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Abstract 
The Pr3+ ion-doped BaY2ZnO5 phosphor with the orthorhombic structure was 
synthesized successfully using a sol-gel method in this study. The SEM im-
ages show that the BaY2ZnO5:Pr3+ phosphor particles are aggregational but 
have an isotropic distribution for 2 mol% Pr3+ ions doped. Under an excita-
tion wavelength of 311 nm, the emission bands that appear in the emission 
spectra are due to the 3P0→3H4,5,6, 1D2→3H4 and 3P0→3F2 electron transition of 
Pr3+ ion, and it is the same as that for solid state reaction preparation. Com-
paring to the solid state reaction preparation, the intensities of the 3P0→3H4 
transition were increased by about 6.5 times for sol-gel method. The en-
hancement in emission intensity is because the activators have more homo-
geneous contribution in host for the sol-gel method preparation. In addition, 
the color tone did not change very obviously, which located around the green 
light region for Pr3+ ion concentrations increasing. The color stability is better 
for sol-gel method than that for the solid state reaction preparation.  
 

Keywords 
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1. Introduction 

Oxide phosphors have recently gained much attention for applications such as 
screens infield-emission displays (FEDs) [1], plasma display panels (PDPs) [2] 
[3] and for white color light-emitting diodes (LEDs) [4] because the intrinsic 
problems such as their higher chemical stability and resistance to moisture rela-
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tive to that of traditional phosphors are rare earth or transition metal activated 
sulphides such as ZnS, SrS, and CaS. A lot of efforts have been done to discover the 
novel host materials as well as activators with high photoluminescence proper-
ties including emission intensity, high quantum yield and so on for phosphor 
applications [5] [6].  

The emission of lanthanide ion, Pr3+ ion, in the visible region occurs because 
of the transition of the 3P0 level, which contains two dominant transitions from 
the fluorescent 3P0 level to the lower 3H6 and 3H4 states [7]. The emission spectra 
of Pr3+ are significantly different in different hosts and can take the form of red, 
green, or even blue emissions [8] [9]. 

BaY2ZnO5 has the orthorhombic structure with space of Pbnm [10], and it 
consists of YO7, BaO11, and ZnO5 polyhedra. BaY2ZnO5 is an excellent host for 
various activator ions-doped phosphors. Some previous studies investigated the 
effect of the size, morphology of particles, and activator concentrations on the 
photoluminescence properties of BaY2ZnO5:RE3+ phosphors [11] [12] [13] [14]. 
According to our previous study [14], the emission spectra show that the 
3P0→3H4,5,6 transitions are dominant for the Pr3+-doped BaY2ZnO5 phosphor. The 
color tone changes from green to greenish and finally yellow, as the Pr3+ ion 
concentration increases. 

Many efforts have been done to enhance the emission intensities of phosphors 
and the improvement of particle morphologies via fluxes addition, chemical 
methods utilized to mix activators well or by doping with ions of different radii. 
Various chemical methods have been investigated for synthesizing fine-sized 
grains, because these have been reported to enhance the emission efficiency and 
intensity of phosphors [15] [16]. These methods include sol-gel [17] [18] [19], 
hydrothermal [20] [21] [22], and precipitate techniques [23]. Among these me-
thods, the sol-gel process is an attractive route that starts from molecular pre-
cursors and forms an oxide network via inorganic polymerization reactions, and 
offers both product and processing advantages, such as high purity, ultrahomo-
geneity, and reduction of the calcining temperature, which could decrease the 
grain size and enhance the emission efficiency and intensity of phosphors. 

In this investigation, the Pr3+ ions-doped BaY2ZnO5 phosphor was prepared 
using a sol-gel method to reduce the preparation parameters, improve the sur-
face morphology, and hope to increase to the luminescence efficiency of phos-
phor. The influences of Pr3+ ion concentrations on the resulting structure and 
the photoluminescence (PL) properties of BaY2ZnO5:Pr3+ phosphor were also stu-
died. The results indicated that the calcination conditions are lower than that of 
the solid state reaction, and the intensities of emission peak increased by about 
6.5 times for the sol-gel method. 

2. Experimental Procedure 

In this study, BaY2ZnO5 compounds doped with various concentrations of Pr3+ 
ions were synthesized using a sol-gel method. The raw materials of barium ni-
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tride [Ba(NO3)2], yttrium acetate [Y(OOCCH3)3·4H2O], zinc acetate 
[Zn(OOCCH3)2] and praseodymium acetate [Pr(OOCCH3)3·xH2O] with a purity 
of 99.99% were supplied by Alfa Aesar. At the first, barium nitride (0.01 mole), 
zinc acetate (0.01 mole), yttrium acetate (0.02 - 2x mole) and praseodymium 
acetate (2x mole, x = 0 - 0.005) were separately dissolved in 100 ml of deionized 
water, respectively. Secondly, barium nitride, zinc acetate, yttrium acetate and 
praseodymium acetate solutions were mixed in a round bottom flask. When the 
precursor was completely dissolved in the solution, predetermined amounts of 
citric acid and ethylene glycol (equal molar ratio) were added to the solution 
mentioned above as a chelating agent and stabilizing agent, respectively. The 
amounts of citric acid and ethylene glycol were determined by the ratio of citric 
acid to metal cations. At last, the powders obtained were calcined in air at 
1200˚C for 6 h. 

Characterization 

Powders were analyzed for crystal structure by X-ray diffractometry (XRD; Ri-
gaku Dmax-33 x-ray diffractometer, Tokyo, Japan) using Cu-Karadiation with a 
source power of 30 kV and a current of 20 mA to identify the possible phases 
formed after heat treatment. The surface morphologies of phosphors were ex-
amined using high resolution scanning electron microscopy (HR-SEM, S4200, 
Hitachi). Optical absorption spectra were measured at room temperature using a 
Hitachi U-3010 UV-vis spectrophotometer. Both the excitation and emission 
spectra of the phosphors were measured using a Hitachi F-7000 fluorescence 
spectrophotometer with a 150 W xenon arc lamp as the excitation source at 
room temperature. 

3. Results and Discussion 
3.1. Structures 

Figure 1 shows the X-ray diffraction patterns of the Ba(Y1-xPrx)2ZnO5(x = 0 - 
0.05) powders calcined in air at 1200˚C for 6 h. The XRD results show that all of 
the diffraction peaks of the BaY2ZnO5:Pr3+ phosphors can be attributed to the 
orthorhombic structure (JCPDS 89-5856) for Pr3+ ion concentration from 0 to 5 
mol%, and there is no second phase appears in the spectra, which demonstrates 
that the Pr3+ ion substitutes the Y3+ ion. The calcination conditions are lower 
than that of 1250˚C/12h for conventional ceramics processing reported by the 
solid state reaction [14]. When the Pr3+ content is further increased, the intensi-
ties of the diffraction peaks seem to be decrease, and the diffraction peak of the 
(131) shift to a lower diffraction angle. The shift of the peak position is ∆θ = 
0.68˚ for the Pr3+ ion concentration is 0 and 5 mol%. It is due to the Pr3+ ion 
(0.99 Å, 6-coordinated) has a larger radius than that of Y3+ ion (0.90 Å, 
6-coordinated), the lattice distorts and intra-stress occurs, nonuniform strain in 
the vicinity of the Pr3+ ions is induced when a trivalent praseodymium ion is in-
troduced to replace trivalent yttrium ion in the BaY2ZnO5:Pr3+ system.   
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Figure 1. The X-ray diffraction patterns for different concentration of Pr3+ 
ion-doped BaY2ZnO5 phosphors prepared using sol-gel method.  

 
Table 1 is the grain size calculated using the Scherrer’s equation for different 

concentrations of Pr3+ ion-doped BaY2ZnO5 phosphor. The grain sizes for 
BaY2ZnO5:Pr3+ phosphors are all in the nanoscale range, and increase initially 
then decrease for Pr3+ ion concentration increase further. The largest grain size 
occurs when Pr3+ ion concentration is 2 mol%. The results are in good accor-
dance with the analysis of XRD patterns for the intensity of (131) diffraction 
peak is increase then decrease as the Pr3+ ion concentration increases. 

3.2. Microstructures  

The size of phosphor particles should be as homogeneous as possible without 
any aggregates or agglomerates. Moreover, the surface of the phosphor particles 
should also be as smooth as possible and have a high degree of crystallization to 
improve efficiency. Figure 2 shows the FE-SEM surface morphology of 
BaY2ZnO5 doped with 0, 1, 2, and 5 mol% Pr3+ ions. By the results, most of these 
phosphor particles have polyhedral shapes and irregular. These particles are ag-
glomerates of smaller particles during the calcination process due to that they 
are on the nano-scale with large surface energies when the particles produced 
using this sol-gel method. When the Pr3+ ion concentration doping is 2 mol% 
(Figure 2(c)), the particles seem to be more uniform distribution and regular 
sizes. These phosphor powders with better surface morphologies will display a 
preferable photoluminescence property, and it will be good accordance with the 
optical properties measurement.   

Figure 3 shows the absorption spectra of the BaY2ZnO5 doped with different 
Pr3+ ion concentrations phosphor calcined at 1200˚C in air for 6 h. For the host 
material, it shows two absorption broads in the UV region. The strong absorp-
tion band in the region from 200 to 270 nm is attributed to the band-to-band 
transitions, whereas the weaker broad band from 270 to 400 nm can be attri-
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buted to the tightly bound Frankel excitons, which are usually observed close to 
the bandgap in large-bandgap crystals [24] [25]. The absorption edge of the 
BaY2ZnO5 host is located at ~378 nm. When Pr3+ ion doped, a stronger broad 
band in the range of 250 - 350 nm and a series of small peaks between 400 and 
500 nm appear in the spectrum, and that are associated with the f-f transition of 
the Pr3+ ion. The stronger broad band centered at 311 nm can be attributed to 
the 4f - 5d characteristics transition absorption of Pr3+ ion. According to the stu-
dies [26] [27] [28], the typical Pr3+-activated oxide phosphors always demon-
strate strong 4f - 5d transition band absorption at approximately 200 - 330 nm, 
and it is in accordance with the results for our study. In addition, there also ap-
pears a series of absorption peaks from 440 to 500 nm and 580 to 620 nm, this 
can be attributed to the 4f orbital characteristics transition for the 3H4→3PJ (J = 0, 
1, 2) transition of the Pr3+ ion.  
 
Table 1. The grain Size of Ba(Y1-xPrx)2ZnO5(x = 0 - 0.05) phosphor calculated using the 
Scherrer’s equation. 

Pr3+ion concentration Dg (nm) 

0 45.21 

1 56.11 

2 77.48 

3 67.80 

5 58.11 

 

 
(a)                                   (b) 

 
(c)                                    (d) 

Figure 2. The FE-SEM micrographs of BaY2ZnO5 doped with different Pr3+ ion con-
centrations: (a) 0, (b) 1, (c) 2 and (d) 5 mol%. 
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Figure 3. The absorption spectra of BaY2ZnO5 doped with different Pr3+ 
ion phosphor prepared using sol-gel method. 

 
Figure 4(a) shows the excitation spectra for BaY2ZnO5 doped with various 

Pr3+ ion concentrations calcined in air at 1200˚C for 6 h using the sol-gel me-
thod, the singles were obtained by monitoring the emission wavelength of 513 
nm for the 3P0→3H4 transition. A strong broad band from 250 - 350 nm and some 
sharp peaks in the longer wavelength region can be observed in the excitation 
spectra. It is similar to the results observed in the absorption spectra, the 4f - 5d 
transition of Pr3+ ion centered at 311 nm was located in the broad band region. 
These sharp peaks centered at 458 nm, 485 nm and 495 nm in the longer wave-
length region from 450 to 500 nm can be assigned to the f-f transitions of Pr3+ 
ion for the 3H4→3P2, 3H4→3P1 and 3H4→3P0, transition, respectively [29] [30]. The 
excitation intensity has a maximum value for Pr3+ ion 2 mol% doped, and then 
decreasing as the Pr3+ ion concentration increases which is due to concentration 
quenching effect. 

Figure 4(b) is the comparison for excitation spectra of BaY2ZnO5:2mol%Pr3+ 
phosphor synthesized using the solid state reaction and sol-gel method. As can 
be seen, different synthesization did not change the shape of excitation curve but 
did change the intensities of the excitation peak. The excitation intensity of 4f - 
5d transition for BaY2ZnO5:2mol%Pr3+ phosphor synthesized by the sol-gel me-
thod is 1.5 times higher than that for the solid state reaction. In Addition, The 
peak of the 4f - 5d transition shifts from 315 (solid state reaction) to 311 nm 
(sol-gel method). This shift was associated with the size of the 
BaY2ZnO5:2mol%Pr3+ phosphors. It is caused by BaY2ZnO5:2mol%Pr3+ phosphor 
prepared using a sol-gel method (calcination at 1200˚C) with a smaller particle 
sizes then that for solid state reaction (calcination at 1250˚C). According to the 
studies [31], for a smaller particle size, lattice parameters were usually smaller 
than those of the bigger one because of the huge surface stress, which leads a 
stronger ligands field and hence the blue shift was often observed. 
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(a) 

 
(b) 

Figure 4. The excitation spectra of BaY2ZnO5 doped with different Pr3+ ion phosphor 
prepared using soli-gel method, and (b) the comparison of excitation spectra for 
BaY2ZnO5:2mol%Pr3+ phosphor prepared using sol-gel method and solid state reaction.  
  

Figure 5(a) is the emission spectra under an excitation of 311 nm for 
BaY2ZnO5 doped with various Pr3+ ion concentrations prepared using the sol-gel 
method, and Figure 4(b) is the comparison of the emission spectra for 
BaY2ZnO5 doped with 2 mol% Pr3+ ions prepared by the solid state reaction and 
sol-gel method. As can be seen in Figure 5(a), there are several light emitting 
peaks in the visible light ranges for 490 - 520 nm, and 530 - 560 nm, respectively. 
The emission peaks at 496, 499 and 515 nm are assigned to the 3P0→3H4 transi-
tions, those at 530, 539 and 555 nm are the 3P0→3H5 transitions. It reached a 
maximum when the Pr3+ concentration was 2 mol%, and decreased with the in-
creasing Pr3+ concentration, which indicated that the concentration quenching is 
active when x > 0.02. Comparison to the solid state reaction (Figure 5(b)), the 
intensities of the 3P0→3H4 transition for BaY2ZnO5:2mol%Pr phosphor increased 
by about 6.5 times for sol-gel method. The enhancement in emission intensity is 
because the activators have more homogeneous contribution in host for the 
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sol-gel method preparation. 
For BaY2ZnO5:Pr3+ phosphor prepared using the sol-gel method, different 

concentrations of Pr3+ ion-doping has no effect on the wave shape, but did 
change the emission peaks intensities. The Commission Internationale de 
I’Eclairage (CIE) color coordinates of the different color tones for 
Ba(Y1-xPrx)ZnO5 phosphors prepared using the sol-gel method that are excited at 
311 nm are shown in Figure 6. As the Pr3+ ion concentration increasing, the 
color tone did not change very obviously, and which located around the green 
light region. It possesses a better color stability for sol-gel method synthesiza-
tion, because the color tone changes from green to greenish and finally to yellow 
light region as the Pr3+ ion concentrations increasing for solid state reaction 
preparation. 
 

 
(a) 

 
(b) 

Figure 5. The emission spectra of BaY2ZnO5 doped with different Pr3+ ion phosphor 
prepared using soli-gel method, and (b) the comparison of excitation spectra for 
BaY2ZnO5:2mol%Pr3+ phosphor prepared using sol-gel method and solid state reaction.  
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Figure 6. CIE chromaticity diagram for BaY2ZnO5 doped 
with various Pr3+ ion concentration. 

4. Conclusion 

In this study, the orthorhombic structure for Pr3+ ion-doped BaY2ZnO5 was 
synthesized successfully using a sol-gel method, and the calcination conditions 
are lower than that for the conventional ceramics processing. The SEM images 
show that the BaY2ZnO5:Pr3+ phosphor particles are aggregational but have an 
isotropic distribution for 2 mol% Pr3+ ions doped. Under an excitation wave-
length of 311 nm, the emission bands that appear in the emission spectra are due 
to the 3P0→3H4,5,6, 1D2→3H4 and 3P0→3F2 electron transition of Pr3+ ion, and it is the 
same as that for solid state reaction preparation. The optimum condition for Pr3+ 
ion concentration doped is 2 mol%, and the intensities of the 3P0→3H4 transition 
are increased by about 6.5 times for sol-gel method. The enhancement in emis-
sion intensity is because the activators have more homogeneous contribution in 
host for the sol-gel method preparation. In addition, the color tone did not 
change very obviously, which located around the green light region for Pr3+ion 
concentrations increasing. The color stability is better for sol-gel method than 
that for solid state reaction preparation. 
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Abstract 
In this work, we discuss the topological transformation of quantum dy-
namics by showing the wave dynamics of a quantum particle on different 
types of topological structures in various dimensions from the fundamental 
polygons of the corresponding universal covering spaces. This is not the 
view from different perspectives of an observer who simply uses different 
coordinate systems to describe the same physical phenomenon but rather 
possible geometric and topological structures that quantum particles are 
endowed with when they are identified with differentiable manifolds that 
are embedded or immersed in Euclidean spaces of higher dimension. We 
present our discussions in the form of Bohr model in one, two and three 
dimensions using linear wave equations. In one dimension, the fundamen-
tal polygon is an interval and the universal covering space is the straight 
line and in this case the standing wave on a finite string is transformed into 
the standing wave on a circle which can be applied into the Bohr model of 
the hydrogen atom. In two dimensions, the fundamental polygon is a 
square and the universal covering space is the plane and in this case, the 
standing wave on the square is transformed into the standing wave on dif-
ferent surfaces that can be formed by gluing opposite sides of the square, 
which include a 2-sphere, a 2-torus, a Klein bottle and a projective plane. In 
three dimensions, the fundamental polygon is a cube and the universal cov-
ering space is the three-dimensional Euclidean space. It is shown that a 
3-torus and the manifold 1K S×  defined as the product of a Klein bottle 
and a circle can be constructed by gluing opposite faces of a cube. Therefore, 
in three-dimensions, the standing wave on a cube is transformed into the 
standing wave on a 3-torus or on the manifold 1K S× . We also suggest that 
the mathematical degeneracy may play an important role in quantum dy-
namics and be associated with the concept of wavefunction collapse in 
quantum mechanics. 
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1. Introductory Summary 

