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Abstract

The mechanical properties of the a-SiO, crystal are studied by molecular dy-
namics method with Tersoff potential function. The results show that the
a-S8i0, crystal goes through elastic deformation, plastic deformation and
fracture deformation in the process of uniaxial loading at room temperature.
The a-SiO, is from crystal phase transformation to amorphous phase in plas-
tic deformation. And also by studying the influence of temperature on the
tensile mechanical properties of a-SiO,, it finds that the yield strength and
elastic modulus of a-SiO, decrease gradually as the temperature increases.
Moreover, the higher the temperature, the lower the fracture stress and frac-
ture strain; the a-SiO, crystal is easy to be broke under high temperature un-
iaxial loading. And it also finds that the crack is able to decrease the mechan-
ical properties of a-SiO, crystal.

Keywords

Mechanical Properties, Tensile, Molecular Dynamics

1. Introduction

The a-SiO, is the stable crystal at normal temperature. The research for a-SiO,
crystal is mainly focused on the phase transition of amortization under high
pressure. For example, Wang et al [1] study the structural transformation of
a-SiO, crystal under high temperature and high pressure, and point out that
a-Si0, crystal is able to be synthesized on a small scale coesite under high tem-
perature and high pressure. Palmer et al [2] find the phase transition rule of
a-Si0, by studying the pressurized phase transition process at room tempera-
ture. Zhang et al. [3] study the structural transformation of a-SiO, crystal at high
temperature and high pressure and the experimental conditions of coesite for-

mation through mechanical ball milling. Dubrovinsky et al [4] study the
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high-pressure phase transition of a-SiO,, the results show that it obtains another
phase structure of a-SiO, similar to the structure of a-PbO,, and find that the
stress between 25 GPa and 35 GPa resulting in an amorphous transformation,
which is completely amorphous after unloading stress. However, with the rapid
development of computer in recent years, it has become possible to study the
mechanical properties, structural transformation and physical characteristics of
crystal materials by means of large-scale parallel computation using molecular
dynamics simulation [5] [6] [7] [8] [9]. For instance, Pan [10] simulates the
high-pressure phase transition of a-SiO, with Morse potential using molecular
dynamics simulation, and points out that the amorphous phase transition occurs
when the stress of crystal is higher than 24.6 GPa, and the calculated results are
in agreement with the experimental results. Therefore, computer simulations
open up another effective way to study the mechanical properties of crystal,
which can provide theoretical support for experimental research.

This paper is focused on investigating the basic mechanical properties of
a-5i0, using molecular dynamics simulation. The stress-strain curves of a-SiO,
have been studied with the temperature increasing. And the variation of yield
stress, yield strain and elastic modulus is discussed for a-SiO, crystal in the
process of uniaxial tension. The influence law of temperature on tensile me-
chanical properties is also discussed to comprehensively evaluate the mechanical
properties of a-SiO,. Meanwhile, it constructs the crack models of a-SiO, and

analyzes the influence of crack on mechanical properties.

2. Atomistic Model and Simulation Method

Figure 1 shows the crystal structure of a-SiO,. In silicon dioxide, silicon is lo-
cated at the center of the tetrahedron, and four oxygen atoms are located at the
four top angles of the tetrahedron. And then put the tetrahedron structure of
SiO, into the body-center cubic and construct a crystal cell of a-SiO, as shown in
Figure 1(A). Then the crystal structure of a-SiO, is established according to the
Cartesian coordinates as shown in Figure 1(B). Where, the lattice constant a =
4.978 angstrom, b = 4.978 angstrom, ¢ = 6.948 angstrom, the length of the box is
30a x 3006 x 30¢ the total number of atoms is 324,000, and periodic boundary
conditions are used in x-, y- and z-directions.

In molecular dynamics (MD) simulation, the Tersoff potential function [11] is
adopted to describe the interaction between Si and O. the model is equilibrated
under NPT ensemble at 300 k, and a Nose-Hoover thermostat is applied to
maintain the system temperature. Figure 2 present the energy variation of the
model in relaxation process, it can be obtained that the crystal model reaches the
equilibrium after 10 ps. Then, the model is performed to uniaxial tensile test in
z-direction using MD simulation with the time integration step of 1 fs under
NPT ensemble. At the same time, the temperatures of 300 K, 500 K, 700 K and
900 K are selected to simulate the tensile mechanical properties of a-SiO, crys-
tals at different temperatures. And the LAMMPS code [12] is applied to simulate

the tensile mechanical properties.
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Figure 1. The initial model of a-SiO,.

Figure 2. The energy variation of a-SiO, in relaxation process.

3. Results and Discussion

3.1. Analysis of Stress-Strain Curve

Figure 3 shows the stress-strain curve of a-SiO, under uniaxial tension at room
temperature. The yield strain, yield stress, fracture strength and deformation
characteristic and so on can be obtained by stress-strain curve, which can reflect
the basic mechanical properties of the material. It can be seen from the Figure 3
that the elastic limit of a-SiO, crystal appears when the strain is up to 4.7% (as
shown in Figure 3(A)), and the stress-strain curve present non-linear relation-
ship. After A, the a-SiO, crystal enters the elastic deformation stage. When the
strain is up to 32.6%, the stress reaches the first yield point, the yield stress is
22.6 GPa. Then the a-SiO, crystal enters the plastic deformation stage, the stress
oscillates between point B and point C with the strain increasing, this moment
the nanocrystal appears amorphous phase transition. When the stress passes C
in Figure 3, the crystal structure is completely amorphous, the stress reaches the
peak value—fracture strength (36 GPa), the a-SiO, crystal enter the stage of
fracture. Then the stress falls rapidly to zero as the strain increases and the crys-
tal breaks completely. It can be seen from the Figure 3 that a-SiO, crystal expe-

riences the elastic stage, the plastic stage (amorphous phase transition) and the
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Figure 3. The stress-strain curve of a-SiO, in uniaxial tension at room temperature.

fracture stage during the uniaxial tensile process at room temperature, and the

elastic modulus reached 69 GPa, so the a-SiO, crystal has excellent strength.

3.2. Temperature Effect

In order to discuss the influence of temperature on the tensile mechanical prop-
erties of the a-SiO, crystal, on the basis of room temperature, the temperatures
of 500 K, 700 K and 900 K are selected, and then the mechanical properties of
a-§i0, crystals are simulated at different temperatures. Figure 4 shows the vari-
ation of the stress-strain curves of the a-SiO, crystal at different temperatures.
The simulation results show that the yield stress and yield strain decrease with
the increasing of temperature. It indicated that the higher the temperature is, the
shorter the elastic deformation stage of a-SiO, crystal is, and the loading strain
of achieving yield strength is smaller. Meanwhile, Table 1 shows the mechanical
parameters of a-SiO, under uniaxial tensile at different temperatures, the results
present that the elastic modulus decreases gradually with the increasing of tem-
perature. From the data of the calculated elastic model in Table 1, the elastic
modulus of a-SiO, crystal is reduced by 2.3 GPa when the temperature increase
from 300 K to 500 K. As the temperature rise from 500 K to 700 K, the elastic
modulus of a-SiO, crystal is reduced by 1.34 GPa. The elastic modulus decreases
by 1.26 GPa as the modulus increases from 700 K to 900 K. It can be concluded
that although the elastic modulus of a-SiO, crystal decreases as a result of high
temperature, but there is no large range of decrease. Therefore, the high temper-
ature only slightly reduces the strength of the a-SiO, crystal and does not have
much influence on the overall strength.

However, the temperature has a great influence on the fracture strength of the
a-Si0, crystal. Figure 5 shows the variation curves of fracture stress and fracture
strain at different temperatures. As can be seen from the Figure 5, the fracture

stress decreases from 36 GPa to 29 GPa with the increasing of temperature,
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Table 1. Mechanical parameters of uniaxial tensile of a-SiO, at different temperatures.

a-Si0, &iaq (GPa) a4 (GPa) E(GPa)
300 K 0.326 22.6 69.32
500 K 0.287 19.24 67.03
700 K 0.274 18.00 65.69
900 K 0.223 14.37 64.43

Figure 4. The tensile stress-strain curve of a-SiO, at different temperatures.

Figure 5. The fracture stress and fracture strain for a-SiO, at different temperatures.

which shows a straight downward trend. Although the fracture strain rebound in
the process of decreasing with the increasing of temperature, the overall state is
also in decline. Therefore, it can be concluded that the higher the temperature is,
the lower the fracture stress and fracture strain are, and it is the more easily

fracture for a-SiO, crystal under high temperature uniaxial loading.
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3.3. The Mechanical Properties of Crack Propagation in a-SiO;
Crystal

In order to discuss the influence of crack on mechanical properties of a-SiO,
crystal, we construct a crack model by deleting some atoms in a-SiO, crystal as
shown in Figure 6, and the initial crack length is 2.98 nm. This crack model is
then uniaxial stretched for studying the effect of crack on mechanical properties.
Figure 7 shows the stress-strain curve of a-SiO, crack model at different tem-
peratures. The results present that the yield stress and yield strain decrease with
the temperature increasing as shown in Figure 7, the reason is that the crack
propagation rate increase with the temperature increasing so that the internal
structure is seriously damage at high temperature. Compared to the perfect
crystal of a-SiO,, as the temperature increase from 300 K to 700 K, the crack
leads to decreasing of yield stress and yield strain. But the crack model has rela-
tively larger yield stress and yield strain at 900 K, which indicate that the high
temperature cause the structure softening so that the crack appear collapse and

inhibit the crack rapid propagation.

Figure 6. The crack model of a-SiO,.

Figure 7. The tensile stress-strain curve of a-SiO, crack model at different temperatures.
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Table 2. Mechanical parameters of crack model of a-SiO, at different temperatures.

a-Si0, &aa (GPa) Oyiaq (GPa) E(GPa)
300 K 0.31 20.7 66.77
500 K 0.30 18.9 62.33
700 K 0.26 16.8 64.61
900 K 0.26 15.1 58.07

And the elastic modulus is obtained by fitting the stress-strain curve of the
a-Si0, crack model. The calculated values show in Table 2, which present that
the elastic modulus of a-SiO, crack model vary from 66 GPa to 58 GPa as the
temperature arising. Compared to the perfect crystal of a-SiO,, the elastic mod-
ulus of crack model is decreasing at each temperature. So the crack causes the

mechanical properties to drop.

4. Conclusion

The tensile mechanical properties of a-SiO, crystal are simulated by means of
molecular dynamics and with Tersoff potential function. The results show that
the a-SiO, crystal goes through elastic deformation, plastic deformation and
fracture deformation in the process of uniaxial loading at room temperature,
and the yield strength is 22.6 GPa, the fracture strength is 36 GPa. The a-SiO, is
from crystal phase transformation to amorphous phase transition in plastic de-
formation. And also by studying the influence of temperature on the tensile
mechanical properties of a-SiO,, it finds that the yield strength and elastic mod-
ulus of a-SiO, decrease gradually as the temperature increases. Moreover, the
higher the temperature, the lower the fracture stress and fracture strain; the
a-SiO, crystal is easy to be broke under high temperature uniaxial loading. The
yield stress and yield strain decrease with the temperature increases. For the
crack model of a-SiO,, the yield stress and yield strain decrease with the temper-
ature increases comparing to the perfect crystal of a-SiO,, and the crack causes

the mechanical properties to drop.
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Abstract

This paper introduces the concept and motivates the use of finite-interval
based measures for physically realizable and measurable quantities, which we
call D -measures. We demonstrate the utility and power of D -measures by
illustrating their use in an interval-based analysis of a prototypical Bell’s in-
equality in the measurement of the polarization states of an entangled pair of
photons. We show that the use of finite intervals in place of real-numbered
values in the Bell inequality leads to reduced violations. We demonstrate that,
under some conditions, an interval-based but otherwise classically calculated
probability measure can be made to arbitrarily closely approximate its quan-
tal counterpart. More generally, we claim by heuristic arguments and by for-
mal analogy with finite-state machines that D -measures can provide a more
accurate model of both classical and quantal physical property values than
point-like, real numbers—as originally proposed by Tuero Sunaga in 1958.

Keywords

Measurement Theory, Bell’s Theorem, Bell’s Inequality, Interval-Based
Analysis, Interval-Based Physical Measures

1. Introduction

We present first two heuristic arguments, followed by theoretical and numerical
demonstrations, to support motivation of a concept to replace point-like
real-numbered physical property values with intervals of value we call D
-measures, which may be weighted by some function. The exact nature of the
weighting is not crucial, however, to the interval-based representation. In Sect.
1.1, we show how these arguments suggest that the conventionally assumed as-
signment of real numbers to represent physical property values may not be tena-

ble (see, e.g., [1]), and instead D -measures can provide more accurate models
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of manifest physical reality. In Sect. 1.2, we introduce the concept of finite inter-
vals as defined and practiced in computing theory. In Sect. 2, we apply the D
-measure concept to a new analysis of Bell’s theorem using well established in-
terval-analysis theorems to show that violations of the classically derived Bell’s
inequality may thereby be reduced to expectations arbitrarily approaching their
quantum prediction counterparts that are consistent with results of Bell tests. In
Sect. 3, we offer concluding, general remarks highlighting how the use of finite
intervals to represent physically measurable quantities may have significant im-
pact on analysis of physical systems, both classical and quantal, and how, in par-
ticular, the new results derived from interval-based analysis may also impact

technologies based on them.

1.1. D -Measure Description of a Physically Measurable Quantity

Measurement of any physical property value and generic manifestation of any
physical property value are equivalent processes at some fundamental level. This
equivalence is foundational to environmental decoherence theory since certain
manifestations of value are physically realized' via “implicit measurement” of
objects by the environment in which they exist [2]. This is precisely the essence
of the equivalence claim, that object properties become physically manifest by
unavoidable implicit measurement resulting from any and every interaction.
This means that certain attributes of any process to measure physical values are
common attributes of any generic process of manifestation of physical values.
For example, all physically realizable measurements are performed using resolu-
tion-limited devices and processes, so generic manifestation of physical values
are equally resolution-limited. Therefore, no physically realizable measurement
and no physically realizable manifestation of any physical property value are ex-
pected to be represented by a single, point-like, real number. Such an assignment
would require realization of infinite (physical) resolution. Infinite resolution is
clearly untenable, and hence, a non-physical abstraction. This suggests that any
assignment that relies on a finite resolution can only be manifest as finite inter-
vals of values, ie., “D -measures”.

From a communication theoretic point of view, suppose a communication
signal could have a producible and detectable parameter represented by a real
number. Since real numbers are infinitely precise and can be represented ma-
thematically [1] only by an infinite number of digits, such a signal would contain
an infinite amount of information. Conveyance of this signal from one point to
another would constitute an infinite change of entropy, or an exchange of infi-
nite information [3], in a finite time through a finite spectral width channel,

which is not physically possible, even if the channel were noise-free. Therefore

'We use the term “physically realized”, while admittedly not rigidly definable, because it offers a
working definition of the notion of a physically realized entity as one that can exist in and have in-
fluence on physical reality, while having physical properties that are, in principle, measurable by a
physical device. It is to be contrasted with an abstracted physical property, which may be formally
useful but may not be measurable by a physical device.
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the signal parameter cannot be validly represented by a single real number. A
D -measured parameter, on the other hand, has finite precision and finite in-
formation content, requiring a finite spectral width and finite time to convey.
Further, the physics principle known as the Bekenstein bound [4] dictates that
infinite entropy, or information, cannot exist in a finite region of space with fi-
nite energy, which can be interpreted as precluding both production and detec-
tion of any signal with a real-numbered parameter. It is interesting to note that
D -measures are “naturally” endowed with interval entropy and related infor-
mation content [5].

Using these and other similar arguments, we assert that realizable and mea-
surable property values are more accurately modeled by D -measures than by
point-like real-numbered values of zero measure. We further assert that D
-measures apply to both classical and quantal physically realizable values. At
some level, the interval ( D -measure) model is in conflict with the convention of
classical physics to assume measurable property values are mathematically
represented by real numbers; this conventional representation may be too re-
strictive.

The conflict is perhaps less pronounced for quantal measurement outcomes
due to the intrinsic uncertainties and ambiguities in a quantal description, but
there is a critical difference in D -measured quantal superposition and conven-
tional quantal superposition: D -measured outcome values, even when weighted
by some appropriate function, are not envisaged to be associated with a proba-
bility metric across eigenvalues. Because D -measure intervals apply to each
single measurement, or manifestation of value, the eigenvalues within an interval
are assumed associated with a non-statistical ontic metric. While the exact defi-
nition and meaning of this ontic metric is not yet clear (and the subject of a fol-
low-on paper), the assertion that it is non-statistical means that single measure-
ment outcomes have distributed value, ie., they are D -measures. This inter-
val-based representation suggests that all realizable quantum states that result
from measurement are comprised of simultaneously physically existing eigens-
tates. Every physically realizable quantum state is a superposition of multiple
states in every realizable basis, Ze., a basis with physically measurable eigenva-
lues. A D -measured state cannot be represented by a single, real-numbered di-
rection in an abstract space of realizable eigenvalues.

D -measured quantum state definitions open the opportunity to form an en-
tropy metric calculated just like Shannon information entropy [2] is calculated
from a symbol alphabet probability density function, ie, —.[ dxf (x)log f (x),
where f(x) is defined as the modulus squared of a state vector as a function of
x eigenvalues. A critical difference in a D -measured entropy, however, is that
the function value is an ontic, or physical, metric as opposed to an epistemic, or
informational/probability, metric. This is because the eigenstates of a D -measured
state are treated as simultaneously physically existing eigenstates in superposi-

tion, yet the entropy of the state can never be zero [4] in any realizable basis
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since this would require a single real-numbered eigenvalue, a non-realizable ent-
ity in the D -measure concept (see, e.g. [6]).

Application of D -measures to physical values is analogous to the application
of intervals to the values typical of finite-state machines, which are incapable of
specifying or processing real-numbered values. The application of interval anal-
ysis herein to all physically realizable property values is likewise suggested for
fundamentally similar reasons. Physical objects, systems of objects, and processes,
such as classical and quantum measurement, are limited in their ability to ma-
nifest real-numbered property values by parameters such as spectral limits,
process and time limits, and various other constraints. Both classical and quantal
physically realizable objects and systems thus can be viewed in some sense as fi-

nite-state machines.

1.2. D -Measures Represented by Finite Intervals

The mathematical formalism of interval analysis was developed and has seen its
primary application in computing theory for numerical analysis and mathemat-
ical modeling. It is a relatively recent cross-disciplinary field pioneered by M.
Warmus [7], T. Sunaga [8], R. Moore [9], and U. Kulisch [10]. (For these and
other early contributions, see [11]). According to [11], it was Sunaga [8] who
first foresaw the fundamental connection between the mathematical concept of
an interval and its applications to real systems and applied analysis. Applications
to the physical sciences have thus far been extremely limited, however, to studies
of formal systems through the “intervalization” of their representative differen-
tial or algebraic equations [12] [13].

The need for the concept of an interval was spawned by the need in the above
numerical applications to enclose a real number when it can be specified only
with limited accuracy, ie, it cannot be exactly represented on any fi-
nite-precision machine. In physical systems, inaccuracy in measurement coupled
with known or unknown uncertainty and variability in physical parameters, ini-
tial and boundary conditions, etc., formally inhibit the manifestation of mea-
surable quantities as real numbers, to be treated via the machineries of real
numbers’ arithmetic and algebra. Special axioms and special interval arithmetic
and algebra were clearly needed to endow the new field with rigorous mathe-
matical foundations.

In numerical analysis, finite intervals of one or more dimensions are seen as
extensions of real (or complex) numbers. As mathematical objects, intervals in
themselves do not form proper vector spaces [14] [15]. Interval arithmetic and in-
terval algebra have nonetheless been developed by abstracting their real-numbered
counterparts, based primarily on set theory and algebraic geometry [16]. How-
ever, compared to real-number objects, intervals have “extended” properties. As
we demonstrate below, these properties provide for a powerful analytical tool in
the description and/or analysis of rea/ physical systems when property values are

represented by D -measures.
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2. Application to Bell’s Theorem

In Sect. 2.1, we demonstrate how, under some conditions, an intervalized but
otherwise classically calculated correlation function can be made to arbitrarily
come close to its quantal counterpart. The demonstration is essentially a re-casting
using intervals and interval analysis of a limiting case derived by Bell [17]. Using
proxies of the interval-valued correlation functions, and using two basic theo-
rems of interval analysis suggest that, under some conditions, the two can be
made to come arbitrarily close to each other. In Sect. 2.2, we test this assertion by
applying it to a prototypical measurement of the polarization states of an entan-

gled pair of photons.

2.1. Theoretical Illustration

We demonstrate in this section the validity of the following assertion: Expressed
as interval-valued functionals, as opposed to real number-valued functions, the
distance between a classically calculated correlation function, of two measured
interval quantities, and its quantal counterpart can be shown (under some con-
ditions) to arbitrarily approach zero.”

X

Y =[Ypin: Ymex | » Where we assume that both are one-dimensional intervals (ge-

and

min

Let the two measured interval-variables be X =[X max )
neralization to higher dimensions may not be trivial, see, e.g., [18]). We denote
their real-numbered values, ie., their degenerate values, as x and y; and the unit
vectors along their directions by X and V. By definition, a classically calcu-
lated correlation function of X and ¥, Cjy (X, ¥;4), will always involve a
weighted sum over the parameter A of their inner product. For the sake of this
demonstration we do not distinguish between a Riemann and a Lebesque inte-
gration; we only assume the existence of an integrable real-valued function or
functional. Its quantal counterpart, assuming an entangled single state, is a dot
product (in the same metric space), which can be expressed as —X-§. For

real-valued inner and dot products, it has been shown [17], Equation (18), that

oy (R §:4)+(%-9)| <, (1)

where € is a small number but which cannot be made arbitrarily small, Ze., will
always be bounded from below due to the finite precision of any physical mea-
surement. Our demonstration of the assertion made above is essentially a recast
of Equation (1) in its interval analog for intervals Xand Y, but in which the ana-
log of € is shown that it can be made arbitrarily small. The conditions pertain
to our assumed low dimensionality of the intervals and of the unit vectors, in
addition to the assumed forms of the inner and dot products, our proxy correla-
tion functions.

In lieu of the inner product, we will have an interval-valued integral function,
or a functional, and in lieu of the dot product for unit vectors, an assumed in-

terval-valued functional related to the range of the first. The interval analog of

’By “demonstration” we mean here that what follows is neither a rigorous nor a general validation of
the above assertion.
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the inner product can be written as
cl S GO _ cl cl
CX’Y (X’ Y /1) - |:J.[Z],Ioweracxvv ’J-[Z],upperacx’Y i|’ (2)

where Jower and upper refer to the lower and upper Darboux integrals [13]. It is

important to note that
cl cl
i 2C2 € J,@Ck (3)

over the same interval “[Z]”, which follows from our assumed interval-extension
of Cxcfy. Although generalization to an extended A is straightforward and
could present interesting cases for further analysis, for purposes of this demon-
stration, we take the parameter A to be the same in both the real-numbered
valued and interval-valued cases. Since the interval [Z]=[X][Y] has a range

[-1,+1], Cy, can be written as:
Cyy =ZxF([2]), (4)

where F([Z]) is a functional of Z Note that the above form for Cj, is not
unique; as uniqueness is not required for this demonstration. Also, the exact
form of the interval-valued function Fis not required, but that it is analytic and
convergent over an interval Z° that includes Z and over which interval the
derivative of F exists and does not contain zero. These general properties [13]
follow since Fis assumed to be an “extension” of the real-valued function £ ‘e,

the integral function that gives Cffy ; since,

| (x)— f(y)|<const|x—y]| forx,yeZz®, (5)

we have for F,

d(F([Z]))gconstd(Z) forz cz°, (6)

where d(-) denotes the diameter (or width) of its interval argument.
A fundamental property of any extended function, F, of an interval is its “en-

closure” property, ie.,
R(Fi[z]) = F((2]), 7)

where R(F;[Z ]) is the range of the function F over the interval [Z] , F ([Z ])
is now a “functional” of the interval [Z], and “C” denotes “a subset of”. Al-
most all derived properties of intervals, including their mapping, differentiation
and integration, differential (or integral) equations-based applications are based
on the enclosure property [12] [13]. We will use this property below.

The extended functional F([Z]) is further assumed divisible into smaller

subintervals, where it can be regarded as the union of these subintervals,
k /
F([z)k)=UF([2]). ®)
(=1

and where smaller refers to the diameter of each sub-interval Z' being reduced
by the factor £=1,2,---,k.

