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ABSTRACT 

In this work, the vibration characteristics of a piezoelectric ceramic disk with different dimensional ratio are studied by 
simulation method. Computational finite element modeling combined with the computational programs has allowed for 
the prediction of the effect, the change of diameter-to-thickness ratio on the resonant characteristics, the vibration 
modes as well as comparing the physic properties of piezoceramics. Three types of piezoelectric materials were chosen, 
piezoelectric materials (PZT) and Pb-free piezoelectric materials Ba(Zr0.2Ti0.8)O3-50(Ba0.7Ca0.3)TiO3(BZT-50BCT), 
BaTiO3 for research. 
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1. Introduction 

After being discovered in 1950 of lead zirconate titanate 
[Pb(Zr,Ti)O3; PZT] ceramics with their excellent piezo- 
electric properties, piezoelectric materials are widely 
used for various applications such as actuators, sensors, 
sonar transducers, accelerometers, resonator, frequency 
control devices, filters [1-5] and etc. However, PZT is 
now facing global restrictions in its usage because of Pb 
toxicity to the environment and to human body. There- 
fore, recently, many Pb-free ferroelectric systems, such 
as Ba(Zr0.2Ti0.8)O3-x(Ba0.7Ca0.3)TiO3 (hereafter abbrevi- 
ated as BZT-xBCT), (K0.436Na0.5Li0.064)Nb0.92Sb0.08O3... 
have been reported to compete with PZT family [6]. 

In practical applications, the piezoelectric ceramics are 
usually circular, so the vibration characteristics of piezo-
electric ceramic disks are important in design and appli-
cation of devices. Knowledge of the vibration modal 
shapes and the influence of the material property and 
geometry are of interest for the further development of 
novel devices and selection of the appropriate disk ge-
ometry for specific applications [7-9]. Moreover, the 
vibration characteristics of piezoelectric ceramic disks 
had been studied intensively by many of the researchers 
[7,10-13]. These characteristics are identified by the 
resonant response and the resulting modal shapes of the 

structure. And the resonant mode and frequency of a 
piezoceramic structure is a function of its geometry and 
material properties. 

The aim of this paper is to analyze the effects of the 
variation of diameter to thickness (d/t) ratios of ceramic 
disk on vibration properties of piezoelectric materials. 
Three types of piezoelectric materials, PZT and Pb-free 
materials Ba(Zr0.2Ti0.8)O3-50(Ba0.7Ca0.3)TiO3(BZT-50BCT) 
and BaTiO3 are used for comparison. Furthermore, the 
paper uses a finite element modeling method to investi-
gate the vibration modes, the resonant frequencies and 
piezoelectric coefficients of ceramic disks concerning the 
diameter-to-thickness ratio. Greater knowledge in the 
relationship between disk dimensions allows for im-
proved material and structure selection with regards to 
resonating frequencies and structure stability. In addition, 
from the received results, we analyze and compare the 
influence of Pb and Pb-free components in material on 
the properties of piezoceramics in PZT family and Pb- 
free piezoceramic (BZT-50BCT). 

2. Analysis of the Piezoelectric Ceramic Disk 

Investigations using computational finite element meth-
ods (FEM method) have successfully analyzed the be-
havior of piezoceramic discs [7,14-17]. In our study, we 
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used a simplified 3-D axis-symmetric model in the FEM 
of simulation program for design the model geometry. 
The modeling dimensions of piezoceramic discs with the 
change of the radius and thickness is illustrated in Figure 
1. Accuracy in defining length, diameter and thickness 
resonant frequency requires a fine mesh. Modeling con-
ducted is meshed of by using the standard meshing tool 
with the variation of the elements, vertex elements, edge 
elements and boundary elements belong to the dimension 
of the ceramic samples (Figure 1). 

The understanding of the resonance characteristics of 
piezoceramic disks can be investigated by visualization 
modes generated in the structure at resonant frequencies. 
The two dependant factors to the resonating frequencies 
diameter (d) and wall thickness (t) were investigated in 
the FEM model. Models were constructed that explored a 
change in t with a constant d and a change in d with a 
constant t. The modeling dimensions of piezoceramic 
discs with radius ranging from 5.2 mm to 5.5 mm, and 
thickness ranging from 0.4 mm to 1.5 mm. The (dia- 
meter/thickness) ratio of the samples used for the di- 
mensional ratio effect was from 7.25 to 20.16. 