In our previous works on spacetime structures of quantum particles, we showed 
that quantum particles can be endowed with various geometric and topological 
structures of differentiable manifolds and classified according to the mathemat-
ical structures that are determined by the wavefunctions that are used to express 
the geometrical objects associated with the quantum particles, such as the Gaus-
sian curvature and the Ricci scalar curvature. We also showed that many physi-
cal properties associated with quantum particles can be determined only by the 
topological structures rather than the geometric structures, such as angular mo-
mentum, electric charge and magnetic monopole [1] [2]. These physical entities 
can be classified according to topological invariants of the corresponding ho-
motopy groups. Therefore, quantum dynamics is also related closely to the to-
pological structures of a quantum particle [3]. By viewing quantum particles as 
differentiable manifolds, we also discussed their motion by extending the isome-
tric transformations in classical physics to the isometric embedding between 
smooth manifolds [4]. In mathematics and physics, the motion of physical ob-
jects in an ambient space can be described by geometric transformations under 
which the properties of the configuration of the objects remain unchanged, such 
as isometric transformations that preserve the distance from a configuration 
space onto itself. In classical dynamics, the motion of solid objects can be de-
scribed by the Poincaré group, which is the non-abelian Lie group of Minkowski 
spacetime isometries [5] [6]. If we consider quantum particles as differentiable 
manifolds, then we will need to extend the description of the dynamics of quan-
tum particles in classical physics as point-particles to the dynamics of particles as 
differentiable manifolds in an ambient space. Furthermore, being viewed as dif-
ferentiable manifolds, quantum particles are assumed to possess internal geome-
trical and topological structures that in turns possess internal symmetries that 
give rise to intrinsic dynamics. If quantum particles are assumed to remain as 
stable structures, then their intrinsic dynamics should be described by smooth 
isometric transformations, which are smooth isometric embeddings into the 
spatiotemporal manifold. The smooth isometric embeddings of differentiable 
manifolds can also be viewed as geometric solitons which are formed by a con-
tinuous process of materialising spacetime structures rather than the motion of a 
solid physical object through space with respect to time as described in classical 
physics. However, even though it seems reasonable to apply smooth isometric 
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embeddings into quantum dynamics in which quantum particles are assumed to 
possess stable geometric structures, such approach will leave out the role played 
by the topological structures of the differentiable manifolds associated with 
quantum particles during a dynamical evolution. We may suggest that there 
should be some kind of internal mechanism that controls the dynamical evolu-
tion of the topological structures of a quantum particle responsible for its physi-
cal displacement as a differentiable manifold. Such control theories should be 
rigorously formulated in terms of conformal embeddings, conformal mappings 
and immersions in differential geometry and topology. In fact, recent develop-
ments have shown that unsmooth isometric embeddings can be performed to-
pologically in the sense that these isometric embeddings can change the shape of 
a physical object without changing its scale. For example, as will be discussed in 
details in Section 2, the common 2-torus is normally defined as a dough-
nut-shaped surface embedded in three-dimensional Euclidean space 3R . The 
2-torus can be constructed from the fundamental square by identifying opposite 
sides of the square, and the embedding requires the fundamental square to be 
stretched in the third spatial dimension therefore distorts distances. Even so, it is 
shown that isometric embeddings of the square torus into the ambient 
three-dimensional Euclidean space can also be performed by modifying the 
standard torus using 1C  regularity of isometric embeddings to construct 1C  
fractal structures from an infinite sequence of waves of corrugations [7]. In spite 
of that, as illustrations, in this work we will only discuss the topological trans-
formations of quantum dynamics by showing the wave dynamics of a quantum 
particle on different types of topological structures in various dimensions from 
the fundamental polygons of the corresponding universal covering spaces. We 
present and illustrate our discussions in the form of Bohr model in one, two and 
three dimensions. It should be emphasised that these should not be regarded as 
the view from the different perspectives of an observer who simply uses different 
coordinate systems to describe the same physical phenomenon but possible 
geometric and topological structures that quantum particles are endowed with. 

At the macroscopic scale where physical objects are observable, the shape of a 
physical object depends on the conditions of the environment to which the ob-
ject belongs. In general, physical objects can change their shapes and other 
physical features to imitate their environments during the process of evolutio-
nary adaptations. The evolutionary adaptations can be represented in terms of 
mathematics as processes of geometric and topological evolutions. If we adopt 
the concept of self-similarity from the fractal theory then at the microscopic 
scale within the domain of quantum particles we may assume that quantum par-
ticles may also have the ability to alter their endowed geometric and topological 
characteristics to adapt to the environments which are assumed to be composed 
of physical fields. These physical fields manifest themselves as forces to deter-
mine the mathematical structures of quantum particles. We will assume that the 
topological structures of their associated differentiable manifolds also play an 
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important role in determining the physical structure of a quantum particle and 
its quantum dynamics. If quantum particles are formed from mass points by 
contact forces then they may have the ability to change their topological struc-
tures to adapt the topological structures of the physical system in which they are 
part of. For example, if an electron moves in a straight line with a constant speed 
then it will keep its shape as a particle whose particular geometric and topologi-
cal structures are stable. However, if it is forced to move in a circle, like moving 
around the nucleus of a hydrogen atom, then it can turn into the shape of a 
closed string which vibrates as a standing wave. At each moment of time, the 
spatial shape of the vibrating string forms a one-dimensional differentiable ma-
nifold. Therefore, the geometric and topological processes of evolutionary adap-
tion of quantum particles will determine whether the dynamics is a classical or 
quantum dynamics. This can be described mathematically as follows. In classical 
dynamics, the motion of a particle with constant speed in a straight line and the 
motion of an identical particle with constant speed in a circle are two different 
dynamical processes that are formulated differently using Newton’s second law 
of motion 2 2d dm t =r F . For the particle that moves in a straight line with 
constant speed v the acceleration is equal to zero therefore the external net force 
acting on it is equal to zero. In this case the position x along the straight line is 
described as 0x vt x= + . On the other hand, for the particle which moves in a 
circle with constant speed v the acceleration a is nonzero and is related to the 
constant speed v of the motion as 2a v r= . However, these two seemingly dis-
tinctive classical dynamics are in fact the same for the case of the electron mov-
ing around the nucleus of the Bohr model of a hydrogen atom. To the electron, 
moving in a circle is also an inertial motion as in the case of moving in a straight 
line as long as the speed is constant. This problem of dual character of classical 
and quantum dynamics is probably due to the fact that quantum particles may 
possess internal geometric and topological structures which may be identified 
with those of differentiable manifolds. It could be possible that physical laws 
obeyed by quantum particles are related more closely to the topological struc-
tures of a physical system. For example, as will discussed in details later on, even 
though geometrically the wave dynamics of a quantum particle in a circle is dis-
tinctively different from that in a straight line, but topologically they are equiva-
lent because a circle is formed from the fundamental interval of the straight line, 
which is the universal covering space of the circle. However, in order to give a 
clearer picture of different geometrical and topological methods that are used to 
formulate physical laws in physics we now give examples that show how differ-
ent identifications of physical entities to geometrical objects can lead to different 
formulations of physical descriptions of the dynamics of classical and quantum 
mechanics. In physics, classical dynamics describes the motion of physical ob-
jects at the macroscopic scale in which the state of motion of an object is deter-
mined by the equation of motion which can be derived from the principle of 
least action. For example, consider a particle moving in a plane under the influ-
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ence of a force. The normal acceleration na  of the particle can be found as 
2

na v ρ= − , where v is the speed of the particle and ρ  is the radius of curva-
ture. This result can also be obtained by using the variational principle 0Sδ = , 
where S is defined by ( )2d 1 d d dS p s p y x x= = +∫ ∫ , with p is the momentum 
of the particle [8]. This result not only reveals an intrinsic relationship between 
geometrical methods and the variational principle in classical mechanics but also 
reaffirms the belief that the principle of least action can also be used to formulate 
the physical laws in a deterministic manner. However, we showed that this is not 
the case when the principle of least action is extended into the domain of quan-
tum mechanics. We showed that the identification of the momentum p of a 
quantum particle with the de Broglie wavelength λ , which in turns is identified 
with the curvature κ  of the path of a particle, i.e. 2πκ λ= , leads to an inter-
esting feature; namely the action principle 0Sδ =  is satisfied not only by the 
stationary path corresponding to the classical motion, but also by any path. In 
this case the Bohr quantum condition possesses a topological character in the 
sense that the principal quantum number n is identified with the winding num-
ber, which is used to represent the fundamental group of paths [9].  

The dual character of classical and quantum dynamics of quantum particles 
that possess internal geometric and topological structures of differentiable ma-
nifolds can also be extended to spaces of higher dimension. In Section 4 we will 
discuss the topological transformation of the two-dimensional wave dynamics in 
which quantum particles are assumed to be endowed with the geometric and 
topological structures of differentiable manifolds of closed vibrating surfaces, 
such as a 2-sphere, a 2-torus, a Klein bottle, or a hemispherical projective plane. 
These surfaces can be formed from the fundamental squares of the universal 
covering plane by the process of gluing opposite sides of the square. As shown in 
our works on the principle of least action [2] [3] [9], we can generalise Feyn-
man’s postulate of random path to formulate a quantum theory in which the 
transition amplitude between states of a quantum mechanical system is a sum 
over random surfaces, provided the functional P in the action integral 

dS P A= ∫  is taken to be proportional to the Gaussian curvature K of a surface. 
Consider classes of surfaces which are described by the higher dimensional ho-
motopy groups. As in the case of the fundamental homotopy group of paths, if 
we choose from among the homotopy class a representative spherical surface, in 
which case we can write ( ) ( )d 4π d 4π de e eP A q K A q nq= = Ω =∫ ∫ ∫  

. Also as 
in Bohr model of the hydrogen atom, we may consider a quantum process in 
which a physical entity transits from one surface to another with some radia-
tion-like quantum created in the process. Since this kind of physical process can 
be considered as a transition from one homotopy class to another, the radia-
tion-like quantum may be the result of a change of the topological structure of 
the physical system, and so it can be regarded as a topological effect. It is also 
noted that the action integral ( )4π deq K A∫  is identical to Gauss’s law in elec-
trodynamics therefore the constant eq  can be identified with the charge of a 
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particle, which represents the topological structure of a physical system and the 
charge of a physical system must exist in multiples of eq . Hence, the charge of a 
physical system may depend on the topological structure of the system and is 
classified by the homotopy group of closed surfaces. We want to mention here 
that in differential geometry the Gaussian curvature K is related to the Ricci sca-
lar curvature R by the relation 2R K= , and it has been shown that the Ricci 
scalar curvature can be identified with the potential of a physical system, there-
fore our assumption of the existence of a relationship between the Gaussian 
curvature and the surface density of a physical quantity can be justified [1]. Fur-
thermore, by extending Feynman’s method of sum over random surfaces to the 
temporal dynamics in which the magnetic monopole can also be considered as a 
topological structure of the temporal continuum then we can establish a rela-
tionship between the electric charge eq  and the magnetic monopole mq  asso-
ciated with a quantum particle, similar to Dirac relation 2e mc q q =  [10]. Let 

TP  be a 3-dimensional physical entity which will be identified with the surface 
density of a magnetic substance, such as the magnetic charge of an elementary 
particle. We therefore assume that an elementary particle is assigned not only 
with an electric charge eq  but also a magnetic charge mq . We further assume 
that the quantity TP  is proportional to the temporal Gaussian curvature TK . 
Now, if we consider a surface action integral of the form  

( )d 2π dT T m T T T mS P A q K A n q= = =∫ ∫  then the constant mq  can be identified 
with the magnetic charge of a particle. In particular, the magnetic charge mq  
represents the topological structure of a physical system must exist in multiples 
of mq . Hence, the magnetic charge of a physical system, such as an elementary 
particle, may depend on the topological structure of the system and is classified 
by the homotopy group of closed surfaces. We now show that it is possible to 
obtain Dirac relationship between the electric charge eq  and the magnetic 
charge mq  by considering a spatiotemporal curvature K which is defined as a 
product of the temporal Gaussian curvature TK  and the spatial Gaussian cur-
vature SK  as T SK K K= × . The spatiotemporal submanifold that gives rise to 
this form of curvature is homeomorphic to 2 2S S× . If TK  and SK  are inde-
pendent from each other then we can write  

d d d d dT S T S T T S SK A K K A A K A K A= × = ×∫ ∫ ∫ ∫   

. If we assume further that 
dK A k=∫ , where k is an undetermined constant, then we obtain a general rela-

tionship between the electric charge eq  and the magnetic charge mq  as 

e m S Tk q q n n= . In particular, if 1Sn = , 2Tn =  and k c=  , or 2Sn = , 
1Tn =  and k c=  , then we recover the relationship obtained by Dirac, 

2e mc q q = . We can then extend our discussions into three dimensions even 
though we also showed that the entire geometric and topological structures of 
quantum particles are not observable to an observer in the three-dimensional 
Euclidean space 3R  if they are formulated as three-dimensional differentiable 
manifolds embedded or immersed in the four-dimensional Euclidean space 4R  
[11]. Nonetheless, it is shown that different three-dimensional manifolds, such 
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as a 3-torus and the 1K S× , which is the product of a Klein bottle and a circle, 
can be formed by gluing the opposite faces of the fundamental polygon, which is 
a three-dimensional cube [12], therefore, in Section 5, we will discuss the topo-
logical transformation of a three-dimensional wave dynamics in which quantum 
particles are assumed to be endowed with the geometric and topological struc-
tures of differentiable manifolds of a 3-torus or the 1K S× . 

Probably, the most prominent feature that emerges from formulating quan-
tum physics in terms of differential geometry and topology is the possibility to 
express geometric and topological structures of quantum particles by using 
quantum wavefunctions. We showed that in one dimension, the geometric 
structure of a 1D differentiable manifold that is represented by the curvature κ  
can be expressed in terms of a wavefunction ψ  as  

( )( ) ( )
3 22 2 21 d d d dx xκ ψ ψ

−
= + , and in two dimensions the Ricci scalar curva-

ture R of a 2D differentiable manifold can be expressed in terms of a wavefunc-
tion ψ  as ( ) ( )2 22 2 2

11 22 12 1 22 1R ψ ψ ψ ψ ψ= − + + , where xµ
µψ ψ= ∂ ∂  and 

2 x xµ ν
µνψ ψ= ∂ ∂ ∂ . However, in three dimensions, despite no direct relation-

ship between the Ricci scalar curvature and the wavefunction that describes a 
manifold has been established, we have shown that such relationship can be 
constructed through physical identifications rather than from purely geometrical 
formulations. For example, we showed that the Ricci scalar curvature that de-
scribes the geometrical structure of a quantum particle satisfies the 
three-dimensional diffusion equation 2

t R k R∂ = ∇ . Solutions to the diffusion 
equation can be found as ( ) ( ) ( )2 2 23 4

, , , 4π e
x y z kt

R x y z t M kt
− + + =  

 
, which 

determines the probabilistic distribution of an amount of geometrical substance 
M which manifests as observable matter. As shown in appendix 1, if a pseu-
do-Euclidean metric is defined in the form  

( )( )2 2 2 2 2 2d d , , , d d ds Dc t A x y z t x y z= − + + , where D is constant, then the quan-
tity ( ), , ,A x y z t  can be determined [1]. However, for quantum particles that 
are endowed with the geometric and topological structures of differentiable ma-
nifolds, it would be more suitable to consider Bianchi manifolds with a metric 
which has separate scale factors given by the line element  

( ) ( ) ( )2 2 22 2 2 2 2 2
1 2 3d d d d ds Dc t a t x a t y a t z= − − − . Spaces with this form of me-

tric are homogeneous but not generally isotropic therefore quantum particles 
with this metric will change its volume and shape. The deformation is deter-
mined by the shear constructed from the scale factors ( )ia t  [13]. On the other 
hand, we have also shown that the Ricci scalar curvature that describes the geo-
metrical structures of a quantum particle can also be constructed from 
Schrödinger wavefunctions in wave mechanics. As shown in appendix 2, the re-
lationship between the Schrödinger wavefunction ψ  and the Ricci scalar cur-
vature R can be established as  

( ) ( )( )( )23 3
1 1d d d d /tR x t x t m kµ µ

µµ µψ ψ ψ
= =

= − ∂ + ∂∑ ∑ . 

The purpose of this work is to discuss the topological transformation of 
quantum dynamics by showing the wave dynamics of a quantum particle on dif-
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ferent types of topological structures in various dimensions from the fundamen-
tal polygons of the corresponding universal covering spaces. Therefore, the to-
pological structures of differentiable manifolds that are associated with quantum 
particles will hold a dominant role in our discussions. This in fact is a common 
feature of natural existence not only at the microscopic scale of quantum par-
ticles that we assume in this work but also at any scale. A more complete formu-
lation of the dynamics of quantum particles would be a wave dynamics on geo-
metries whose mathematical structures can be classified according to the un-
iformisation theorem and Thurston geometrisation conjecture. In two dimen-
sions, there are three geometries, which are Euclidean 2E , spherical 2S  and 
hyperbolic 2H . In three dimensions, Thurston geometrisation conjecture states 
that every closed three-dimensional manifold can be decomposed into subma-
nifolds which can be constructed from eight types of geometric structures, which 
are spherical geometry 3S , Euclidean geometry 3E , hyperbolic geometry 3H , 
the geometry of 2S R× , the geometry of 2H R× , the geometry of the universal 
cover of ( )2,SL R , Nil geometry, and Solv geometry [14] [15]. And a rigorous 
treatment of the wave dynamics on these geometries would be geometric wave 
equations on differentiable manifolds, in particular, linear wave equations on 
Lorentzian manifolds [16]. However, for the purpose of physical illustration, we 
will follow a modest approach in which we will present our discussions in the 
form of Bohr model in one, two and three dimensions using linear wave equa-
tions. In one dimension, the fundamental polygon is an interval and the univer-
sal covering space is the straight line and in this case the standing wave on a fi-
nite string is transformed into the standing wave on a circle which can be ap-
plied into the Bohr model of the hydrogen atom. The wave dynamics on a circle 
can also be described in terms of projective geometry. Since a circle is a 1-sphere 
which is also a 1-torus therefore the Bohr model of the hydrogen atom can also 
be viewed as a standing wave on a 1-torus. In two dimensions, the fundamental 
polygon is a square and the universal covering space is the plane and in this case 
the standing wave on the square is transformed into the standing wave on dif-
ferent surfaces that can be formed by gluing opposite sides of the square, which 
include a 2-sphere, a 2-torus, a Klein bottle and a projective plane. We will show 
when the wave dynamics on a projective plane is described in terms of projective 
geometry then it is identical to the wave dynamics on a 2-sphere. In three di-
mensions, the fundamental polygon is a cube and the universal covering space is 
the three-dimensional Euclidean space. It is shown that a 3-torus and the mani-
fold 1K S×  defined as the product of a Klein bottle and a circle can be con-
structed by gluing opposite faces of a cube therefore in three-dimensions the 
standing wave on a cube is transformed into the standing wave on a 3-torus or 
on the manifold 1K S× . We also discuss a transformation of a stationary wave 
on the fundamental cube into a stationary wave on a 3-sphere despite it still re-
mains unknown whether a 3-sphere can be constructed directly from a cube by 
gluing its opposite faces. In spite of this uncertainty, however, we speculate that 
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mathematical degeneracy in which an element of a class of objects degenerates 
into an element of a different but simpler class may play an important role in 
quantum dynamics. For example, a 2-sphere is a degenerate 2-torus when the 
axis of revolution passes through the centre of the generating circle. Therefore, it 
seems reasonable to assume that if an n-torus degenerates into an n-sphere then 
wavefunctions on an n-torus may also be degenerated into wavefunctions on an 
n-sphere. Furthermore, since an n-sphere can degenerate itself into a single 
point, therefore the mathematical degeneracy may be related to the concept of 
wavefunction collapse in quantum mechanics where the classical observables 
such as position and momentum can only be obtained from the collapse of the 
associated wavefunctions for physical measurements. This consideration sug-
gests that quantum particles associated with differentiable manifolds may pos-
sess the more stable mathematical structures of an n-torus rather than those of 
an n-sphere, therefore, also as a brief investigation into different methods of 
embeddings of differentiable manifolds in Euclidean spaces, in the next section 
we will examine the geometric and topological structures of the familiar 2-torus 
and how it can be isometrically embedded in the ambient three-dimensional 
Euclidean space 3R . 