For the interval-valued dot product of the unit vectors, being a projection of
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one unit vector onto the other, and since the range is also [—1, +l] , we make the

ansatz and connect this with the functional Fvia its range,
(X-9)=const R(F;[Z]), 9)
or with any linear function of R(F;[Z]) , where R(F;[Z]) is the range of F
over the interval Z Again, this relation is not unique for X-V.
Next, we take advantage of two basic theorems of interval analysis [9] [12].
The first concerns the distance between two intervals, also referred to as the

Hausdorff distance [12], O . For our demonstration, the distance between
R(F;[Z]) and F([Z]) is given by:

Q(R(F;[2]),F([2])) < const|d ([2])]. . (10)

where d(F([Z]))ﬁconst "[Z]"w, and the constants > 0. ||-|| denotes the
maximum norm. Applied to the subdivided F ([Z]; k), the Hausdorff distance

Q(R(F;[Z]), F([Z];k))seonst”d([zo]) i/kz. (11)

What the above theorem suggests is that R(F;[Z]) , our proxy for the interva-

becomes

lized dot product, can be arbitrarily close to F ([Z];k) , our proxy for the inter-
valized inner product, if the subdivision of F ([Z]) is made sufficiently fine.
Clearly, this is only true under the conditions (i.e., low dimensionality of the in-
tervals and the unit vectors) and assumptions made (Ze., the assumed specific
forms of the inner and dot products). Applications to different forms and/or any

generalization are clearly beyond the scope of the assertion.

2.2. Numerical Illustration

Our first application of the D -measure concept is to an interval-based analysis
of a prototypical [19] [20] form of Bell’s inequality [17] [21]. The quan-
tum-mechanical probability for a measurement of the polarization states of an
entangled pair of photons can be shown to be proportional to the cosine (or sine)
squared of the measured polarization angles [21]. (See Appendix for an illu-
strated structure of a prototypical Bell test using the entangled spin states case,
which is, in essence, the same as the polarization states but easier to illustrate.) If
6, is the measured polarization angle detected by detector 1 of photon 1, and
similarly for 6,, the probability of detecting a photon along the 2-dimensional

axes, X—Y, of each detector is
P,y o sin® (6, —6,) or o« cos® (6, - 6,) (12)
for each of the four possible combinations that add up to unity. When a third

detector is introduced, a Bell’s inequality can constrain the degree of polariza-

tion correlation among the angular separations in such a way that
sin® (6, —6,)+sin® (6, - 6,) 2 sin* (6, - 6,). (13)

To intervalize Equation (13), we re-express the measured angles, 6,6,, and
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0, as angle intervals, ©, =[6,-56,,6,+56,|, ©,=[6,-056,,6,+56,] and
0, =[6,—56,,6,+56,], where 66, is the total uncertainty in measuring 6,
ie., including all system and random errors in the set-up and the measuring de-
vices. Note that in the limit of 66, -0, ©,=[6,,6,], Le, it is a degenerate in-
terval. Being a statement about probability measures and their correlations, the

form of Equation (2) is retained when expressed as
sin?(©, -0, ) csin’ (0, -0, ) +sin*(0, - 0,). (14)

Intervalized, Equation (14) suggests that the interval
sin’ (@, —©,)+sin’*(®, —©,) will always include the interval sin*(©,-0,).
Note that the sine of an interval is also an interval since the sine function will
map every point in the interval argument to a point in the interval image of the
function.

The enclosure property, Equation (7), can be used, as an example, to show
that

sin’ (@, -0,) csin(©, - 6,)xsin(0,-0,). (15)

Another intriguing property of interval functionals is their dependence on the
algebraic form or structure of the enclosing function £ or its extended pair £
This dependence stems from the set-theoretic attributes of intervals. For exam-
ple, another form of Equation (14) that is equivalent for degenerate intervals, Ze,,

real numbers, but is not for finite intervals is
sin? (0, - ©,)-sin*(©, -0, )

#(sin(©;-0,)+sin(0, -0,))(sin (0, -0, )-sin(0, -6,)). (16

“Inequality violation” of Equation (14) is when the left hand side of the equa-
tion minus the right hand side becomes negative. This is indeed seen for the
quantum-mechanically calculated probabilities at various angles and over ex-
tended domains of none-zero measures (see Figure 1). For our demonstration,
however, all we need is to choose carefully a small set of angles (or even a single
set of angles) at which Equation (13) is violated by an amount much larger than
a typical experimental value of the order of the error in angular measurement
00 , typically ~0.1 deg. For clarity of illustration we choose 6, to be identically
zero, and 6, =36 deg and 6, =72 deg, since the surface dips appreciably,
~0.1, below the zero plane for this choice. The expected standard deviation in
Equation (13), given non zero 66, and d6,, can easily be calculated given &0
to be only ~107.

For 60 €[0.01,0.25], we calculate the probability (at #, =36 deg and
6, =72 deg) of no violation for each 66 . This is when that difference in the
two parts of Equation (14) crosses the zero plane. We assume that both the in-
tervalized difference and the difference that is calculated using error propagation
are centered Gaussians. To arrive at the probability of no violation, we simply
integrate from the center of the interval to the zero point, after normalizing to

unity and subtracting 1/2. Since, for purposes of this demonstration, we do not
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Figure 1. Density plot of Equation (13) evaluated at 6, =0 for 6,,6, e[fn,n]. The

surface is seen to dip below zero for some angles.

ascribe any weighting function to the intervalized angles, the calculated proba-
bilities are more representative of upper limits rather than most likely values.

Figure 2 shows the calculated probability of no violation as a function of the
size of the error in the angle measurement, 66 . From Figure 2 we see that in-
tervalizing measured polarization angles, ie., using their D -measures, and us-
ing interval arithmetic to calculate probabilities and correlations can lead to
re-interpreting violations as non-violations with the probabilities as estimated
above. The calculated probabilities of no-violation themselves show a strong,
nonlinear geometric relation to the assumed uncertainty in the measured angles.
This is due both to the structure of Equation (14) and the size of the error in the
measured angles, e, not just the presence of the error itself. For this particular
photon polarization-angle example, Figure 2 suggests that uncertainties in the
measured angles need to be less than 0.05 deg to differentiate clear violation
from no violation.

As mentioned above, the calculated no-violation probabilities using inter-
val-based quantities appear to depend on the algebraic structure of the inequality
itself. A critical parameter in the interval estimation for the probabilities is the
Hausdorff distance, Equation (11). In Figure 3, we show the dependence of this
distance on the number of subdivisions needed for the proxy classical correla-

tion interval to enclose the proxy quantal correlation interval. The distance is
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Figure 2. Probability of no violation of Bell’s inequality versus the total uncertainty in the
measurements of 6, and 6, . The top set of points is from Equation (14), the interva-

lized inequality, while the bottom set is from the not intervalized inequality, Equation
(13).

Figure 3. The Hausdorff distance, Equation (11), normalized to the interval diameter as a
function of &, ie., the number of enclosing intervals.

normalized to the diameter of the interval at each 4, such that a distance of unity
is the smallest possible distance. Here, k=16 seems to give a rapid (but not
necessarily too rapid) of a convergence, almost in an exponential rather than a
geometric fashion. This feature may be important in designing Bell tests opti-
mized for error constraints and the algebraic form or structure of the inequality.
Rapid convergence (the “right” form of the inequality) can compensate for the
size of the measurement error. In this particular illustration, however, given the

exponential convergence, the form of the inequality, Equation (14), seems less of
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a consequence to the calculated no-violation probabilities than the size of the

measurement error.

3. Discussion

We have introduced and motivated the use of finite intervals to represent physi-
cally measurable quantities, we call D -measures, in place of the real-numbered
representation, which we consider untenable. We demonstrate the utility of D
-measures using theoretical and numerical illustrations. Our theoretical demon-
stration, an interval-based recasting of Bell’s inequality using proxy correlation
functionals, shows that, under some conditions, two measured interval quanti-
ties—a classically calculated correlation function and its quantal counterpart—can
come arbitrarily close to each other. This is in stark contrast to the Bell theorem
claim, which assumes classical property values are real-numbered, that no hid-
den variable theory [21] [22] [23] [24] can produce this arbitrary closeness.

In our numerical demonstration, we apply interval analysis to a measurement
of the polarization states of an entangled pair of photons. We calculate the
probabilities of no violation and demonstrate that quantal violation of the Bell
inequality is likely less severe under the assumption of D -measured values.
This means that Bell tests should be considered less compelling as proof of
quantum correlations and non-locality [25] [26] [27] [28].

These demonstrations, along with our heuristic arguments, motivate the need
for and use of D -measures to more accurately model physical property values
than the traditionally assumed real-numbered representation. We assert that the
interval-based D -measured representation applies to both classical and quantal
physical values, and that their desirability and need for broader application to
physical theories in general seems apparent. The development of interval analy-
sis for computing theory and its application to finite-state computing machines
was predicated by the need to represent numerical values and quantities that are
only approximate by necessity in a real world computing machine. It may be at
first counterintuitive to think, for example, any microscopic or macroscopic ob-
ject can have two or more simultaneous values for any one of its physical prop-
erties. Upon analysis, however, it becomes evident that distributed values as
provided by D -measures are more tenable than real-numbered values, just like
in finite-state machines. Thus we suggest that the application of D -measures
and interval analysis should see rapid and pervasive growth in applications to
many physical and other theories.

More than 60 years ago, mathematician Tuero Sunaga, working in the field of
communication theory at the University of Tokyo wrote [8]: “The interval con-
cept is on the borderline linking pure mathematics with reality and pure analysis
with applied analysis.” Since that time, however, the application of interval anal-
ysis has been almost entirely restricted to the theory of computing machines. It
is past time that Sunaga’s vision and seminal contributions regarding interval

analysis are realized in broader applications as they may have dramatic and far
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reaching impacts.

More specifically to NASA, the need for advancements in communication and
computing theories and related technologies make broader applications of D
-measures to physical systems even more compelling. Our own future work on
this effort will include more rigorous interval-based mathematical modeling of
Bell-like tests, re-formulation of some well known models of physical systems
using interval-based analysis, and a better appreciation of the benefits and limi-
tations of the new analysis when applied to physical theory, with the goal of
supporting the advancement of quantum-based analysis, modeling and technol-

ogies.
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Appendix: The Structure of a Bell Test

In 1964, Irish physicist John S. Bell proposed a revolutionary theorem that could
possibly prove the existence of quantal correlations of entangled objects. His
theorem showed that violations of a classical probability inequality could be
tested so as to prove classical correlations of detected particles cannot be made
arbitrarily close to quantal correlations (see, e.g., [29] [30], and references
therein). We illustrate the Bell theorem and tests with an example Bell test
structure with these key elements (see Figure 4): 1) A source of twin photons, P1
and P2, entangled with the same quantum spin state. 2) A set of two detectors,
D1 and D2, one for each of the entangled pair. 3) An adjustable relative angle,
0, between the two detectors, along with relationships for the classical correla-
tion function to the relative detector angle and for the quantal correlation func-
tion (Figure 5).

If quantal correlations are as predicted by the theory, Bell test data show a co-
sine squared-relationship of correlation with respect to the relative detector an-
gle (the red curve in Figure 5). If classical correlations are correct, on the other
hand, the relationship will be linear (the blue curve in Figure 5). Figure 6 and
Figure 7 illustrate the justifications for the linear and the cosine-squared rela-
tionships, respectively.

The classical and quantum correlations are most easily illustrated using pho-
tons with the same spin, though twin polarization photons are essentially the
same. The angle of Detector 1, designated D1, is used as a reference angle of
0-deg. The angle of D2 relative to D1 is 6. For the classical case, the green arc in
Figure 6 shows where these detectors will agree, ie., be correlated, while the red
arc shows where they will disagree. Clearly, as @ increases linearly, the green
arc will diminish linearly and the red arc will increase linearly. This shows the
relationship of correlation to relative detector angle to be linear for the classical
case. Linearity can also be appreciated to stem from the assumed uniform dis-
tribution of a random 6.

The quantal case is very different, as illustrated by Figure 7. Quantum theory
dictates that when D1 detects P1 spin, for example, spin up, the quantum spin
state of P2 must assume the same spin angle, Ze., spin up. So P2 must strike D2
with the D1 detected angle of P1. But since D2 is at a relative angle of & with
D1, the P2 quantum spin state must be projected onto D2, i.e., multiplied by the

Figure 4. A notional Bell test setup. Key elements are 1) a source of twin photons, P1 and
P2, entangled with the same quantum spin state, 2) a set of two detectors, D1 and D2, one
for each of the entangled pair, and 3) an adjustable relative angle, 6, between the two
detectors.
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Figure 5. Prototypical classical correlation (in blue) and quantum correlation (in red) as
functions of the relative detector angle 6.

Figure 6. Classical correlation as a linear function of @; linear increases in 6 cause
correspondingly linear changes in the green and red arc lengths.

cos@ . Since quantum probability is the square of the state amplitude, the mul-
tiplier becomes c0s® @ . This means the probability of a D1 detection being the
same as a D2 detection, Ze., the probability of agreement, or correlation, is a
function of cos” 6 .

So, if quantum predictions are correct, Bell test data will reproduce the red
curve in Figure 5 for many measurements of random spin and random detector
angles. If classical predictions are correct, the blue curve will be reproduced.
Many actual Bell tests consistently have reproduced the quantum prediction.
However, there is a critical built-in assumption for the classical case and the Bell
inequality: that property values, such as spin or polarization, are real-numbered
values.

But, as we have argued in this paper, if one replaces real-numbered values

with “quasi classical” interval values, or D -measures, the differences between
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the two results may not be as pronounced or as differentiated, at least under
some conditions (see Figure 8). One obvious result of this finding is that the va-
lidity of using conventional Bell tests to demonstrate quantum correlations may

be less compelling when using D -measures than a real-number representation.

Figure 7. Quantum correlation as a function of cos’@ . P2 assumes the direction of the
P1 state detected by D1, e.g., spin up. This state is then projected onto the D2 up direction.
The projected amplitude is squared so as to get the absolute probability.

Figure 8. For D -measured (intervalized) spin angles, correlated and uncorrelated re-

gions can overlap.

DOI: 10.4236/jmp.2019.106041 600 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.106041

Journal of Modern Physics, 2019, 10, 601-612
http://www.scirp.org/journal/imp

ISSN Online: 2153-120X

ISSN Print: 2153-1196

How Good Is the Debye Model for Nanocrystals?

Enrique N. Miranda!?*, Geraudys Mora-Barzagal

ICONICET and Facultad de Ciencias Exactas y Naturales, Universidad Nacional de Cuyo, Mendoza, Argentina
2JANIGLA, CONICET, Mendoza, Argentina

How to cite this paper: Miranda, E.N. and
Mora-Barzaga, G. (2019) How Good Is the
Debye Model for Nanocrystals? Journal of
Modern Physics, 10, 601-612.
https://doi.org/10.4236/jmp.2019.106042

Received: March 5, 2019
Accepted: May 6, 2019
Published: May 9, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

The question here is whether the Debye model is suited to evaluate the spe-
cific heat of nanocrystals. For this, the simplest possible nanocrystal is consi-
dered: a basic cubic structure made of atoms that interact through a harmonic
potential. This simple model can be solved exactly. This allows the dispersion
relation of the mechanical waves to be determined, so that calculating the ex-
act specific heat turns out to be quite straightforward. Then, the same prob-
lem is solved using the Debye approximation. Our findings show that the
specific heat of a nanocrystal evaluated exactly is higher than the value found
in the thermodynamic limit, that is to say, the specific heat decreases as the
nanocrystal size increases. In addition, it becomes clear that the Debye model
is a poor approximation for calculating the specific heat of a nanocrystal.
Naturally, the Einstein model yields an even worse result. The cause of the
discrepancy is found in the role of the nanocrystal surface.

Keywords

Nanocrystals, Few-Particle Systems, Debye Model, Lattice Vibrations

1. Introduction

The boom of physics at a nanoscopic scale justifies questioning the validity of
some of the usual claims when working with systems made up of a few hundred
or a few thousand particles. Previous papers [1] [2] dealt with studies on how the
thermodynamic properties change when evaluated following the different en-
sembles of statistical mechanics. These demonstrated that, for systems with very
few thousand particles, the different thermodynamic magnitudes reach the same
values independently of the ensemble considered. In this sense, a claim of con-
ventional wisdom was confirmed. However, for systems with tens of particles, it
was also shown that some fundamental statements ceased to be valid; for exam-

ple, the specific heat depends on the context in which it is measured [2].
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In addition, the question arises whether the usual models for solids are appli-
cable at the nanoscale. A recent article [3] introduced “The Einstein nanocrys-
tal”, which is the simplest model for a nanoparticle. The atoms are assumed to
be configured in a simple cubic lattice, where each can oscillate in three different
directions and with the same frequency in all cases. Such a straightforward mod-
el served to reveal the importance of the surface for the specific heat of the na-
nocrystal. The present article takes the next step and introduces a similar nano-
crystal consisting of a simple cubic lattice where the atoms interact through a
harmonic potential (“springs”), and there are normal modes with certain distri-
bution of frequencies. The objective here is to test the validity of the approxima-
tions made using the very well-known Debye solid [4] [5] to study systems with
a few hundred or a few thousand atoms.

The body of this article is structured in three main sections. Section 2 presents
the model of a nanocrystal formed by N, atoms and shows its exact solution.
Section 3 introduces the approximations made to obtain the specific heat of the
Debye solid and, for comparison purposes, the Einstein model is also included.
By comparing both models with the exact results, it will become clear that they
are not suited for systems with thousands of atoms. Finally, Section 4 summa-

rizes the conclusions.

2. The Simplest Nanocrystal Model

Figure 1 shows the proposed nanocrystal model. It is a simple cubic structure
with a lattice constant of a,. There are a total of N, atoms, which means that the
side of the nanocrystal has n,_ = N%* atoms and the total volume is given by
V =(n, —1)3 a; . The atoms with mass M are connected to each other through
springs characterized by a constant K.

It should be noticed that we deal with a toy model since there are no simple
cubic crystals in nature. We use this crystal structure because our concern is to
check the validity of the Debye model at the nanoscale and do not pretend to re-

produce any actual experimental result.

Figure 1. The nanocrystal model studied. A simple cubic structure with 1, atoms per side
and a lattice constant of a,.
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In terms of classical mechanics, the behavior of this system is well-known: the
system has 3n’ different oscillation modes whose frequencies can be calculated
easily. The case of a one-dimensional lattice with pinned boundary conditions is
dealt with in textbooks [5]. Each oscillation mode is characterized by a wave
vector k, whose module is k = mn/(nLao), where m=0,1,2,---,n_ -1 and the

frequency w is given by:
4K . L[ ka,
o (k =(—jsm2 —2 1
Generalizing to the three-dimensional case [6] leads to the following relation
between the wave vector kand the frequency w:

T
kza(mx,my,mz) (2)

o =2 sin  m, |+sin? Lmy +8in%| ——m, (3)
M 2n, 2n, 2n,

where m,, m,,m, = 0,1,2,---,n_ —1. The characteristic frequency of the system is:
@, = 2{K/M . (4)

It is necessary to consider all possible combinations of m,, m,and m, except (0,
0, 0) that obviously corresponds to the body at rest.

So far for the classical treatment, in quantum terms, these results are inter-
preted as the system having phonons that are characterized by a wave vector &
and a frequency w(k), and that obey Bose-Einstein’s statistics. It is a usual exer-
cise in any statistical mechanics course [5] to show that the energy of such a sys-

tem is given by:

1
eel -1

It follows immediately that the heat capacity C =dU/dT is:

>
)

=
x

Nal

hza)z (k)e kgT

no(k) 2
kgT? [e keT —1]

The sum of all the k vectors can be broken down into a triple sum:
2= 2 2 > () and one should remember that there are three possi-
X y z

ble polarization states (two transverse and one longitudinal) of each phonon.

c=Y, (6)

Also, some abbreviations are included to simplify the notation. We make use

of an auxiliary function defined as follows:

2
- 2 n - 2 T[ - 2 n
R(mx,my,mz):[sm |:me:|+5”1 {Emy}rsm [ﬁsz 7)
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The characteristic frequency of the system is @, = 2(K/M )1/2. The temperature
can be expressed in terms of a dimensionless variable ¢ as 7 = ¢7. with 7. =
hwy/ky. Keeping in mind all these definitions and remembering that there are

n’ atoms, the specific heat per atom cis written:

. D i di
ex nd My =0 &md My, =0 Led M, =0
L

R? (mx,my,mz)eR/‘

t? (eR/t —1)2

; me+m +m, #0 (8)

In the rest of this article, the specific heat is expressed in terms of units of 4.
In this way, cbecomes an adimensional variable as well as the temperature ¢

This is expression (8) is exact, noted by subscript “ex”, and it gives the specific
heat per atom for a nanocrystal with a simple cubic structure and n; atoms per
side. The first question that arises is how this parameter changes according to
the size of the system. And the answer is that it changes very slowly, as seen in
Figure 2.

In the next section, the specific heat will be calculated again but introducing

step-by-step the approximations of the Debye model.

3. The Debye Approximation

Actually, several approximations are made in the Debye model for solids [4] [5].
First, the relation between the frequency and the wave vector is linearized. Then,
a frequency continuum is assumed and a maximum cutoff frequency is intro-
duced.

Linearizing the dispersion relation of the phonons implies approximating the

sine that appears in (1) by its argument. In one dimension:

Figure 2. Specific heat per atom c evaluated exactly for ¢ =1 in relation to the number of
atoms N,. It is clear that the specific heat for a small nanocrystal is higher than the value
in the thermodynamic limit and that it converges slowly towards that value. The specific
heat is in units of 4.
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ka, m
=W =Wy — 9
°2 P ©)

k
(_j
2
with m=0,1,2,---,n 1.

In three dimensions, the auxiliary function R(mx,my,mz) defined pre-

viously needs to be modified as follows:

2 2 2
: I T I
R(mx,my,mz)_[(2nL mx] +[2“L myj J{ZHL mzj J (10)

To calculate the specific heat, the same expression (8) is used, but with function
R’ given by (10).

Then, the frequencies are assumed to be continuous and the sum in (6) is re-

N

placed by an integral that includes the density of states for phonons. And finally,
a maximum frequency, known as the Debye frequency, is introduced. Physically,
the existence of a maximum frequency is determined by the existence of a min-
imum wavelength associated with the interatomic distances. In the case of a fi-
nite sample, there will also be a minimum frequency because there is a maxi-
mum wavelength associated with the linear size of the sample.

The minimum frequency w,;, is obtained taking the wavelength along the

edge of the cube as maximum half-wavelength:

ﬂ“;* =(n_-1)a, =V*¥ (11a)
o :\772 (11b)

where cis the speed of sound in the lattice, given by [5]: ¢=a,(K/M )1/2 . The
same speed is presumed for the transverse and longitudinal waves. It should be
remarked that this is a strong assumption of our toy model made in order to
keep the calculations as simple as possible.

To establish the maximum frequency, or Debye frequency w, the procedure
is similar to the usual treatment: the integral for the density of states between
Wi, and wp, has to be equal to the number of degrees of freedom for the system.
Here, attention should be paid to the atoms in the surface that, consequently,
have fewer degrees of freedom than those inside the cube. A careful count [3]
shows that the number of oscillators (the “springs” portrayed in Figure 1) is:
S(nﬁ -n? ) = 3( N, - Ni/S) . Finally, having in mind the expression for the densi-

ty of states I(w) for phonons [5], we can write:

op o N, 2/3

Dmin D(w)dwzjf%in 27'[2C3 @ dw=3<NA_NA/ ) (12)
This gives:

s _ 6C°N,7° . ¢’n®  6c*NZn’

13
=Ty Y v (13)

It is interesting to analyze each term in the previous expression. The first term

is the one usually present in the treatment of the Debye solid. The second is as-
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sociated with the existence of a minimum frequency due to the size of the sam-
ple. And the third accounts for the existence of a surface. It becomes clear that
the effect caused by the finite size of the sample is negligible in the presence of
the other two terms that explicitly depend on N,. Now, the problem is reduced
to calculating the specific heat of this nanoparticle keeping in mind the linea-
rized dispersion relation and the existence of a minimum and a maximum fre-
quency.