The mechanical properties of piezoelectric materials 
(the relation between stress and strain) can, assuming 
only small deformation, be described as a linear-elastic 
material. Each of these sets of the parameters expresses 
as a mathematical description of the direction and inverse 
piezoelectric effect, and is sufficient to describe the 
properties of the material. 

By theoretical treatment, the material properties are 
defined in the stress-charge form, in which the user has 
to specify the elasticity matrix, coupling matrix, relative 
permittivity matrix, piezoelectric coefficient matrix and 
density. The complete set of constants of the pure Ba- 
TiO3 and PZT5A transducers shown in Table 1 is taken 
out from the data libraries of the simulation program. A 
full set of elastic, piezoelectric, and dielectric parameters 
for the morphology phase boundary composition of BZT-  

50BCT are measured and calculated by Dezhen Xue and 
et al., [18] when using a resonance method. 

Both sets of mechanical and electrical boundary con-
ditions are used to analyze piezoelectric properties. In 
terms of the mechanical boundary conditions, the vibra-
tions of all surfaces are free. Based on the electrical 
boundary conditions, the voltage of the bottom surface of 
the cantilever beam is set as the common ground. On the 
other hand, the top surface is set as Terminal/Electrical at 
the voltage of 0.5 V. 

3. Results and Discussion 

Figures 2(a)-(c) show a comparison the FEM impedance 
analysis for three ceramic samples PZT, BaTiO3 and 
BZT-50BCT respectively in the radial vibration mode 
with respect to the changing thickness and a constant 
diameter t = 5.5 mm. It is firstly seen that the resonance 
peaks are presented as near straight vertical lines at the 
fundamental resonant frequency. The meaning of such 
phenomenon is that the resonant and anti-resonant fre-
quencies are defined to coincide. Therefore, the planar 
effective electromechanical coupling factor kp is not 
changed with the variation of thickness of ceramic sam-
ples. In addition, it is observed that the resonant 
 

 

Figure 1. The fully expanded meshed model of the disk ce-
ramic samples. 

 
Table 1. Measured and derived piezoelectric, dielectric and elastic constants of the BZT-50BCT, BaTiO3 and the PZT5A 
transducer with the density of 7750 kg/m3 [16,17]. 

Elastic Stiffness Constants, cij (1010 N/m2) Elastic Compliance Constants, sij (10−12 m2/N) 
Sample 

C11
E C12

E C13
E C33

E C44
E C66

E S11
E S12

E S13
E S33

E S44
E S66

E 

BZT-50BCT 13.6 8.9 8.5 11.3 2.66 2.44 15.5 −5.5 −7.4 19.7 37.6 42.0 

BaTiO3 15.03 6.56 6.59 14.55 4.38 4.24 9.1 −2.7 −2.9 9.5 22.8 23.6 

PZT5A 12.1 7.7 7.7 11.1 2.1 2.3 16.4 −5.74 −7.22 18.8 47.5 44.3 

 
Piezoelectric Coefficients dij (10−12 N/C) Piezoelectric Coefficients eij (C/m2) Dielectric Constants εij (ε0) 

Sample 
d33 d31 d15 e33 e31 e15 ε33

T ε11
T ε33

S ε11
S 

BZT-50BCT 546 −231 453 22.4 −5.7 12.1 4050 2732 2930 1652

BaTiO3 190 −78 260 17.36 −4.32 11.4 1700 1450 1251 1115

PZT5A 374 −171 584 15.8 −5.4 12.3 1700 1730 830 916 
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frequencies for the second vibration mode of the pie- 
zoelectric ceramic disk in the radial vibration mode are 
separated. Especially, the separation of resonant peaks is 
specifically expressed when increasing the thickness of 
samples (the blue curve in Figure 2: thickness at 1.5 mm 
for PZT, 1.3 mm for BaTiO3, BZT-50 BCT in Figure 1). 
This means that interaction of the change ratio d/t is 
observed for the overtone vibration modes, especially 
when d/t < 10. However, these are seen to be unaffected 
on the fundamental vibration mode when changing the 
dimension ratio d/t. 