2. On the Geometric and Topological Structures and the  
Isometric Embeddings of a 2-Torus 

In geometry, when a circle revolves about an axis which does not touch the circle 
in the three-dimensional Euclidean space 3R  then it generates the surface of 
revolution of a 2-torus, as shown in the following Figure 1. 
 

 
Figure 1. The surface of revolution of a 2-torus. 

 
On the other hand, in topology, a torus can also be defined as the Cartesian 

product of two circles 1 1S S× . The homeomorphism between a ring torus and 
the Cartesian product of two circles leads to an important feature about the em-
bedding of the 2-torus into a higher dimensional Euclidean space. Normally, a 
2-torus is simply viewed as a doughnut-shaped surface embedded in 
three-dimensional Euclidean space 3R . However, if a 2-torus is defined as the 
Cartesian product 1 1S S× , called Clifford torus, then since each circle is em-
bedded in a two-dimensional Euclidean space 2R  therefore the product space 
is a four-dimensional Euclidean space 4R . As a consequence, the embedding of 
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the Clifford torus in four-dimensional Euclidean space 4R  is symmetric and 
isometric but the embedding of the 2-torus in three-dimensional Euclidean 
space 3R  is asymmetric and non-isometric [17]. The difference can be speci-
fied by using the Gaussian curvature as follows [18]. In the three-dimensional 
Euclidean space 3R , the parametric equations for a doughnut-shaped torus 
given in terms of the parameters ( ),u v  as ( )cos cosx c a v u= + , 

( )cos siny c a v u= + , sinz a v= , where a is the radius of the tube and c is the 
radius from the centre of the torus to the centre of the tube, and [ ), 0, 2πu v∈ . 
The line element can then be found as ( )22 2 2 2d cos d ds c a v u a v= + + . From 
this line element the Gaussian curvature can be found as 

( )cos cosK v a c a v= + . The ring torus corresponds to c a>  for which 0K >  
for the outer region of the torus and 0K <  for the inner region. On the other 
hand, the Clifford torus is a flat square torus which is isometric to the funda-
mental square whose opposite sides are identified as shown below Figure 2. 
 

 
Figure 2. The fundamental square of the Clifford torus. 

 
The isometric embedding of the Clifford torus in the four-dimensional Eucli-

dean space 4R  shows that it is flat and obeys the Euclidean geometry. Then it 
had emerged the interesting question whether it is possible to isometrically 
embed the flat 2-torus in three-dimensional Euclidean space 3R . Remarkably, 
the Nash embedding theorem in topology states that such isometric embedding 
is possible [19] [20] [21]. It has also been shown that isometric embeddings of 
the square flat torus into the ambient three-dimensional Euclidean space 3R  
can be performed by modifying the standard torus using 1C  regularity of iso-
metric embeddings to construct 1C  fractal structures from an infinite sequence 
of waves of corrugations. By implementing the Convex Integration Theory, it is 
possible to visualise isometric embeddings of a flat torus into the ambient 
three-dimensional Euclidean space 3R . In general, in order to evaluate the cur-
vature at every point of a surface it is required that the surface must be of class 

2C . For the case of the flat 2-torus, since the curvature is vanished at every point 
of the surface therefore it cannot be isometrically embedded with 2C  regularity. 
However, this does not prevent its isometric embeddings into the 
three-dimensional Euclidean space 3R  if the embeddings belong to the class 

1C , and there are infinitely many such isometric embeddings [7]. Another im-
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portant development involving fractals that we want to mention here is the study 
of fractal solutions of linear and nonlinear dispersive partial differential equa-
tions on the torus, in particular, fractal solutions of linear and nonlinear 
Schrödinger wave equations [22]. Fractal images are visual representations of 
fractal spaces that can also be determined by a system of differential equations 
that exhibit chaotic dynamics [23] [24]. However, the purpose of this work is to 
discuss the topological transformation of quantum dynamics of quantum par-
ticles therefore in the following we will focus only on linear wave equations on 
different topological structures that can be formed from the fundamental poly-
gons of their corresponding universal covering spaces in one, two, and three di-
mensions. 

3. Geometric and Topological Transformation of Bohr Model  
of the Hydrogen Atom 

In order to successfully construct a model for the hydrogen atom which predicts 
correctly the spectrum of the energy radiated from the atom, Bohr proposed 
three postulates which state that the centripetal force required for the electron to 
orbit the nucleus in a stable circle is the Coulomb force 2 2 2mv r kq r= , the 
permissible orbits are those that satisfy the condition that the angular momen-
tum of the electron equals n , that is mvr n=  , and when the electron moves 
in one of the stable orbits it does not radiate, however, it will radiate when it 
makes a transition between the stable orbits [25]. On the other hand, in his work 
on the concept of matter wave, de Broglie proposed that an electron has both a 
wave and a particle nature by regarding the electron as a standing wave around 
the circumference of an orbit, as shown in the following Figure 3 [26]. 
 

 
Figure 3. A standing wave around the circumference of a circle. 

 
It is seen that de Broglie’s requirement leads to the wave condition 2πr nλ= . 

This is equivalent to assuming that the standing wave around a circle, which is a 
1-sphere, is similar to a standing wave on the fundamental interval of a straight 
line R which is the universal covering space of the circle 1S , where the transla-
tions taking the interval to the next images will generate the holonomy group 
[27]. In mathematics, the circle of radius r is normally considered as a 1-sphere 
defined by the relation { }1 2 :S x R x r= ∈ = . In fact, the circle is also classified 
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as a 1-torus 1T  which is a topological space equivalent to the quotient space 
R/Z, therefore, when the fundamental polygon of the universal covering space R 
is transformed into a circle we actually also transformed it into a 1-torus 1T . 
Since there is no difference between the topological structures of the 1-sphere 

1S  and the 1-torus 1T , the transformation of quantum dynamics from the 
fundamental polygon into both of them is the same, but as expected, we will 
show in the next two sections that in higher dimensions this is not the case. 
Consider a standing wave on a string defined in the domain { }0D x L= < <  
that satisfies the wave equation 

2 2

2 2 2

1 0
c t x

ψ ψ∂ ∂
− =

∂ ∂
                        (1) 

with the boundary conditions ( )0, 0tψ = , ( ), 0L tψ =  and initial conditions 
( ) ( ),0x f xψ = , ( ) ( ),0t x g xψ∂ ∂ = . The general solution to the wave equation 

given in Equation (1) can be found as [28] 

( )
1

π π π, cos sin sinn n
n

n ct n ct n xx t A B
L L L

ψ
∞

=

 = + 
 

∑              (2) 

where 

( ) ( )
0 0

2 π 2 πsin d , sin d
π

L L

n n
n x n xA f x x B g x x

L L cn L
= =∫ ∫           (3) 

Now imagine we convert the finite string into a circle with a radius R where 
the end points 0x =  and x L=  are joined so that 2πR L= . In order to de-
scribe a standing wave on the circle we first consider a two-dimensional wave 
equation  

2 2 2

2 2 2 2

1 0
c t x y

ψ ψ ψ∂ ∂ ∂
− − =

∂ ∂ ∂
                     (4) 

Using the relationship between the polar coordinates ( ),r θ  and the Carte-
sian coordinates ( ),x y  defined by the relations cosx r θ= , siny r θ= , the 
two-dimensional wave equation given in Equation (4) is rewritten in the form 

2 2 2

2 2 2 2 2

1 1 1 0
r rc t r r

ψ ψ ψ ψ
θ

∂ ∂ ∂ ∂
− − − =

∂∂ ∂ ∂
               (5) 

Using the method of separation, solutions to the wave equation given in Equ-
ation (5) can be expressed in the form ( ) ( ) ( )R r T tψ θ= Θ , then we obtain 

2 2 2

2 2 2 2 2

1 1 d 1 d 1 1 d 1 d 0
dd d d

T R R
T R r R rc t r r θ

Θ
− − − =             (6) 

If we consider the wave motion only on the circle of constant radius r R=  
then the wave equation given in Equation (6) reduces to two separate ordinary 
differential equations 

2 2
2 2 2 2

2 2

d d0, 0
d d

T c T R
t

β β
θ
Θ

+ = + Θ =               (7) 

Solutions to the equations given in Equation (7) can be found as 
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( ) ( )cos sin , cos sinT t A ct B ct C R B Rβ β θ β θ β θ= + Θ = +        (8) 

Using the conditions ( )Θ 0 0=  and ( )Θ 2π 0= , we obtain 0C =  and 
2n Rβ = . Therefore, ( ) ( )sin 2n nθ θΘ =  and the general solutions are given 

as 

( )
1

, cos sin sin
2 2 2n n

n

nct nct nt A B
R R

θψ θ
∞

=

 = + 
 

∑               (9) 

In fact, the resulting wavefunction ( ), tψ θ  in Equation (9) can be obtained 
directly from Equation (2) by replacing x Rθ=  with the condition 2πR L= . It 
is also interesting to note that the wavefunction ( ), tψ θ  given in Equation (9) 
can also be considered as a wavefunction on a projective elliptic geometry in 
which the points of an n-dimensional projective space are identified with the 
lines that go through the origin of the (n + 1)-dimensional space and are 
represented by vectors in the (n + 1)-dimensional Euclidean space 1nR + . The 
distance between two points in a projective space can be defined using the me-
tric that specifies the angle between two vectors u  and v  as 
( ) ( )1, cotd −= ⋅u v u v u v  [29].  
It is also worth mentioning here that the energy spectrum of the Bohr model 

can be determined if we apply de Broglie wavelength λ  defined in terms of the 
momentum of a quantum particle as h mvλ = . Using the wavelength given by 
the relation 2πR nλ=  we obtain 2πh mv R n= , and this leads to the Bohr’s 
postulate of the quantisation of angular momentum mvR n=  . Using this rela-
tionship and the Coulomb’s law 2 2 2mv R kq R=  then we obtain the expres-
sion for the radius of the nth stationary orbit as 2 2 2

nR n mkq=  . Then the 
energy spectrum nE  can be calculated as follows 

2 2 2 2 4

2 22 2 2n
mv kq kq mk qE T V

R R n
= + = − = − = −



            (10) 

where R now is the radius of the nth stationary orbit. 

4. Geometric and Topological Transformation of a  
Two-Dimensional Wave Dynamics 

In this section we will extend the discussion in Section 3 by considering the 
transformation of a standing wave on a fundamental square of the universal 
covering plane 2R  into a standing wave on a 2-dimensional surface which is 
formed by identifying and gluing the opposite edges of the square. This may be 
seen as an extension of the Bohr model of the hydrogen atom from 
one-dimensional manifolds of the 1-sphere and 1-torus embedded in the am-
bient two-dimensional Euclidean space 2R  into two-dimensional manifolds 
embedded or immersed in the ambient three-dimensional Euclidean space 3R . 
As shown in Figure 4 below, different types of two-dimensional manifolds can 
be formed by the process of identifying and gluing the opposite pair of the edges 
a square, including the surfaces of a 2-sphere 2S , a 2-torus 2T , a Klein bottle 

2K , and a projective plane 2P  [17]. 
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Figure 4. A 2-sphere, a 2-torus, a Klein bottle, a projective plane, and their corresponding 
fundamental squares. 
 

Each of the four manifolds has a particular fundamental polygon depending 
on how the edges are identified. However, the universal covering space for all of 
them is the two-dimensional Euclidean space 2R  where the translations taking 
the square to the next images will also generate the holonomy group [27]. As in 
the case of the Bohr model of the hydrogen atom in which the electron is as-
sumed to move in stationary circular orbits, an extended Bohr model on surfaces 
such as a 2-sphere is similar to Schrödinger wave mechanics in spherical coor-
dinates therefore a moving electron on the surface of a 2-sphere also does not 
radiate and is described as a standing wave. Therefore we may assume that a 
standing wave in the universal covering space 2R  can also be transformed into 
a standing wave on one of the four curved surfaces that can be formed from the 
fundamental squares as shown above. Consider the standing wave on a square in 
the domain { }0 ,0D x L y L= < < < <  that satisfies the two-dimensional wave 
equation given in Equation (4) with the boundary conditions ( )0, , 0y tψ = , 
( ), , 0L y tψ = , ( ),0, 0x tψ = , ( ), , 0x L tψ =  and initial conditions 
( ) ( ), ,0 ,x y f x yψ = , ( ) ( ), ,0 ,t x y g x yψ∂ ∂ = . Then the general solution can 

be found as 

( ) ( )
1 1

π π, , cos sin sin sinmn mn mn mn
n m

m x n yx y t A t B t
L L

ψ λ λ
∞ ∞

= =

= +∑∑        (11) 

where ( ) 2 2πmn c L m nλ = + , and the coefficients mnA  and mnB  are given as 

( )

( )

2 0 0

2 0 0

4 π π, sin sin d d ,

4 π π, sin sin d d

L L
mn

L L
mn

mn

m x n yA f x y x y
L LL

m x n yB g x y x y
L LL λ

=

=

∫ ∫

∫ ∫
              (12) 

The standing wave described by the function ( ), ,x y tψ  given in Equation 
(11) is restricted to the fundamental polygon of the universal covering space 2R . 
Following the Bohr model of the hydrogen atom in which standing waves on 
circular orbits are topologically equivalent to standing waves on the fundamental 
interval of the universal covering line, now we consider the transformation of a 
standing wave on the fundamental squares into a standing wave on the four cor-
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responding surfaces of a 2-sphere 2S , a 2-torus 2T , a Klein bottle 2K  and a 
projective plane 2P . In order to describe a standing wave on the transformed 
surfaces from the fundamental squares, we consider a three-dimensional wave 
equation given in Cartesian coordinates ( ), ,x y z  of the form 

2 2 2 2

2 2 2 2 2

1 0
c t x y z

ψ ψ ψ ψ∂ ∂ ∂ ∂
− − − =

∂ ∂ ∂ ∂
                  (13) 

First, consider a standing wave on the surface of a 2-torus. In differential 
geometry, the relationship between the Cartesian coordinates ( ), ,x y z  and the 
toroidal coordinates ( ), ,ξ η ϕ  is given as follows [30] [31] 

sinh cos sinh sin sin, ,
cosh cos cosh cos cosh cos
a a ax y zη ϕ η ϕ ξ

η ξ η ξ η ξ
= = =

− − −
      (14) 

where the domains of the toroidal coordinates are given as 0 2πξ≤ < , 
0 η≤ < ∞ , and 0 2πϕ≤ < . From the relations given in Equation (14), it can be 
shown that surfaces of constant 0ξ ξ=  correspond to 2-spheres given by the 
equation ( )22 2 2 2

0 0cot sinx y z a aξ ξ+ + − = , and surfaces of constant 0η η=  
correspond to 2-tori given by the equation  

( )2
2 2 2 2 2

0 0coth sinhz x y a aη η+ + − = . Then in terms of the toroidal coordi-
nates ( ), ,ξ η ϕ , the three-dimensional wave equation given in Equation (13) can 
be rewritten as 

( )

( )

32

2 2 2

cosh cos1 sinh
cosh cossinh

sinh 1 0
cosh cos sinh cosh cos

c t a
η ξψ η ψ

ξ η ξ ξη

η ψ ψ
η η ξ η ϕ η η ξ ϕ

−   ∂ ∂ ∂
−   ∂ − ∂∂  

  ∂ ∂ ∂ ∂
+ + =    ∂ − ∂ ∂ − ∂   

    (15) 

where sinh x  and cosh x  are hyperbolic functions. Solutions to Equation (15) 
can be found by separating the variables of the form  
( ) ( ) ( ) ( ) ( ), , , cosh cost U H T tψ ξ η ϕ ξ η ξ η ϕ= − Φ  and then dividing the result 

by ( ) ( ) ( ) ( ) ( )5 2 2cosh cos sinhU H T tξ η ξ η ϕ ξ− Φ . In this case Equation (15) 
reduces to the form 

( )

2 2
2

3 22

2 2 2
2 2

2 2 2

sinh d 1 1 dsinh cosh sinh
4 ddcosh cos

1 d 1 d 1 dsinh sinh 0
d d d

T U
Utc

U H
U H

ξ ξ ξ ξ
ξξ η

ξ ξ
ξ η ϕ

− −
−

Φ
− − − =

Φ

       (16) 

If we consider standing waves only on the surfaces of the toroids which are 
defined by setting the variable η  equal to a constant, 0η η= , then Equation 
(16) becomes 

( )

2 2
2

3 22
0

2 2
2

2 2

sinh 1 d 1 1 dsinh cosh sinh
4 ddcosh cos

1 d 1 dsinh 0
d d

T U
T Utc

U
U

ξ ξ ξ ξ
ξξ η

ξ
ξ ϕ

− −
−

Φ
− − =

Φ

     (17) 

By separating the functions in Equation (17), we obtain the following system 
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of ordinary differential equations 
2

2
2 2

d 0
d
T k T

c t
+ =                          (18) 