Taking into account the density of states for phonons D(w) and expression (6),

the heat capacity in the Debye approximation is:

T
kgT

9N, [ w'e

Debye ™ wngTz 2 da) (14)

Dmin ho

gkeT _1

To enable comparisons with the previous results, it is convenient to rewrite
the previous expression in terms of the dimensionless temperature ¢ defined ear-
lier, and to divide by the number of atoms. The specific heat per atom ¢y, in
the Debye approximation is obtained as follows:

u/t

9K, (o U'e

CDebye =73 2J. . 2 du (15)
th Umin (eu/t +1)

The integration limits are U, =@, /@, ¥ Up =@p /@, . It is useful to write

these magnitudes in terms of our model parameters, as seen in Figure 1. Thus,

we find that:

3.2 2,2 3 3
U, = 3nin” 3n(m LT (162)
4(n_-1) 4(n_-1) 8(n_-1)
and:
T
" = 20, —1) (160)

It is clear that expression (15) depends only on the number of atoms z, and the
reduced temperature &

In Figure 3, the specific heat obtained with the Debye approximation is com-
pared with that obtained exactly for a cubic nanocrystal.

The most readily visible conclusion is that the Debye approximation is un-
suited for systems with tens of particles Figure 3(a), as well as for systems with a
few thousand atoms Figure 3(b) or even for a million atoms Figure 3(c).

It is useful to compare the exact specific heat of a nanocrystal with the usual
value of the Debye solid in the thermodynamic limit [4] [5] because, as it is
known, the Debye model is a reasonable approximation for the bulk specific heat.
The result is plotted in Figure 4. It is clear that, the specific heat of a nanocrystal
is higher than the bulk value, as observed in most experiments [7] [8] [9] [10].
That is to say, our simple model explains a characteristic observed repeatedly in

nanocrystals and nanoclusters.
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(a)

()

(©)

Figure 3. The specific heat calculated exactly (solid line labeled as I) is compared with the
specific heat obtained using the Debye approximation (dashed line labeled as II) for three
nanocrystal sizes: (a) 3, (b) 10%> and (c) 100°. It becomes clear that the Debye approxima-
tion is unsuited for a system with tens of atoms. Neither is it a good approximation for a
nanocrystal with 10° or 10° atoms. The specific heat is in units of k, and the temperature
is a dimensionless variable as explained in the text.
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Figure 4. The specific heat calculated exactly (solid line labeled as I) for a nanocrystal
with 10* atoms is compared with the usual value predicted by the Debye model (dashed
line labeled as II) in the thermodynamic limit. Clearly, our model predicts that the specif-
ic heat of a nanocrystal is higher than the bulk value, as seen in most experiments.

And how do these results compare with the Einstein solid? In this case, all the
phonons have the same frequency w, or, more precisely, the density of states is
delta function center in that frequency: D(w)= (@ — ;). Therefore, expres-
sion (6) is reduced to [3]:

hﬂ
thzekBT
CEinstein = 3( NA - N/i/s) Ohwo 2 (17)
kgT?|e'e" -1

Naturally, it is convenient to divide by the total number of atoms N, =n}
and to introduce the dimensionless temperature ¢ It is necessary to keep in mind
that the characteristic frequency was defined as (K744)"* in [3], but in this article
it has been defined as twice that value—see Equation (4). As a result, when ex-
pressing Equation (17) in terms of the dimensionless temperature, an additional
factor 2 appears. Thus, the specific heat per atom in the Einstein approximation

is expressed in &, units as:

1 4e"
Ceingtein =3| 1—— |———
Einstein ( n|_ Jtz (ez/t _1)2 (18)

Figure 5 shows c,, in the Debye approximation ¢y, and in the Einstein ap-
proximation G,gein-

Figure 5 is very revealing: the usual models for solids are not applicable to
nanocrystals with hundreds or thousands of atoms.

It is reasonable to wonder why the Debye approximation is unsuited for sys-

tems with hundreds or thousands of atoms. A first conjecture is related to the finite
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Figure 5. The specific heat for a cubic lattice with 10° atoms is evaluated exactly (solid
line labeled as I), using the Debye approximation (dashed line labeled as II) and using the
Einstein model (dot-dashed line labeled as III).

size of the sample, which is reflected in the existence of a lower limit different
from zero in the integral; however, this is not the case. The existence of a lower
limit in the frequency has a negligible contribution. For example, when in the
integral in (15) the lower limit is replaced by 0, the specific heat changes from
1.4325 to 1.4324 for n, = 10 and ¢ = 1. So, clearly, the existence of a lower inte-
gration limit different from zero is not relevant.

Another possible cause is the linearization of the dispersion relation. Figure 6
shows the specific heat evaluated using the correct dispersion relation incorpo-
rated to expression (8), and using the linearized version as it appears in expres-
sion (10). Clearly the linearization is partially responsible for the discrepancy but
other causes should be also considered.

The cause of the discrepancy seems to be twofold. On the one hand, the as-
sumption of a continuous frequency distribution for the phonons is appropriate
in the thermodynamic limit, but it is a very strong hypothesis when the number
of phonons is in the order of n?. And on the other hand, the existence of a sur-
face seems to have a crucial effect, as already demonstrated in the case of the
Einstein nanocrystal [3]. In this paper we have worked with pinned boundary
conditions and this implies that surface phonons are neglected. The main dif-
ference between a macroscopic piece of material and a nanocrystal is the ap-
pearance of surface vibrational modes and a simple, straightforward application
of the Debye model does not take into account such modes.

Finally, it should be noted that this model predicts that, for nanocrystals, the
specific heat goes exponentially to zero, as inferred from expression (8). And this
behavior is different from that observed in macroscopic crystals. There are no
experimental data of the nanocrystal specific heat behavior for very low temper-

atures to confirm or rebut this prediction.
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Figure 6. The specific heat of a nanocrystal of 10’ atoms evaluated using expression (8)
that includes the exact dispersion relation (solid line label as I) and using the linear dis-
persion relation (dashed line labeled as II). The linearization of the dispersion relation
seems to be partially responsible of the discrepancy between the exact value and the
Debye approximation for the specific heat.

4. Conclusions

In this article, we have explored the validity of the Debye model at the nanoscale.
For this, we have considered a very straightforward nanocrystal model: a simple
cubic structure whose atoms are assumed to interact through a harmonic poten-
tial, as portrayed in Figure 1. This system is simple enough to allow for an exact
solution, which gives the dispersion relation for the mechanical waves of the lat-
tice—Equation (3). Thus, by thinking of the system on quantum terms, the exact
dispersion relation of the phonons becomes known, and the exact specific heat
can be calculated—Equation (8). The form of this specific heat coincides with
that expected for a group of oscillators, though its value is higher than that
found in the thermodynamic limit. Figure 2 shows the specific heat evaluated at
a fixed temperature in relation to the number of atoms in the nanocrystal; it is
clear how, as the size increases, the specific heat decreases. This means that our
model predicts that the specific heat is higher for nanocrystals than for crystals
of macroscopic size, which is what is observed experimentally.

Once the exact specific heat is calculated for our nanocrystal, we apply the
Debye approximation to allow for comparisons. To do this, the usual steps are
followed, but keeping in mind that the nanocrystal has a finite size and, there-
fore, there is a maximum wavelength, or rather a minimum frequency. So we
obtain an analytical expression for the Debye frequency—Equation (13)—where
three terms are easily identified: the usual term and the corrections on account
of the finite size and the surface. The first correction has proven to be irrelevant,
but not the second. This agrees with our findings for the Einstein model in a
previous paper [3]. The result of the current article is summarized in Figure 5,

which shows the specific heat calculated exactly, as well as after Debye and after
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Einstein. The plot makes it clear that the usual models approximate poorly the
exact specific heat. Even for a nanocrystal with 10° atoms, the exact value and
that obtained with the Debye approximation differ considerably. The surface vi-
brational modes might be responsible for this disagreement. The message is then:
do not forget the surface when dealing with nanocrystals. A naive application of
bulk results to a nanoparticle would lead to wrong conclusions for two reasons: 1)
the surface introduces a non negligible effect (the surface phonons in the case of
specific heat); 2) as the size of the particle is decreased, the approximation of us-
ing a smoothed density of states becomes less and less accurate.

The final conclusion of this article is that the standard Debye model is not
very suited to model the specific heat of nanocrystals. But we also think there is a
path for doing this better. Although nanocrystals with a simple cubic structure
do not exist in nature, the steps outlined here could be replicated for a realistic
crystal structure. It would simply be a matter of finding the frequencies of the
normal modes for that realistic structure assuming that the atoms interact
through a harmonic potential (“springs”). And once the formula linking the
wave vector with the frequency is known, evaluating the exact specific heat be-

comes an exercise of statistical mechanics.
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Abstract

The integration of ferroelectric materials as thin films has attracted consider-
able attention these last years thanks to their outstanding performances that
allow considering new features for the realization of photovoltaic devices.
Our study focuses on investigating structural, dielectric and ferroelectric
properties of undoped and Mn doped PZN-4.5PT nanoparticles thin films on
Silicon substrate. We fabricate very stable PZN-4.5PT nanoparticles thin
films deposited on nanostructured silicon substrate with giant relative di-
electric permittivity of 2.76 x 10* and 17.7 x 10* for respectively the un-
doped and Mn doped thin films. These values are very large compared to
those found in single crystals and might be explained by the influence of the
gel in which nanoparticles were dispersed. The SEM images show the crys-
tallization of new hexagonal phases on the film surface probably coming
from interaction between Si and the gel. The hysteresis loops permitted to
determine the spontaneous polarization (P,), remnant polarization (P,) and
coercive field E. which are equal to 11.73 pC/cm? 10.20 pC/cm’® and 20
V/cm, respectively for the undoped nanoparticles thin film and 22.22
pC/cm?, 19.32 uC/cm* and 20 V/cm respectively for the Mn doped one.
These values are high and correspond to the best ones found in literature

compared to typical ferroelectric thin films.
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1. Introduction

For semiconductor photovoltaic materials, photons with energy higher than the
band gap are absorbed to produce electron-hole pairs which are separated by the
internalfield in the p-n junction and collected by the electrodes. Consequently,
the photo-induced voltage is limited by the energy barrier height at the interface
region and usually smaller than the semiconductor band-gap [1]. Therefore, the
ferroelectric photovoltaic effect has been attracted a great deal of attention due
to its efficient polarization-governed mechanism of charge separation and ability
to generate (open circuit voltage) above band-gap voltages [2].

Recently, the discovery of perovskite ferroelectric nanomaterials opened up a
great possibility of application for ferroelectric devices. There have been various
nanostructures such as nanoparticles, nanorods, and nano-patterned structures
using PZT, BaTiO,, and SrTiO; [3] [4] [5]. Those ferroelectric nanomaterials ex-
hibit very different characteristics in its domain dynamics, coercive field and spon-
taneous polarization response [6] [7] [8] [9]. Ferroelectric lead compounds having
a perovskite structure, such as Pb(Zn,;Nb,;)O, (PZN) [10], Pb(Mg,;Nb,;;)O,
(PMN) [11], and their solid solutions with PbTiO, (PT), have been investigated
for high performance ultrasonic transducer applications [12] [13] [14] [15] [16].
These solid solutions have excellent piezoelectric and ferroelectric properties in
single crystal form compared to the above ferroelectrics. In addition, its high
relative dielectric permittivity value could permit to gain a very high open circuit
voltage in photovoltaic cells thanks to the charge accumulation process. Then
PZN-PT could be one of the promising new materials for such ferrophotovoltaic
devices. Indeed, these last years, high levels of papers have been published about
PMN-PT and PZN-PT single crystals [17] [18] [19] [20], showing at least fer-
roelectric, ferroelastic and piezoelectric properties 10 times higher than those of
PZT. However, there is no publication on PZN-PT as thin films for ferrophoto-
voltaic effect. We know that the greatest difficulty to use such single crystals on
electronic devices is to achieve them in thin layers form because of their incon-
gruent melting property. If we fabricate the nanoparticles thin film of such ma-
terials without losing ferroelectricity or photovoltaic properties, we can expand
the ferroelectric device to various substrates, structures, and nano-scale applica-
tions.

In this paper, to integrate them into silicon nanostructures, we realized
PZN-4.5PT nanoparticles deposition, already synthesized by the so-called solu-
tion flux method [19], as thin film on p-type <100> oriented nanoporous silicon
substrate. Surface morphology, dielectric and ferroelectric properties of as depo-

sited thin films were investigated.
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2. Experimental Procedure

2.1. PZN-PT Nanoparticles Thin Film Fabrication and Surface
Characterization

Undoped and 1% Mn doped PZN-4.5PT grounded powders were dispersed in
gel fabricated in the laboratory LCPM in Assane Seck University of Ziguinchor.
To obtain a homogeneous film, spinning process was carried out at room tem-
perature using a spin coater Midas 1200 D at 3500 rpm with an initial accelera-
tion time of 5 seconds and an operating time of 10 min. After 10 min bake in
oven at 100°C, thermal annealing in a K114 type muffle furnace was performed.
The heating rate of the furnace is chosen between 10 and 20°C/min. A 30 - 60
min plateau was carried out at 900°C for the gel diffusion through the p-type sil-
icon (<100> oriented Boron doped monocrystalline silicon with resistivity 5 - 10
Q.cm and thickness of 600 - 650 pm) nanowires substrate. Cooling at ambient
temperature was done naturally. Different samples were fabricated using the two
nanopowders and were characterized. Surface morphology of thin films samples
were observed using an electron beam lithography system Pioneer Raith model
in C(PN)2 (Paris 13 University).

2.2. Dielectric and Ferroelectric Characterization

For dielectric properties characterization, the sample with the deposit thin film
was metallized on the both sides with silver paste using the screen-printing me-
thod. In order to have good adhesion between the silver and the thin layer, the
metallized sample was annealed at 450°C for 30 min in a thermo scientific model
FB1310M-33 oven. For dielectric losses measurements and to calculate the rela-
tive dielectric constant (¢,), the capacity measurements as function of the tem-
perature and the frequency were performed using a LCR meter model LCR-819
from GWINSTEK. The relative dielectric constant was determined using the
following formula
, _Ce
S¢g,

(1)

where Cis the measured capacity, e the thickness, Sthe metallized surface and ¢,
the vacuum permittivity (8.85.107"> F/m). A modified Sawyer-Tower circuit at
room temperature was used to measure the polarization versus the DC field.

From polarization-Eg, curves, E_, P, and P, were determined.

3. Results and Discussion

3.1. Surface Characterization

Figure 1 shows the SEM images of the different thin layers revealing that the
nanoparticles gel is diffused inside the nanowires and covered totally the whole
surface. The images of Figure 1(a)-(c) (increasing magnetization) show the
complex nature of the undoped nanoparticles thin films randomly distributed.

One can find the presence of black zones (Pb is highly reactive with Si at 600°C
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Figure 1. SEM images of (a) normal, (b) zooming on black circle and (c¢) zooming on
gray zone for undoped; (d) normal zone 1, (¢) normal zone 2 and (f) zooming on zone for
1% Mn doped PZN-4.5PT nanoparticles thin layers on <100> oriented silicon substrate.

to give a hexagonal nano-crystals; on the other hand it is possible that there is a
reaction between Pb and the gel giving these nano-crystals), which could be ex-
plained by the formation of a new phase and due to the presence of new atoms
from the gel containing nanoparticles such as Pb and P that may form new hex-
agonal complexes with Si thanks to annealing. In Figure 1(c) top terminals of
silicon nanowires could be seen. Figure 1(d) to Figure 1(f) show homogeneous
distribution of 1% Mn doped PZN-PT nanoparticles. However, it is interesting
to notice that the local black circles are composed by hexagonal shapes nano-
crystals (Figure 1(d), Figure 1(e) and the zooming image). Figure 1(f) shows
the distribution of the doped nanoparticles on the surface with sizes varying

from less than 10 nm to around 200 nm.

3.2. Dielectric and Ferroelectric Characterization

Figure 2 shows the relative dielectric permittivity and dielectric losses as func-
tion of temperature. These curves reveal the presence of two transition temper-
atures (ferro-ferro and ferro-para). The first transition (Ty; = 130°C) is assigned
to a ferroelectric to ferroelectric phase transition which could be from a Rhom-
bohedral and hexagonal mixte ferroelectric phase (perovskite nanoparticles and
hexagonal nanocrystals) to another ferroelectric phase such as tetragonal or total
hexagonal one. Doping did not affect this transition value and the value is closer
to the bulk PZN-4.5PT crystals (130°C [19]). The second peak (around 310°C)
corresponds to the transition from ferroelectric to paraelectric (T.). According to
Figure 2(a) and Figure 2(b), showing permittivity and dielectric losses temper-
ature dependence, for undoped and Mn doped PZN-4.5PT nanoparticles thin
layers, Tc increased from 180°C [19] to 310°C respectively for bulk and for na-
noparticles thin layers due to, probably, the gel effect. Relative dielectric permit-
tivity (Table 1) values are very high at ambient temperature and 1 kHz (10* to
10° for undoped and 10* to 10° for doped nanoparticles) compared to the bulk
one with 10° to 6 x 10°. This remarkable increase in the dielectric permittivity
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Table 1. Dielectric and transitions parameters of the undoped and Mn doped nanoparticles thin layers.

. £ (1 kHz) tand, (%) . .
Thin films arrnbient T ambi:ent T Trr (°C) T.(°C) Emax (at Tc) P, (uC/cm?) P, (uC/cm?) E_ (V/cm)
NW-PZN-4.5PT 2.76 x 10* + 100 6.45+1 130+ 1 3101 2,60 x107+100 11.73+0.1 10.20+0.1 20+1
PZN-4.5PT + 1% Mn 17.7 x 10* £ 100 5001 1301 3051 3.00 x 107 +£100 22.22+0.1 19.32+0.1 201

(a)

(®)

Figure 2. Relative dielectric permittivity and dielectric losses versus temperature for (a)
undoped and (b) 1% Mn doped PZN-4.5PT nanoparticles thin films deposited on <100>
oriented silicon nanowires substrate.

could be explained by the new phase from combination of Si-perovskite-gel
overgrowth on the silicon surface. The dielectric losses are low compared to
other high K materials; their values are equal to 6.45% and 5% respectively for
the undoped and Mn doped PZN-4.5PT thin films. These values show that the

mechanical factor would be very interesting and high. The results from dielectric
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measurements show the potential application of such materials in micro and
nanoelectronic devices as a colossal relative dielectric permittivity material.

Figure 3 represents the dielectric permittivity and dielectric losses depen-
dence with applied electric field for undoped and Mn doped PZN-4.5PT thin
films. From these curves it is clear that the dielectric permittivity value is very
colossal in applied electric field conditions. It increases linearly between 15 (¢, =
1 X 10°) to 25 V/cm reaching to its maximum value (5 x 10°) at E = 50 V/cm for
undoped film and from 2 x 10’ to 9 x 10° for the doped one (Figure 3(a)). Over
60 V/cm, the dielectric permittivity dropped down to its lowest values (&, = 2 x
10’ and 7 x 107 respectively for the undoped and Mn doped nanoparticles films).
Physically, we supposed that increasing the voltage would permit some defaults
and impurities to give enough energy for conduction band. So the increase of the
material conductivity would certainly decrease permittivity property.

These results show that this new material could support very large electric

field change (40 - 60 V/cm) compared to the other thin films dielectric. However,
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Figure 3. (a) Relative dielectric permittivity and (b) losses for undoped and 1% Mn

doped PZN-4.5PT nanoparticles thin films deposited on <100> oriented silicon nano-
wires versus applied electric field.
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over a certain value its performances would decrease. It exists a critical electric
field value (around 60 V/cm) corresponding to the maximum dielectric permit-
tivity for these materials polarization. The Mn doping did not greatly affect the
thin films properties. However, it is clear that it stabilizes the electric field de-
pendence (values are more stable compared to undoped). Indeed, one can see in
Figure 3(b) that the losses are very stable for applied electric field over 60 V/cm
with a value equal around 7% for the doped nanoparticles while it increases
suddenly for the undoped one before being stable around 9%.

Figure 4 shows the dielectric permittivity and losses as function of frequency
with bias on “off” (Figure 4(a) and Figure 4(c)) and with bias on “on” (Figure
4(c) and Figure 4(d)). We note that the bias is remaining at 0 V. The dielectric
measurements are carried out as a function of frequency in the range of 100 Hz
to 100 kHz to explore relaxation effects. The large dielectric constant for un-
doped thin film decreases continuously with an increase in frequency, which is a
typical characteristic of any ferroelectric material. Whereas, for the Mn doped
sample, the dielectric constant decreases slowly for the further increase in the
frequency.

This kind of behavior usually comes from the space charges at low frequen-
cies. Along with the improvement in the dielectric constant, an increase in the
dielectric loss (Figure 4(c)) is also found for the doped nanoparticles thin film.
The dielectric permittivity and losses behaviors in Figure 4(a) and Figure 4(b)
(under OV bias) are totally different to those from Figure 4(a) and Figure 4(c).
Indeed, in the latter we notice the presence of negative values (meaning negative
capacity) over a certain apparent resonance frequency (around 10 kHz) for both
materials. These negative values could come from charge injection and also
charge accumulation due to the colossal dielectric permittivity. The relative di-
electric permittivity values at high frequency are equal to 1.17 x 10* and 3.9 x 10*
for respectively undoped and Mn doped thin films and with bias “off”. These
values are in the same range that those determined from dielectric permittivi-
ty-temperature curves at 1 kHz (Table 1). The permittivity values with bias on

“on” at 0 V are negative and equal to —1.09 x 10° and —2.23 x 10° respectively for
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Figure 4. Dielectric permittivity versus frequency with (a) 0 V bias “on” and (b) bias “off”; dielectric losses (c) 0 V bias “on” and
(d) bias “off” for undoped and Mn doped PZN-4.5PT nanoparticles thin films deposited on <100> oriented silicon nanowires.

undoped and Mn doped samples. The presence of bias since it is equal to 0 V in-
creases highly the permittivity values and behavior both for the two films. As ex-
plained above, this could be due to charge injection and accumulation. These
large relative dielectric values and low dielectric losses make these materials in-
teresting candidates for ferrophotovoltaic and energy storage.

Figure 5 shows the room temperature dielectric constant and dielectric losses
versus applied electric field of the Mn doped PZN-PT nanoparticles thin film.

The curve is butterfly shaped, providing the evidence of weak ferroelectricity of
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Figure 5. Completed cycles for (a) relative dielectric permittivity and (b) dielectric losses
for 1% Mn doped PZN-4.5PT nanoparticles thin layers deposited on <100> oriented sili-
con nanowires substrate.

the PZN-PT thin films at room temperature. The tunability ((&,.c — &nin)/€Emax) Of
the doped PZN-PT thin films is around 86%. This film showed very high tuna-
bility compared to those found in other ferroelectric materials such as the
BNT-BT-ST thin films (29% and 35% [21]). This enhancement of dielectric con-
stant was attributed to the relatively large hexagonal formed nanocrystals of the
thin films due to the reaction between the gel and silicon substrate and also
charge accumulation at the thin film and the electrode interface.

Figure 6(a) and Figure 6(c) show the stimulus and the response signals as a
function of time. The stimulus triangle wave (X) and the voltage (sine wave)
across the sense capacitor (Y) prompt the ferroelectric behavior of the thin films.
The film capacitor is modulating the stimulus wave. The modulation by the fer-
roelectric capacitor is particularly apparent in Figure 6(b) and Figure 6(d). This
figure presents a ferroelectric hysteresis loop by using X:Y mode as explained in
the experimental method described in [22]. The values of remnant polarization
P,, spontaneous polarization P, and coercive field E. are equal to 11.73 pC/cm?,
10.20 pC/cm’® and 20 V/cm, respectively for the undoped nanoparticles thin film
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Figure 6. Modulation of the stimulus triangle wave and response (a) and (c) and their
ferroelectric hysteresis loops (b) and (d) for respectively undoped and 1% Mn doped
PZN-4.5PT nanoparticles thin layers on <100> oriented silicon nanowires.

and 22.22 pC/cm? 19.32 pC/cm* and 20 V/cm respectively for the Mn doped
thin film. These values are large (high) and correspond to the best ones found in
literature compared to typical ferroelectric thin films. One can see that Mn dop-
ing increases the polarization values. This is normal compared to the dielectric
constant value in room temperature at 1 kHz increasing by doping (Table 1) fa-

cilitating charge accumulation and so polarization.