The frequency spectrums of different diameter-to- 
thickness ratio are shown in Figures 3(a)-(f) for PZT and 

BZT-50BCT samples. The resonant spectrum range var-
ies from 100 kHz to 1600 kHz for PZT ceramics disks 
(Figures 3(a)-(c)) and from 100 kHz to 2000 kHz for 
BZT-50BCT samples (Figures 3(d)-(f)).  

Figures 3(a)-(c) display the relation between (over-
tone mode resonant frequency/fundamental resonant 
frequency) ratio and (diameter/thickness) ratio of PZT 
samples. The (overtone mode resonant frequency/fun- 
damental resonant frequency) ratio is increased with the 
decreasing of (diameter/thickness (d/t)) ratio. Besides the 
fundamental mode, there are five radial vibration over-
tone modes exist in the measured frequency range for (d/t) 

 27.5. When the (d/t) decreased to 15.71, only six radial  =  
 

   
(a)                                             (b)                                      (c) 

Figure 2. The log functions of the variations of impedance on frequency for radial vibration modes with the change of 
thickness for (a) PZT; (b) BaTiO3 and (c) BZT-50BCT. 
 

   
(a)                                             (b)                                      (c) 

   
(d)                                             (e)                                      (f) 

Figu    
re 3. The frequency spectrums of piezoelectric ceramic disk with the change of the (d/t) ratio (a)-(c) PZT; (d)-(f) BZT-50BCT. 
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vibration overtone modes exist in the measured fre- 
quency range. When the (d/t) ratio was to 10, more than 
7 radial vibration modes are existed in the measured fre- 
quency range. However, at this ratio ((d/t) = 10), for the 
measured frequencies higher than 700 kHz, the disturb 
vibration signals appear in the spectrum. These signals 
are called the spurious vibration signals that may be 
caused by other vibration mode; such as twist mode, 
bending mode or thickness mode. The similar results are 
taken out in the vibration modes for BZT-50BCT sam-
ples. 

The analysis results of the effects of the change of 
thickness on the ratio of impedance (with a constant 
diameter t = 5.5 mm) between the fundamental series 
resonant frequency and the parallel resonant frequency 
(the Zmax/Zmin ratio) of piezoceramic samples are shown 
in Figure 4. The maximum values of Zmax/Zmin ratio are 
observed for BaTiO3 and BZT-50BCT samples (cor- 
responding to thickness t = 0.9 mm and t = 0.7 mm) and 
on the contrary, the minimum value of this ratio is found 
for PZT sample (t = 0.8 mm). This further supports the 
conclusions that not only the variation of thickness (with 
a constant diameter) has an effect on the change of Zmax/ 
Zmin ratio but this ratio is affected by material properties 
of samples. There is no enough evidence to affirm that 
these results are caused by the Pb and Pb-free component 
in materials. However, we predict that the Pb component 
in materials maybe is a factor for this affect. 

Figure 5 shows a comparison of the influence of the 
change of the diameter on the resonant characteristics 
with the above optimum thicknesses for PZT (corres- 
ponding to thickness t = 0.8 mm) and BZT-50BCT (t = 
0.7 mm) samples. It can be observed that for the BZT- 
BCT sample, the Zmax/Zmin ratio achieves stable with the 
d/t ratio in range from 13.1 to 13.6 and have the 
minimum tendency, but for the PZT sample, there are the 
opposite results. These results, as explained before, 
strongly are affected by the component of material on the 
impedance measurement.  

4. Conclusions 

For piezoelectric ceramic disk, the change of thickness 
does not affect the planar effective electromechanical 
coupling factor because the resonant spectrum doesn’t 
shift. With the change of the (diameter/thick) ratio, the 
vibration modes are affected. Besides the fundamental 
mode in the radial vibration, there are some different 
overtone modes in the high frequency range. Further- 
more, the numbers of overtones modes are increased with 
the decreasing of (d/t) ratio. 

The impedance ratio (the Zmax/Zmin ratio) at the fun- 
damental resonant frequency is affected by the change of 
(diameter/thickness) ratio. 

 

Figure 4. Th dependence of the ratio of impedance (the 
Zmax/Zmin ratio) on the change of the thickness. 
 

 

Figure 5. Relation between the ratio of impedance (the 
Zmax/Zmin ratio) and the change of the diameter/thickness. 
 

In addition, the results are found that the FEM model 
connected simulation program has excellent agreement to 
the experimental data in studying the properties of the 
new material groups. 
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