2
2

2

d 0
d

m
ϕ
Φ
+ Φ =                          (19) 

( )

2 2 2

2 2 3
0

d d 1coth 0
d 4d sinh cosh cos

U U m k Uξ
ξξ ξ ξ η

 
 + − − − =
 − 

      (20) 

It is seen from Equations (18-20) that time-independent geometric structures 
of the extended Bohr model of the hydrogen atom on the surface of a 2-torus 
can be described by toroidal functions. It is also seen from Equation (18) that if 
the time dependence of the wave equation is given of the form ( )exp i tω− , 
where ckω = , then the wave equation reduces to the Helmholtz equation 

2 2ψ κ ψ∇ = . It has been shown that solutions to the Helmholtz equation in the 
toroidal coordinates can be obtained in terms of series representation of the as-
sociated Legendre function [32] [33]. It is also noted that a standing wave on the 
surface of a 2-sphere given by the equation ( )22 2 2 2

0 0cot sinx y z a aξ ξ+ + − =  
can also be obtained from Equation (16) by setting the variable ξ  equal to a 
constant, 0ξ ξ= . However, it is more convenient if we follow the common 
practice using spherical coordinates ( ), ,r θ φ  which are related to the Cartesian 
coordinates ( ), ,x y z  as sin cosx r θ φ= , sin siny r θ φ= , cosz r θ= . In 
spherical coordinates ( ), ,r θ φ  the wave equation given in Equation (13) takes 
the form 

2 2 2

2 2 2 2 2 2 2

1 2 1 1sin 0
sin sinr rc t r r r

ψ ψ ψ ψ ψθ
θ θθ θ φ

∂ ∂ ∂ ∂ ∂ ∂ − − − − = ∂ ∂ ∂∂ ∂ ∂ 
   (21) 

Solutions to Equation (21) can be found by separating the variables of the 
form ( ) ( ) ( ) ( ) ( ), , ,r t R r T tψ θ φ θ φ= Θ Φ . However, if we consider the wave 
dynamics only on the surface of constant radius r R=  then the wavefunction 
can be written in the form ( ) ( ) ( ) ( ), , t T tψ θ φ θ φ= Θ Φ  and the wave equation 
given in Equation (21) reduces to the following system of ordinary differential 
equations 

2
2

2 2

1 d 0
d

T k T
c t

+ =                         (22) 

2
2

2

d 0
d

m
φ
Φ
+ Φ =                          (23) 

2
2 2

2

1 dsin 0
sin d sin

d mk R
d

θ
θ θ θ θ

 Θ  + − Θ =  
   

             (24) 

It should be mentioned here that the 2-sphere 2S  with the constant radius 
r R=  is a spherical membrane which is assumed to vibrate therefore the wave-
function ( ), , ,R tψ θ φ  actually represents the height of the mass points that 
form the spherical membrane by contact forces. If we let ( )2 2 1k R l l= +  and 

ckω =  then general solutions can be found as 
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( ) ( ) ( )
0

, , cos sin cos e
l

m im
ml ml l

l m l
t A t B t P φψ θ φ ω ω θ

∞

= =−

= +∑∑         (25) 

The combination ( )cos em im
lP φθ  becomes the spherical harmonics 

( ),m
lY θ φ  when it is normalised. We have shown that a standing wave on the 

fundamental squares in the universal covering space 2R  can be transformed 
into a standing wave on a 2-torus or a 2-sphere, respectively. Now, since the 
2-dimensional Euclidean space 2R  is also the universal covering space of the 
Klein bottle 2K  and the projective plane 2P  therefore we can also discuss the 
possibility to transform a standing wave on their fundamental squares into a 
standing wave on either of these surfaces. A transformed wave dynamics can be 
achieved if parametric equations for these two surfaces can be established. For 
example, the immersion of the Klein bottle in the three-dimensional Euclidean 
space 3R  is given by the implicit equation  

( ) ( )( )
( )

22 2 2 2 2 2 2

2 2 2

2 1 2 1 8

16 2 1 0

x y z y x y z y z

xz x y z y

+ + + − + + − − −

+ + + − − =
, and the parametric equa-

tions for the immersion of the Klein bottle are given as  

cos sin sin sin 2 cos
2 2
u ux r v v u = + − 

 
              (26) 

cos sin sin sin 2 sin
2 2
u uy r v v u = + − 

 
              (27) 

sin sin cos sin 2
2 2
u uz v v= +                  (28) 

where [ ), 0, 2πu v∈  and 2r > . The parameter r is the radius of the 
self-intersecting circle in the ( ),x y -plane, the parameter u gives the angle in the 
( ),x y -plane, and the parameter v specifies the position of the cross section [34] 
[35]. Using the parametric equations of the Klein bottle given in Equations 
(26-28), the wave equation on the fundamental square can be transformed into 
the wave equation on the surface of the Klein bottle. In general, it is shown in 
differential geometry that if a metric of the form 2d d ds g x xα β

αβ=  can be es-
tablished on any surface then the Laplacian 2ψ∇  of a scalar function ψ  can 
be written in the form ( ) ( )2 1 g g g x xαβ β αψ ψ∇ = ∂ ∂ ∂ ∂  [36]. Despite the 
fact that the spherical metric with spherical coordinates ( ), ,r θ φ  is obtained 
from the line element 2 2 2 2 2 2 2d d d sin ds r r rθ θ φ= + + , and the toroidal metric 
with toroidal coordinates ( ), ,u v θ  is obtained from the line element 

( )( )( )22 2 2 2 2 2d cosh cos d d sinh ds a u v u v u θ= − + + , however, metrics on the 
Klein bottle and the projective plane are problems that are being investigated. 
For example, a metric of revolution 0g  for the first eigenvalue on a Klein bottle 
can be constructed as [37] 

( )22 2
2

0 2 2

9 1 8cos dd
1 8cos 1 8cos

v vg u
v v

+ +  
= + + + 

              (29) 

A more complicated metric on a Klein bottle can also be constructed, for ex-
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ample, in the work from the reference [38]. Even though there is no particular 
metric that has been established for the surface of the projective plane, we know 
that it can be represented as the set of all straight lines that pass through the ori-
gin and has the structure of a compact surface, as shown in the following Figure 
5 [39]. 
 

 
Figure 5. Straight lines representing a projective plane. 

 
Therefore, if the distance between two points in the projective space that im-

merses in the three-dimensional Euclidean space 3R  can be defined using the 
metric that specifies the angle between two vectors u  and v  as 
( ) ( )1, cotd −= ⋅u v u v u v  then even though they have different geometric 

natures standing waves on the projective plane can also be described by the solu-
tions given in Equation (25) for standing waves on the surface of a 2-sphere. 

5. Geometric and Topological Transformation of a  
Three-Dimensional Wave Dynamics 

In this section we extend further the discussions on the transformations of wave 
dynamics from a standing wave on fundamental cubes to a standing wave on 
three-dimensional manifolds that can be formed from the fundamental cubes by 
the process of gluing opposite surfaces of the cube. This can also be seen as an 
extension of the Bohr model of the hydrogen atom from a one-dimensional ma-
nifold embedded in the ambient two-dimensional Euclidean space 2R  into 
three-dimensional manifolds embedded or immersed in four-dimensional Euc-
lidean space 4R . As shown in Figure 6 below, a 3-torus can be constructed by 
identifying the opposite faces of the first cube and the manifold 1K S× , which is 
the product of a Klein bottle and a circle, can be constructed according to the 
second cube [12]. 
 

 
Figure 6. Fundamental cubes of a 3-torus and the manifold 
which is the product of a Klein bottle and a circle. 
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Now, consider a standing wave in a cube in a region of three-dimensional 
Euclidean space defined by the domain { }0 ,0 ,0D x L y L x L= < < < < < < . 
The standing wave is assumed to satisfy a three-dimensional wave equation 
written in the Cartesian coordinates ( ), ,x y z  of the form given in Equation 
(13), with the boundary conditions ( ), , , 0x y z tψ =  on the boundary of D and 
the initial conditions ( ) ( ), , ,0 , ,x y z f x y zψ = , ( ) ( ), , ,0 , ,t x y z g x y zψ∂ ∂ = . 
Then the general solution can be found as 

( ) ( )
1 1 1

π π π, , , cos sin sin sin sinlmn mn lmn mn
n m l

m x m y n zx y z t A t B t
L L L

ψ λ λ
∞ ∞ ∞

= = =

= +∑∑∑  (30) 

where ( ) 2 2 2πmn c L l m nλ = + + , and the coefficients lmnA  and lmnB  can be 
found in terms of the functions ( ), ,f x y z  and ( ), ,g x y z  using the orthogon-
al conditions. However, the main problem that we are interested in now is how 
to transform the standing wave in the fundamental cubes into a standing wave 
on a 3-torus or the manifold 1K S× . In order to describe the wave dynamics on 
a hypersurface embedded or immersed in four-dimensional Euclidean space 4R  
we need a four-dimensional wave equation written in the Cartesian coordinates 
( ), , ,x y z w  of the form 

2 2 2 2 2

2 2 2 2 2 2

1 0
c t x y z w

ψ ψ ψ ψ ψ∂ ∂ ∂ ∂ ∂
− − − − =

∂ ∂ ∂ ∂ ∂
               (31) 

As in the case of two-dimensional surfaces discussed in Section 4, in order to 
use the wave equation given in Equation (31) to describe a wave dynamics on the 
surface of a 3-torus we first need to construct a line element 2d d ds g x xα β

αβ=  
for the 3-torus and then apply the Laplacian  

( ) ( )2 1 g g g x xαβ β αψ ψ∇ = ∂ ∂ ∂ ∂ . The parametric equations for a 3-torus 
are given as [40]  

( ) ( )cos cos , cos sin , sin sin , sin cosx a b y a b z a w aθ ϕ θ ϕ θ ζ θ ζ= + = + = = (32) 

From the parametric equations given in Equation (32), the line element for 
the 3-torus embedded in the ambient four-dimensional Euclidean space 4R  
can be found and given as 

2
2 2 2 2 2 2d d cos d sin dbs a

a
θ θ ϕ θ ζ

  = + + +     
            (33) 

From the line element given in Equation (33), in terms of the orthogonal 
coordinates ( ), ,θ ϕ ζ , the wave equation on the surface of a 3-torus takes the 
form 

2 2

2 2 2 2

2 2

2 2 2 2

1 1 sin cos
sincos

1 1 0
sin

cos

bc t a
a

b
a

ψ ψ θ θ ψ
θ θθ θ

ψ ψ
ϕ θ ζ

θ

  
  ∂ ∂ ∂

− + − +  
∂∂ ∂  +   




∂ ∂ + + =∂ ∂  +    

              (34) 
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It is shown that solutions to the wave equation on 3-torus given in Equation 
(34) exist and, in particular, they can be written as a Fourier decomposition [41]. 
For the wave dynamics on surface of the manifold 1K S× , which is the product 
of a Klein bottle and a circle, we may consider a mixed metric which is a combi-
nation of a metric on a circle and a metric on a Klein bottle. A metric on a circle 
is found using the line element in polar coordiantes 2 2 2 2d d ds r r θ= +  in which 
the radius is constant, r R= , therefore, we have 2 2 2d ds R θ= . Together with 
the metric of revolution 0g  for the first eigenvalue on a Klein bottle given in 
Equation (29), we obtain 

( )22 2
2 2 2 2

1 2 2 2

9 1 8cos dd d d
1 8cos 1 8cos

v vs k R k u
v v

θ
 + +   = + +  + +   

      (35) 

where 1k  and 2k  are undetermined constants. 
As a further discussion, we now discuss the transformation of a stationary 

wave on a cube into a stationary wave on a 3-sphere despite it still remains un-
known whether a 3-sphere can be constructed directly from a cube by gluing its 
opposite faces. Despite this uncertainty, however, as mentioned before, we spe-
culate that mathematical degeneracy in which an element of a class of objects 
degenerates into an element of a different but simpler class may play an impor-
tant role in quantum dynamics therefore if an n-torus degenerates into an 
n-sphere then wavefunctions on an n-torus may also be degenerated into wave-
functions on an n-sphere. Consider a d-dimensional hypersphere d

rS  of radius 
r embedded in the ambient ( )1d + -dimensional Euclidean space 1dR + . If 
spherical coordinates ( )1 2, , , , ,dr θ θ θ φ−  are defined in terms of the Cartesian 
coordinates ( )1 2 1, , , dx x x +  as 1 cosx r θ= , 2 1sin cosx r θ θ= ,  , 

1 2sin sin sind dx r θ θ φ+ −=   then the Laplacian 2
dS

∇  on the hypersphere d
rS  

is given as follows [42] 

( ) 1

2
2 2

2 2 2

1 11 cot
sind dS S

d
r

ψ ψψ θ ψ
θθ θ −

 ∂ ∂
∇ = + − + ∇ ∂∂ 

           (36) 

For the case of a 3-sphere 3S  embedded in four-dimensional Euclidean 
space 4R , the wave equation given in Equation (36) takes the form 

2

2 2
2

2 2 2 2 2

1 1 12cot 0
sin Sc t r

ψ ψ ψθ ψ
θθ θ

 ∂ ∂ ∂
− + + ∇ = ∂∂ ∂ 

           (37) 

where 2
2
S

∇  is Laplacian operator on a 2-sphere 2S . Solutions to Equation (37) 
can be established by separating the variables of the form  
( ) ( ) ( ) ( )1 2 1 2, , , , , ,r t R r T tψ θ θ θ θ θ θ= Θ . However, if we only consider the wave 

on the surface of constant radius r R=  then the wave equation given in Equa-
tion (37) reduces to the following system of ordinary differential equations 

2
2

2 2

1 d 0
d

T k T
c t

+ =                        (38) 

2

2
2 2 2

2 2

12cot 0
sin S

k Rθ
θθ θ

∂ Θ ∂Θ
+ + ∇ Θ− Θ =

∂∂
             (39) 
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In particular, for stable quantum particles in which ψ  is time-independent 
therefore we can set 0k = , and in this case the eigenfunctions of 3

2
S

∇  are the 
hyperspherical harmonics ( )1 2, ,m

nl θ θ θΘ  which are solutions of the equation 

( ) ( ) ( )3
2

1 2 1 2, , 2 , ,m m
nl nlS

l lθ θ θ θ θ θ∇ Θ = − + Θ              (40) 

It can be shown that ( )1 2Θ , ,m
nl θ θ θ  are given as [43] 

( ) ( ) ( )
( ) ( ) ( ) ( )1 2 1

1 2 1 2

1 1
, , 2 1 sin cos ,

π 2
m l l l m
nl n l l

n n l
l C Y

n l
θ θ θ θ θ θ θ+ +

−

+ Γ − +
Θ = Γ +

Γ + +
(41) 

where 1l
n lC +
−  are the Gegenbauer polynomials and m

lY  are the 3D spherical 
harmonics in which 0,1,2,n =  , 0 l n≤ ≤ , and l m l− ≤ ≤ . The number of 
hyperspherical harmonics for a given value of n is ( )21n + .  

6. Conclusion 

In this work, we have discussed the topological transformation of quantum dy-
namics by showing the wave dynamics of a quantum particle from the funda-
mental polygons of the corresponding universal covering spaces in one, two and 
three dimensions. As stated in the introductory summary, this is not the view 
from different perspectives of an observer who simply uses different coordinate 
systems to describe the same physical phenomenon but rather possible geome-
tric and topological structures that quantum particles are endowed with when 
they are identified with differentiable manifolds that are embedded or immersed 
in Euclidean spaces of higher dimension. For the purpose of physical illustration, 
we followed a modest approach in which we presented our discussions in the 
form of Bohr model in one, two and three dimensions using linear wave equa-
tions. In one dimension, we considered the topological transformation of a 
standing wave on a finite string into the standing wave on a circle which can be 
applied into the Bohr model of the hydrogen atom. The wave dynamics on a cir-
cle can also be described in terms of projective elliptic geometry. In two dimen-
sions, we discussed the topological transformation of a standing wave on a 
square into a standing wave on different surfaces that can be formed by gluing 
opposite sides of the square, which include a 2-sphere, a 2-torus, a Klein bottle 
and a projective plane. In particular, we showed that when the wave dynamics 
on a projective plane is described in terms of projective elliptic geometry, then it 
is identical to the wave dynamics on a 2-sphere. In three dimensions, we consi-
dered the topological transformation of a standing wave on a cube into a stand-
ing wave on a 3-torus or on the manifold 1K S× . We also discussed a transfor-
mation of a stationary wave on a cube into a stationary wave on a 3-sphere de-
spite it still remains unknown whether a 3-sphere can be constructed directly 
from a cube by gluing its opposite faces. However, it seems reasonable to assume 
that if an n-torus degenerates into an n-sphere, then wavefunctions on an 
n-torus may also be degenerated into wavefunctions on an n-sphere. Further-
more, since an n-sphere can degenerate itself into a single point, the mathemati-
cal degeneracy may be related to the concept of wavefunction collapse in quan-
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tum mechanics where the classical observables such as position and momentum 
can only be obtained from the collapse of the associated wavefunctions for phys-
ical measurements. This consideration suggests that quantum particles asso-
ciated with differentiable manifolds may possess the more stable mathematical 
structures of an n-torus rather than those of an n-sphere. Even though it has not 
been discussed in this work, we would like to add the following remark in rela-
tion to physical states of quantum particles that would make the topological 
transformations that have been presented in this work possible. If quantum par-
ticles are formed from mass points by contact forces, then they may have the 
ability to change their topological structures to adapt the topological structures 
of the physical system in which they are part of. In physics, such ability is related 
to the physical states of fluid rather than solid states as being assumed for quan-
tum particles in particle physics. And, interestingly, it can be shown that equa-
tions of fluid dynamics that describe the fluid state of quantum particles can be 
derived from Dirac equation in quantum mechanics [44]. 
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Appendices 
Appendix 1 

In this appendix, we show in detail the derivation of the equations that are used 
to determine the metric tensor of the line element given as  

( )( )2 2 2 2 2 2d d , , , d d ds Dc t A x y z t x y z= − + + . In differential geometry, the Rie-
mann curvature tensor Rα

µβν  is defined in terms of the affine connection Γγ
αβ  

as 

R
x x

α α
µβ µνα λ α λ α

µβν µβ λν µν λβν β

∂Γ ∂Γ
= − + Γ Γ −Γ Γ

∂ ∂
              (1) 

The contraction of the Riemann curvature tensor given in Equation (1) with 
respect to the indices α  and β  gives the Ricci tensor 

R
x x

σ σ
µν µσ λ σ λ σ

µν µν λσ µσ λνσ ν

∂Γ ∂Γ
= − + Γ Γ −Γ Γ

∂ ∂
              (2) 