4. Conclusions

In this study, we fabricate with success PZN-4.5PT nanoparticles thin films.
Their ferroelectric behavior has been demonstrated, measured and evaluated.
We found colossal dielectric constant, which could be explained by the presence
of new crystals components probably coming from the reaction between Si and
the gel where nanoparticles were dispersed. These results make such thin films
very potential candidates for energy storage and for ferrophotovoltaic application.
The determination of the composition of these hexagonal nanocrystals on the
film surface and the origin of such colossal relative permittivity would be inves-

tigated.
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Abstract

Initially, all that was known about diffraction in quasicrystals was its point
group symmetry; nothing was known about the mechanism. The structure was
more evident, and was called quasiperiodic. From mapping the Mn atoms by
phase-contrast, optimum-defocus, electron microscopy, the progress towards
identifying unit cell, cluster, supercluster and extensive hierarchic structure is
evident. The structure is ordered and uniquely icosahedral. From the known
structure, we could calculate structure factors. They were all zero. The quasi
structure factor is an iterative procedure on the hierarchic structure that cor-
rectly calculates diffraction beam intensities in 3-dimensional space. By a cre-
ative device, the diffraction is demonstrated to occur off the Bragg condition;
the quasi-Bragg condition implies a metric that enables definition and mea-
surement of the lattice constant. The reciprocal lattice is the 3-dimensional
diffraction pattern. Typically, it builds on Euclidean axes with coordinates in
geometric series, but it also transforms to Cartesian coordinates.

Keywords

Quasicrystal, Icosahedral, Lattice Constant, Reciprocal Lattice, Diffraction,
Structure, Metric, Geometric Series, Quasi-Bragg Law, Quasi Structure Factor

1. Introduction

Rapidly cooled AfMn has a phase, supposedly with “Long range orientational
order and no translational symmetry” [1]. In fact, it produces sharp icosahedral
diffraction owing to hierarchic translational structure. Its five-fold rotation axes
are forbidden in classical crystallography owing to space filling constraints, and
its icosahedral structure lies outside the limitations of the fourteen Bravais lat-
tices allowed in crystallography. The “long range order” has been long debated,

but with minimal progress in understanding how a periodic incident beam,
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whether of electrons or X-rays, diffracts coherently from the “quasiperiodic” lat-
tice.

The foremost beginning lies in the formula: A has an atomic number that is
almost double that of AL Consequently imaging, in phase-contrast, optimum
defocus, transmission, electron microscopy [2], maps the heavier element which
has four times the scattering power of the lighter one. Knowledge of the magni-
fying power of the microscope then reveals that the intervening atoms are A/
that forms about the central Mn in edge-sharing A/, Mn unit cells. The resulting
stoichiometry is AL Mn, as in the melt before crystallization and as in elemental
analysis. Being edge sharing the structure is not space filling. (By contrast, all
crystals are both face sharing and space filling.) In icosahedral i- A4 Mn, the rela-
tive atomic sizes are perfect for extremely dense packing in icosahedral coordi-
nation [3] [4] [5] [6]". The unit cells cluster into icosahedral structures in at least
four tiers of icosahedral hierarchy, seen in the image. There are good reasons for
projecting the hierarchy to extend infinitely.

The stereogram of the principal axes and of principal reflecting planes in the
icosahedral structure is, in its simplest form, 3-dimensional; indexed in geome-
tric series; and complete [7]. Axial diffraction patterns have been likewise in-
dexed [3] [4]. Every component in every beam, in each diffraction plane normal
to major axes, has been precisely indexed by additions of one or two members of
the geometric series. With this description of the pattern, and knowing the
structure, the diffraction is simulated by normal scientific method [8] [9]% as
outlined below.

Because Bragg diffraction is well understood in its wide application to crystals,
it is a mildly useful foil for understanding diffraction in quasicrystals, but only if
differences are emphasized. Bragg’s law describes the linear series of diffraction
orders, n=0, 1, 2, 3 ..., that result from periodically spaced reflecting planes of
atoms. For the simple case of high energy electron diffraction from a cubic crys-

tal, we can write approximately:
_d-e a-6,
n= 1 2, 2, 12\Y2
A(h?+K2+17)

(1)

where the scattering angle, ® = 2sin(6) for the Bragg complement to the angle of
incidence & while d is the periodic interplanar spacing; and 1 << dis the wave-
length of the incident beam. For each indexed scattering angle @, in a cubic
crystal with lattice parameter a, there corresponds an interplanar spacing d; =
al(I* + & + 1)'?, h, k and positive integral.

By contrast, the quasicrystal (QC) does not have regular, periodic, interplanar
spacings, and the orders in the diffraction pattern are in geometric series 7.

Moreover, the relations between scattering angle @; d"and A were a priori un-

'All diatomic quasicrystals have diameter ratios for central atom/matrix atoms of (1 + D2 - 1, ie
equal to the diagonal/side ratio in the golden rectangle.

By an application of Ockham’s razor, “Dimensions should not be multiplied without necessity”:
because axioms are unquestioned in math, they are meaningless in physics—as are all other unfalsi-
fiable hypotheses [8] [9].
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known. Supposing modified relations, the following solution is consistent with

the diffraction pattern:

’ ’

m
T =

, M positive or negative integral, (2)

with details to be determined by simulation and experimental consistency. Every
atom scatters. We have to suppose that in any given QC orientation, either most
atoms scatter randomly but that atoms in adjacent planes may filter coherent
scattering for the appropriate d’spacing; or that all atoms in the geometric
structure coherently scatter the incident periodic wave. The former supposition
is falsified because known interplanar spacings do not match Equation (1); the
following evaluation of quasi scattering factors is a numerical solution that de-
scribes the coherent sharp diffraction that follows Equation (2). Complete analy-
sis is work in progress.

Meanwhile, consistency is required between structure, scattering, and mea-
surement. In particular, and consequent on optimum defocus imaging, it is clear
that the unit cell has dimensions a(1 X 7), where a is the quasilattice parameter
that requires measurement, and the bracket gives the dimensions of the golden
rectangle [3] [10]. (All 30 edges in the icosahedron belong to 15 golden rectan-
gles through its center.) Given the structure, the parameter must be close to the
diameter of the A/atom. Neighboring cells have common edges, but not com-
mon faces.

In crystals, Equation (1) provides the principal condition required for diffrac-
tion, and it is harmonic in order n. However, the equation is not a sufficient
condition. Many indexed beams that are allowed by the equation are in fact for-
bidden by symmetric details within the periodic unit cells [11]. Classically, the
structure factor method is used to identify them. By contrast, the quasicrystal
unit cell is not periodic, so a more complex calculation is needed to identify and
simulate the many and varied, beam intensities that occur in the geometric series
diffraction pattern. Knowing, from optimum defocus imaging, the detailed
structure of i- A Mn, we can proceed to compare diffracted beam intensities by
simulations of Quasi Structure Factors. We need to simulate, not only the sup-
position of Equation (2), but also to measure the lattice parameter a, along with
beam intensities and other features of the diffraction pattern. The fact that the
known structure—at least when considered as ideal and defect free—is uniquely
icosahedral, is confirmation of its correspondence with the point group symme-
try of the diffraction pattern. The quasi structure factors are calculated from the

known ideal structure.

2. Hierarchic Icosahedral Structure

Figure 1 shows a foil section of i-A/Mn imaged in phase-contrast, opti-
mum-defocus, electron microscopy [3]. White dots map Mn because of its high-
er atomic number, Ze. in the thin foil, the principal contrast is due to the greater

scattering power of Mn (atomic number 25) compared to A/ (atomic number 13).
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Figure 1. At left, phase-contrast, optimum defocus electron micrograph ([3] pp. 66-67) of
I-AlMn reveals icosahedrally coordinated Mn atoms as white dots and the filled red cir-
cle. The red circles outline 4 tiers of ordered icosahedral clusters. The large red circle out-
lines a supercluster section containing cluster centers at the corners of the white penta-
gon. At right, the black pentagon models the section by mirror image. Here, the triads of
golden rectangles represent icosahedral clusters of twelve unit cells (two on each central
axis), icosahedrally coordinated.

The Mn atom is the first of four tiers of icosahedral structure (red circles). When
combined with all of the information given by the point group symmetry of the
diffraction pattern [1]; and with the 3-dimensional stereogram of principal axes
and diffraction planes [7]; while furthermore having patterns in geometric series
completely indexed, the structure is evident. This series is intuitively consistent
with the idea of hierarchic structure, and is proved to be so by calculations of
quasi structure factors. While the model is an ideal representation for the rapidly
quenched intermetallic alloy; the probability of deriving this image from any

other structure that has been proposed (e.g. [12]) is absurdly small.

3. Quasi Structure Factors (QSF)

Whereas, in crystals, the Bragg condition (Equation (1)) determines harmonic
factors n that relate A to &; corresponding structure factors sum atomic scatter-
ing amplitudes that determine intensities and forbidden lines. Likewise in quasi-
crystals, the dual importance of the quasi-Bragg condition and quasi-structure
factors applies, but especially so because line intensities are many and varied.
The general application of the formulae has been previously described [5], but
we need to revisit the prerequisite of indexation. Begin with the atomic coordi-

nates for the unit cell and cluster:
Unit cell(r,):Mn:(0,0,0)
Al:1/2(+7,0,%1),1/2(0,%1,£7), and 1/2(£1,7,0) 3)
Cell or Cluster centers(r,, ) :1/2(+2%,0,+7),3/2(0,%7,+7°),1/2(+7,+7°,0).

In crystals (that obey Equation (1)), the structure factor formula projects each
atomic site at vector z;in a unit cell onto a selected plane normal having integral
indices Akl (Equation (1) with ¢, = 1). By summing the projected cosines on

non-equivalent atoms, an amplitude is obtained that corresponds to the intensity
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of the (k) diffracted beam after a crystal is oriented to the Bragg condition. For
example, the closest crystalline approximant to i-A4Mn is second phase, face
centered cubic (fcc) ALMn, x >> 6 [7]. About the [110] axis diffracted beams
have either all indices even or all odd; otherwise diffraction is forbidden by the
symmetry of the unit cell [11]. The structure factors F,;, have values equal to ei-

ther 0 or 4. The atomic scattering factor is £, and, in the crystal, the metric ¢, = 1:

Fia =§: fi COS(Z” "Cs (hhkl F.)) 4)

By contrast, in icosahedral quasicrystals (that obey Equation (2)), quasi-structure
factors (QSFs) are more complex and more varied: because it is not structurally
periodic, the summation in Equation (4) is extended to clusters and superclus-
ters indefinitely. Write the vector from the origin to each atom in a cluster a
as the sum of a unit cell vector E used previously, with a vector to the cell cen-
ters in the cluster I, :r, =TI +r, . Then since

Ncluster - 12 - 13 -
Z exp(hhkl T, ) = ZGXP(hm -rcc)xZexp(hhk, -ru) (5)
i i i
with corresponding summations over cell centers and unit cell sites, N, =
N_:N, the QSF for the cluster may be calculated:

12 .
Fhillusmr B 2008(2” G (hhkl Toe )) iclju (6)
i=1

and the calculation iterates on superclusters orders 1, 2, 3 ... p, by inclusion of
the stretching factor 7#:

12 _ P

Fh = Zcos(2ﬂ~cS (hhkl 2P rcc))X Fot (7)

i1
Fo™ may also be written FJ,. The iteration is important when the calcula-
tion is performed over large clusters, for then truncation errors due to the many
additions tend to randomize answers. Though large clusters yield precise con-
clusions [3] [4] here we will be concerned rather with diffraction effects at the
cell and cluster levels up to supercluster order 2. Notice, by contrast with (peri-
odic) crystals, that a line that is forbidden, or partly forbidden at the cell level
may be allowed by different greater dimensions at cluster and higher order le-
vels. We therefore begin by supposing that the diffraction is in first Bragg order
n =1, and proceed to determine details in the quasi Bragg law (Equation (2)),
including the calculated ratio dA/dc, The negative derivative that will be calcu-
lated is used to refine former results.

Figure 2 shows simulations for QSFs in the geometric series (100), (700),
(7200), (7°00) and (7°00), all plotted against varying values for the metric c,. Each
plot contains a single peak centered at ¢, = 0.894; no other significant structure is
found between 1.2 > ¢, > 0.8. The plots confirm the geometric series diffraction
that is observed in diffraction patterns, and that was discovered in the stereo-
grams [7] and indexation [3]. Moreover, the plots confirm the explanation for

the geometric series being due to the hierarchic structure. The series shown is
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60000000
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50000000
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40000000
3 7200
= 30000000
(o}
20000000
10000000 \ 700
0 | 100
0 5 10 15 20 25
(1-c;) %

Figure 2. QSFs simulated for indexed lines as shown from an i- A{Mn supercluster order
2. The lines peak consistently when ¢, = 0.894 with similar intensities (FWHM). By con-
trast corresponding QSFs for Bragg conditions (¢,=1and n=0, 1, 2, 3..., m = 0) are un-
regulated, with more or less random QSF structures, spread out and very weak, like noise.

illustrative: all simulated peaks from the quasicrystal occur with the same metric
(ie. the value of ¢, when the QSF peaks). The plots also emphasize the critical
and creative importance of the metric for the confirmation of Equation (2).

The significance of Figure 2 is further illustrated by comparing equivalent
scans calculated for crystals [4]. Owing to the condition expressed in Equation
(1), all “QSFs” calculated for crystals peak only on the ordinate axis (¢, = 1).
Moreover, in the simple case of fcc A/ for example, the number of values calcu-
lated is limited, typically 4 or 2 or zero, there being only four non-equivalent
atoms in the unit cell. By contrast, not only do quasicrystal QSFs peak only at a
precise off-Bragg condition (¢, = 0.894; ®'= &/c; d'= d-c,) in Equation (2) and
Table 1 below, but the intensities have a wide spectrum of values over various
diffraction beams (A4/). This variety is due to the larger number of atoms that
contribute to the diffraction from large clusters, ie. much greater than the
number in a single unit cell.

The peaks describe a new physical effect in quasicrystals. In crystals, Bragg’s
law (as in Equation (1)) supposed a simple model, with elementary mathematics

and clear experimental evidence. By contrast, quasicrystal are described by
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Table 1. Calculation for the lattice parameter &' in the quasicrystal from measurements
made by assuming Bragg diffraction.

Bragg condition Quasi-Bragg condition Comment

Including metric, ('), n, m integral
nl=de A= dO’ m = —infinity, -1,0 1, 2, 3... or
h'=0, 7, L, 73 0.

d=alh d'=alh’ ris fixed within known models
Diffraction depends on harmonic r. 4in SF

for Equation (1) & QSF for (2)

In quasi Bragg A' ¢, < A
d!, =0.205x ¢,nm
d’

100

=0.205 x ¢;x 7=0.296 nm,

'

=a

equally simple mathematics (Equation (2), Equations (5)-(7)), and equally clear
diffraction evidence, but require a more complex model. The equations and evi-
dence imply that the sums on the cosines in Equation (7), when each is multip-
lied by planar densities taken from the structure, result in specular reflection
from imaginary planes that are 10% shifted from the corresponding Bragg con-
dition. This is the most remarkable feature of the hierarchic scattering that is
observed in geometric series (Equation (2)). The shift is 1 — ¢, at the peak.

Notice that in the experimental high energy electron diffraction pattern, the
intensities of the higher orders are further and normally reduced by the devia-
tion parameter, that result from larger scattering angles [12]. The “third bright
ring” is exceptional and is described further below where it is used to define the
quasi lattice parameter.

All atom sites in Equation (7) were summed for the supercluster order 2, but
with four adjustments: edge cell atoms that were counted twice were entered by
halving the atomic scattering factor £,; secondly, those that were counted thrice,
at intersections of three cells, were entered with one third £, Thirdly, mobile
sites, where one atom shares two sites were counted as for edge sharing; and
fourthly, some details were ignored because of their small effects and uncertain-
ty. For example, Pauling’s observation [13] that though icosahedral structures
are known in crystals having large unit cells, the structures contain holes at their
centers. These holes contain less than 2% of the volume of icosahedral struc-
tures. In principle the holes can be filled with octahedral structures (the octahe-
dron is a subgroup of the icosahedral group and so should not display obvious
effects in diffraction). However, we have chosen to ignore hole fillings because
various fillings are possible.

Given the method of indexation described, the scattering is thus seen to be

coherent when the metric ¢, = 0.894°. Figure 2 is an example of the general re-

*When the calculations were undertaken earlier under the assumption of second Bragg order, n = 2,
a different value was found with a value for 1 - ¢, about 5% instead of 10% as in Figure 1. On reflec-
tion, this will be seen to be consistent; and the assumption depended on the symmetry of the unit
cell. However, since it is now obvious from Equations (5)-(7) that structure factors depend on both
the unit cell and the on the clusters, the earlier hypothesis that 1 = 2 is corrected and is replaced by
indexation based on n= 1.
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sult that is calculated in quasicrystal diffraction. We now need to consider how
to apply the calculated metric for the hierarchic structure.

Figure 3 illustrates five simulations using four imagined pseudo-indices hav-
ing A= 1.5, 1.6, 1.7 and 1.8, and also the midway index at 4= 1.618034..., the (7,
0, 0), Le. consistent with quasi-Bragg diffraction in Equation (2), with m = 1.
The pseudo-indices are anharmonic and unreal because the corresponding m is
fractional. The central peak in Figure 3 is the second peak in Figure 2. The peak
intensities are constant. By plotting, separately, the index against the peak posi-
tions, the linear slope dA/dc, is found to be —0.186, ie. negative. A similar rela-
tionship between indexation with interplanar spacing applies to quasicrystals as
to crystals (namely dy, = a/ (K + & + F)) so the derivative dd,,/dc, must be posi-
tive. This fact is used to derive the true quasicrystal lattice parameter a'in Table
1. This parameter is the corrected value that, previously, was supposedly meas-
ured by incorrectly by assuming second order (2 = 2) Bragg diffraction in the
quasicrystal. The calculated slope demonstrates the fact that the lattice parame-
ter that was previously measured by assuming Bragg diffraction, was overesti-
mated (Table 1).

4. Quasi Lattice Parameter and Reciprocal Lattice

The parameter is at first sight ambiguous because the unit cells are edge sharing.
Fixed are the stretching factor 7’; the icosahedron cell length -4, and its side
length 1-a; but the two most obvious subordinate cells are overlapping cubes
side -4, or floating cubes side & with severe underfilling. The measured lattice
parameter is reported to be 2= 0.205 nm [12] [14], i.e. measured from the “third
bright ring” [1] [15], following the methods of classical Bragg diffraction. In the
crystallography of cubic materials, an interplanar spacing d and scttering vector

©® depend on A" and A respectively, in a (400) line. However in the quasicrystal,

16000000
(1.5,0,0) (1.6,0,0) (1.7,0,0) (1.8,0,0)

14000000

12000000

10000000

8000000

QsF(c,)

6000000

4000000

2000000

0 - ——

(1-c) %

Figure 3. Simulations for QSFs plotted against various trials of metric ¢, where the index
is also varied by imaginative construction. The relationship is almost linear dhA/dc, =
-1.86.
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the off-Bragg condition requires correction for ¢, Then the cell side length
measures as 0.205 x ¢, x 7= 0.296 nm (Table 1), or 3% greater than the diameter
of A/in the pure metal. The measurement of a’depends on correct conventions
of indexation and definition. It is convenient to define the lattice parameter 4 in
i-ALMn, as the normal diameter of A/in the unit cell of pure AL We therefore
define the quasi-lattice parameter as the width of the icosahedral unit cell. When
we progress to the reciprocal lattice, it is convenient to express the parameter in
simplified icosahedral units, &' = 1. This corresponds with the fact that in hie-
rarchic quasicrystals, diffraction measurement occurs through the compromise
multi-spacing effect, or metric, ¢,

Quasicrystal crystallographers sometimes ask about the reciprocal lattice in
quasicrystals because the reciprocals provide important understanding in mea-
surement from crystak.

This understanding extends to most of the solid state physics of crystals, in-
cluding energy band structures, conductivity etc. In early researches, alternative
bases were sometimes used to index the diffraction pattern, but the Euclidean
axes of the O, subgroup of the icosahedral point group are now standard.

Should we use coordinates that are Cartesian, or coordinates in geometric se-
ries? The former represent the unit cell parameter &' in linear order, and so are
the more convenient choice for some purposes. More generally, the geometric
series expansion of the hierarchic solid relates to the true structure.

Meanwhile, the reciprocal lattice in momentum space has the same point
group symmetry as the solid structure and Euclidean axes are again the best
choice. The 3-dimensional lattice may be calculated from QSFs using power
values for A, kand /equal to 7, m = —infinity, -1, 0 1, 2, 3... A diffraction pat-
tern is a projection of a reciprocal lattice onto two dimensions. The reciprocal
lattice may be recorded by abscissae coordinates in either linear or geometric se-
ries. The latter series has been used to construct dispersion curves ([16] [17] p.
17), with energy space ordinates plotted against k vector abscissae. In geometric
coordinates, the free electron dispersion is then a straight line with slope 2.
Meanwhile, because the geometric series, base 7 is a particular Fibonacci se-
quence, quasi-Bragg reflected beams in the extended zone scheme have the slope
—1. Zone boundaries are constructed on linear units m in the power series 7"
coordinates. By simple transformation, extended zones can be represented on
alternative linear coordinates. Another example is for high energy electrons used
in imaging. Dispersion is represented in momentum ordinates with scattering
vector abscissae ([17] p. 51). This dispersion is useful for describing the dynam-
ics of quasi-Bloch waves [5]. Each representation, geometric series or linear, has
its merits, while results are mutually transformable.

Knowing the clear icosahedral structure, corresponding progress is also ex-
pected in defect structures (e.g. [7]) in rapidly quenched material. A further ex-
pectation is application of the quasi structure factor method to 2-dimensional
quasi-crystalloid structures, i.e. with periodicity on the c-axis but having 10-fold,

6-fold or 8-fold rotational symmetries (e.g. [17] p. 68). We use math, but only
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when it is falsifiable (c£ [4] p. 83); and not where it is falsified.

5. Conclusion

We do not ask “What is a quasicrystal?” [18]. “The short answer is no one is
sure.” With the mapping of Mn, and with the extension of the hierarchic struc-
tures from cell to cluster to superclusters of infinite order, the structure is known.
With the stereographic projections of principal axes and diffraction planes in-
dexed in three dimensions; with complete indexations based on summations of
backbone geometric series in 3-dimensions; with the representation of all dif-
fraction beams by quasi structure factors, the diffraction pattern is matched to
the known structure. It is no wonder that the matching lattice constant and re-
ciprocal lattice are consistently measured; the wonder is that periodic probes,
whether of X-ray or electron beams, scatter coherently from the hierarchic, qua-
siperiodic structure. This coherence is firmly demonstrated by numerical me-
thods applied on an off-Bragg condition, as this paper emphasizes. Though the
quasicrystal lattice is geometric, the reciprocal lattice is easily transformed to li-

near coordinates.
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Abstract

Dark energy and dark matter in the universe are assigned to the positive and
negative, respectively, “hidden” relative energies between the diquark and
quark in nucleon in the scalar strong interaction hadron theory, SSI. The ori-
gin of the “darkness” is that quarks cannot be observed individually.

Keywords

Relative Energy among Quarks, Scalar Strong Interaction Hadron Theory,
Dark Energy, Dark Matter

http://creativecommons.org/licenses/by/4.0/ 1. Introduction

The mass-energy density of the dominant cosmic constituents averaged over the

entire universe is [1]

Dark energy: Dark matter. Ordinary matter =~ 68.3%:26.8%:4.9%  (1.1)

For the dark energy, there are various models: cosmological constant, quin-
tessence, interacting dark energy... [1] ([2] pp. 497-500). For the dark matter,
there are baryonic models and the more popular non-baryonic models: axions,
neutrino with finite mass, WIMPs... ([3] pp. 123-125). None of them has any
connection with any theory supported by laboratory measurements. The general
consensus is that we do not what these dark constituents are.

The scalar strong interaction hadron theory SSI [4] [5], hereafter denoted by
[L, IT] has been relatively successful in accounting for low energy hadronic data.
However, it contains “hidden”, unobservable relative energies between the quarks.
The physical role of these energies has been in general unknown.

