of the γ5 with the free Dirac states. 

4.4. Schematic Explanation of Double Counting 
Here, we present the schematic expression of the double counting problem. In field theory, we can write the T- 
matrix of one pion and two pion exchange processes as 

1π 2π= + +                                    (4.6) 

and as we see from above evaluation, the typical strength can be written if we reduce them to the non-relativistic 
reduction as 

( ) ( )N 1π 2π 1R ε= + +                                 (4.7) 

where 
2

π

2 N

m
M

ε
 
 
 

 . Now, we insert this expression into Equation (4.2), and we obtain schematically the ladder  

T-matrix for one pion exchange potential as 

( ) ( ) ( )π 2
1π 1πNN ε ε= + +                                (4.8) 

Therefore, the second order ladder contribution from the one pion exchange potential must be of the order of 
2ε , and thus it is much smaller than the two pion exchange potentials which are of the order of ( )1 . Thus, we 

do not have to worry about the double counting problem for the case of the two pion exchange potentials. 
In summary, the second order ladder type calculation of the small potential like one pion potential cannot give 

rise to such a large contribution of the potential obtained in Equation (3.8), and therefore, there is no sizable 
double counting problem in this calculation, apart from the very small part of the two pion exchange potentials,  

which should be a correction of the order of 
2

π

2 N

m
M

 
 
 

 to the two pion exchange potentials. 

4.5. Validity of Perturbation Theory 
The two pion exchange potentials are larger than the one pion exchange potential, and this may give rise to a 
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question as to what should be a validity of the perturbation theory in strong interactions. This is indeed quite an 
important question, and we should answer for this basic problem. 

In fact, the perturbation theory in strong interaction is generally rather bad. In this sense, it is quite possible 
that the six order calculation of three pion exchange process may not necessarily be smaller than one pion ex-
change potential, and thus we should take this effect into account. This is the reason why we should solve the 
Lippmann-Schwinger equation which is not based on the perturbation theory. By this Lippmann-Schwinger eq-
uation, we can sum up all of the higher order effects in the strong interaction. In this case, however, we have to 
employ the non-relativistic equation, and this is indeed an approximation we have made in the nucleon-nucleon 
scattering process. But the problelm of the perturbation theory is nicely avoided in the nucleon-nucleon scatter-
ing case. 

π − N Scattering 
Here, we should make a comment on the π − N scattering problem. In the case of π − N scattering, it is well- 
known that the simple-minded calculation of the perturbation theory should give some overestimation of the 
scattering cross section in comparison with experiments. This is, however, clear that the fourth and higher order 
calculation should make a large contribution to the T-matrix since the perturbation theory may not necessarily 
be justified. Therefore, in the π − N scattering process, we have to consider some kind of Lippmann-Schwinger 
type equation which can take into account the contributions of the higher order effects. 

5. Chiral Perturbation Model 
Here, we should discuss the nucleon-nucleon potential which is calculated by the chiral perturbation model. This 
is somewhat difficult to follow what is indeed a new aspect beyond the standard calculation due to one boson 
exchange mode calculations. 

5.1. Chiral Symmetry Breaking 
People still believe that the chiral symmetry in some of the field theory model can be spontaneously broken as 
Nambu and Jona-Lasinio claimed a long time ago [21]. However, if one examines their paper carefully, then one 
can easily see that the chiral symmetry is never broken spontaneously [22] [23]. In their paper, they use the Bo-
goliubov transformation which is, of course, an approximation scheme. In this case, due to the approximation, 
an apparent mass term appears after the Bogoliubov transformation, even though its mass has infinitely large. In 
nuclear physics application of this wrong theory, people make use of the cut-off as the nucleon mass, and thus 
the infinite mass is avoided by hand. 

In terms of mathematics, we explain what is the symmetry breaking story [22]. 

5.2. Goldstone Boson 
In this sense, a question may arise as to why people make use of the chiral symmetry breaking. One possible 
answer may be that they want to consider that pion should be a Goldstone boson. This is connected to the fact 
that there is no way to solve QCD, and, in particular, pion is special in that it is very light. However, quarks have 
finite mass, and therefore there is no chiral symmetry, and thus there is no point of the spontaneous symmetry 
breaking before the wrong claim of Nambu and Jona-Lasinio. 

6. Conclusions 
We have presented a new calculation of the old type Feynman diagram in the two pion exchange processes. The 
result is quite interesting since the corresponding T-matrix of the two pion exchange diagrams turns out to be 
just similar to the T-matrix of the effective σ meson exchange case where we obtain the corresponding effective  

σ meson mass 650mσ   MeV and the effective coupling constant 
2

13
4π
gσ
  for T = 0 channel. These values 

of the mass and the coupling constant are found to agree with those values ( 615mσ   MeV, 
2

11.7
4π
gσ
 ) which  

are determined from the OBEP analysis of the nucleon-nucleon scattering experiments. However, this is only the 
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T = 0 channel since the two pion exchange potentials have a strong isospin dependence. In this respect, the result 
of the present study may invoke some further investigations of the nucleon-nucleon potential. 

In this calculation, we have employed the value of the πNN coupling constant gπ which is determined from the  

pion decay process into two photons, 0π γ γ→ + , since its value is known to be 
2
π 8

4π
g
  [24] [25]. On the other  

hand, people use the πNN coupling constant πg  in nucleon-nucleon potential which is somewhat larger than 
the above value, almost by a factor of two. This may be related to the fact that the nucleon-nucleon potential 
should include the form factor, and therefore the πNN coupling constant in the nucleon-nucleon potential should 
be taken to be somewhat larger than the bare coupling constant. 
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