In order to formulate the field equations for the gravitational field it is neces-
sary to introduce a symmetrical metric tensor gαβ  in terms of which the affine 
connection γ

αβΓ  is defined as 

1
2

g gg
g

x x x
σµ µνλ λσ σν

µν µ ν σ

∂ ∂ ∂
Γ = + − ∂ ∂ ∂ 

                (3) 

With the line ( )( )2 2 2 2 2 2d d , , , d d ds Dc t A x y z t x y z= − + + , we obtain the fol-
lowing non-zero components of the affine connection 

1 1 2 2
01 10 02 20

1 1,
2 2

A A
cA t cA t

∂ ∂
Γ = Γ = Γ = Γ =

∂ ∂
 

3 3 0
03 30 11

1 1  ,
2 2

A A
cA t cD t

∂ ∂
Γ = Γ = Γ =

∂ ∂
 

1 2 3
11 11 11

1 1 1, ,
2 2 2

A A A
A x A y A z
∂ ∂ ∂

Γ = Γ = − Γ = −
∂ ∂ ∂  

1 1 2 2
12 21 12 21

1 1, ,
2 2

A A
A y A x
∂ ∂

Γ = Γ = Γ = Γ =
∂ ∂  

1 1 3 3
13 31 13 31

1 1,
2 2

A A
A z A x
∂ ∂

Γ = Γ = Γ = Γ =
∂ ∂  

0 1 2
22 22 22

1 1 1, ,
2 2 2

A A A
cD t A x A y

∂ ∂ ∂
Γ = Γ = Γ =

∂ ∂ ∂  

3 0 1
22 33 33

1 1 1, ,
2 2 2

A A A
A z cD t A x
∂ ∂ ∂

Γ = − Γ = Γ = −
∂ ∂ ∂  

2 3
33 33

1 1,
2 2

A A
A y A z
∂ ∂

Γ = − Γ =
∂ ∂

 

2 2 3 3
23 32 23 32

1 1,
2 2

A A
A z A y
∂ ∂

Γ = Γ = Γ = Γ =
∂ ∂

               (4) 

From the components of the affine connection given in Equation (4), we ob-

https://doi.org/10.4236/jmp.2019.102009


V. B. Ho 
 

 

DOI: 10.4236/jmp.2019.102009 126 Journal of Modern Physics 
 

tain 
22 2 2 2

11 2 2 2 2 2 2

22 2

2 2 2

1 1 1 1 3
2 22 4

1 1 1   
4 4

A A A A AR
A A A tc D t x y z c AD

A A A
x y zA A A

∂ ∂ ∂ ∂ ∂ = − − − +  ∂∂ ∂ ∂ ∂  

 ∂ ∂ ∂   + + +    ∂ ∂ ∂    

 

22 2 2 2

22 2 2 2 2 2 2

22 2

2 2 2

1 1 1 1 3
2 22 4

1 1 1   
4 4

A A A A AR
A A A tc D t x y z c AD

A A A
x y zA A A

∂ ∂ ∂ ∂ ∂ = − − − +  ∂∂ ∂ ∂ ∂  

 ∂ ∂ ∂   + + +    ∂ ∂ ∂    

 

22 2 2 2

33 2 2 2 2 2 2

22 2

2 2 2

1 1 1 1 3
2 22 4

1 1 1 
4 4

A A A A AR
A A A tc D t x y z c AD

A A A
x y zA A A

∂ ∂ ∂ ∂ ∂ = − − − +  ∂∂ ∂ ∂ ∂  

 ∂ ∂ ∂   + + +    ∂ ∂ ∂    

 

22

00 2 2 2 2

3 3
2 4

A AR
tc A t c A

∂ ∂ = − +  ∂∂  
              (5) 

Using the relation 00 11 22 33
00 11 22 33R g R g R g R g R= + + +  the Ricci scalar cur-

vature can be found as 

( )
2

22
2 2 2 3

3 2 3
2

AR A A
c DA t A A

∂
= − + ∇ +

∂
∇              (6) 

Using the relation 

( ) ( ) ( )2 2 23 4
, , , 4π e

x y z kt
R x y z t M kt

− + + =  
 

            (7) 

Then we finally arrive at 

( )
( )

2 2 22
22 4

2 2 2 3 3

3 2 3 e
2 4π

x y z
ktA MA A

c DA t A A kt

+ +
−∂

− + ∇ + =
∂

∇        (8) 

Appendix 2 

In this appendix, we will show that Schrödinger wavefunctions can be used for 
the construction of spacetime structures of the quantum states of a quantum 
system. Schrödinger’s original works were on the time-independent quantum 
states of the hydrogen atom, commencing with the Hamilton-Jacobi equation, 
written in terms of the Cartesian coordinates ( ), ,x y z  as  

2 2 2 2

2 0S S S kqm E
x x x r

 ∂ ∂ ∂     + + − + =      ∂ ∂ ∂       
             (1) 

However, in order to obtain a partial differential equation that would give rise 
to the required results, Schrödinger introduced a new function ψ , which is real, 
single-valued and twice differentiable, through the relation lnS ψ=  , where 
the action S is defined by dS L t= ∫  and L is the Lagrangian defined by 
L T ϕ= − , with T is the kinetic energy and ϕ  is the potential energy. In terms 
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of the new function ψ , Equation (1) takes the form 
2 2 2 2

2
2

2 0m kqE
x x x r
ψ ψ ψ ψ

 ∂ ∂ ∂     + + − + =      ∂ ∂ ∂       

         (2) 

Then by applying the principle of least action d 0L tδ =∫ , Schrödinger ar-
rived at the required equation 

2
2

2

2 0m kqE
r

ψ ψ
 

∇ + + = 
 

                   (3) 

Now we show that Schrödinger wavefunction ψ  can be used to construct the 
spacetime structures of the quantum states of the hydrogen atom. By using the 
relations d dL S t= , ( )3

1d d d dtS t S S x tµ
µµ== ∂ + ∂∑ , ( )23

1 d dT m x tµ
µ== ∑  

and T Lϕ = − , we obtain 

( ) ( )23 3
1 1d d d dtm x t S S x tµ µ

µµ µϕ
= =

= − ∂ + ∂∑ ∑              (4) 

In terms of the Schrödinger wavefunction ψ , Equation (4) can be rewritten 
as 

( ) ( )3
3 2 1

1

d d
d d

t x t
m x t

µ
µµµ

µ

ψ ψ
ϕ

ψ
=

=

∂ + ∂
= −

∑
∑               (5) 

From Poisson equation we can assume the relation kmRϕ =  then the fol-
lowing relation between the Schrödinger wavefunction ψ  and the Ricci scalar 
R can be established [1] 

( ) ( )3
3 2 1

1

d d1 d d
t x t

R x t
k m

µ
µµµ

µ

ψ ψ

ψ
=

=

 ∂ + ∂
 = −
 
 

∑
∑

            (6) 
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Abstract 
It is shown that such phenomena as quantum correlations (interaction of 
space-separated quantum entities), the action of magnetic vector potential on 
quantum entities in the absence of magnetic field, and near-field antenna ef-
fect (the existence of superluminally propagating electromagnetic fields) may 
be explained by action of spin supercurrents. In case of quantum correlations 
between quantum entities, spin supercurrent emerges between virtual par-
ticles pairs (virtual photons) created by those quantum entities. The explana-
tion of magnetic vector potential and near-field antenna effect is based on 
contemporary principle of quantum mechanics: the physical vacuum is not 
an empty space but the ground state of the field consisting of quantum har-
monic oscillators (QHOs) characterized by zero-point energy. Using the 
properties of the oscillators and spin supercurrent, it is proved that magnetic 
vector potential is proportional to the moment causing the orientation of spin 
of QHO along the direction of magnetic field. The near-field antenna effect is 
supposed to take place as a result of action of spin supercurrent causing sec-
ondary electromagnetic oscillations. In this way, the electromagnetic field 
may spread at the speed of spin supercurrent. As spin supercurrent is an iner-
tia free process, its speed may be greater than that of light, which does not 
contradict postulates of special relativity that sets limits to the speed of iner-
tial systems only. 
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1. Introduction 

The following phenomena are discussed in this work: 1) quantum correla-
tions—mutual dependence of characteristics of wave function of so-called en-
tangled quantum entities while there is space separation; 2) a change in charac-
teristics of wave function of quantum entities while they are passing in the re-
gion of non-zero magnetic vector potential (magnetic field may be absent); 3) 
the near-field antenna effect—the existence near antenna (an oscillating electric 
dipole) of superluminally propagating electromagnetic field. The common 
property of the phenomena is the following: they are not described by action of 
well-known physical fields: electric, magnetic, gravitational. For description of 
these phenomena, the mathematical apparatus of quantum mechanics is used: 
Heisenberg’s uncertainty principle, Schrödinger equation for wave function of 
quantum entities [1] [2] [3]. 

Let us consider these phenomena in detail. 
Quantum correlations belong to the category of phenomena that are collec-

tively called “quantum non-locality” [4] [5]. The essence of the phenomena can 
be described using the following example. Let two quantum entities (Figure 1) a 
and b emitted by the same source and having the same wave function at the ini-
tial moment of time move in different directions. 

Entity a is directed, depending on the position (1 or 2) of switch P, either to-
wards detector A1 or detector A2 (these detectors have different characteristics); 
entity b is directed towards detector В. According to postulates of quantum me-
chanics, the wave properties of entity b being detected will depend on that which 
detector detects a. In the early years of studies of quantum correlations, it was 
supposed that these correlations take place only between “entangled” quantum 
entities emitted by one source and described by a single wave function [5]. 
However, the discovery of quantum correlation between the photons having 
equal frequencies, emitted by different sources [4], suggests that for the existence 
of quantum correlations, it is only necessary for the interacting quantum entities 
to have equal wave function frequencies and at least for photons to have a defi-
nite mutual spin polarization. Quantum correlations have a non-electric and 
non-magnetic nature and take place independent of the distance between the 
interacting quantum entities [5] [6]. The speed of quantum correlations is great-
er than the speed of light; it follows from the possibility of correlations of pho-
tons separated in space and simultaneously emitted. The experiments exist [7] in 
which it is shown that the speed of quantum correlations is 104 times greater 
than the speed of light. If quantum correlations are accomplished by an iner-
tia-free process (it is not accompanied by emergence of mass), this does not 
contradict the postulates of special relativity that set limits to the speed of mo-
tion of inertial systems only [8]. 

It should be noted that Einstein, Podolsky and Rosen with reference to the 
measurement problem of entangled quantum entities wrote [9]: “… the descrip-
tion of reality given by the wave function in quantum mechanics is not com-
plete”, which in fact admits a possibility of existence of a physical process re-
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sponsible for quantum correlations.  
Field-free magnetic vector potential. In classical electrodynamics, the magnet-

ic field of induction B is determined [10] by equation curl=B A , where A is a 
magnetic vector potential. In shielding of magnetic field, 0=B , the following 
may take place: 0≠A . This case is referred to as the field-free vector potential. 
Magnetic vector potential has a physical meaning of its own. In 1949, Erenberg 
and Siday predicted the ability of magnetic vector potential to influence directly 
the characteristics of quantum entities even though there is no electromagnetic 
field at the location of the entities [11]. In 1959, the possibility of such an effect 
was considered by Aharonov and Bohm [12]. Subsequently, a great number of 
experiments have been conducted which confirmed the theoretical predictions 
[13]. In general, these experiments were as follows (see Figure 2): the beam of 
electrically charged quantum entities emitted by a source is split into two beams: 

1C  and 2C . Beam 1C  propagates through the region where 0=A . Beam 2C  
passes through an energized toroidal solenoid (region δ ). The solenoid is 
shielded in such a way that outside the solenoid there is no magnetic field, 

0=B , but the vector potential is present: 0≠A . Both beams of quantum enti-
ties arrive at the entrances of an interferometer. The interference rings obtained 
suggest that there is a change in the wave function phase of quantum entities 
passing through the region where 0=B  and 0≠A . 

In quantum mechanics, the description of action of the field-free magnetic 
vector potential is based on Schrödinger’s equation [2] without introducing any 
physical process. As the action of the field-free magnetic vector potential takes 
place in space where electromagnetic field is absent, this potential has both 
non-electric and non-magnetic nature. 

 

 
Figure 1. Schematic diagram of the experiment that illustrates quantum correlations 
between quantum entities. a and b are quantum entities; A1, A2, and B are detectors; Р is a 
switch with positions 1 and 2. 
 

 
Figure 2. Schematic diagram of the experiment on the study of the effects of magnetic 
vector potential on quantum entities. The source of quantum entities emits two beams. 
Beam 1C  propagates through the region where 0=A . Beam 2C  passes through the 
shielded energized toroidal solenoid in the region (region δ ) of the field-free magnetic 
vector potential. Interference rings are produced by the interferometer. 
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Near-field antenna effect. There is experimental evidence of existence near 
antenna (an oscillating electric dipole) of superluminally propagating electro-
magnetic field [14] [15]. The well-known explanation of this phenomenon [14] 
is based on the assumption that a superluminal motion takes place at distances 
of about one wavelength from the source of oscillations. The wavelength of wave 
function of quantum entities (for photon it is equal to photon’s wavelength) is 
the size on which the Heisenberg’s uncertainty principle [1] holds true. That is 
the uncertainty xp∆  in the measured value of component xp  of momentum 
p of quantum entity is determined as: xp x∆ ≥ ∆  ( x∆  is the uncertainty in 
the measured value of coordinate x of quantum entity). As momentum is a func-
tion of speed of quantum entity, the uncertainty in measured value of momen-
tum means the uncertainty in the value of speed of quantum entity. Thus the 
suggested explanation of near-field antenna effect is in accordance with the 
second postulate of special relativity asserting the constancy of the velocity of 
light. 

This work suggests essentially a new approach to description of the 
above-considered phenomena: namely it is shown that it is possible to describe 
these phenomena in terms of such physical process as spin supercurrent. The 
spin supercurrent emerges between objects having spin, and its action tends to 
make equal the respective characteristics of precession of spins of interacting 
objects. (Note that Yuri Bunkov, Vladimir Dmitriev and Igor Fomin were 
awarded the Fritz London Memorial Prize in 2008 for the studies of spin super-
currents in superfluid 3Не-B [16] [17] [18]). The specific feature of the approach 
to description of the above-considered phenomena is as well that it takes into 
account the properties of the physical vacuum.  

In quantum field theory, the physical vacuum, free from magnetic and electric 
fields (without regard to gravitational energy), is defined not as an empty space 
but as the ground state of the field consisting of quantum harmonic oscillators 
(called QHOs from now on) characterized by zero-point energy [19]. The con-
cept of zero-point energy was developed in Germany in 1913 by a group of phy-
sicists, including M. Planck, A. Einstein, and O. Stern [20]. A quantum entity (its 
characteristics are determined by the wave function) which is a singularity in 
electric or magnetic fields (electric charge or/and magnetic dipole) creates a vir-
tual photon (virtual particles pair) having spin in the physical vacuum [21].  

It is proved in this work that the properties of quantum correlations, the ac-
tion of magnetic vector potential on quantum entities, and near-field antenna 
effect are determined by the properties of spin supercurrent arising between vir-
tual photons created by quantum entities participating in these phenomena and 
of spin supercurrents emerging between virtual photons created by the quantum 
entities, on the one hand, and QHOs that constitute the physical vacuum, on the 
other hand. 

The findings of this work can be used, for example, for optimization of chan-
nels intended for performing quantum correlations between quantum entities 
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owing to increasing the number of characteristics by which the correlation of the 
quantum entities is effected. 

The paper below consists of the following sections. Section 2 (titled as “The 
Characteristics of Spin Supercurrent”) contains equations describing the condi-
tions of emergence of spin supercurrent and effects of the latter, energy proper-
ties of the current and features of its propagation (the speed, the impossibility of 
shielding by electromagnetic screens). Section 3 (titled as “The Properties of 
QHOs”) contains the description of such characteristics of QHO as the electric 
dipole moment, mass, precessing spin and connection of QHO speed with mag-
netic phenomena. Section 4 (titled as “Results”) provides explanations of phe-
nomena of quantum correlations, the action of magnetic vector potential on 
quantum entities, and near-field antenna effect as based on both the properties 
of spin supercurrent and those of the physical vacuum consisting of QHOs. 

Below are specified the main variables used in this paper. 
The characteristics of spin supercurrent: 1α  and 2α  are angles of preces-

sion, 1θ  and 2θ  are angles of deflection, 1ω  and 2ω  are frequencies of 
precession of spins, zJ  is spin supercurrent. 

The characteristics of QHO: QHOS  is spin, QHOm  is mass, QHOΩ  is preces-
sion frequency, QHOd  is electric dipole moment, u is velocity of QHO, A is 
magnetic vector potential, QHOE  is electric field inside the QHO, QHOM  is the 
moment causing precession of spin QHOS . 

2. The Characteristics of Spin Supercurrent 

1) The spin supercurrent arises between objects with precessing spins (spin 
structures) [16] [17] [18]. Figure 3 contains the schema of such spin structures 
with the following characteristics: 1α  and 2α  are precession angles, 1θ  and 

2θ  are deflection angles, 1ω  and 2ω  are the frequencies of precession of 
spins S of the structures, zJ  is spin supercurrent between the spin structures. 

2) The spin supercurrent tends to equalize the respective characteristics of 
spins of interacting spin structures: angles (phases) of precession and angles of 
deflection. For example, the value of spin supercurrent zJ  in the direction of 
orientation (axis z in Figure 3) of precession frequencies of spins is determined 
as follows: 

( ) ( )1 1 2 2 1 2zJ g a gα θ θ= − + − ,                  (1) 

where 1g  and 2g  are coefficients depending on deflection angles and the 
properties of the medium where spin supercurrent emerges. Let us assume that 
before the action of spin supercurrent the angles of precession 1α  and 2α  are 
determined as 1 1 01tα ω α= +  and 2 2 02tα ω α= + , where 01α  and 02α  are 
the values of angles of precession respectively 1α  and 2α  at t=0. If 

01 02 0α α= = , then 

1 1tα ω= ,                         (2) 

2 2tα ω= .                         (3) 
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Figure 3. The schema of spin structures. zJ  is spin supercurrent between spin 
structures with the following characteristics: 1α  and 2α  are precession angles, 1θ  and 

2θ  are deflection angles, 1ω  and 2ω  are precession frequencies oriented along axis z, 
S is spin, r.l. is a reference line. 
 