The purpose of this paper is to show that the dark constituents in the universe
can be identified as such “hidden” relative energies between quarks that con-

dense into nucleons in the early universe.
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2. Starting Wave Equations

The starting point is the SSI equations of motion for diquark-quark baryons ([6]
(2.9)), [I, II (9.3.16)]. In these references, the quartet part in these equations has
been separated off from their doublet or spin 1/2 part which reads [I, IT (10.0.6)]:

a?balfléa(leflgb (XI 1 Xy ) = 42('\/'5 +0, (XI 1 Xy ))'/’g (XI 1 Xy ) (2.1a)
0,5:01en0, Vs (X2 %) = —i2(M§ + Dy (X, X, ));{05 (X, %) (2.1b)

Here, x; is the coordinate of the diquark, x), that of the quark, 8, =8/dX, ---,
and y, and y, the wave functions of the doublet baryons. The undotted and dot-
ted spinor indices a, b, e... run from 1 to 2, 2M, is the sum of the quark masses

and @, the strong diquark-quark interaction potential.

3. Laboratory and Relative Spaces

Since quarks cannot be observed, their coordinate spaces are converted into an
observable laboratory space X* for the baryon and a relative space x between the
diquark and the quark via the linear transformation given above ([7] (6.2)) or by
([6] (5.1)), [L, II (3.1.3a)]

X =xi—x, X =(1-a, )X +a, X (3.1)

For observable particles, a,, is often determined by that X" is the center of
mass of these particles. If these particles have equal mass, a,, = 1/2. Such kind of
determination cannot be done here because quarks are not observable indivi-
dually. a,, has been taken to be an arbitrary real constant and represents a new
degree of freedom which underlies the present assignments of the dark consti-
tuents in §5-6 below.

The relative space x = (¥, x) is “hidden” [I, II (3.1.3)] and cannot be observed.
If it were observable, then (3.1), with a given a,, leads to that both the diquark at
x;and quark at x; can be seen, contrary to experience. This can also be seen di-
rectly in the first of (3.1) in which the right side members cannot be measured;
hence x“ is also “hidden”, independent of a,. Nevertheless, the bulk of hadron
physics in SSI lies in such “hidden” spaces.

The baryon wave functions in (2.1) are factorized into the form of [I, II
(10.1.1)],

Kos (X, Xy ) =Xop (l)exp(—iK”X“ +iwy XO)
Vs (XI 1 Xy ) =y, (ﬁ)exp(—iK”X“ +iwy XO)
K, =(Ec.-K) [LII (3.1.6)] (3.3)

(3.2)

where Ej is the energy of the baryon and Kits momentum. x° is the relative time
and —wy the associated relative energy in the “hidden” relative space and cannot
be observed within SSI.

In spherical coordinates, x = (r; 6, ¢) [I, II (3.1.7b)], the doublet wave func-
tions in (3.2) with total angular momentum ;= 1/2 and orbital angular momen-
tum /=0 read [I, IT (10.2.3)]
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V() =00 (1Yo (00) 416 (1) 5 Yo (00, v () =16 (1), 2, (0.0) 30

where the ¥’s are the usual spherical harmonics. y,, is found by changing the
signs of £(r) in (3.4).

4. Radial Wave Equations in Relative Space, Solutions and
Results

Consider baryons at rest, K= 0. a,, = 1/2 is set as in the meson case [I (3.5.7)], [II
(5.7.2)]. Similarly, the “hidden” relative energy —w, = 0 is also set following the
meson case [I (3.5.6)], [II (5.7.1)]. Insertion of (3.1-4) into (2.1) using [I, II
(3.1.4)] leads to the radial wave equations ([6] (6.9)), [I, II (10.2.12)]

=N E EZ o 2
{%"+ M.+, (r)+%dAo}go(r)+{%+A0](E+FJ fo(r)=0 (4.1a)

EZ E EZ o
{%‘1— M? -, (r)+%dAl} f, (r)—[%+Al]Ego (r)=0 (4.1b)
where the subscript d denotes doublet and [I, II (10.2.2a)] gives the diquark-quark

strong interaction potential
d

Dy (r)=—2+dy,o +dy,r +dy,r* +dy,r (4.2)
r

Here, the nonlinear potential @ (x) [I, IT (10.2.2)] vanishes for large normali-
zation volume Q, — o in [I, IT (10.3.14)]. The d,’s are unknown integration
constants.

The two coupled third order equations (4.1) have been converted into six first
order equations [I (10.7.5)], [II (10.4.5)] which have been treated numerically for
the neutron in [I §11.1.1], [II §11.1.2]. Due to the large number of unknown d,
constants, (4.1-2) could not be solved as a conventional eigenvalue problem. A
less ambitious approach has been adopted; the known mass of the neutron is
used as input and the d,’s are adjusted such that g,(r) and £(r) converge at large
r. The so-obtained neutron wave functions are plotted in [I Figure 12.1], [II Fig-
ure 11.1b] and led to the nearly correct predictions of the neutron life and the
electron asymmetry parameter A or the neutrino asymmetry parameter B [II
Table 12.1] in its beta decay. These results support the basic correctness of SSI in

the baryon sector.

5. “Hidden” Relative Energy, Dark Energy and Dark Matter

If a,,= 1/2 and —w, = 0 used in (4.1) were not assumed, (4.1) will be modified
by

E,y — Eyy —2E,, [am —1—&} (5.1)

This relation leads to that £, hence also (4.1), remain unchanged if the bracket

in (5.1) vanishes or
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1 o
2% 5.2
> E (5.2)

0

a

m

which was first written down in 1993 in the basic SSI paper ([7] (6.6)) or [I, II
(3.1.10a)] for mesons at rest, unaware of its present implication. This condition
removes the dependence of the unknown relative energy —wj in the meson wave
equations in the relative space [I, II (3.1.8)] as well as those in the baryon case
mentioned beneath [I, II (10.1.1)].

The choice a,, = 1/2 and —w, = 0 in (4.1) is thus a special case of (5.2). Since a,,
can be any real constant in (3.1), the relative energy —w, in (5.2) also can become
any real constant energy, albeit “hidden” or not observable within the frame-
work of SSI.

The rest frame baryon energy £, in (4.1) is the baryon mass, observable in
SSI, and will behave as ordinary matter in external gravitational fields. The asso-
ciated relative energy —w, appears next to, and is on the same footing with, £, in
(5.1) is however “hidden”, not observable in SSI, but will similarly interact with
external gravitational fields and is interpreted as dark energy, which is obtained
if a,, < 1/2 is chosen in (5.2). If the associated relative energy —w, is negative, ob-
tainable if a, > 1/2 and also not observable within SSI, it will analogously inte-
ract with external gravitational fields and is assigned to represent dark matter,
since it is expected to attract positive energy-matter.

The origin of the “darkness” is that quarks cannot be observed which led to
(3.1).

6. Cosmological Implications
6.1. Dark Energy, Dark Matter and Formation of Nucleons

In the standard big bang model, hot quark-gluon plasma with fully relativistic u
and d quarks was present when the universe was about 10 us old ([2] §12.10). In
SSI, this situation will be modified due to the much greater quark masses [I, II
Table 5.2], Further, this plasma contains quarks only; gluons are not needed and
appear later in hadrons formed by these quarks which then acquire “colors” or
internal degrees of freedom characterized by internal coordinates z, z; and z;,
[L, IT §2.3.2], [II Sec. 14.2-3]. As the universe expands and the density of this
plasma drops to a freeze-out density, hadrons are formed, eventually preceded
by formation of diquarks.

Each of the rest frame hadrons can have a,, # 1/2 in (3.1) and a relative energy
—w, is thereby created via (5.2) and becomes dark energy or represents dark
matter depending upon whether this energy is >0 or <0.

In a pion, the mass of its quark and antiquark are nearly the same. If the pion
coordinate X coincides with the quarks’ center of mass, a,, = 1/2. If it coincides
with the center of number of quarks, a,, = 1/2. In these cases, (5.2) produces little
or no relative energy —w,. However, a,, # 1/2 is allowed; then relative energy will
be produced but will also vanish later when these pions decay into leptons or

photons.
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For a nucleon, the mass of its diquark is about twice that of its quark. Or,
equivalently, the number of quarks in its diquark is twice that of its quark. This
causes that the center of mass, or of number of quarks, if identified as the
nucleon coordinate X, does not lie in the middle between the diquark and the
quark but lies closer to the diquark than to the quark. This corresponds to a
lower a,, = 1/3 which by (5.2) leads to a positive relative energy —w, = £,/6
which now persists because the proton does decay. Extrapolating this tendency,
the dark energy assigned to this positive relative energy —w, > 0 should prevail
over the dark matter with negative —w, < 0, in qualitative agreement with data
(1.1). The dark energy and dark matter in (1.1) are as old as the nucleons in the
universe.

If a nucleon with a,, < 1/2 (dark energy) and another nearby one with a,, > 1/2
(dark matter) were created simultaneously, the associated dark energy region
will tend to expand outwards, leaving behind the associated dark matter region.
This also agrees qualitatively with the observed dominance of dark energy in
outer regions of the universe.

To reach the large ratios in (1.1), (5.2) yields a,, = —13.4 for nucleons contri-
buting to the observed dark energy. Such nucleons lie 13.4 x r, where ris the di-
quark-quark distance, from the diquark. For nucleons contributing to the ob-
served dark matter, a,, = 6. Such nucleons lie 5 x r from the diquark. Both types
of nucleons thus lie far away from the both constituents of the nucleon. It is
presently unknown why a,, took such values.

By lowering the a,, values further to still larger negative values, greater dark
energies can be created. This provides a mechanism for the self regenerating un-
iverse ([2] §11.14). By choosing &, — —co for even a single nucleon created in
the early universe, the dark energy of the entire universe can in principle be
generated. If a, — —co were chosen, an infinitely strong “hidden” energy sink
can also in principle be created by this single nucleon. If this nucleon happens to
be in a black hole, it can perhaps cancel out the infinite mass density in this
black hole and make it to behave like an object with finite mass density gravita-
tionally, as has been observed. Here, care is needed because there are different

kinds of infinities, as is exemplified in [I, II §7.5.4].

6.2. Nucleons in Motion

In general, nucleons are in motion and K # 0 in §4. The presence of a given di-
rection renders that variable separations in (3.4) as well as the radial equations
(4.1) are no longer possible. This problem has thus not been treated in SSI.

If the “hidden” relative energy —wy # 0 here, it will couple to K'# 0. Inserting
(3.1-3) together with (5.2), with the subscript 0 replaced by X; into (2.1), leads to
a set of equations that replace (4.1). The factors (Kwy)", where n=0, 1, 2, 3, ap-
pear in these equations and partially characterize such couplings. Thus, an ag-
gregate of nucleons with different K values will produce a distribution of relative

energies —wy.
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6.3. Relative Time and Energy in Mesons

The associated relative time x°, also “hidden”, can be integrated over to become a
large constant j dx° = 7, &> © which in the meson case enters [I, II (7.4.6b)]
and generates the gauge boson mass M), rendering the Higgs boson super-
fluous.

Relative energies between quark and antiquark in mesons are usually very
small. One relative energy between the dand S quarks in neutral kaon K° has
been estimated to be =30 eV [II (13.4.6)] in connection with CP violation con-
siderations of the K°—K° system. CPviolation is commonly considered to be
the cause of matter-antimatter asymmetry in the universe ([2] §12.12); it has

been exemplified by that in the neutral kaon system ([2] §11.18).

7. Conclusions

The assignment of the dark constituents in the universe to the “hidden” relative
energies between the diquark and quark in nucleons puts them to be in contact
with a first principles’ hadron theory SSI supported by data.

A nucleon with the arbitrary transformation constant a,, in (3.1) chosen to be
=~1/2 behaves like ordinary matter, a nucleon with a,, << 1/2 behaves like dark
energy and a nucleon with a, >> 1/2 is interpreted to represent dark matter.
Why a,, takes on these different values is not known. How these different ma-
nifestations of such nucleons are eventually distributed in the universe has also

not been investigated presently.
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Abstract

Dirac made the hypothesis that all large, dimensionless numbers that could
be constructed from the important natural units of cosmology and atomic
theory were connected [1] [2]. Although Dirac did not succeed in exactly
matching all these numbers, he suspected that there was a way to unify all of
them. Dirac’s hypothesis leads to the NV constant which unifies most of phys-
ics’ parameters. It represents the maximum number of photons with a wave-
length equal to the universe circumference. Using a new cosmological model,
we found the S constant which represents the ratio between the expansion
speed of matter in the universe and the speed of light. With these constants,
we can now calculate accurately several physics parameters, including the
universal gravitational constant G, the Hubble constant H,, and the average
temperature 7 of the cosmological microwave background (CMB). Our equa-
tions show that G, A, and T'are not really constant over space and time.

G ~6.673229809(86)x10 'm°-kg " s, T ~2.7367958(16) K

H, ~ 72.09548580(32) km-s™ - MParsec™, N =~ 6.303419702(84)x10"*

Keywords

Gravitational Constant, Hubble, Dirac Large Numbers Hypothesis,
CMB/CMBR

1. Introduction

The universal gravitational constant G, the Hubble constant /| and the average

temperature 7 of the cosmological microwave background (CMB) of the un-

*Calculation of G, H,, and T.
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iverse suffer from higher uncertainties than most of other constants because, for
the moment, they are only measured. The measurement of G is imprecise be-
cause of the low intensity of gravitational forces. Even with the best torsion scale,
collected data are tainted by errors caused by the influence of masses that circu-
late in the vicinity (Sun, Moon, Earth, etc.). The Hj constant is measured using
observations of distant galaxies and the results vary according to the method
used. With respect to the average temperature of the diffuse background of the T
universe, it is difficult to make an accurate and reliable measurement of its value,
especially near absolute zero (0 K).

The purpose of this paper is to provide to the modern metrology system new
equations that could accurately determine G, H,, 7, and N from other well-defined
constants. The value of N represents the maximum number of photons existing
in the universe which have the lowest energy possible (with a wavelength equal
to the circumference of the universe). These equations may help to discriminate
different measurement results and identify the best methods to use. Several
measurements are displayed as having incredibly low tolerances but do not
overlap with other measurements that display similar tolerances.

We will begin by defining the parameters used in our article while giving their
value using CODATA 2014 [3]. Subsequently, in order to find the desired equa-
tions, we will show our model of the universe that will, among other things, al-
low finding the p constant. The value of § represents the ratio between the ex-
pansion speed of the material universe and the expansion speed of the luminous
universe (which is, for now, the speed of light in vacuum c¢). This constant is
crucial in the subsequent calculations of several physics’ constants. A modified
version of Dirac’s hypothesis on large numbers will be presented in order to es-
tablish a link with the fine-structure constant a. Using this link, we will find eq-
uations giving the exact values of H; and G while explaining why these parame-
ters of the universe are not constant through space and time. What we will end
up with is a modified version of the Weinberg equation that will provide a tool
to “measure” the Hubble constant / as a function of the universal gravitational
constant G. Through this article, several links are made between the infinitely

small and the infinitely large.

2. Development

2.1. Values of Physics Parameters

In general, we will use the concise form of notation to display tolerances. For
example, typically, 2.736(17) K will mean 2.736 + 0.017 K.

According to Salvatelli, Hubble constant is H, ~72.155 km-s™-MParsec™
[4]. This value will be used until we get a precise value of A, from Equation (44)
and Equation (63). It should be noted that 1 MParsec =~ 3.085677581 x 10** m.

The average temperature of the Cosmic Microwave Background (CMB) has
been measured by the Cobra probe at 7'= 2.736(17) K [5]. According to Fixsen,
itis 7=~ 2.72548(57) K [6].
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According to the CODATA 2014 [3], the physics parameters used are:
e Speed of light in vacuum ¢ ~ 299792458 m-s™
e Electric constant in vacuum &, ~ 8.854187817x10* F-m™
e Magnetic constant in vacuum m, ~ 4nx10° N-A™
e Planck constant h ~ 6.626070040(81)x10~**Js
e Plancklength L, ~1.616229(38) x107m
e Planck time t ~5.39116(13)x10*s
o Planck mass m, ~2.176470(51)x 10%kg
 Planck temperature T, ~ 1.416808(33) x10¥K
e Universal gravitational constant G ~ 6.67408(31)x10"*'m®-kg™-s
e Electron charge q, ~1.6021766208(98) x107°C
e Electron mass m, ~9.10938356(11)x10* kg
e Classical electron radius r, ~ 2.8179403227(19)x10°m
e Fine-structure constant o ~ 7.2973525664(17) x107°
e Boltzmann constant k, ~1.38064852(79)x10* J-K™
e Stephen-Boltzmann constant o = 5.670367 (13)><lO’8 W-m?.K™*
e Rydberg constant R, ~10973731.568508(65) m™*

2.2. Our Model of the Universe

In 1929, Hubble showed that the universe is expanding [7]. In 1931, Lemaitre
was the first to advance the idea that the universe began with a “primeval-atom”
[8] which was later ironically nicknamed by Hoyle “Big Bang” in a BBC broad-
cast in 1949 [9]. According to our model, the material universe is embedded in a
luminous universe, both being spherical and expanding with a speed propor-
tional to their radius. The equations of relativity show that any mass must move
at a speed lower than ¢ otherwise it would have infinite energy [10]. Therefore,
the expansion of the material universe is slower than its luminous counterpart
which is in expansion at the speed of light (which is ¢ for now). With this model,
we will calculate some parameters.

With special relativity, Einstein showed that a gravitational field generated by
a mass m slows down light [11]. Erroneous by a factor of 2 compared to what
happens in reality, his equation, which was coming from special relativity, is
subsequently corrected by Schwarzschild using general relativity [12].

We want to show that the speed of light in vacuum may vary in a gravitational
field. In their Appendix A, Equation (A.1), Binney and Merrifield cited an Equa-
tion (from Weinberg’s 1972 book “Gravitation and Cosmology”) which gives the
proper time 7for a photon (the same time then if we were traveling on a photon)
[13]. We consider this equation as being an excellent approximation (in a con-
text of a weak gravitational field) deduced from general relativity.

-Gm

r

2 = (c2 +2d))dt2 —(1—2d>/c2)(dx2 +dy? +d22) where @ = <0 (1)

The @ value represents the Newtonian gravitational potential. In a weak
gravitational field condition,

CD| < c’. The gravitational potential ® is meas-

ured at a distance r from the center of mass m. Let dx, dy; dz be the change in
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the spatial coordinates of a photon in the element of time d# For an observer at
rest, 7=0. Let us consider an arbitrary point A in space which has the spatial
coordinate (x;, 5, z,). Let us also consider that the center of mass for the mass m
is the origin O. We are interested in the gravitational field effect on the refractive
index of the vacuum between the point A and O. We want to calculate the speed
of light v,(r) in vacuum for a distance r= AO from the center of mass O. We
always have the possibility to make translations and rotations such a way our
coordinate system is centered on the point-mass z2 and that the x axis coincides
on the AO line segment. At that time, we can consider that there is no more
interaction in other axis. So, dy= 0 and dz= 0. We then simplify Equation (1) to
get Equation (2).

(¢® +20)dt* - (1-20/c*)dx* =0 )

(3)

For a distance r from the center of mass m, the speed of light ¢ is reduced by
the refractive index n, caused by a gravitational field of potential ®, which gives
a modified speed of light v,(r). When the gravitational potential |(D| < C in
Equation (3), we can use an approximation for the refractive index z,. However,
we will not use this approximation in our further calculations.

Locally, in space and time, the speed of light seems constant and equal to ¢ If
the universe is expanding and its density is decreasing, the refractive index
would also be decreasing, which would imperceptibly accelerate light.

However, the value of cis already the result of another speed limit that we call
k (which we do not yet know the value) affected by a local refractive index 2. Let
us use Equation (3) to build another equation with the same form. We are cur-
rently at an arbitrary distance r, from the center of mass of the universe. Know-

ing that the apparent mass of the universe is m,, the speed cis the result of Equ-

ation (4).
— 2 pa—
c=K where n = % and © = Gm, <0 (4)
n 1+20/k r

The radius of the space [8] [14] (or the radius of the universe [14]), as de-

scribed by Lemaitre, corresponds to what we prefer to call the apparent radius of
curvature of the luminous universe R, We call its value “apparent” because the
equation giving R, assumes a speed of light that is constant over time and equal
to ¢ for a time equal to the apparent age of the universe 7, = 1/H,. However, in
our model, the speed of light is not constant over time. Its value is indeed ¢ in
the present moment. However, assuming that the universe is expanding accord-
ing to Equation (4), its value was necessarily lower than this speed in the past. If
we go back far enough in time (when the apparent radius of curvature of the
universe was smaller), we even find a moment where the speed of light was zero.

According to Hubble, the constant H, represents the speed of movement of

DOI: 10.4236/jmp.2019.106046

644 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.106046

C. Mercier

galaxies (in km-s™-MParsec) [7]. In our opinion, it is equivalent to locally mea-
suring the derivative of the velocity of matter v,, with respect to distance r. Ac-
cording to the equations of relativity, to avoid needing infinite energy, matter is
obliged to travel slower than light since the speed of light is a speed limit. Matter
moves locally at a rate S times slower than the speed of light ¢ by moving away
radially from the center of mass of the universe. Locally, at our location in the
universe, the value of Hj is evaluated at a distance r = r, (which represents a
fraction f of the apparent radius of curvature of the luminous universe R,).

G| _pe_pe o c -
dr r=r, f ﬂRu HO

u

H

We are at a distance r, from the center of mass of the universe.

pc
r, = ﬂRu =1 (6)
HO

Let us find the apparent mass of the universe m,. Let us also associate a mass
m,;, with a photon. If we place this photon at the periphery of the luminous un-
iverse, at a distance R, from the center of mass of the universe, it will have an E,

gravitational energy.
B Gm,m,,

¢ R

u

™)

According to the special relativity, the mass energy associated with this pho-

ton is £,

E, = M,

c? (8)
By equating Equation (7) and Equation (8), replacing R, with Equation (5),

and isolating the apparent mass of the universe m,, we obtain the same equation

as that of Carvalho [15].

c? c

m = =
“"G-R, G-H,

(9)

For a distance r,, our local universe parcel travels at speed v,,

— 2 —
v, :ﬁ_k where n = % and © = Gmu (10)
n 1+20/k q

The measurement of /, is made by observing the global displacement of ga-

laxies at our location r,. Each galaxy has its own movement. Due to the expan-
sion of the universe, the galaxies are moving away from each other. The value of
the Hubble constant H, represents the derivative of the speed of the material
universe v, with respect to the element of distance dr, evaluated at a distance r=

r, from the center of mass of the universe.

dv’"' _kBy ! where y:_ZC;mu (11)

dr |r:ru I (l+ y)ﬂl— y2 k Iy

Solving Equations (4) to (6) and Equation (11) leads to Equations (12) to (16).

H, =
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k =cy2++/5 ~6.17x10° m/s (12)

f=3-5~0.764 (13)
R, #1.28x10*m (14)
r, ~9.80x10*m (15)

m, ~1.73x10%kg (16)

The k constant represents the asymptotic value for the speed of light in va-
cuum when the apparent radius of curvature of the universe tends towards in-
finity. The S constant is geometric and can be defined as the ratio between the
speed of expansion of the material universe and the speed of expansion of the
luminous universe (which is the speed of light). It can also represent the ratio of
the apparent radius of curvature of the material universe r, (evaluated at our lo-
cation in the universe with respect to the center of mass of the universe) and the
apparent radius R, of curvature of the light universe. The value of m, represents
the apparent mass of the universe.

We draw the reader’s attention to the fact that S constant is unique to our
cosmological model, but it is essential for making multiple connections between
physics’ constants. It allows making several links between the infinitely large and

the infinitely small in Dirac’s large numbers hypothesis.

2.3. Dirac’s Large Number Hypothesis

In this section, we show many equations. In order to condense the information,
we ask the reader to refer to the section at the beginning of this article which de-
fines the different parameters of the universe.

By calculating ratios of quantities having the same units, Dirac found that
these appeared to result from a few large numbers. Without using all of Dirac’s

examples, here are some ratios that give the same unitless large number [2].

m
Ro_M M 1 294.10% 17)

p p ph p' o

With similar findings, Dirac figured this was no coincidence. We will see that
without g in Equation (13), it is impossible to make certain ratios equal to other
large numbers.

Dirac could see that these large numbers were separated into a few distinct
orders of magnitude without being able to calculate them precisely. All ratios
that we found may, by adding certain factors, come from a single number N. The
N value represents the maximum number of photons having the lowest energy
(of 2nR, wavelength) that may exist in the universe. Here, we assume that we
convert the entire mass m, of the universe in this specific wavelength of photon
type. To obtain M, let us calculate the mass m,, associated with the 2nR, wave-
length photon by making the corpuscular and wave energy of a photon equal in
Equation (18).
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hc h
m,cl=— = m, = ~2.74x10%k 18
P 2nR, M 2nR,C - J (18)
N =m,/m, ~63x10" (19)

The other “large” numbers are of type N exponent a fractional number, such
as N2, N3, N**, ..., N*7 or N*°, N, etc. It is possible to find more than a
hundred equations giving N itself. Here are a few examples (Equations (20) to
(27)) which will be calculated from, among others, postulates #1 and #2 cited
further. In the following equations, 7, represents the Planck temperature which
is about 7}, ~ 1.42 x 10% K. This is the highest temperature that can be reached in
the universe when we condensate the apparent mass of the universe m, in a
point-like sphere of radius equal to Planck length Z,. We also think this was the
initial temperature of the universe at the Big Bang. The value of g, is the Planck
charge which is about ¢, ~ 1.88 x 107* C.

nve-Me R 1 2nTok -1 AR 7 94x10% (20)
mw L, GH, hH, g\ 4

2
o Mke _MoB_RAE_ da_aqq 00

_ _ (21)
mRA  mya r, dre,G Am?
RZ m4a4 2
N3 = muo]jz = Uzﬂ = Z == n;eﬂz ~1.58x10% (22)
meﬂ re me’B mpha
14 /4
T 4 2 3
- :_p[15,33a j _ |<bT2 ( ™ Zj 282107 (23)
T T muC™ \ 158"«
m o 3 2nr kT
Nveo T o % @ Db g 99107 (24)
LA me\/E 4nR Lo\ B hC\/E
57/256 1/4 116
47R T :
N _[4ReVB (A (180 V0 (25)
H T n
0
112
119 1 mezﬂ 2 2 6
N = ——=| = | =161 LR, R2Va =~ 2.57x10 (26)
o 'e ph
121 1/20
2 mZ 2
NY5T = q_g _ ZP - LY > = 1 ~137 (27)
as m: B 4ne,Gm; a

Equation (27) which implies the fine-structure constant a will be used in Equ-
ation (48). For rational exponents of small values such as 1/57, we consider the
term “large number” is no longer appropriate. Note that our constant S is re-

quired in several equations.

2.4. Variations of Physics “Constants” over Time

According to our model, light accelerates over time. In order for the principle of
conservation of energy to be maintained, an electromagnetic wavelength equal to

2nR, must increase its wavelength over time to allow light to accelerate during
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the same period. As the universe is expanding, the mass associated with the
photon decreases over time.

The universe expands and its angular velocity of rotation decreases like a ska-
ter who extends his arms. The radius R, is limited by its tangential rotation
speed which is that of light. As the universe is expanding, the refractive index of
the vacuum decreases and allows a slow acceleration of light over time.

Photons may have different wavelengths. Therefore, they may have different
energy and different associated masses. Let’s suppose that we convert all the
mass m, of the universe into a huge number N of photons, all having the lowest
energy possible. Due to the Plank Equation (see Equation (50) further in this ar-
ticle) used to convert wavelength to energy, these photons are at their lowest
energy possible when they will all have the longest wavelength (when A = 2nR,
which corresponds to the circumference of the universe). It is impossible to have
a dimension bigger than the circumference of the universe, thus confirming
these photons cannot have any lower energy. Of course, the apparent radius R,
of the luminous universe is always increasing over time. Therefore, the mass m,,
associated to the energy of one of these photons is decreasing over time since the
circumference of the universe will increase in the same time frame. However, in
percentage, it will be the same for the mass m, of the universe.

The maximum number N of lowest energy photons is forced to be constant
over time since if the mass m,, associated with the lowest energy photons as the
denominator of Equation (19) decreases over time, it will be the same, in per-
centage, for m, which includes the mass of these photons as the numerator. If N
is constant, all other large numbers are also constant. In these unitless numbers,
the variations in the numerators are compensated by the same percentage
changes in the denominators. All “constants” with units though, must vary over
time.

Attention, in metrology, it is very useful to consider constant the speed of
light. This makes it possible to “freeze” several parameters of our universe and to
determine them more precisely. We have every right to do this and to refer all
units of measurement to the speed of light, which varies very little in the course
of human life. By doing this, we force the fine-structure constant to look like va-
rying over time (even if it is not the case).

If we are trying to make comparisons, it’s like having the right to say that a
rocket takes off from the ground or to say that the earth is moving under the
rocket. We may feel that we have a choice. However, in fact, only one option
represents the reality, otherwise, we face the “twin paradox” that was presented
to Einstein by Paul Langevin at the Bologna Congress in 1911 (at that time, it
was not yet clearly a paradox). Because of the massive mass of the earth and the
principle of conservation of the momentum, we are obliged to say that the phys-
ical phenomena will be explained only if we consider that the rocket takes off
from the ground (and not the opposite). It’s the same with the speed of light. To
explain physics phenomena, we are forced to admit that the speed of light in-

creases over time. However, for physicists in metrology, it would be a disaster to
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admit such an affirmation since nothing would be really constant anymore,
apart from unitless ratios, the fine-structure constant, and the geometrical con-
stants.

By imposing the constancy of ¢in metrology, certain phenomena become dif-
ficult to explain. The expansion of the universe observed by Hubble is incom-
patible with the “constancy” of cimposed in metrology. If light really accelerates
over time and if we continue to say that the speed of the light is constant, that is
to say, that the units of distance measure enlarge and that the objects shrink over
time. Such considerations may lead some to conclude, erroneously, to the exis-
tence of a “Big Crunch”. If it is really constant, it is the expansion of the universe
that is no longer understandable. Schwarzschild’s explanation, with the change
in the index of refraction of the vacuum in presence of a mass, would no longer
be transposable to the universe as we have done. It would then be necessary to
question all calculations made on black holes and gravitational lenses. We can-
not believe such an avenue.

Our choice is to see the speed of light accelerating slowly over time. Doing so,
all “constants” that have units of measurement vary. Only the unitless constants,
such as the fine-structure constant, the unitless ratios and the geometric con-
stants are really constant.

Results will be diametrically opposed if it is taken for granted that the speed of
light is constant for metrological purposes or that it changes over time. Both
points of view are valid and have their advantages. In this article, it will be con-
sidered that the speed of light changes over time.

Einstein’s general relativity explains the laws of gravitation by space-time de-
formations caused by the masses involved [16]. It is however possible to explain
the phenomenon of gravitation by a pressure differential caused by a shield ef-
fect between different masses located in the vacuum of the universe which is
filled with corpuscles transmitting their momentum as described by Fatio [17]
and Le Sage [18]. Besides, the Jérome brothers seem to have succeeded in unify-
ing this concept with Einstein’s general relativity [19] (unpublished document).
In this scenario, masses would not be attracted, but they would rather be pushed
towards one another by invisible corpuscles. According to Sidharth, these cor-
puscles consist of harmonic oscillators (photons) of different wavelengths [20].
The repeated impacts of photons traveling in all directions in the vacuum of the
universe would create a “radiation pressure” (expression used by Mansuripur
[21]) or a “thermodynamic radiation pressure” (to refer to the analogous “ther-
modynamic pressure” term used by Horowitz for gases [22]). Just like in gases
where molecules are agitated, the word “thermodynamics” is used to refer to the
random stirring of photons. Sidharth considers that the spectrum of these pho-
tons” wavelength varies between the Planck length Z, and the circumference of
the universe (2nR,). To be more precise, we rather think that these wavelengths
vary between the circumference of Planck particle (2nZ,) and the apparent cir-

cumference the luminous universe (2nR,).
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The equations of Einstein’s general relativity [16] and Newton’s universal gra-
vitation [23] assume that the universal gravitational constant G is constant
through universe and through time. But, considering the gravitational force as
the result of a radiation pressure, it is possible to conceive that G'is constant only
for a small parcel of the universe. It’s like the water pressure around a fish in the
bottom of a lake. The pressure is almost uniform around the fish, but it differs
from the surface of the lake. The universe can never end in a “Big Crunch” since
the external radiation pressure of it is zero. This pressure deficit generates an ir-

remediable expansion of the universe.

2.5. First Calculation of a More Precise Hubble Constant

According to different sources, H, is between 67.8(9) km-s™-MParsec™' [24] and
77.6%,5 km-s.MParsec™ [25]. Uncertainties from different measurement re-
sults do not always overlap. For a better precision in calculations that we will do
further, we must find a method which will assure us a minimum of unequivocal
precision.

As the CMB average temperature 7 of the universe can be precisely measured,
an exploitable link may be made between this parameter and H,.

According to Alpher, the universe has all properties of a black body [26]. The
universe absorbs perfectly all electromagnetic energy, whatever wavelengths it
receives. This absorption is converted into thermal agitation which causes the
emission of a thermal radiation whose emission spectrum on the surface of the
sphere of the luminous universe depends only on its average temperature. The
Stefan-Boltzmann law allows us to determine the flux density A" (in W-m™) as a

function of the surface temperature 7 (in K).

M (T)=0oT* (28)
The Stefan-Boltzmann’s constant is defined by oin the following equation.
2n°k;!
o=t 567x10°W-m? K™ (29)
15h°c

The flux density on the surface of the sphere representing the luminous un-
iverse may be defined as the total power P, dissipated in the universe over the
total area A, of the sphere. The dissipated power P, corresponds to taking the
total energy E, and dividing it by the apparent age of the universe 7, = 1/ H,.

P E, EH,

M T (30)
A AT A
The total energy of a mass m in movement is given by £,
E, =mc’ (31)

The apparent mass m, of the universe described in Equation (9) already
represents that of the expanding universe. So, in Equation (31), we replace m by
the apparent mass of the universe m, and the energy E, by the total amount of

energy E, contained in the universe.
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5
2 C

¢« T GH,

(32)

Using Equations (28) to (30), and Equation (32), we get the value of 7 which
should be the average temperature of the Cosmic Microwave Background (CMB).

3.7 \V4
T :i 15h°c (33)
k, ZTESAJG

Ludwig Boltzmann expressed the statistical entropy §[27] as a function of the
number Q of microstates defining the equilibrium of a given macroscopic sys-

tem.

S =k, In(Q) (34)

The expansion of the material universe is S times slower than that of the lu-
minous universe. Entropy is a measure of disorder in the universe and increases

with the expansion rhythm. Its measure at R, would have the value S’

S’=§=M=kg In(€Q) where k,;=k—b (35)

B B B
The “Boltzmann constant” k;, is true locally in our universe, at our position r,
with respect to the center of mass of the universe. At the periphery of the lu-
minous universe, at R, = r,/f3, the “Boltzmann constant” becomes k, as given

in Equation (35). At the periphery of the luminous universe, Equation (33) be-

o _af1sne’ Y p( asnec’ )" )
K 2P°AG) Kk |27°AG

comes Equation (36).

Let’s find the A, area of the sphere of the luminous universe when the un-

iverse is static.

A, =4mR} (For static universe) (37)

Applying this assumption to Equation (36), 7= 31.9 K. This is false because
with the Cobra probe 7'= 2.736(17) K [5]. It is like if the volume of the static
universe were not big enough to dissipate the energy down to the desired value.
However, according to Hawking [28] and Fennelly [29], the universe is rotating.
Einstein showed that a rotating disk has a larger circumference than a static disk

[30]. The circumference becomes “Cir.”.

. 27R R . . .
Clr.:ZnRgzL = Rj =———— (Universe in rotation) (38)

J1-v2/c? Coi-vie?

We think that the tangential speed of rotation of the universe is the same as
the tangential speed of rotation of the electron on itself. As Llewellyn [31], let us
suppose that the spin of the electron is caused by a rotation of the electron on it-
self.

As it will be shown in Equation (53) and Equation (56), the mass m, and the

charge g, of the electron are contained within the classical radius r, of the elec-
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tron. The wave energy associated with the electron is, for its part, contained in
the Compton radius r. which is 1/a = 137 times larger than r,. A wave can be
seen in two different ways. From the side, it will look like a sinusoid. But seen
from the front, it looks like a circle. As for an electromagnetic wave, the fre-
quency of the wave associated with the electron is calculated by considering that
the circumference of the wave circle is traveling at the speed of light.

There seems to be only one way to explain the fact that the mass of the elec-
tron is contained in the radius r, and that its wave energy is contained in the
Compton radius r. This is because the mass m, of the electron turns at a relati-
vistic speed such that its Lorentz factor is equal to the fine-structure constant a,

which would explain why r,. = r/a.

a=r/r =1-V?/c? (39)

We make the hypothesis that the tangential velocity v of the luminous un-

iverse periphery is the same as that of the electron.

v=c(l-a)(l+a) ~0.999973c (40)

This speed is close to that of light. For an observer located at the center of ro-
tation, the time that elapses in the periphery of the luminous universe is dilated
and the distances are compressed by the Lorentz factor. Equation (38) becomes

Equation (41).
R! =R, /a (Universe in rotation) (41)

The area of the outer surface of the sphere of our universe from Equation (37)

becomes equal to Equation (42).

A, =4rR? /e (Universe in rotation ) (42)

with Equation (5) and Equation (42), we modify Equation (36) to obtain Equa-
tion (43) which should give the average cosmological microwave background
(CMB) temperature 7.
T= £(15“2h305H5 JM (43)
k, 8n°G
By varying H, between 67.8 and 77.6 km-s™'-MParsec™ of the Planck [24] and
Chandra [25] probes respectively, we obtain a value of 7" between 2.65 K and
2.84 K. Data from Cobra (2.736(17) K [5]) and WMAP (2.72548(57) K [6])
probes confirm these results with a lower uncertainty than that currently weigh-
ing on H,.
Let Equation (43) being equal to Fixsen’s 7" and isolating H, to calculate its

T’k | 8G § .
Ho(T)=— 7" “/W ~71.505(30) km-s™* - MParsec™* (44)

 fa

value.

Equation (44) agrees with Salvatelli who gets H, =~ 72.13%2 km-s™ - MParsec™
[4]. It is almost the average result between that of the Planck and Chandra probes.
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2.6. Hypothesis Leading to an Exact Calculation of the Universal
Gravitational and Hubble Constants

We assume that the a constant can be used as a scale factor. Applied a certain
number of times, this factor can be related to some unitless ratios involving

physics constants.
m, =m,, /o (45)

Let us start by incorporating Equation (5), Equation (18), Equation (44) and
Equation (45) into Equation (19) in order to find Nand then n. The accuracy of
M T, G) will especially depend on the temperature 7 that will be used in Equa-
tion (46) and on the universal gravitational constant G. Any little change in oth-
er parameters (within the tolerances mentioned in the CODATA) of Equation
(46) will not have any impact on the result value since 7"and G are much less
accurate than the others that are used in this equation. Let’s take 7'= 2.72548(57)
K from Fixsen coming from the Wilkinson Microwave Anisotropic Probe (WMAP)
[6]) and G = 6.67408(31)><10’11m3 -kg™-s? from the CODATA 2014 [3].

m, 15a°pB%h’c®

1
= 27 P T £ 6.4071(54)x10™ 46
a" my  4n°T 'k G? (54) 40

N(T,G)=

Let us define [x] as being the rounded integer value of x.

n=[-log(N)/log(a)]=[57.00332(17)] =57 (47)

For now, this result cannot be demonstrated, we must create the postulate #1.

POSTULATE #1: N =1/a" ~6.303419702(84) x10'* (48)

2.7. Calculation of the Universal Gravitational Constant

To calculate G, we need an equation giving exactly the value NV obtained by Equ-
ation (48) as a function of G, but independent of A, and 7 that we do not know
with sufficient precision (compared to other physics constants from CODATA).
The most frequent opportunities to see the constant G intervene in physics
equations are found in the calculations of gravitational energy and gravitational
force. Let us start by evaluating, on Earth, the gravitational energy E, that there
is between two electrons separated by a distance equal to the classical radius r, of

the electron.

E,=—2 (49)

The energy of an electromagnetic wave of wavelength A is given by Equation
(50).

hc
E=— 50
7 (50)

Even in a context where the speed of light increases over time, the principle of
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conservation of energy must be respected. For this reason, the photons that are
on the periphery of the luminous universe continue to see their wavelength in-
crease over time to gradually adapt to the new diameter of the universe. The
same goes for all other lengths in the universe. We do not realize this because all
the other physics constants change at the same time (except unitless ratios, the
fine-structure constant and the geometric constants).

Let us bring the experiment made with the two electrons to the periphery of
the luminous universe. By doing this, the classical radius of the electron will in-
crease by a factor fand become 1, (just as for the apparent radius of curvature

of the universe).

, I
r = ;E (51)
The gravitational energy of Equation (49) is now given by Equation (52).
Gm?  Gm’
Ey=—7 =—E’B (52)
re re

On the other hand, the electrical energy E, remains the same whether meas-
ured here on Earth or at the outskirts of the universe. This equation is indepen-
dent of the radius (although it seems to depend on it at first). Let us analyze the
equation of E, on Earth.

2
E, =—k (53)
4me,l,
The charge g, of an electron is obtained by Equation (54).
4mm,r,
qe = — —n £e (54)
Hy

The speed of light cis related to & and g, by Equation (55).

c=1/\eouty (55)

If we use Equation (54) and Equation (55) in Equation (53), we obtain Equa-
tion (56).

E, =m,c’ (56)

Equation (53) and Equation (56) show that the energy contained in the mass
of an electron is equivalent to the electrical energy contained between two elec-
trons spaced with a distance equivalent to the classical radius of the electron r..
In Equation (56), it can be seen that the electric energy E. is independent of the
classical radius of an electron. Therefore, if we reproduce this experience on the
periphery of the luminous universe, the electric energy E; that we will have
will be equal to the energy E, that we had on Earth. Let us then make the con-
nection between the electric energy E; and the gravitational energy E; at the
periphery of the luminous universe. Bringing the experiment to the periphery of
the luminous universe allows seeing why a g factor is introduced into the equa-

tion.
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E.  mc’r,  cr,

E, Gm’B3 Gm,B

~5.45x10% (57)

As in Equation (48), we found that the fine-structure constant a plays a role in
determining orders of magnitude. By an adjustment of the exponent of the

fine-structure constant a, we obtain a result identical to that of Equation (57).

% ~5.45x10% (58)

We conclude that Equation (57) and Equation (58) are equal. By isolating the
universal gravitational constant G, we obtain an equation that we elevate to the
rank of postulate #2. It is an equation that cannot be deduced from any other

known equation of current physics.

2 20
POSTULATE #2: G == "%

p ~ 6.673229809(86)x10"*'m° -kg ™" -5 (59)
3

This result is in perfect agreement with the Taylor-Parker-Langenberg value
which is G ~6.6732(31)x10™m®-kg™-s? [32]. However, based on Equation
(59), it can be seen that the tolerance of the measured value of Gfrom CODATA
2014 [3] is underestimated by a factor of about 2.74. Qing [33] has shown that
the tolerances of several recent measurements of G do not overlap with each
other. Despite the very optimistic accuracy displayed for the various measures,
the value of G lies between 6.672 to 6.676 x 107" m*kg™"-s>. The tolerance dis-
played in Equation (59) was calculated from the tolerances displayed for the
other constants of CODATA 2014. When measuring the universal gravitational
constant G, it is easy to underestimate some sources of errors, which can explain
this difference. Equation (59) relies on more precise and reproducible constants.

By using different combinations of equations, shown in this article, we can
deduce other equations which also give the universal gravitational constant G

precisely. We will enumerate them without making any demonstration.

G_queRwoz17 C2nc’rla®  qZa®  hca®  cfe® (60)
gm B hp dng,m2B 2nmiB 4R m. S

2.8. Improvement of the Hubble Constant and of the Average CMB
Temperature

Now that we can precisely calculate Nand G, we can equate Equation (19) with

Equation (48) using Equation (9), Equation (18) and Equation (59).

m, 2nc® 2mpmc’® 1

m, hGHZ hrHZa® o

(61)

ph

Let’s associate the energy of the mass m, of an electron with the wave energy.

hca
m,.c’ = —— (62)
2mr,
With Equation (62), we modify Equation (61) to obtain Equation (63).
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c 19

Hy = P 72.09548580(32) km-s™* - MParsec™ (63)
The result of Equation (63) is similar to Equation (44) with Fixsen and con-

firms Salvatelli’s value of H, ~72.152 km-s™-MParsec™. Thanks to various

equations in this article, we can deduce new equations which will calculate Hj

precisely. We will enumerate them without making any demonstration.

B 4nm90a19\/ﬁ 3 aneczalg\/ﬁ

H, = 4ncR, o™\
’ qu Hy h

(64)

Equating Equation (44) and Equation (63), and using Equation (62), we ob-
tain 7'which is the average CMB temperature.

2 6 17 \V4
T :mk_c(%] ~ 2.7367958(16) K (65)
b T

2.9. Weinberg's Formula

Weinberg found an empirical equation for a typical mass m of a pion-like par-
ticle (see page 619 in the Weinberg’s 1972 book available in reference [34]). This
equation has also been cited by Sidharth in reference [20]. However, the result of
this equation does not precisely correspond to any known value. Therefore, we
think it is incomplete. It is like if a multiplying factor is missing. In the following

equation, 4= A/2m.

o2 )
mz[ (;c ] ~1x10%®kg (66)

Let us show that the precise values of a, f, G and Hj result in the mass m, of
an electron from a modified version of Weinberg’s Equation (66). Let us multip-
ly Equation (63) by 1 (in parenthesis, let us multiply by G and divide by Equa-
tion (59)).

ca®Jp( GmpB ) Gm, ¥
HO = 2 20 |~ 2 (67)
r, c'ra crla
Isolating m,, we obtain Equation (68).
cH e
m, = ﬂs/zeG (68)

The energy contained in the mass m, of an electron at rest is equal to the wave

energy for the Compton wavelength A_ of the electron.

hc 2, hc
mc? == where 4 =< = mc2=-% (69)
¢ A ¢ a ¢ 27,
C e
ha?
2
S (70)
e 2.2
mZc

Introducing the result of Equation (70) in Equation (68), we obtain the elec-

tron mass m, as a function of G and H,. Of course, we get the same value than
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the CODATA (except the tolerance), but this equation should not be considered
as a way to get the mass of the electron since our values of G and H, come
someway from this equation. However, as we will see, Equation (71) may be

useful for other purposes.

2 \Y3
me(G,Ho)zi[%] ~9.109383559(85) x 10 *'kg (71)

NG

The apparent age of the universe is 1/H, and Equation (71) is a function of Hj.
As a result, the mass m, of the electron varies with time. Since this is the case for
m,, it is also the case of other particles and for the apparent mass of the universe
m,. Without doing it here, it can be shown that this is the case for all other “con-
stants” with units.

Equation (71), which is a modified version of the Weinberg formula, could be
used to determine and calculate the Hubble constant A, as a function of the
universal gravitational constant G because all other constants of the equation are
precisely known.

_ Gem?pY?

h23

Hy () - S0

~72.104(33) km-s™ - MParsec (72)

Using the value of G = 6.67408(31)><10’11m3 kg™ -s? from CODATA 2014
[3] in Equation (72) we obtain a measured value of H, which is similar to the
result of Equation (63). This value of H, corresponds to an apparent age of the
universe of 13.56(6) billion years. Our H, value from Equation (63) gives also

about 13.56 billion years.

3. Conclusions

This article seems to be very useful from a metrological point of view since it
makes it possible to precisely determine several constants which were, until now,
only measured. The equations found make it possible to discriminate the results
of several research studies on the Hubble constant, on the universal gravitational
constant and on the average CMB temperature.

A new model of the universe that uses the B constant has been introduced.
This constant represents the ratio between the expansion speed of the material
universe and the expansion speed of the luminous universe which is the speed of
light. This constant seems to let us believe that the universe is geometric in a
certain way. It may be found that B constant is essential in the evaluation of sev-
eral parameters of the universe (see Equation (59), Equation (63), Equation (65),
Equation (71), and many others). We have also seen this by using it to modify
the Dirac hypothesis on large numbers because it allows making several links
that would not be possible without it. This hypothesis allows making an impor-
tant link with the fine-structure constant a. Using this link, we derived equations
giving the exact values of Hj, G and 7. Knowing where these parameters come
from, we can explain why these parameters of the universe are not constant

across space and the time.
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We used a modified version of Weinberg’s equation which undoubtedly
shows that there is a link between the electron mass, the Hubble constant A, and
the universal gravitational constant G. This link gives, for the first time, a precise
tool to measure the Hubble constant here on Earth, without having to use star
observations.