As a result of the action of spin supercurrent at arbitrary moment t, according 
to definition of this current, the following holds: 1 2 1 2θ θ θ θ′ ′− > −  and: 

1 2 1 2α α α α′ ′− > − ,                       (4) 

where: 1θ ′  and 2θ ′  are respectively the values of deflection angles 1θ  and 2θ  
of precessing spins of interacting spin structures after the action of spin super-
current; 1α′  and 2α′  are respectively the values of precession angles 1α  and 

2α  of precessing spins of interacting spin structures after the action of spin su-
percurrent. As a result of changes in precession angles, the change in frequencies 

1ω  and 1ω  of interacting spin structures may also take place: 

1 2 1 2ω ω ω ω′ ′− > − ,                      (5) 

where 1ω′  and 2ω′  are the values of spin structures precession frequencies 1ω  
and 1ω  after the action of spin supercurrent. 

3) At a definite nonzero difference in the values of angles of precession 

1 2 0cα α α∆ = − ≠ ,                      (6) 

a phase slippage, that is, the drop in the value and change in the sign of spin su-
percurrent may take place. In this case, Equation (1) does not hold. Conse-
quently, as follows from Equations (2)-(3) and (6), for the effective equalization 
of respective characteristics of interacting spin structures the following is neces-
sary: 1) a definite mutual orientation of precession frequencies of the interacting 
spin structures; 2) the absence of phase slippage, in particular, this takes place if 
the difference between their precession frequencies, 1 2ω ω− , satisfy the follow-
ing condition: 

0ω∆ → .                         (7) 

4) The effectivity of action of spin supercurrent between spin structures does 
not depend on the distance between them. For example, the action of spin su-
percurrent in superfluid 3He-B is limited only by the volume of superfluid. 

5) Spin supercurrent is not an electric or magnetic process and consequently it 
is not shielded by electromagnetic screens. 

6) The changes in the precession and deflection angles of precessing spins of 
interacting spin structures due to the action of spin supercurrent may be 
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considered as spin orientation transfer in the physical vacuum. Through the 
example of photon it may be shown that the spin orientation transfer in the 
physical vacuum is a dissipation-free process. 

According to [22], the photon spin phS  is perpendicular to its velocity c, 

ph ⊥S c , and in the pure state (circular polarization) the photon spin performs 
precession motion with frequency phω , ph ↑↑ cω . According to [23], the 
energy precW  of precession with frequency phω  of angular momentum 

phS =   at ph ph⊥S ω  is determined as: 

prec phW ω=  .                         (8) 

Energy phU  of photon must be the sum of two components: energy precW  
of precession motion of spin and energy SW  of spin orientation transfer in 
space. From experiments [3] it follows that the total energy of photon is equal to 

phω . Taking into account Equation (8), this means that the total energy of 
photon phU  equals only energy precW  of precession motion of spin and the 
energy of spin orientation transfer equals zero: 

0SW = .                          (9) 

Due to spreading of spin supercurrent without dissipation, the energies of 
interacting spin structures as a result of action of this current change by the 
same value. As, according to Equation (8), the energy of precessing spin is 
proportional to the frequency of precession, then from condition (5) it follows 
that ( )1 1 2 2ω ω ω ω′ ′− = − −  or: 

1 2ω ω∆ = −∆ ,                        (10) 

where 1 1 1ω ω ω′∆ = −  and 2 2 2ω ω ω′∆ = − . Then according to Equations (2)-(4), 
( )1 1 2 2α α α α′ ′− = − −  or: 

1 2α α∆ = −∆ ,                       (11) 

where 1 1 1α α α′∆ = −  and 2 2 2α α α′∆ = − . 
7) As energy is intrinsically associated with mass, then, according to Equation 

(9), spin supercurrent performing spin orientation transfer is not accompanied 
by emergence of any mass, that is, it is an inertia free process and consequently 
the speed ssy  of spin supercurrent may be greater than the speed of light: 

ssy c> .                         (12) 

This does not contradict the postulates of special relativity which set limits to 
the speed of inertial systems only [8]. 

3. The Properties of QHOs 

According to contemporary principle of quantum mechanics, the physical va-
cuum is defined not as an empty space but as the ground state of the field con-
sisting of QHOs characterized by zero-point energy. Let us consider the proper-
ties of QHO in detail (see also [19] [24] [25]). 

1) The energy of QHO is equal to 2QHOΩ , the energy is referred to as ze-
ro-point energy. This expression for energy of QHO coincides with the expres-
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sion for energy of object having angular momentum   and performing oscilla-
tions with frequency QHOΩ  [26]. 

2) The QHO has mass QHOm  associated with the energy of QHO. 
3) The existence of electric polarization of physical vacuum [3] suggests that 

QHO is an electric dipole (let us denote the electric dipole moment as QHOd ). 
4) There are some phenomena which testify that QHOs constituting the phys-

ical vacuum must have precessing spin for example: 1) the Cherenkov effect [27], 
the production of photons having spin by an electron moving at a superluminal 
speed while saving the value of its own spin; 2) the creation of virtual photons 
having precessing spin [21] by a quantum entity while saving the value of its 
own spin. If the principle of conservation of angular momentum holds true in 
the physical vacuum, then spin of virtual photon consists of spins of QHOs that 
constitute this vacuum. 

That is, it may be supposed that QHO has spin QHOS  and the frequency of 
oscillations QHOΩ  is the precession frequency of QHOS . That is, QHO as well as 
a virtual photon is a spin vortex. 

5) Since QHO is a spin vortex, then for it as well as for analogous characteris-
tics (spin, electric dipole moment, the precession frequency of spin, the deflec-
tion angle) of other spin vortices (photon, virtual photon)) the following takes 
place [24] [25] [28]. 

QHO QHO↑↓d S .                      (13) 

As electric field QHOE  inside the electric dipole is antiparallel to its electric 
dipole moment, i.e. QHO QHO↑↓E d  [10], from condition (13) we have: 

QHO QHO↑↑E S .                       (14) 

QHO  uΩ ,                          (15) 

where u is the speed of QHO, 

sin u cθ = ,                        (16) 

where θ  is the angle between QHOS  and QHOΩ  (angle of deflection), c is the 
speed of light. 

6) That QHO has an electric dipole moment means that there is a repulsive 
force inside the QHO balancing the attractive Coulomb force between oppositely 
charged parts inside the QHO. The existence of such repulsive force may be 
treated as the existence of omniradial tensions inside the QHO. 

7) It is shown in [26] that there is a complete analogy between the structures 
of formulas describing the magnetic interactions of current-carrying wires and 
the structures of formulas describing the interactions of vortices in an ideal in-
compressible liquid with positive density and negative pressure. The above con-
sidered properties of QHOs suggest that the physical vacuum consisting of 
QHOs is similar to such a liquid. The density ρ  of this vacuum is formed by 
mass QHOm  of QHO; negative pressure p is a result of omniradial tensions in-
side the QHO. Hydrodynamically, the stationary motion of this vacuum as a 
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continuum may be described in the absence of shear viscosity as: 
2 2u p constρ − = .                      (17) 

Let us deduce the relationship between the speed of QHOs and magnetic in-
duction by comparing the characteristics of the magnetic field and both force 
and kinematic characteristics of the medium described by Equation (17) [24] [25] 
[29]. These equations are written, first, for the vacuum whose permeability 
equals 1, and, secondly, they are written in the CGSE system of units, so that the 
equations include constant c which is a characteristic of the medium whose mo-
tion results in magnetic phenomena [10]. 

The magnetic induction B generated by a loop with current I [10] is deter-
mined by the Biot-Savart law and in the CGSE system of units defined as  

3

d
L

I
c r′

×
= ∫

l rB , where L′  is the length of the loop, dl  is the wire element, r is  

a radius vector from dl  to the point of observation. The field of velocities u 
generated by a closed vortex line having circulation Γ  along an arbitrary loop  

enclosing the vortex line is defined [26] as 3

d
4π L r′

Γ ×
= ∫

l ru , where dl  is an  

infinitesimal vector element of the vortex line, L′  is the length of the line. 
Equating the expressions for B and u, we obtain the relationship between Γ  
and I: 

( )4π c ρ= IΓ .                     (18) 

Note. As shown in [24] [25], the electric current I creates the circulation Γ  
in the physical vacuum consisting of QHOs due to precession motion of spins of 
virtual photons (virtual particles pairs) that are created by moving charged 
quantum entities in the current-carrying wire. 

The force FΓ  acting on a unit length of either of the two infinite mutually 
parallel vortex lines having the same values of circulation Γ  equals: 

( )2 2π wF rρΓ = Γ , where wr  is the distance between the vortex lines with cir-
culation Γ  [26]. The force IF  acting on a unit length of either of the two in-
finite mutually parallel current-carrying wires having the same values of current 
I equals: ( )2 22I wF I r c= , where wr  is here the distance between the cur-
rent-carrying wires [10]. Equating the expressions for FΓ  and IF  and taking 
into account Equation (18), we obtain. 

4πρ=B u .                        (19) 

Thus the motion of physical vacuum consisting of QHOs characterized by ze-
ro-point energy is a cause of magnetic phenomena. 

The QHO characteristics considered in this section are given in Figure 4: spin 

QHOS , frequency of the spin precession QHOΩ , electric dipole moment QHOd , 
mass QHOm , QHO velocity u, electric field inside the QHO QHOE , angle of def-
lection θ , magnetic vector potential A, QHOM  is the moment causing preces-
sion of spin. The latter two characteristics are considered in Section 4. 
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Figure 4. The characteristics of a quantum harmonic oscillator (QHO): QHOS  is spin, 

QHOm  is the mass, on the assumption that it is a point-like mass, QHOΩ  is the precession 

frequency, QHOd  is the electric dipole moment, u is the velocity of QHO, A is the mag-

netic vector potential, θ  is the angle of deflection, QHOE  is the electric field inside the 

QHO, QHOM  is the moment causing precession of spin QHOS , B is magnetic induction. 

4. Results 
4.1. Quantum Correlations 

Let us prove that the properties of quantum correlations considered in Introduc-
tion are in accordance with the properties of spin supercurrent (see also the 
study by L. Boldyreva [30]). 

1) The quantum correlation takes place between quantum entities having 
equal frequencies of their wave functions. As follows from [30], the precession 
frequency vω  of spin of the virtual photon (pair of virtual particles) created by 
the quantum entity equals the frequency qω  of wave function of the entity: 

q vω ω= .                         (20) 

Consequently, the first property of quantum correlation is in accordance with 
condition (7) of effective action of spin supercurrent: the equality of the preces-
sion frequencies of interacting spin structures. 

2) The quantum correlation between photons takes place at definite mutual 
polarization ( phE ) of photons. Due to transverse orientation of photon spin 

phS  ( ph ⊥S c ) it holds that ph ph↑↑S E . Thus the quantum correlation between 
photons takes place at definite mutual orientation of spins of photons. If to take 
into account that photon’s frequency phω  is oriented along c, ph ↑↑ сω , then 

ph ph⊥S ω . Consequently, quantum correlation takes place at definite mutual 
orientation of photons’ frequencies. This property is in accordance with the de-
finition of spin supercurrent, see Equation (1), according to which the orienta-
tion of spin supercurrent relates to the orientation of the precession frequencies 
of spins of interacting spin structures. 

3) The quantum correlations take place independent of the distance between 
the interacting quantum entities. This property agrees with property 4 of spin 
supercurrent. 

4) The quantum correlations have non-electric and non-magnetic nature [4] 
[5]. This property is in accordance with property 5 of spin supercurrent. 

5) The speed of quantum correlations is greater than the speed of light. As it 
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follows from experiments [7], the speed of quantum correlations is 104 times 
greater than the speed of light. This property is in accord with condition (12) 
(property 7 of spin supercurrent). 

6) The relation between the changes in phases and frequencies of waves in the 
two-photon interference, associated with quantum correlations, is analogous to 
the changes in phases (angles of precession) and frequencies of spin precession 
in spin structures under action of spin supercurrent. Figure 5 shows a diagram 
of experimental setup, which illustrates two-photon interference provided both 
beams of photons undergo phase delays [4]. 

Fields 1γ  and 2γ  of frequency γω  and also fields 1ξ  and 2ξ  of fre-
quency ξω  are mixed by respective beam splitters. The detectors and coinci-
dence circuit measure the correlation of intensities of output fields γ  and ξ , 
the correlation being dependent on phase delays 1ϑ  and 2ϑ . 

Depending on the statistics of incident beams of light, two types of interfe-
rence may take place: one with phase 1 2ϑ ϑ− , the other with phase 1 2ϑ ϑ+ . The 
first interference is referred to as the Hanbury Brown and Twiss intensity inter-
ference, the second one is called the two-photon interference. Under definite 
conditions, both types of interference are a result of conversion by beam splitters 
of fluctuations of phases of input fields into fluctuations of intensities of output 
fields [4]. Let us consider these conditions. Let fields kγ  and kξ  (k = 1, 2) have 
constant unit amplitudes and phases ( )kx t  and ( )kz t  drifting in time t. That is 
the following takes place: ( ) ( )expk kt ix tγ = −   , ( ) ( )expk kt iz tξ = −   . Then the 
first condition for the ordinary interference of intensities is determined by equalities:  

1 1x z= , 2 2x z= .                      (21) 

The second condition is as follows: 

1 1 2 2x z x z+ = + ,                       (22) 

that is, fluctuations of light beam phases occur in such a way that the sum of the 
phases remains constant. 
 

 
Figure 5. Diagram of a four-mode intensity interferometer. 1γ  and 2γ , 1ξ  and 2ξ  
are input beams of light; 1ϑ  and 2ϑ  are phases of delay of light beams; γω  is the fre-

quency of output beam γ ; ξω  is the frequency of output beam ξ ; 0γ  and 0ξ  may 

be classified as idle modes of respective beams. The detectors and coincidence circuit 
measure the correlation of intensities. 
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Equalities (21) can be called the conditions of “classical” correlation; it may be 
associated with thermal fluctuations; condition (22) is a condition of anticorrela-
tion of phases which is a quantum phenomenon (related with quantum correla-
tions [4]). From condition (22) it follows that for the changes in the phase of 
field γ , x∆ , and field ξ , z∆ , the following is valid:  

x z∆ = −∆ .                        (23) 

Equality (23) is similar to Equation (11) describing the property of spin su-
percurrent (property 6 of spin supercurrent). 

The frequencies of beams in the experiment on the two-photon interference as 
well as the phases drift in opposite directions, which is in accordance with con-
dition (10) of property 6 of spin supercurrent. 

Thus all properties of quantum correlations are in accordance with the prop-
erties of spin supercurrents. 

4.2. Magnetic Vector Potential 

According to condition (15) and Equation (19), in magnetic field B two types of 
motion of QHO that constitute physical vacuum take place: the translational 
motion with velocity 4πρ=u B  and precession of the QHO spin with fre-
quency QHOΩ . The value of QHOΩ  is determined: first, by speed u of QHO and, 
secondly, by spin supercurrent emerging between the same QHO, on the one 
hand, and the virtual photons created by charged quantum entities constituting 
the current which, in turn, creates the magnetic field (or by “magnetic” electrons 
if the magnetic field is created by a permanent magnet), on the other hand. As 
spin supercurrent is not shielded by electromagnetic screens, the precession of 
QHO spin may exist in the physical vacuum under shielding of magnetic field, 
that is at B = 0 (u = 0). 

For the description of magnetic vector potential let us introduce moment 

QHOM  causing the precession of spin of QHOs that constitute the physical va-
cuum (see Figure 4):  

QHO QHO QHO= ×M SΩ .                    (24) 

As QHO QHOcurl ↑↑M Ω , then taking into account Equations (15) and (19) and 
introducing factor of proportionality sb , we may write: ( )s QHOcurl b=B M . As 
according to definition of magnetic vector potential A, curl=B A , it may be 
assumed that: 

s QHOb=A M .                       (25) 

Note. Using Equations (16), (19) and (24), magnetic induction B may be ex-
pressed as ( )4πQHO QHO QHOB M c Sρ= ⋅ Ω ⋅ . 

Let us return to Figure 2 and explain the emergence of interferometer rings at 
the output of interferometer, that is, explain a change in wave characteristics of 
quantum entities of beam 2C  moving in region δ  (in the region of action of 
field-free vector potential). To this end let us denote the precession frequency of 
spin of QHO in region δ  as ( )QHO δ

Ω  and precession frequency of spin of 
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virtual photon created by a quantum entity of beam 2C  as ( )v vp
ω  (according 

to equality (20) ( )v vp
ω  is also the wave function frequency of quantum enti-

ties).  
As a result of action of spin supercurrent between the virtual photon and 

QHO located in region δ  and according to condition (5), the following takes 
place: 

( ) ( ) ( ) ( )QHO v QHO vvp vpδ δ
ω ω′ ′Ω − ≥ Ω − ,              (26) 

where ( )QHO δ

′Ω  and ( )v vp
ω ′  are the values of respectively ( )QHO δ

Ω  and 
( )v vp
ω  after the action of spin supercurrent. As quantum entities of beams 1C  

and 2C  at the output of the source of quantum entities have equal wave func-
tion frequencies, ( )v vp

ω , the difference ( )v vp
ω∆  in those frequencies at the 

input of interferometer according to inequality (26) is determined as: 
( ) ( ) ( )v v vvp vp vp
ω ω ω′∆ = − . This difference results in appearance of interference 

rings. 
It should be noted that the characteristics of quantum entities placed in the 

region of action of magnetic vector potential influence the value of the magnetic 
vector potential in the region. Let us prove it. According to Equation (26), in 
general the following holds:  

( ) ( )QHO QHOδ δ

′Ω ≠ Ω .                     (27) 

Consequently, according to Equations (24) and (27), at placing of quantum 
entities in region δ  of the physical vacuum the moment causing the precession 
of spin of QHO in region δ  will be changed from ( )QHO QHOδ

×SΩ  to 

( )QHO QHOδ

′ ×SΩ . Thus according to Equation (27) a problem of measurement of 
magnetic vector potential arises, because the measurement system may influence 
the value of the magnetic vector potential. 

4.3. Near-Field Antenna Effect 

The explanation of near-field antenna effect as well as of magnetic vector poten-
tial effect is based on the properties of the physical vacuum consisting of QHOs 
characterized by zero-point energy. 