We determined that only unitless parameters are constant. To have a precise
metrology system, the International Bureau of Weights and Measures (BIPM)
makes the choice to impose the constancy of ¢ This relevant choice makes it
possible to increase the precision of the other physics parameters by becoming
really constant. Unitless constants, such as a, will appear to vary over time and
some phenomena will become difficult to explain. To consider or not c as con-
stant seems incompatible without really being so. One must be aware of the
choice of hypotheses that are being made in the theoretical analyses of scientific
documents. It is important to define the chosen choices from the beginning.

One must be aware of the choice being made in theoretical analyzes. The cho-
sen choices must be defined right at the beginning.

By using the equations of G and H, shown in this article, it will probably be
possible to determine more precisely the movement speeds of the different ga-
laxies, their masses and several other parameters of the universe. By using the
equation giving N in the modified hypothesis of large numbers of Dirac, it will
probably be possible to establish close links between several physics” constants,
which will make it possible to determine new equations that were previously

unknown to us.
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Appendix A: Solving of the System of Equations

In this appendix, we will focus on detailing calculations that made it possible to
solve a system of 5 unknowns with 5 equations. We will use Equation (59) to
evaluate the universal gravitational constant G and Equation (63) to evaluate the
Hubble constant H,.

Let us start by rewriting Equation (4) in another form that will be more prac-

tical and list the other starting equations.

c=5 where n= ity and y = 26m, (73)
n 1-y r,
c
T, (74)
pc
S 79
3
m, = — (76)
GH,
.= dvo| _ Sy 1 where y = 2(.“:mu (77)
dr r=r, iy (1+ y)\ll— y2 k I

In these equations, the unknown values are: R, r,, m,, fand k. It is a system
of 5 equations with 5 unknowns that can be solved mathematically.

In Equation (73), we isolate the value of k£ and obtain Equation (78).

k=c /”—y (78)
1-y

In Equation (77), we also isolate the value of kto obtain Equation (79).

H,r
k=—2Y(1+y)/1-y° (79)
v (1+y)
Let us equate Equation (78) and Equation (79) to obtain Equation (80).
H
c l+—y=Lr“(1+ y)yi-y? (80)
1-y yp

Let us use Equation (74) and Equation (75) in Equation (80) and simplify to
get Equation (81).

-1+
y+y-1=0 = y= 2\/5 (81)
All yparameters in Equation (73) are strictly positive. Therefore, yis positive.
J5-1
y="2— (82)

Putting the result of (82) in Equation (73), we obtain Equation (83).

k=cy2+5 (83)

In Equation (77), substitute the value of y for the parenthesis by its algebraic
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value.
H, = Zszu/i’ 1 (84)
ke, | (1+ y)\/l— y?
In Equation (84), replace the value of m, with Equation (76).
2¢? 1
Ho =— B (85)
kru HO (1+ y)\/l— y2

In Equation (85), we use Equation (75) and Equation (83), then we isolate S.

2 1
ﬂ_\/2+\/§{(1+ y)\/l—sz 80

In Equation (86), let us replace y by Equation (82) with the S value. Then, let

us list the other results from our system of equations of and let us evaluate their

value.

B=3-+/5~0.764 (87)

k=cy2++/6 ~ 2¢ ~ 6x10°m s (88)

m, ~1.8x10%°kg (89)

R, #1.28x10*m (90)

r, ~0.98x10%°m (91)

Let us note that Bis related to the golden number which is ¢ = 1.618...
LS =4-2¢ where g = 1+2\@ (92)
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Abstract

The Standard Model of elementary particles, with its associated con-
cept of a vacuum state of empty space, leads to strongly restricted
results in subatomic physics. Examples are given by vanishing rest
masses and an associated spinless state of the photon. In a revised
quantum electrodynamic theory by the author, new results have
been deduced which cannot be obtained from the Standard Model.
These are due to a vacuum state populated by Zero Point Energy
and a corresponding nonzero electric charge density. This leads to
a screw-shaped photon configuration with rest mass, spin and pos-
sibilities of needle radiation, to a deduced value of the elementary
charge of the electron, muon and tauon being close to its experimen-
tal value, to a deduced mass being nearly equal to 125 GeV of the
Higgs particle detected at CERN, and to the discovery of large in-
trinsic charges of both polarities within the volume of a particle. In
their turn, these charges give rise to effects of the same magnitude
as that of the strong force, and can account for the binding ener-
gy of 8 MeV of the neutron and proton. This makes a unification
possible of electrodynamics with the strong nuclear force.

Keywords

Quantum Electrodynamics, Standard Model and Beyond,
Zero Point Energy, Higgs Particle, Unification of
Electrodynamics and the Strong Force

1. Introduction

The fundamental properties of elementary particles have earlier been
discussed by the author in terms of subatomic physics, as given by a re-
vised quantum electrodynamic theory [1,2]. These properties will here
be reconsidered with special emphasis on the concepts of rest mass,
spin, elementary electric charge, intrinsic electric charges, needle ra-
diation, the strong force, the binding energy of neutrons and protons,
the Higgs mass, and the relation between relativity and quantum me-
chanics.

The shortcomings of conventional theory, based on a vacuum state
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of empty space, will first be elucidated in Section 2. This is followed
in Section 3 by a description of the revised subatomic field equations
of a vacuum state populated by Zero Point Energy (ZPE). In its turn,
this leads to new subatomic properties of the elementary particles, as
being discussed in Section 4.

2. Shortcomings of Conventional Theory

In conventional electromagnetic theory and such applications as plas-
ma physics, particles of given electric charge and mass form the basis
of corresponding macroscopic field equations. The latter are then re-
lated to a vacuum state of empty space. This theory is well established
and will not be further discussed here.

A different situation arises, however, when attempts are made to
treat the interior of elementary particles in terms of subatomic theory.
In this section some important examples are given on what happens if
the vacuum concept of empty space is being retained. It implies that
the electric charge density represented by the local value div E of the
electric field strength E vanishes identically.

The first example concerns the conventional equations being applied
to a model of the propagating photon, treated with divE = 0 by
means of the Hertz vector, as given by Stratton [3]. According to
Chapter 9 of [1], these equations have solutions in plane, cylindrical,
and spherical geometry which all lead to a vanishing total angular
momentum (spin). In particular for cylindrical geometry the local
spin contributions s,; and s, of the TM and TE wave types become

$.1 = 820 o< K2n [J,(K7)]? (sin 2ngp) (1)

where
K? = (w/e)® — k? (2)

for a wave form f(r)exp[i(—wt + kz + ny)] in a cylindrical frame
(r,,2) with J,(Kr) as a Bessel function. The total integrated con-
tribution to the spin then vanishes for all K and n. Consequently,
conventional theory does not become reconcilable with a physically
relevant photon model which should possess spin according to exper-
iments.

The second example concerns the steady state with both divE =0
and 9/0t = 0. Then the charge density eodiv E and curl B of the mag-
netic field B will vanish. This implies that there are no local sources
of the electromagnetic field. As also being pointed out in Section 6.1
of [1], this is in agreement with Quigg [4] who states that the sym-
metry of the conventional field equations does not permit masses for
quarks and leptons. Consequently, the existence of particle-like states
rests on a nonzero div E and an associated broken symmetry between
E and B.

A third point concerns the conventional description of the photon in
terms of plane waves. This is not only in contradiction with a nonzero
spin, but also with the experimentally proved needle-like behavior,
as described in Chapter 4.1 of [1]. Both these circumstances influence
the way in which the concept of special relativity has to be transferred
from a plane-wave model to a multidimensional model, such as that
of cylindrical geometry later treated in this paper. Needless to say,
this does not affect the general lines of thought of special relativity by
Einstein.
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3. Revised Subatomic Field Equations

The shortcomings of conventional theory impose restrictions on a
treatment of subatomic physics. A way out of this dilemma is pro-
vided by the following sections. The present treatment thus includes
terms with a nonzero div E which are not present in a conventional
analysis, and where div E acts somewhat like a hidden variable.

3.1. The Zero Point Energy

In a study of the quantum mechanical energy levels of the harmonic
oscillator, M. Planck found that there is a nonzero ground level, the
Zero Point Energy (ZPE), as further described in a review by Schiff [5].
The related electromagnetic vacuum fluctuations were investigated by
Casimir [6] who predicted that two metal plates separated by a s-
mall spacing will attract each other, due to the fact that only small
wavelengths can exist within the spacing. Such a net differential force
was first demonstrated experimentally by Lamoreaux [7]. Part of the
fluctuations also carry electric charge, as pointed out by Abbott [8].
Consequently, the vacuum is not merely a state of empty space, but
includes photon-like modes being each of frequency v and energy hv/2
and which result in a real macroscopic pressure. Even if these fluc-
tuations occur at the lowest ZPE level, their spatial inhomogeneity
can produce a pressure gradient. Since the Casimir force is due to a
comparatively small differential pressure, the total ZPE can become
much larger. More detailed discussions are presented elsewhere [9-11].

The basis of the present subatomic field equations is thus formed
by the concepts of ZPE and the Casimir force, in combination with
special relativity.

3.2. The Extended Equations

With the basic concepts of the previous subsection, a revised quantum
electrodynamic theory (RQED) is now established [1]. Thereby the
new inclusion of terms with a nonzero div E becomes sources of electric
charge and matter, in accordance with the incorporated effects of the
ZPE. It thus leads to a four-dimensional representation

04, = (= > 1A, =
w — C?w_v u—,U'OJu (3)
of the Lorentz invariant field equations with p = 1,2,3,4. Here A, =
(A,i¢/c) where A is the magnetic vector potential, ¢ the electrostatic
potential, ¢2 = 1/ugeo where ¢ 2 2.998 x 10% m/s denotes the velocity
constant of light determined by the magnetic permeability o and the
dielectric constant €¢, and J,, = (j,icp) where j stands for the electric
current density and p = gqgdiv E for the electric charge density. Since
J,, is relativistically invariant, it has to satisfy the condition

j% = 2p* = const. (4)
where the constant must vanish because J,, disappears when there are
no sources of charge and current density. This leads to the final form

Jﬂ = ﬁ (07 iC) (5)
where
C? =¢2 (6)
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and C is a velocity vector with the modulus c.
In a three-dimensional representation the new extended subatomic
field equations of the vacuum state become

OE

eurl B = (divE) C + e (7)
curlE = —aaf]tg (8)
where
B =curl A, divB =0 (9)
A
E=-V¢-— 83775’ divE = p/eo (10)

As compared to conventional theory, these include the additional con-
tributions from divE due to ZPE in Equations (7) and (10), with
the vector C of Equation (6) replacing the velocity constant ¢. This
replacement is associated with the extension of the plane-wave repre-
sentation of special relativity to a two-dimensional one, such as that
of cylindrical geometry with an incorporated spin concept.

4. Resulting New Subatomic Properties

A number of new results have been obtained from Equations (3)—(10)
which cannot be deduced in terms of the Standard Model. Corre-
sponding particle models of steady axisymmetric states thus arise from
a related generating function. As shown in Chapter 6 of [1], a radially
convergent such function leads to vanishing net electric charge ¢y and
magnetic moment My, whereas a divergent one results in net values
of gqo and My under certain circumstances. In this section a number
of examples [2] will be reconsidered.

4.1. Photon Model with Spin and Rest Mass

The solution for cylindrical waves in a frame (r, ¢, ), with the velocity
vector C = ¢(0,cos , sin ), cosa < 1, and a constant angle «, leads
to a screw-shaped configuration which includes spin and an associated
very small but nonzero rest mass, as shown in Chapter 11 of [1]. The
phase and group velocities become slightly smaller than ¢, the field
geometry is helical with nonzero axial field components, and it becomes
limited in space.

For a generating function with a convergent radial part there is an
effective photon radius

8)\0

"= 27 (cos @)

(11)
with a main wavelength Ag of a corresponding wave packet, and a
parameter ¢ = 1. As an illustration, cosa < 107™* and A\g = 3 x 1076
m yields a photon rest mass mg < 10740 kg. The phase and group
velocities then only deviate by a factor less than 5 x 10~° from the
velocity constant c. The spin thus exists at the expense of a very small
reduction of the momentum which is related to the axial propagation.

There is also a photon mode originating from a generating function
with a divergent radial part. A revised renormalization procedure is
applied to this mode, to obtain finite values for the parameters of
a wave packet as shown in Chapter 11.3.5 of [1] and in [12]. The
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effective radius of Equation (11) is then obtained for 0 < ¢ < 1. With
e<cosar <107* and A\g = 3 x 1079 m we then have # < 5 x 10~7 m.
This represents a form of needle radiation.

4.2. The Elementary Charge

The main features of steady axisymmetric states can be deduced from
the time-independent field equations of a separable generating function

F(r,6) = GoG(p.0) G=R(p)-T(6) (12)

in a spherical frame (r,0, ), where all relevant quantities are inde-
pendent of the angle ¢ and p = r/rg, with rg, as a characteristic
radial dimension. To arrive at a particle with net electric charge and
magnetic moment, a divergent radial part

R=pe? >0 (13)

is chosen, in combination with a polar part T" of top-bottom symmetry.

The divergence problem of infinite self-energy which arises in the
resulting point-charge-like geometry, can be tackled by a process of
renormalization. The conventional way of proceeding is described by
Ryder [13] among others, implying that the divergent behaviour is
outbalanced by adding extra ad hoc counter terms to the Lagrangian.
In the present approach an alternative way is chosen, where the “in-
finity” of the divergent system is out balanced by the “zero” of a
counter-factor [14]. Such a factor is already inherent in the present
theory and has not to be imposed, as shown in Chapter 7.3 of [1].

Corresponding deductions have been performed on the electron,
muon, and tauon, leading to the following results:

e There is a net electric charge gy = Qo fp, where Qo = (eoch)/? ~
8.86 x 10719 C and f, is a dimensionless profile factor. Qg is
related to the fine-structure constant, and it can be taken as
an example where relativity is linked with quantum mechanics
through the present theory.

o A variational analysis on the factor f, finally results in a min-
imum elementary charge gy = 1.60 x 107'° C within an uncer-
tainty a few percent as compared to the experimental value of
e [1,15,16].

e The product of the rest mass mg and the magnetic moment M,
becomes

moMo = (ch/4m) [1 + (€*/4meoch)] = 8.46 x 107 ** kg - A - m?

(14)
This agrees with experimental data for mgM, of the electron,
muon and tauon within the limit of a few percent.

The obtained characteristic charge )y and the deduced minimum
value of gy being close to the experimental value of the elementary
charge e, thus suggests that the latter should be considered as a de-
duced quantity, and not as a fundamental and independent parame-
ter.

4.3. The Z Boson and the Higgs Particle

The treatment of the vacuum as an empty space leads to a number of
shortcomings, such as to a missing rest mass of elementary particles.
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This point was made clear by P. W. Higgs and F. Englert among
others. The theory by Higgs [17] is based on a spontaneous nonlinear
mechanism of symmetry breaking of an empty vacuum state, by which
an unstable boson of unspecified but large rest mass is being formed.
This particle has zero net electric charge and zero spin. In its turn, the
same particle is considered to decay into a set of all other lighter and
massive elementary particles. An open point concerns the theoretically
undetermined value of the rest mass.

A particle was later discovered at the projects ATLAS [18] and CMS
[19] of CERN, being unstable, having vanishing net electric charge and
spin, and with a rest mass of 125 GeV. This discovery was understood
to be a confirmation of the heavy particle due to the theory by Higgs.

An alternative and different way of explaining the results by CERN
has been presented by the author [20-22], as being characterized by
intrinsic linear broken symmetry. It starts with a model of the Z boson
determined from a convergent axially symmetric generating function.
From superposition of the solutions of two such Z boson models with
antiparallel spin directions, a composite model can be formed. With a
mass of 91 GeV for each of the original Bosons, the composite particle
obtains characteristical data given by lacking electric charge, magnetic
field, and spin. It is purely electrostatic and highly unstable, and
has a minimum mass close to 125 GeV. This appears to be in good
agreement with the results by CERN. The composite particle solution
is also consistent with the point made by Quigg [4] that the Higgs is
perhaps not a truly fundamental particle, but is built out of as yet
unobserved constituents.

4.4. Intrinsic Charges and the Strong Force

The local nonzero behaviour of divE does not only generate a net
integrated electric elementary charge e, but also intrinsic integrated
electric charges +Q; of both polarities within various parts of the vol-
ume of an elementary particle [1,2,23]. This can be demonstrated
by a model of an individual quark being deduced from a convergent
generating function, in a frame of spherical coordinates (r, 8, @) being
independent of ¢. We further consider a tentative model of the neu-
tron, given by three individual quarks which are mutually bound to
each other, to form a triangular configuration [24]. In a first simplified
treatment equal models are used for these quarks.
The following points concern the model of an individual quark:

e In the triangular configuration each quark is assumed to have a
mass of 5.57 x 1072® kg being a third of the neutron mass.

e Integration of the local electric charge density over various parts
of the quark volume results in large positive and negative intrin-
sic charges +@Q; where @;/e = 19.9. Thus ); becomes an order
of magnitude larger than the elementary charge.

Concerning the interaction between two quarks, the following points
should be observed:

e The source terms of the present theory lead to a volume force
density
f=pE; E,=E+CxB (15)

Here part of the electric contribution E is outbalanced by the
magnetic contribution C x B. Therefore the total field E; only
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becomes noticeable within the innermost part of the quark vol-
ume. The result (Q;/e)? = 396 implies that the interaction due
to E; would become more than two orders of magnitude larger
than that arising between two elementary charges. But in the
real situation the added influence of C x B partly outbalances
that of E.

e The total interaction between two quarks in the triangular con-
figuration thus is of short-range character, and becomes about
two orders of magnitude larger than that between two elemen-
tary charges.

e The mutual quark force and its corresponding work can be de-
termined in terms of the distance between the quark centra. It is
obtained from the force due to the local intrinsic charge density
of quark number I, in combination with the reversed total field
E; generated by quark number II.

e When gradually shrinking the distance between the quark cen-
tra, a corresponding work of the mutual forces and their asso-
ciated potential distributions is being traversed. This results in
an outer potential barrier, followed by an intermediate well, and
thus ending at an additional barrier. The mutual quark interac-
tion thus becomes stable and attractive.

e An application to the neutron then leads to a well depth of
about 7.7 MeV, being rather close to the binding energy of 8
MeV obtained from experiments reported by Bethe [24]. Since
the additional net charges of the proton are comparable to the
elementary charge, a similar result should also hold for the pro-
ton.

e In the triangular quark model an outer radius of about 3 x 10~1°
m and a core radius of about 10~1® m are obtained. These values
are comparable with a nuclear radius of 1.5 x 107!% m given by
experiments.

These deduced data are impaired by some uncertainties. Neverthe-
less the general outcome could still hold. The obtained short-range
character and the order of magnitude of the attractive and stable in-
teraction thus gives a clear indication that it should become possible to
unify the fundamental phenomena of electromagnetics and the strong
nuclear force.

4.5. Special Relativity versus Quantum Mechanics

In quantum mechanics an instantaneous behaviour of entangled states
can take place through long-range interaction. A vacuum state of
empty space leads on the other hand to a limited relativistic velocity
propagation in subatomic physics. When divE = 0, Equations (7)-
(10) thus result in a conventional transverse electromagnetic EM wave,
with the velocity c¢. This is not reconcilable with instantaneous long-
range interaction.

A possible way out of this dilemma [25] may be provided by the
transition to a vacuum state with ZPE and div E # 0. Equations (7)-
(10) then lead to two wave types. The first is an EMS nontransverse
electromagnetic space-charge wave with curl E # 0 and a limited rela-
tivistic propagation determined by the velocity constant c. The second
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type is an S wave of purely longitudinal electric space-charge character
with curl E = 0. This wave depends only on the dielectric constant
€0, has no relation to relativity, and is not limited in its velocity of
propagation, as defined by the vector C in Equation (7).

The EMS and S concepts are here proposed to be combined into
a system which satisfies the requirements of long-range interaction.
Thus, two spatially limited EMS particle models being at a long mu-
tual distance become linked by an S mode which is not limited in its
speed of transition. This would imply that relativity and quantum
mechanics do not necessarily have to be in conflict. But it remains
so far as an open question which requires more investigation. There
are the remaining questions whether the S mode becomes a physical
reality, and how the matching of the axial electric field components of
the EMS and S modes can be realized in detail.

5. Conclusions

From the present revised subatomic field equations, new results have
been obtained in terms of the Zero Point Energy. These results can-
not be deduced from the conventional Standard Model. They concern
the spin, rest mass and needle radiation of the photon, a deduction
of the value of the elementary electric charge, and of the mass of the
CERN particle. The latter deduction is not related to the theory by
Higgs. The present theory has further debouched into the discovery of
intrinsic electric charges and related forces acting within correspond-
ing particle models. These forces give rise to a potential well depth
being rather close to the binding energy of the neutron and proton.
This provides a possibility of unifying electrodynamics and the strong
nuclear force.

It is improbable that all these different obtained results should mere-
ly by chance happen to agree with experimentally confirmed facts.
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Abstract

The orientation of stable single domain (SSD) ferrimagnetic particles in an
igneous rock sample was determined by a sensitive technique utilizing gyro-
remanent magnetization (GRM). Components of GRM were measured in the
sample upon exposure to an alternating field (AF) at various orientations in 3
orthogonal planes. The major components of GRM exhibited a sin(26) de-
pendence on AF orientation in the respective perpendicular planes. This was
in accordance with theory [1] and contrary to some previously reported ex-
perimental results on magnetic recording tape, which produced a distorted
sin(26) dependence of the GRM [1]. The explanation is likely due to the SSD
ferrimagnetic particles in the rock sample being more dispersed (less inte-
racting) compared to the highly interacting SSD particles in the magnetic tape
sample of the previous study. The GRM results were consistent with another
remanence anisotropy method, anisotropy of isothermal remanent magneti-
zation (AIRM). This method again measures the anisotropy of the remanence
carrying ferrimagnetic particles, but the IRM is also acquired by larger mul-
tidomain (MD) particles as well as by the SSD particles. The results were also
consistent with the visible rock anisotropy (petrofabric), the anisotropy of mag-
netic susceptibility (AMS), and the shear wave velocity anisotropy. A com-
parison of all the methods demonstrated that the fine SSD particles, which
make up only a small proportion of the rock, were aligned in quite a similar
orientation to that of the main rock forming minerals that constituted the
bulk of the sample.
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Shear Wave Velocity

1. Introduction

Gyroremanent magnetization (GRM) is produced by exposing a sample con-
taining an anisotropic distribution of fine ferro- or ferrimagnetic particles to a
single alternating field (AF) application [1], or by exposing a sample containing
an isotropic distribution of such particles to two successive applications of an AF
[2]. GRM is theoretically only produced by stable single domain (SSD) rema-
nence carrying particles [1]. These are the very particles that are most useful for
both man-made recording processes, and for palaeomagnetic purposes for re-
cording the magnitude and direction of the ancient geomagnetic field in rocks
over geological time periods. By measuring the components of GRM produced
when an AF is applied at various orientations in 3 orthogonal planes of a sample,
it is possible to infer the orientation of the SSD particles in the sample. The me-
thod is the most sensitive remanence anisotropy method, and allows one to ex-
clusively determine the anisotropic distribution of the SSD particles [3]. This
means that GRM measurements represent a unique magnetic means of isolating
the anisotropic distribution of SSD particles. This is important since an aniso-
tropic distribution of these particles can deflect the natural remanent magnetiza-
tion (NRM) in a rock sample away from the ancient field direction. This has po-
tentially serious implications if the sample is used for palacomagnetic purposes,
since it could lead to errors in determining palaeomagnetic reconstructions and
the behaviour (Ze., palaeointensity and direction) of the Earth’s ancient magnet-
ic field. In contrast to GRM anisotropy, other anisotropy of magnetic remanence
(AMR) methods may include remanence components from any multidomain
(MD) ferro- or ferrimagnetic particles present in the sample [3] in addition to
the components from the SSD particles. The MD components are generally less
stable over geological timescales.

A key aim of the present paper is to show that GRM measurements can readi-
ly determine the anisotropy of SSD particles in a rock sample that was previously
considered “quasi-isotropic” from acoustic anisotropy methods [4]. Previous
GRM anisotropy studies have investigated magnetic recording tapes [1], dis-
persed particles from magnetic recording tapes [5], a weakly anisotropic rock
sample with no visible anisotropy (petrofabric) [6], or a more strongly aniso-
tropic rock sample, again with no visible petrofabric [3]. In the present paper the
rock sample exhibited a clearly visible petrofabric arising from the alignment of
the larger mineral grains (plagioclase and quartz) that constituted the bulk of the
sample. This allowed us to determine whether the anisotropy of the SSD par-
ticles (which constitute a small fraction of the rock sample) from our GRM
measurements was related to the overall observed petrofabric of the main rock
forming minerals.