The antenna generating electromagnetic oscillations is an oscillating electric 
dipole [14] [15]. This electric dipole interacts with QHOs located near antenna, 
like with electric dipoles. As a result of this interaction, the oscillations of electric 
dipole moment ( )QHO a

d  of QHOs located near antenna arise, that is we have 

( )
0

QHO a

t

∂
≠

∂

d
.                        (28) 

As according to condition (13) ( ) ( )QHO QHOa a
↑↓d S , the following takes place 

in the physical vacuum consisting of QHOs: 

( )
0

QHO a

t

∂
≠

∂

S
,                        (29) 
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where ( )QHO a
S  is spin of QHO located near antenna. The change in ( )QHO a

S  
means a change in precession and deflection angles of the precessing spins of 
QHOs located near antenna. According to Equation (1), spin supercurrent J 
emerges between QHOs located near antenna, on the one hand, and QHOs lo-
cated in other regions of physical vacuum, on the other hand. As a result of ac-
tion of spin supercurrent, the characteristics of spin ( ) . .QHO phys vac

S  of QHOs 
located in other regions of physical vacuum change, that is, the following takes 
place in other regions: 

( ) . . 0
QHO phys vac

t

∂
≠

∂

S
.                    (30) 

According to condition (14), the electric field ( ) . .QHO phys vac
E  relates to spin 

( ) . .QHO phys vac
S  of QHO, and it follows from Equation (30): 

( ) . . 0
QHO phys vac

t

∂
≠

∂

E
.                    (31) 

Thus, according to Equations (1) and (28)-(31), electric oscillations with cha-
racteristics of electric oscillations generated by antenna emerge in the physical 
vacuum. That is, the following transformations take place in the physical va-
cuum: 

( ) ( ) ( ) ( ). . . .0 0 0
QHO QHOQHO QHO phys vac phys vaca a J

t t t t

   ∂ ∂∂ ∂
   ≠ ⇒ ≠ ⇒ ≠
  ∂ ∂ ∂ ∂   

S Ed S
(32) 

These electric oscillations accompany spin supercurrent; consequently, the 
speed of their spreading in the physical vacuum consisting of QHOs equals the 
speed of spin supercurrent, which is greater than the speed of light, see Equation 
(12). It is a little similar to Cherenkov’s radiation [27]: the electron moving at a 
speed greater than the speed of light radiates photons. If to observe only radiated 
photons, we discover that the speed of motion of photons is greater than the 
speed of light. 

Note. The researchers of near-field antenna effect discover also the oscillation 
of gravitational field near antenna [31]. Let us discuss this phenomenon on the 
basis of properties of QHOs. 

Due to the action of spin supercurrent in the near antenna region, which 
equalizes respectively the angles of precession and angles of deflection of pre-
cessing spins (Equation (1)), the orientation of QHOs’ spins in the same direc-
tion in the antenna region may take place (let us denote the total spin of oriented 
QHOs’ spins as ( )QHO total

S ). According to condition (13), the orientation of to-
tal electric dipole moment ( )QHO total

d  of the QHOs in the region also takes 
place: 

( ) ( )QHO QHOtotal total
↑↓d S .                  (33) 

In an external nonhomogeneous electric field eE , the force QHOF  acts on 
these QHOs. The force QHOF  is determined [10] as  
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( )( )QHO QHO etotal
= ∇F d E ,                  (34) 

where ∇  is the nabla operator. In particular, if ( )QHO total
S  directs towards the 

Earth, then in the negative electric field of the Earth the force QHOF  acts 
oppositely to the gravitation force. As all quantum entities create virtual photons 
which are vortices in the physical vacuum consisting of QHOs, the force QHOF  
emerging in this vacuum will act on the virtual photons and consequently on the 
quantum entities creating the virtual photons. 

As an example of action of force QHOF , let us consider the results of 
experiments on gyroscope’s rotations around the vertical axis relative to the 
Earth [32]. At the right-hand rotation, the decrease in weight of gyroscope took 
place. The magnitude of decrease in weight did not depend on shielding the 
gyroscope from external magnetic field (0.35 G). That is, the change in weight 
was not of magnetic nature. This phenomenon can be accounted for by the 
emergence of force QHOF  under the action of the electric field of the Earth. Due 
to the Barnett effect [33], at rotation of gyroscope the orientation of spins of the 
QHOs at the location of gyroscope takes place. At the right-hand rotation these 
spins are pointed downwards, that is towards the Earth. If to take into account 
that the surface of Earth has a negative charge, then, according to Equations (33) 
and (34), force QHOF  acting on QHOs that constitute this vacuum is directed 
from the Earth, that is, opposite to the vector of gravitation. In the experiments, 
it may look as a decrease in the weight of the objects in this region of vacuum. 

5. Conclusions 

Quantum correlations between quantum entities may be performed by spin su-
percurrent emerging between virtual photons (virtual particles pairs) created by 
those quantum entities. 

Magnetic vector potential is proportional to the moment causing the preces-
sion of spin of quantum harmonic oscillators (QHOs), which constitute the 
physical vacuum and are characterized by zero-point energy; in the region of 
non-zero magnetic field, the frequency of this precession is oriented along the 
direction of magnetic field. The spin supercurrent emerging between these 
QHOs and virtual photons (virtual particles pairs) produced by the quantum 
entities creating magnetic field affects the frequency of this precession. 

The near-field antenna effect takes place as a result of action of spin 
supercurrent between quantum harmonic oscillators (that constitute the physical 
vacuum) located near antenna, on the one hand, and quantum harmonic 
oscillators located in other regions, on the other hand. The spin supercurrent 
gives rise to oscillations of electric field of quantum harmonic oscillators, the 
latter being electric dipoles. Thus, electric oscillations may spread at the speed of 
spin supercurrent in the physical vacuum consisting of quantum harmonic 
oscillators characterized by zero-point energy. As spin supercurrent is an inertia 
free process, its speed may be greater than the speed of light, which does not 
contradict postulates of special relativity that set limits to the speed of inertial 
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systems only. 
(It is a little similar to Cherenkov’s radiation: the electron moving at a speed 

greater than the speed of light in the medium radiates photons. If to observe 
only radiated photons, we discover that the speed of motion of photons is 
greater than the speed of light.) 

Acknowledgements 

The author is grateful to Mr. Mikhail Boldyrev for his assistance in translating 
this paper into English. 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Heisenberg, W. (1927) Zeitschrift für Physik, 43, 172-198. (In German)  

https://doi.org/10.1007/BF01397280  

[2] Schrödinger, E. (1936) Mathematical Proceedings of the Cambridge Philosophical 
Society, 32, 446-452. 

[3] Wichmann, E.H. (1971) Quantum Physics. Berkeley Physics Course, McGraw-Hill 
Book Company, New York. 

[4] Klyshko, D.N. (1994) Physics Uspekhi, 37, 1097-1122. 
https://doi.org/10.1070/PU1994v037n11ABEH000054 

[5] Belinskii, A.V. (2003) Physics Uspekhi, 46, 877-881. 
https://doi.org/10.1070/PU2003v046n08ABEH001393  

[6] Tittel, W., Brendel, J., Gisin, B., et al. (1998) Physical Review A, 57, 3229. 
https://doi.org/10.1103/PhysRevA.57.3229  

[7] Scarani, V., Tittel, W., Zbinden, H. and Gisin, N. (2000) Physics Letters A, 276, 1-7.  
https://doi.org/10.1016/S0375-9601(00)00609-5  

[8] Born, M. (1962) Einstein’s Theory of Relativity. Dover Publications, New York. 

[9] Einstein, A., Podolsky, B. and Rosen, N. (1935) Physical Review, 47, 777. 
https://doi.org/10.1103/PhysRev.47.777  

[10] Purcell, E.М. (1965) Electricity and Magnetism. Berkeley Physics Course, Vol. 2, 
McGraw-Hill Book Company, New York. 

[11] Ehrenberg, W. and Siday, R.E. (1949) Proceedings of the Physical Society (London) 
B, 62, 8-21. 

[12] Aharonov, Y. and Bohm, D. (1959) Physical Review, 115, 485-491. 
https://doi.org/10.1103/PhysRev.115.485  

[13] Chambers, G. (1960) Physical Review Letters, 5, 3.  
https://doi.org/10.1103/PhysRevLett.5.3  

[14] Walker, W.D. (1999) Superluminal Near-Field Dipole Electromagnetic Fields. In-
ternational Workshop “Lorentz Group CPT and Neutrinos” Zacatecas, Mexico, 
23-26 June 1999, 16 p. 

[15] Walker, W.D. (2000) Experimental Evidence of Near-Field Superluminally Propa-
gating Electromagnetic Fields. In: Amoroso, R.L., et al., Eds., Gravitation and Cos-

https://doi.org/10.4236/jmp.2019.102010
https://doi.org/10.1007/BF01397280
https://doi.org/10.1070/PU1994v037n11ABEH000054
https://doi.org/10.1070/PU2003v046n08ABEH001393
https://doi.org/10.1103/PhysRevA.57.3229
https://doi.org/10.1016/S0375-9601(00)00609-5
https://doi.org/10.1103/PhysRev.47.777
https://doi.org/10.1103/PhysRev.115.485
https://doi.org/10.1103/PhysRevLett.5.3


L. B. Boldyreva 
 

 

DOI: 10.4236/jmp.2019.102010 144 Journal of Modern Physics 
 

mology: From the Hubble Radius to the Planck Scale, Kluwer Academic Publishers, 
Printed in Netherlands, 189-196. 

[16] Borovic-Romanov, A.S., Bunkov, Yu.M., Dmitriev, V.V., Mukharskii, Yu.M. and 
Sergatskov, D.A. (1989) Physical Review Letters, 62, 1631.  
https://doi.org/10.1103/PhysRevLett.62.1631 

[17] Bunkov, Yu.M. (2009) Journal of Physics: Condensed Matter, 21, Article ID: 
164201. https://doi.org/10.1088/0953-8984/21/16/164201 

[18] Dmitriev, V.V. and Fomin, I.A. (2009) Journal of Physics: Condensed Matter, 21, 
Article ID: 164202. https://doi.org/10.1088/0953-8984/21/16/164202 

[19] Puthoff, H.E. (1989) Physical Review A, 40, 4857-4862.  
https://doi.org/10.1103/PhysRevA.40.4857 

[20] Einstein, A. and Stern, O. (1913) Annelen der Physik, 345, 551-560.  
https://doi.org/10.1002/andp.19133450309 

[21] Milonni, P.W. (1994) The Quantum Vacuum. Academic Press, Inc., Harcourt Brace 
& Company Publishers, Cambridge, MA.  

[22] Weber, M.H. and Lynn, K.G. (2000) Radiation Physics and Chemistry, 58, 749-753.  
https://doi.org/10.1016/S0969-806X(00)00252-8 

[23] Doctorovitch, Z.I. (2005) Engineering & Automation, No. 4, 115-118. (In Russian) 

[24] Boldyreva, L.B. (2018) International Journal of Physics, 6, 128-138.  

[25] Boldyreva, L.B. (2019) Journal of Modern Physics, 10, 20-34. 

[26] Sedov, L.I, (1971-1972) A Course in Continuum Mechanics. Wolters-Noordhoff, 
Groningen, 1-4. 

[27] Čerenkov, P.A. (1937) Physical Review, 52, 378.  
https://doi.org/10.1103/PhysRev.52.378 

[28] Boldyreva, L.B. (2017) International Journal of Physics, 5, 141-146.  
http://pubs.sciepub.com/ijp/5/4/6/  

[29] Boldyreva, L.B. and Sotina, N.B. (1992) Physics Essays, 5, 510-513.  

[30] Boldyreva, L.B. (2014) International Journal of Quantum Information, 12, Article 
ID: 1450007. https://doi.org/10.1142/S0219749914500075 

[31] Walker, W.D. and Dual, J. (1998) Propagation Speed of Longitudinally Oscillating 
Gravitational and Electrical Fields. https://arxiv.org/abs/gr-qc/9706082v2  

[32] Hayasaka, H. and Takeuchi, S. (1989) Physical Review Letters, 63, 2701-2704.  
https://doi.org/10.1103/PhysRevLett.63.2701 

[33] Barnett, S.J. (1915) Physical Review, 6, 239-270. 

 

https://doi.org/10.4236/jmp.2019.102010
https://doi.org/10.1103/PhysRevLett.62.1631
https://doi.org/10.1088/0953-8984/21/16/164201
https://doi.org/10.1088/0953-8984/21/16/164202
https://doi.org/10.1103/PhysRevA.40.4857
https://doi.org/10.1002/andp.19133450309
https://doi.org/10.1016/S0969-806X(00)00252-8
https://doi.org/10.1103/PhysRev.52.378
http://pubs.sciepub.com/ijp/5/4/6/
https://doi.org/10.1142/S0219749914500075
https://arxiv.org/abs/gr-qc/9706082v2
https://doi.org/10.1103/PhysRevLett.63.2701


Journal of Modern Physics, 2019, 10, 145-156 
http://www.scirp.org/journal/jmp 

ISSN Online: 2153-120X 
ISSN Print: 2153-1196 

 

DOI: 10.4236/jmp.2019.102011  Feb. 27, 2019 145 Journal of Modern Physics 
 

 
 
 

Further Improvement of Reflection Efficiency 
of a Magnetic Mirror and Replenishment 
against Loss of Escaping Deuteron Ions 

Mitsuaki Nagata, Keiichi Sawada 

Soft Creator Company, Kyoto, Japan 

 
 
 

Abstract 
We reported previously the idea to improve reflection-ability of a magnetic 
mirror by installing a cyclotron resonance space in the front part of the mir-
ror. However, since the previous analysis was insufficient from the examina-
tion after that, we complement the following two things in this work: 1) A 
simpler procedure of design to make a supplemental magnetic mirror with 
the simplest magnetic configuration, compared with the procedure reported 
previously. 2) A peculiar characteristic arising only in reflection of a nonrela-
tivistic charged particle (a deuteron ion). 
 

Keywords 
Magnetic Mirror, Cyclotron Resonance Heating, Reflection and  
Replenishment of Deuteron Ions 

 

1. Introduction 

We found the term seen in the rear of (9) to accelerate only a relativistic charged 
particle rapidly at a cyclotron resonance point and reported previously [1] ap-
plying a work of the term to decreasing the half-vertical angle (called the loss 
angle) of the loss cone of a magnetic mirror by installing a cyclotron resonance 
space within. However, based on the examination after that, we would comple-
ment two things here. One is about the simplest supplemental magnetic mirror. 
The procedure of design is mentioned in §3.1 together with Figure 1. Another 
thing is that we missed in Ref. [1] a factor which must be taken into considera-
tion with respect to reflection of a nonrelativistic particle (a deuteron ion). The 
factor is that an electric field being installed in the front part of a magnetic mir-
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ror does both the work of taking out ions from inside of the loss cone into out-
side and the reverse work. When we inquired into this problem, we met with a 
peculiar characteristic with respect to reflection of a deuteron ion. This thing is 
mentioned in §3.2. Finally, we have proposed an idea about a means for reple-
nishing a large quantity of deuteron ions from outside, in order to make the 
length of a supplemental magnetic mirror as short as possible. 

2. Relativistic Cyclotron Resonance 

We first describe theoretical expressions to be necessary for after analysis. The 
relativistic equation of motion 
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is changed into (1) below by the help of the following two relationships: 
1) The time derivative of energy with respect to a relativistic electron 
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2) The integration of the above equation from 0t  to t  

 

 
Figure 1. A supplemental magnetic mirror (a)-(d) for reclaiming charged particles to escape from the exit (plane (a)) of the main 
bottle. The half-vertical angle of the loss cone of mirror (c)-(d) is 14.5˚. It is tried to decrease the loss angle of mirror (a)-(d) from 
14.5˚ to about 5˚ with the help of the electric fields E1 and E2. E1 is the electric field to accelerate deuteron ions, E2 is the electric 
field to accelerate electrons, iω  is an ion cyclotron frequency and cω  is an electron cyclotron frequency. 
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In the above four equations, em  is the rest mass of an electron, −q is the elec-
tron charge, c is the speed of light, E(t) is an electric field, B is a magnetic field, 
( )0,t tυ  (= ( ) ( ) ( )0 0 0, ,ˆ ˆ ˆ ,x y zt t t t tx y ztυ υ υ+ + ) is the velocity of an electron at 

time t after start with an initial velocity 0υ  (= 0 0 0ˆ ˆ ˆx y zx y zυ υ υ+ + ) at time 0t , 
and ( ) ( )0 0, ,t t t tυ = υ . 
Since a solution of (1), ( )0,t tυ , is to be given by a form of 

( )
( ) ( )( )

( )
0 0

0

, ,
,

is a quantity which consists of components of ,

t t
t

t t
t t

t
=

 == + 


Eo
o E

υ υ
υ υ  

we neglect terms including products and squares with respect to components of 
( )tE  in (1) and linearize (1) as 

( ) ( ) ( )

( ) ( )

0

0
1 2 2

2 2
0
2

0

  ,  
  d

   
 1

,

t t te t
tt

t t q t q tm
t

t tc c

c

q t q t t

∂ − ⋅ − ⋅   ∂
+ +   

∂ ∂    
− 

 
= − − ×

∫
E E

E B

υ υ υυ
υ

υ

υ

      (2) 

First, we note the following problem which arises due to the linearization. It is 
that, in Figure 2 (shown after) for ( )0ˆ ,z t t⋅υ  which is obtain from (2), maxi-
mum of ( )0ˆ ,z t t⋅υ  goes over the speed c of light in long flight time. The mag-
nitude of ( )0,t tυ  is estimated to be a function increasing together with time t 
under the resonance condition (an electric field frequency = a cyclotron fre-
quency), and a mass increment per unit time is given by ( ) ( ) 2

0,q t t t c− ⋅E υ . 
Accordingly, we consider that the primary cause giving rise to this problem is 
underestimation in the linearization for the total mass  

( ) ( )
0

0
1 2 22 2

0

, 
  d
1

te
t

q t t tm
t

cc

 − ⋅ + 
−   

∫
E υ

υ
 at time t . A more rapid increase of the  

total mass ought to reduce variation of ( )0,t tυ  to zero before ( )0,t tυ  ar-
rives at the speed c of light. 

We solve (2) for ( )0,z t tυ  and ( )0,y t tυ  under the following external force 
fields: 

( )  ̂ cos ,
ˆ ,

t zE t
yB

ω = −


=

E
B

                       (3) 

and under the following initial conditions at 0t t=  which are given by 
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Figure 2. Dependence of ( )0,z t tυ  on t0, based on Equation (6). The numerical condi-

tions are: an initial velocity 0
8ˆ ˆ ˆsin5 0 m. 0 s105 1zz z zυ υ= = ×  in plane (b) at time t0, 

( ) 3ˆ10 cos V m, 2 T, 1.0001ct z tω ω ω= − = =E B , the time variable  

( ) 8
0 0 0 0~ 7.0 cos5 ~ 5. se19 0 ct t t t tυ −+ = + ×=  . Note that the initial velocity at time t0 is 

8ˆ0.105 m s10z+ ×  all in the four curves, but curves (a), (b), (c), (d) can be regarded to 
show velocity-variations for ze , xe , ze− , xe−  starting with each different initial veloc-
ity from plane (b) at t = 0 (≠t0, expect for curve (a)). 
 