We also undertook 3 other quantitative anisotropy methods in order to help
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verify the GRM anisotropy results of the SSD particles, and also to compare the

SSD particle anisotropy with the overall anisotropy of the larger minerals com-

prising the bulk of the rock sample. These 3 methods were as follows:

e Anisotropy of isothermal remanent magnetization (AIRM), which deter-
mines the anisotropy of all the remanence carrying particles. This not only
includes the SSD particles but also the larger MD particles.

e Anisotropy of magnetic susceptibility (AMS), which measures the combined
AMS of all the minerals in the rock sample, including the main rock forming
diamagnetic minerals (plagioclase and quartz), any paramagnetic minerals, as
well as the remanence carrying ferrimagnetic minerals. In the present sample
the AMS is dominated by the small fraction of ferrimagnetic particles.

¢ Anisotropy of shear-wave velocity. This mainly determines the anisotropy of
the bulk matrix minerals (in this case mainly plagioclase and quartz).

The magnetic anisotropy methods (GRM, AIRM and AMS) allow a full 3 di-
mensional (3D) anisotropy to be measured on a single rock core plug sample.
Most other anisotropy techniques require several samples oriented in different
directions in order to generate 3D anisotropic information, since certain mea-
surements can only be made in 1 dimension (1D) on a core plug (e.g., fluid per-
meability measurements), or in 2 dimensions (2D). The experimental set up for
the shear wave velocity measurements only allows 2D anisotropy to be deter-

mined in one particular plane, as detailed in the Methods section below.

2. Sample

The rock sample, VOLC-B-Y, was taken from the Flin Flon Belt of the
Trans-Hudson Orogeny in eastern Saskatchewan, west of the town of Flin Flon,
Manitoba, and is from the Palaeoproterozoic Era (1.6 - 2.5 billion years ago).
This area has been studied for some time due to the economic potential of the
mineral deposits found nearby [4]. The cylindrical rock sample was 2.5 cm in
diameter and 2 cm in length and is shown in Figure 1. The figure shows the
sample both with and without the arbitrary sample axes (X, ¥; Z) superimposed.
The +X direction has a declination of 0° (or 360°) and an inclination of 0°, the
+ Y direction has a declination of 90° and an inclination of 0°, and the +.2 direc-

tion has a declination of 0° and an inclination of 90°.

Figure 1. Sample VOLC-B-Y with (left) and without (right) the sample axes labeled. The
directions of the arrows in the left hand figure indicate the +X; + Yand +Z directions.
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The sample had a mass of 28.33 g and the following mineralogical composi-
tion: 61.2% plagioclase, 22.5% quartz, 8.3% biotite, 1.9% opaque minerals [4].
The ferrimagnetic particles, representing a very small fraction of the rock sam-
ple, are likely to be magnetite or titanomagnetite based on some initial tests, in-
cluding remanence acquisition curves. We did not determine the Curie temper-
ature of the ferrimagnetic particles for this sample as we did not want to heat the
sample in case this induced chemical changes. The previous study by Cholach et
al. [4] described this rock sample as being “quasi-isotropic” from their acoustic
anisotropy studies. However, all our experimental results will demonstrate that

the sample is significantly anisotropic.

3. Methods
3.1. Gyroremanent Magnetization (GRM) Anisotropy

This method applied an AF to the static sample at various orientations in 3 or-
thogonal planes [3]. This was achieved using an AF demagnetizer coil housed
within a mumetal shield. The latter shielded the sample from the Earth’s field.
The sample was subjected to an AF of 60 mT at increments of 15° within a 180°
range (from &= —90° to 90°) in a particular plane (Figure 2). After the AF ap-
plication, the sample was removed from the AF coil and the GRM components
(x, yand z) were measured in a spinner magnetometer. Prior to each AF appli-
cation the sample was tumble AF demagnetized in 80 mT and the remaining
remanence measured, and subtracted from the subsequent GRM measurement.
The demagnetizing field was higher than the AF used to impart the GRM in or-
der to remove as much remanence as possible prior to each GRM production
step. 13 pairs of magnetized and demagnetized values were obtained in the 3 or-
thogonal planes (XY, YZ, and ZX) giving a total of 39 measurements of GRM.
For each measured plane the first listed axis was oriented at @ = 0° and the

second axis oriented at €= —-90° or 90°. The GRM method is extremely sensitive,

-Y

-X +X
\+9

Xy
+Y \

+Z

Y
N

Figure 2. Example orientation of the AF axis with respect to the sample axes. The exam-

AF

ple shows the AF axis at an angle +6,, in the XY plane of the sample. This produces a
GRM in the Z axis if the sample contains anisotropically distributed SSD ferrimagnetic
particles in the XY plane.
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but quite time consuming, taking a few hours to perform. It is effectively the re-
manence equivalent of the anisotropy of magnetic susceptibility (AMS) delinea-
tor (see the AMS section below), since it measures the differences in anisotropy
of the SSD ferro- or ferrimagnetic particles in a particular plane, and can identify
the orientations of the maximum and minimum SSD anisotropy axes within that

plane. The GRM method does not, however, give the magnitudes of those axes.

3.2. Anisotropy of Isothermal Remanent Magnetization (AIRM)

This method applied a direct field (DF) to the sample to produce an isothermal
remanent magnetization (IRM). This was achieved by placing the sample inside
a pulse magnetizer, and applying a DF of about 100 ms duration. The resulting
IRM components (x, y and z) were then measured in a spinner magnetometer.
This procedure was undertaken in 3 orthogonal directions along the X, ¥; and Z
sample axes. This produced a total of 9 tensor components from which a 3D
AIRM ellipsoid could be calculated giving the magnitudes and directions of the 3
principal anisotropy axes [3] [7]. The sample was tumble AF demagnetized be-
fore each magnetization step.

The pulse magnetization was carried out at two different DF strengths, 20 mT
and 60 mT, in order to determine the anisotropy of different ferrimagnetic par-
ticle size populations. The higher field affects the SSD ferrimagnetic particles as
well as the MD ferrimagnetic particles, whereas the lower field only affects the
larger MD ferrimagnetic particles (the lower field is below the anisotropy field of
the SSD particles). A typical AIRM determination from the 3 magnetization and

3 demagnetization steps takes around 30 minutes.

3.3. Anisotropy of Magnetic Susceptibility (AMS)

This method determines a 3D AMS ellipsoid for the sample. The sample was
placed in an anisotropy delineator and rotated successively in 3 orthogonal
planes in a low (500 puT) magnetic field. If the sample is anisotropic a sinusoidal
voltage of twice the rotation frequency is induced in pick up coils. The ampli-
tude of the voltage is proportional to the difference between the maximum and
minimum susceptibilities in the sample plane perpendicular to the rotation axis.
By adding a bulk magnetic susceptibility value to the anisotropy delineator re-
sults the magnitudes and orientations of the 3 principal AMS axes can be deter-
mined. The bulk value was measured along the Z sample axis (see Figure 1 and
Figure 2) using a magnetic susceptibility bridge. The sample is inserted into the
coil of the bridge, which changes the coil’s inductance, and this is proportional
to the sample’s magnetic susceptibility. The 3D AMS measurements are very
rapid, with the anisotropy delineator measurements taking about a minute and
the bulk susceptibility measurement taking a few seconds (with a background
reading followed by a sample reading).

3.4. Observed Petrofabric

The visible rock anisotropy (petrofabric) was observed using a hand lens. This
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visible petrofabric reflected the alignment of the larger component grains (pla-

gioclase and quartz) of the sample.

3.5. Anisotropy of Shear Wave Velocity (ASWV)

2D measurements of shear wave anisotropy were possible in the XY plane of the
sample. Two parallel planar transducers were placed on the flat end faces (which
were oriented in the XY plane) of the cylindrical sample plug. Whilst the overall
wave train propagated along the axis of the plug (the Z axis), the shear waves
had a transverse motion in the perpendicular XY plane. By rotating the sample
plug in the XY plane with respect to the transducers, as per the method de-
scribed in [8], it was possible to detect shear wave anisotropy in the XY plane. A
shear wave was propagated through the sample by one of the transducers and
detected by the other, and the shear wave arrival time was recorded. Then the
sample was rotated through 22.5° in the X7 plane and a shear wave was again
propagated through the sample. This process was repeated every 22.5° as the XY
plane was rotated about 360°. The shear wave arrival times were recorded, and
the velocities determined at each orientation to create a 2D plot of the shear

wave velocity anisotropy in the XY plane.

4. Results and Discussion
4.1. Gyroremanent Magnetization (GRM) Anisotropy

Application of the AF at various angles in the XY, Y.Zand ZX planes of the sam-
ple caused GRM components to be acquired perpendicular to each plane along
the Z, X'and Y axes respectively (Figures 3-5) consistent with GRM theory [1].
Figures 3-5 demonstrate that the variation in magnitude of the GRM largely
followed a sin(26) shape in each case (from the red fitting curves), where 8 was
the orientation of the applied AF as shown in Figure 2, in accordance with GRM
theory [1]. This was in contrast to some previous experimental results for a sam-
ple comprising magnetic tape [1] which exhibited a “distorted” sin(26) curve.
The SSD particles in the magnetic tape sample from [1] were highly interacting,
since they were densely coated on the plastic tape. In contrast, the SSD particles
in our natural rock sample are expected to be more dispersed and therefore less
interacting. This may explain why we obtained undistorted sin(26) GRM curves
for our natural sample, similar to results for man-made samples containing dis-
persed (non-interacting) SSD particles [5].

The GRM curves allow one to determine the predominant alignment of the
SSD particles within each plane. Figure 3 shows that the z-component of the
GRM was negative when the AF was oriented at = —90" to —15° and when 6=
75° to 90° in the XY plane, and positive when the AF was oriented at = —15" to
75° in that plane (the equation of the best fit curve through the data points is
y(x) = 50sin(2x + 71/6) where x is the horizontal axis and y is the vertical axis).
According to GRM theory [1] this indicates that the SSD ferrimagnetic particles

in the rock sample are aligned closer to the X axis (oriented at = 0°) than the ¥
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Figure 3. The z-components of GRM for orientations of the AF axis in the XY plane. The
results indicate that the maximum alignment axis of the SSD particles in the XY plane
occurs at an AF orientation of # = —15° (the AF orientation where GRM is zero in the
positive slope part of the GRM curve), close to the X axis.

Figure 4. The x-components of GRM for orientations of the AF axis in the YZ plane. The
results indicate that the maximum alignment axis of the SSD particles in the YZ plane
occurs at an AF orientation of d= —82.5° or 97.5° (the AF orientation where GRM is zero
in the positive slope part of the GRM curve), close to the Zaxis.
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Figure 5. The y-components of GRM for orientations of the AF axis in the ZX plane. The
results indicate that the maximum alignment axis of the SSD particles in the ZX plane
occurs at an AF orientation of 8= —90° or 90° (the AF orientation where GRM is zero in
the positive slope part of the GRM curve), identical to the X axis.

axis (oriented at € = —90° or 90°). The maximum principal (ie., preferred
alignment) axis of the SSD particles in the XY plane occurs at an AF orientation
of 8= —15" (the AF orientation where the GRM is zero in the positive slope part
of the GRM curve), which is close to the X axis.

Figure 4 shows that the x-component of the GRM was negative when the AF
was oriented at = —90° to —82.5° and when #=7.5" to 90° in the YZ plane, and
positive when the AF was oriented between &= —82.5° to 7.5° in that plane (the
equation of the best fit curve through the data points is y(x) = 50sin(2x + 71/12)).
According to GRM theory [1] this indicates that the SSD ferrimagnetic particles
in the rock sample are aligned closer to the Zaxis (oriented at €= -90" or 90° in
this case) than the Yaxis (oriented at €= 0°). The maximum principal axis of the
SSD particles in the Y.Z plane occurs at an AF orientation of 6 = —82.5° or 97.5°
(the AF orientation where the GRM is zero in the positive slope part of the GRM
curve), which is very close to the Z axis.

Likewise Figure 5 shows that the y-component of the GRM was negative
when the AF was oriented at = 0" to 90° in the ZX plane, and positive when the
AF was oriented at 8= —90° to 0° (the equation of the best fit curve through the
data points is y{x) = 15sin(2x)). According to GRM theory [1] this indicates that
the SSD ferrimagnetic particles are slightly more aligned along the X axis (oriented
at €= -90° or 90° in the ZX plane) than the Zaxis (oriented at = 0") given that
the GRM magnitudes in Figure 5 are much less than those for the previous two

planes shown in Figure 3 and Figure 4. The maximum principal axis of the SSD
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particles in the ZX plane occurs at an orientation of 8 = —90° or 90° (the AF
orientation where the GRM is zero in the positive slope part of the GRM curve),
which is identical to the X axis in the ZX plane.

Thus the combined GRM results indicate that the maximum principal aniso-
tropy axis of the SSD ferrimagnetic particles (i.e., the preferential alignment axis)
is close to the X sample axis, the intermediate principal anisotropy axis is close
to the Zsample axis, and the minimum principal anisotropy axis is close to the ¥

sample axis.

4.2. Comparison with Other 3D Anisotropy Results (AIRM and AMS)

Table 1 shows the orientations (declinations and inclinations) and magnitudes
(both the absolute and normalized magnitudes) of the three principal AIRM
axes for both the 20 mT and 60 mT DF strengths. The orientations of the prin-
cipal anisotropy axes determined at the two field strengths are very similar. This
demonstrates that the SSD ferrimagnetic particles (which are preferentially af-
fected by the higher field) are aligned in a very similar orientation to the MD
ferrimagnetic particles (which are preferentially affected by the lower DF). The
percentage AIRM, 100 [(max — min)/(max + int + min)], for a DF of 20 mT is
slightly larger at 26% than for a DF of 60 mT at 18%. This may be due to the MD
ferrimagnetic particles being more aligned than the smaller SSD ferrimagnetic
particles, or the MD ferrimagnetic particles may be slightly more elongated, or it
could merely be due to the non-linear acquisition of IRM with applied field
strength [7].

The orientations of the principal AIRM axes compare well with the GRM results.

Table 1. The magnitudes and orientations (Dec = Declination, Inc = Inclination) of the 3
principal anisotropy axes of the rock sample from 3D Anisotropy of Isothermal Rema-
nent Magnetization (AIRM) and Anisotropy of Magnetic Susceptibility (AMS) measure-

ments.
Principal Axes
Anisot.ropy itude Normalised
Technique Axes I(;m(\)d‘ Shii:gl?lit;‘) Magnitudes Dec () Inc ()
AIRM (20 mT)  Max. 3545 0.46 349.7 0.5
Int. 26.53 0.34 254.0 84.9
Min. 15.78 0.20 259.7 -5.1
AIRM (60 mT) Max. 70.03 0.42 344.3 7.0
Int. 55.22 0.34 210.0 80.0
Min. 39.50 0.24 255.2 -7.1
Mass Magnetic
Susceptibility (10~8 m*kg™)
AMS Max. 2478.9 0.39 353.4 -2.7
Int. 2172.8 0.35 291.0 84.1
Min. 1638.2 0.26 263.1 -5.2
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Both techniques show that the orientations of the principal anisotropy axes are
close to the X, Y and Z sample axes, with the X axis being the maximum axis
(largest IRM magnitude), the Z axis intermediate, and the Y axis being the
minimum axis.

Table 1 also shows the orientations and magnitudes (absolute and norma-
lized) of the three principal AMS axes. The orientations of the principal AMS
axes compare well with the GRM results and AIRM principal axes. The AMS
magnitudes were also consistent with the GRM and AIRM results. The X axis
had the largest magnetic susceptibility, the Z axis was intermediate, and the Y
axis had the minimum magnetic susceptibility.

The AMS results represent the sum effect of all the minerals (diamagnetic,
paramagnetic, ferrimagnetic etc.) in the sample. In our sample the AMS signal is
dominated by the ferrimagnetic fraction. The percent AMS is slightly lower (at
13%) than for the AIRM results. This is likely due to the sample containing both
SSD and MD ferrimagnetic particles. Uniaxial SSD ferrimagnetic particles have a
maximum magnetic susceptibility perpendicular to the long axes of the particles,
whereas MD ferrimagnetic particles have a maximum magnetic susceptibility
along the long axes of the particles [7] [9]. Thus for a mixture of SSD and MD
particles with the same alignment orientation (as the AIRM results show in Ta-
ble 1) the AMS results from each set of particles can partially cancel (in the
present sample) or substantially cancel each other out (in some other cases) thus
reducing the % AMS.

The main visible petrofabric lineations on the rock are oriented close to the X
axis (declination = 0° or 360°) in the XY plane as seen in Figure 1. The GRM
results of Figure 3 indicated that the SSD ferrimagnetic particles are preferen-
tially aligned in a very similar orientation at 8 = —15° (declination = 345° for
comparison with values in Table 1) in the XY plane. This relatively small differ-
ence in orientation between the visible rock fabric and the alignment of the SSD
ferrimagnetic particles may not be significant given the uncertainty bars shown
on the GRM plots. Alternatively, the small difference may be real if the SSD par-
ticles are not aligned exactly with the overall rock fabric of the larger plagioclase
and quartz grains. The lineations in XY also appear to extend in the Z axis, sug-
gesting a somewhat planar fabric in the ZX plane, consistent with the X and Z
axes being the maximum and intermediate axes from the GRM, AIRM and AMS

results.

4.3. Anisotropy of Shear Wave Velocity and Comparison with
Other Anisotropy Results in the XY Plane

Since the shear wave velocity anisotropy measurements could only be performed
in 2D in the XY plane we will compare the shear wave results with the visible
petrofabric and GRM results in the XY plane. We will also compare this 2D data
with the 3D data from the AIRM and AMS results. The 2D shear wave velocity
results in the XY plane are plotted in Figure 6 and fit with a least squares fitting
method, which generated an 8" degree polynomial to fit the dataset. The results

DOI: 10.4236/jmp.2019.106048

682 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.106048

L. L. Belisle et al.

Figure 6. Shear wave velocity results at various orientations in the XY plane of the rock
sample. Experimental data points (black diamonds) were fit with a least squares curve fit-
ting program (black curve). The circles at declinations 329° and 76° are the maximum
and minimum velocities respectively from the fitting curve.

form a “figure of 8” pattern, demonstrating anisotropy in the XY plane. If the
sample had been isotropic in the XY plane then the results would have formed a
circle. From the best fit curve the declination of the maximum shear wave veloc-
ity axis was at 329° (or —31° anticlockwise from 0°) with a magnitude of 3148
m/s, and the minimum axis was at 76 with magnitude of 3030 m/s. It is not
presently clear why the shear wave velocity results do not form a perfectly sym-
metrical “figure of 8”. It might be due to slight differences in the coupling of the
transducers to the sample during each experimental measurement.

The orientation of the maximum principal axis from the shear wave anisotro-
py results (declination = —31° or 329° from the best fit curve) is not too far from
that of the GRM results (declination = —15° or 345°). If one considers the max-
imum experimental shear wave value at a declination = —22.5° or 337.5° (rather
than the maximum value derived from the fitting curve) then the difference be-
tween the shear wave and GRM results is even less. The shear wave results show
that the overall rock anisotropy from the main rock forming minerals (plagioc-
lase and quartz) has quite a similar orientation to that of the small fraction of
SSD ferrimagnetic particles (from the GRM results). One possible reason for the

relatively small difference between the orientation of the maximum axis from
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the shear wave results compared to the GRM results could be the different sam-
pling frequency in the XY plane (every 22.5° for the acoustic measurements, and
every 15° for the GRM measurements). Alternatively, the difference could be
real if the small fraction of SSD ferrimagnetic particles are not aligned in exactly
the same orientation as the overall rock fabric. Whilst there is a close corres-
pondence between the orientation results for the different methods for this sam-
ple (Table 2), it may not always be the case for other samples. The advantage of
performing all the different methods described here is that it allows one to de-
termine the anisotropy of the different mineral types and, in the case of the fer-
rimagnetic fraction, different particle size fractions (SSD versus MD etc.).

Table 2 shows a comparison of the results for all the anisotropy methods in
the XY plane. The declination and inclination of the maximum and minimum
principal axes is quite similar for all the methods. For the results based on 2D
data the inclinations are nominally 0° since no information in the third dimen-
sion is included. For the results based on 3D methods we give the maximum and
minimum principal axes (which were very close to the XY plane) based on the
full 3D data, and so these determinations include small inclinations. The results
demonstrate that the orientations of the fine SSD and MD ferrimagnetic par-
ticles (from the GRM, AIRM and AMS results) are quite similar to those of the
main rock forming minerals plagioclase and quartz (from the shear wave veloci-

ty anisotropy and visible petrofabric).

Table 2. The orientations of the maximum and minimum principal axes in the XY plane
from the various anisotropy techniques. Negative declination values are anticlockwise
from 0° or 360° (e.g., —10.3 is the same as 349.7 for comparison with Table 1), and are
given for easy comparison with the GRM plots of Figures 3-5.

Anisotropy Technique in XY  Principal Axisin XY  Declination Inclination
Plane Plane (degrees) (degrees)

Shear Wave Anisotropy from 2D Maximum -31* (-22.5)' 0.0
Measurements Minimum 76.0* (67.5)" 0.0
GRM at 60mT from 2D Maximum -15.0 0.0
Measurements Minimum 75.0 0.0
Visual Petrofabric from 2D Maximum 0.0 0.0
Observations Minimum 90.0 0.0
AIRM at 20 mT from 3D Maximum -10.3 0.5
Measurements Minimum 79.7 -5.1
AIRM at 60 mT from 3D Maximum =157 7.0
Measurements Minimum 75.2 -7.1
Maximum -6.6 -2.7

AMS from 3D Measurements
Minimum 83.1 -5.2

*From the shear wave best fit curve. "From the individual shear wave velocity values.

5. Conclusions

1) The magnitudes of the primary GRM components for the natural rock
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sample studied here exhibited a sin(26) dependence on AF axis orientation in
respective perpendicular planes. This was consistent with theory [1] and pre-
vious experiments on man-made samples [5] for non-interacting SSD particles,
and contrary to the distorted sin(26) experimental GRM curve previously re-
ported for interacting SSD particles on magnetic recording tape [1].

2) The sign of the GRM with AF orientation in the XY, Y.Zand ZX planes in-
dicated that the magnitudes of the three principal axes of the SSD particles in the
rock sample were in the order X> Z> Y.

3) The orientations of the principal anisotropy axes from the GRM results
were consistent with those determined from anisotropy of isothermal remanent
magnetization (AIRM) and indicated that the alignment of MD ferrimagnetic
particles was similar to that of the smaller SSD ferrimagnetic particles. Aniso-
tropy of magnetic susceptibility (AMS), which measures the combined effect of
all the minerals in the sample, but is dominated in this case by the ferrimagnetic
particles, also gave principal axes whose orientations were consistent with those
from the GRM and AIRM results.

4) The orientation of the overall rock anisotropy of the main rock forming
minerals (dominated by plagioclase and quartz), as determined by both the visu-
al petrofabric and quantitative shear wave velocity anisotropy results, was also
consistent with the magnetic anisotropy results (GRM anisotropy, AIRM and
AMS, which were all dominated by the ferrimagnetic particles). This indicated
that the main rock forming minerals for the sample studied were aligned in quite
similar orientations to the smaller amount of fine grained ferrimagnetic par-
ticles.

5) The results from all methods indicated that the sample is significantly ani-
sotropic, and is not “quasi-isotropic” as suggested from acoustic measurements

by a previous study [4].
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Nomenclature

AF:

Alternating Field

AIRM: Anisotropy of Isothermal Remanent Magnetization

AMS:

Anisotropy of Magnetic Susceptibility

AMR: Anisotropy of Magnetic Remanence
ASWV: Anisotropy of Shear Wave Velocity

DEF:

Direct Field

GRM: Gyroremanent Magnetization

IRM:
MD:

Isothermal Remanent Magnetization

Multidomain

NRM: Natural Remanent Magnetization

SSD:
XY

Stable Single Domain
Z The X, Yand Zaxes of the sample (see Figure 1 and Figure 2)

XY, YZ, ZX: The XY, YZand ZX planes of the sample

X,V 2 The x, yand zcomponents of magnetic remanence
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