( )( )

( )
( )

( )( )

0

0

0 0 0

0 2
0 0 02

1 22 2
0

ˆˆ, ,

,
cos cos ,

where 1 .

z yt t

z
z

t t

e

t t z y

t t qE qEt t
t m mc

m m c

υ υ

υ
ω υ ω

=

=

−


= +


 ∂ −  ∂

=
 

 = −


υ

υ

           (4) 

The results are given in (5) and (6) below, 

( )
( )( )
( )

( )( )
( )

0 0
0 0 0 0

sin sin
, .

2 2
c c

y y y z
c c

t t t tqEt t
mc

ω ω ω ω
υ υ υ υ

ω ω ω ω

    + − − −    = + + ′′ + −  
 (5) 

Here, 2c c′′ =  (The speed c of light appears always in the form of square in after 
analysis. Then, we have introduced the symbol c′′  for 2c , because we would 
like to use c as the symbol for cos tω ), and c qB mω = . Since the second term 
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of (5) is extremely small compared with the first term 0 yυ  in after analysis un-
der the conditions of cω ω  and ( )0 1c t tω −  , ( )0,y t tυ  is regarded to 
be constant 0 yυ  in this work. 

( ) ( ) ( ) ( )2 2
0 1 2 3 4 5 1 2, ,z t t a s a s S a s C a c SC a tS C C C Sυ = + + + + + +       (6) 

(We have used ( ) ( )( )0 0 0 0 0ˆ ˆsin cosˆt z c y z ct t yx z t tυ ω υ υ ω= − + + −υ ).  
Here, 

( ) ( )0 0cos , sin , cos , sin ,c cC t t S t t c t s tω ω ω ω= − = − = =  

1 2 2 ,
c

qEa
m

ω
ω ω
−

=
−

  

( )
2 2

2 022 2

1 2 ,c z

c

qEa
mc

ω ωυ
ω ω

 = − ′′ −
  

( )
( )2 3 2

3 022 2

1 ,c z

c

qEa
mc

ω ω ω υ
ω ω

 = − ′′ −
  

( )
( )

3
2

4 022 2

2
,c
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c

qEa
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ω
υ

ω ω
= −

′′ −
 

( )2
5 0 02 2 sin ,z

c

c

qEa t
mc

ω
υ ω ω

ω ω
=

′′ −  
1 0 1 0 3 0si ,n sinzC a t a tυ ω ω= − −  

2
2 0 0 0 1 0

3 0 4 0 5 0

1

.
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z
c c c

c

qE qEC t t a t
m mc

a t a t a t

ωω υ ω ω
ω ω ω

ω ω ω
ω

= − −
′′

− − −
 

Next let us obtain velocities perpendicular to the magnetic field at the reson-
ance point cω ω→ , in the simple case where 0 0t = : 

( )( ) ( )( )

( )

( )

000 00

2
0

0 0 0 0 0

2
3 2 2 30

0 0 0 02

lim , lim 6

1 11
2

1 2 4 4 6 ,
8

c c
zr z tt

z
z c

c c

z
c c c c

c

t t

qE qEC S S tC
m c m

qE t S tC S S
m c

ω ω ω ω
υ υ

υ
υ ω

ω ω

υ
ω ω ω ω

ω

==→ →
≡ =

   
= + − + −   ′′ −  

 
+ − + + ′′  

      (7) 

( )( )

( )

00 0

2
2 3 2 20

0 0 0 0 0 0 02
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1 1 4 2 6 ,
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xr x t

z
z c c c
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qE qES tS tS t C S C
m m c

ω ω
υ υ

υ
υ ω ω ω
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≡

 
= + + − − − ′′  

  (8) 

( ) ( )
1 22 21 2 2

2 2 0 02
0 1 , 1 .

2 4
z z c

r zr xr z c
tqEt qEt t

m c m c
υ υ ω

υ υ υ υ ω
      ≡ + + − + ⋅ ⋅    ′′ ′′       

  (9) 

Here, ( )00 0tC C == , ( )00 0tS S == , and ( )( )00 0
,x t

t tυ
=

 is given in Equation (15) of 
Ref. [1]. It should be noted that the second term within the root in (9) works 
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greatly only for a relativistic charged particle but the relativistic work of the second 
term will reduce more and more than the estimation in (9) as time t passes, be-
cause of the underestimation in (2) for the mass increment ( ) ( )0,q t t t c′′− ⋅E υ  
per unit time. Also, it must be noted that there is some difference between rυ  of 
(9) and an amplitude of a curve of ( )0ˆ ,z t t⋅υ  seen in Figure 2 (discussed in §3.1). 
However, we try designing a magnetic mirror for electrons based on a 
time-variation of an amplitude of ( )0ˆ ,z t t⋅υ . 

3. Design of a Supplemental Magnetic Mirror 

In order to return back deuteron ions (called D+ ions) and electrons escaping 
from a main bottle as many as possible, we consider installing (at the exit of the 
main bottle) a supplemental magnetic mirror which has a cyclotron resonance 
space within, as shown in Figure 1. We intend to reduce a loss angle of the sup-
plemental mirror by increasing magnitudes of velocities perpendicular to a 
magnetic field B of the escaping particles within the cyclotron resonance space 
[2] [3] [4] [5]. The supplemental mirror is divided to three spaces by plane (j) (j = 
a, b, c, d). We define the x, y, z coordinate-system, as shown in plane (a). Also, we 
assume the y-coordinate and a strength B of a magnetic field B in each plane as 
shown in the figure. The magnetic field is regarded to be only in the +y-direction. 
Electric fields 1E  and 2E  are supplied within spaces (a) - (b) and (b) - (c), re-
spectively. For an incident angle when a charged particle crosses plane (j), we de-
note an angle from +y-axis in the y-z plane by jθ  ( )–90 90jθ< <   and a mere 
inclination from +y-axis by 

jθ  ( )0 90jθ≤ <  . A plasma temperature for fu-
sion reaction to continue is assumed to be 4 × 108 K. Then, each mean thermal 
velocity for electrons and D+ ions is about 1.2 × 108 m/s (= υ ) and 2 × 106 m/s 
(= iυ ), respectively. To simplify after discussion, we assume that every electron 
and every D+ ion are flying about within the main bottle, with each mean ther-
mal velocity υ  and iυ . Also, we disregard interactions between charged par-
ticles through Coulomb force within the supplemental mirror. Also in Figure 1, 
an electron or a D+ ion is regarded to actually interact only with the electric field 
having cω  or iω , respectively. 

3.1. Reflection of Electrons 

First we show in Figure 2 the z-component of velocity, ( )0,z t tυ  given in (6), in 
the time range of ( 8

0 0 5.9 10 sect t t −+≤ ×≤ ) for an electron which starts from 
plane (b) with an initial velocity ˆˆ sin cosb bz yυ θ υ θ+   
( 81.2 10 m s, 5bυ θ= × = +  ) at time 0t . The numerical conditions are shown in 
the figure. Curves (a), (b), (c), (d) are for four cases of 0t . Here, we note the 
following thing. In the short time range of 0 ~ 0t  (note that 0 0t ≤ ), both the 
velocity-magnitude and the gyration frequency of the electron hardly vary com-
pared with each initial value at 0t t= . Therefore, since cω ω , curves (a), (b), 
(c), (d) can be regarded to show time-variations of the z-components of veloci-
ties perpendicular to B for four electrons (called , , ,z x z xe e e e− − ), starting from 
plane (b) with initial velocities shown below at time t = 0 (≠ t0, except for curve 

https://doi.org/10.4236/jmp.2019.102011


M. Nagata, K. Sawada 
 

 

DOI: 10.4236/jmp.2019.102011 151 Journal of Modern Physics 
 

(a)): 
1) ˆˆ sin cosb bz yυ θ υ θ+ ( 0bθ > ) for ze ,  
2) ˆ ˆsin cosb bx yυ θ υ θ+ ( bbθ θ= ) for xe ,  
3) ˆˆ sin cosb bz yυ θ υ θ+ ( 0bθ < ) for ze− , (  5bθ = ±   in Figure 2) 
4) ˆ ˆsin cosb bx yυ θ υ θ− + ( bbθ θ= ) for xe− ,  
(Note that the above four velocities are initial velocities at t = 0 all). 

In the characteristics of curve (a) for ze  and curve (c) for ze− , the difference is 
hardly seen, which is due to that the second term within the root in Equation (9) 
is much more predominant than the first term within the root in magnitude. We 
consider making these four electrons reflect by mirror (c) - (d) all. For this pur-
pose, the four electrons must satisfy the following reflection condition: 

( )

( )( ) ( )

1 2

1 22 2 2

 
or 0.26 cos 0.26 cos

4 4cos

r c a
c br c

a
cr c

B
B

υ
υ υ θ υ θ

υ υ θ

 
> > × +

  (10) 

(The loss angle of mirror (c) - (d) is 14.5˚). 
Here, 4 4 aB×  is the magnetic field in plane (d) and ( )r cυ  is a minimum in ve-
locity-magnitudes perpendicular to B of the four electrons when those cross 
plane (c). Accordingly, the electric field ( )3

2 10 cos , 1.000ˆ 1ctz ω ω ω= − =E  in 
Figure 1 must increase the value of ( )r cυ  from  

( )8sin sin 5 0.105 10 m sbυ θ υ= ± = ×  at time t = 0 to 0.26 cos bυ θ  (= 0.31 × 
108 m/s). We regard the amplitudes of ( )0,z t tυ  in curves (a), (b), (c), (d) to 
show time-variations of velocity-magnitudes perpendicular to B of 

, , ,z x z xe e e e− − , respectively. Then, the velocity-magnitudes in curves (a), (b), (c), 
(d) become larger than 80.0.2 316cos 10 m sbθ = ×  all when  

8
0 5.9 10 sect t −+ ×  (A necessary length between planes (b) and (c) is about 

7m). If the four electrons are reflected by mirror (c) - (d), we estimate that the 
most of electrons with 5 ~ 90bθ =    will return to the main bottle. 

Here, we would note the following thing. We tried obtaining from (9) values 
corresponding to the maxima of ( )0,z t tυ  near  

8 8
0 5.9 10 5.9 10 sect t − −= + × ×  (because of 11π 10 seccω

−− − ) which are 
seen in curves (a) and (c) in Figure 2 which is drawn based on (6). 

The maxima of ( )
( )
( )

8

0 8

0.51 10 m s in curve ,
,

0.49 10 m s in curve .z

a
t t

c
υ

 ×


×
   

Substituting into (9) 

( )

( )
( )

( )( )

28 3

8

8

0 8

8
0

1 211 2 2 11
0 0

11 1

3 10 m s , 10 V m, 2 T,

1.2 10 m s,

0.105 10 m s 5 in curves ,
sin

0.105 10 m s 5 in curves ,

  cos 1.192 10 m s,

1.76 10 1 1.61 10 C kg ,

  3.22 10 sec ,

b
z b

b

y b

z y

c

c E B

a

c

q m c

qB m t

υ

θ
υ υ θ

θ

υ υ θ

υ υ

ω −

′′ = × = =

= ×

 × = += = 
− × = −

= = ×

′′= × × − + = ×

= = ×





8 5.9 10 sec,−













 = ×
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we obtain 

( )
( )

8

8

0.57 10 m s for curve a ,

0.55 10 m s for curve c .rυ
 ×= 

×
 

There are some differences between the maxima in curves (a), (c) and the above 
values of rυ . Then, considering that the differences have come from some ap-
proximation, we re-examined the calculation process from (15) of Ref. [1] and 
(6) to (7) and (8). However, there were no mathematical approximations. On the 
other hand, in the process from (7) and (8) to (9), there were two approxima-
tions below: 

( )

2
0

0

2 2
0 0

0

1 1 0,
2

.
31 0,

4

z

c
c

z

c

qE S
m c

t
SqE C

m c

υ
ω

ω
υ

ω

 
− →  ′′   → ∞
  →  ′′   

 

However, the above approximations are right when 42 10ctω × . So, we con-
sider that the cause of “ rυ  > the maximum of ( )0,z t tυ ” is in that, of 

( )1 22 2
zr xrυ υ+  in (9), xrυ  is not zero when the magnitude of zrυ  becomes 

maximum. 

3.2. Reflection of D+ Ions 

We aim a D+ ion which starts from plane (a) in Figure 1 with an initial velocity 
sin cosˆ ˆˆ ˆioz ioy i a i az y z yυ υ υ θ υ θ+ = +  at time 0t  and goes to plane (b). An ex-

pression (called Equation (11)) for a D+ ion corresponding to (6) is obtained by 
the following change for the symbols of an electron: 

( )

( ) ( )( )
( ) ( ) ( )

0 0

1 22 2
0 0

0 0

, , sin ,

3680 , 1 ,

    , , , .

i z i z i a

e i e ii i i z i y

c i ii z iz

q q E E

m m m m m m c

qB m t t t t

υ υ υ θ

υ υ

ω ω υ υ

− → − → → =

  ′′→ = → = − + 

 
 → = →

   (11) 

We show in Figure 3 dependences of ( )0,iz t tυ  on four cases of time 0t , for 
a D+ ion which starts from plane (a) with an initial velocity 

( )sin cos 3ˆˆ i a i a az yυ θ υ θ θ+ = +   at time 0t . The numerical conditions are 
shown in the figure. Based on the same consideration with in §3.1, the ampli-
tudes in curves (a), (b), (c), (d) in Figure 3 are regarded to show time-variations 
of velocity-magnitudes perpendicular to B of four D+ ions (called 
D ,D ,D , Dz x z x

+ + + +
− − ) starting from plane (a) with initial velocities shown below at 

time t = 0 (≠ t0, except for curve (a)): 
1) ˆˆ sin cosi a i az yυ θ υ θ+ ( 0aθ > ) for Dz

+ ,  
2)   si oˆ ˆn c si ia ax yυ θ υ θ+ ( aaθ θ= ) for Dx

+ , (  3aθ = ±   in Figure 3), 
3) ˆˆ sin cosi a i az yυ θ υ θ+ ( 0aθ < ) for D z

+
− ,  

4) sˆ ˆin cosi ia ax yυ θ υ θ− + ( aaθ θ= ) for D x
+
− ,  

(Note that the above four velocities are initial velocities at t = 0 all). 
The amplitude in curve (c) changes from decrease into increase halfway. This 
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variation can be explained based on an expression ( r irυ υ→ ) for a D+ ion cor-
responding to (9): 

( )
1 22 22 2

0 0
0  1 , 1

2 4
i i z i i z i

ir i z i
ii ii

qE t qE t t
t

m c m c
υ υ ω

υ υ ω
      + − +    ′′ ′′       

      (12) 

Since 2 54.4 10i cυ −′′ = × , (12) is approximated as 

( )   sin , 1
2

i
ir i a i

i

qE t
t

m
υ υ θ ω+                   (13) 

Since   –3aθ =   in curve (c) for D z
+
−  in Figure 3, (13) becomes zero when 

( ) ( )  sin 3 2i i iqE t mυ − = .  
Now, we consider again making four D+ ions ( D ,D ,D ,Dz x z x

+ + + +
− − ) reflect by 

mirror (c) - (d) all. Denoting by ( )  ir bυ  a minimum in velocity-magnitudes per-
pendicular to B of the four D+ ions when those cross plane (b), ( )  ir bυ  must sa-
tisfy 
 

 
Figure 3. Dependence of ( )0,iz t tυ  on t0, based on Equation (11). The numerical condi-

tions are: An initial velocity 0
6ˆ ˆ ˆsin3 0.105 1 m s0i z iz z zυ υ= = ×  in plane (a) at time t0, 

3
1 ˆ10 cos V m, 2 T, 1.0001iz tω ω ω= + = =E B , the time variable  

( ) ( ) 5
0 0 0 0 0 0

6~ cos3 ~ 52 2 10 cos3 ~ 2.6 s c0 e1it t t t t t tυ −+ = + × × = + ×=  

 . 
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( ) 0.26 cos 0.26 cos .i b i a reflectir bυ υ θ υ θ υ> ≡              (14) 

Accordingly, the electric field ( )3
1 10 cos , 1.000ˆ 1itz ω ω ω= + =E  in Figure 1 

must increase the value of ( )  ir bυ  from  

( )( )6sin sin 3 0.105 10 m si a iυ θ υ= ± = ×  at time t = 0 to reflectυ  of (14) 
( ( ) 60.26 cos 3 0.52 10 m siυ= ± = × ). From the characteristics in Figure 3, the 

condition mentioned above is satisfied when an acceleration time is about 2.6 × 
10−5 sec (A necessary length ℓ between planes (a) and (b) is about 52 m) and 
mirror (c) - (d) can reflect the four D+ ions ( D ,D ,D ,Dz x z x

+ + + +
− − ). However, when 

we had examined about reflection-characteristics of a D+ ion (in the range of 
–90 0aθ ≤ <  in the y-z plane) starting from plane (a) at t = 0, we met with a 
peculiar dependence on aθ . We missed this factor in Ref. [1]. To mention this 
thing with respect to a D+ ion, we show in Figure 4(a), Figure 4(b) dependences 
(on aθ ) of the following four quantities in plane (b): 
 

 
Figure 4. (a) (b) Dependence of four kinds of velocities perpendicular to the magnetic 

field with respect to reflection of a D+ ion on 0 80a aθ θ −≥ ≥
  . (a) is for ℓ = 52 m and 

(b) is for ℓ = 110 m, where ℓ is the length between planes (a) and (b) as shown in Figure 1. 
(1) sini aυ θ , (2) irυ  of Equation (12), (3) irυ  of Equation (13), (4) reflectυ  of Equa-

tion (14).  
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1) sini aυ θ , which is the velocity-magnitude perpendicular to B of the initial 
velocity in plane (a) at t = 0. This value is constant when 1 0=E . 

2) irυ  of Equation (12), which is the velocity-magnitude perpendicular to B 
in plane (b) when  iω ω  = 1.0001.  

3) irυ  of Equation (13) (= Equation (12) with c′′ → ∞ ). 
4) reflectυ  of Equation (14). This is the minimum of irυ  in plane (b) which is 

required for a D+ ion to be reflected by mirror (c) - (d). 
It was a peculiar variation that, in curves (2) and (3) of Figure 4(a), minima had 

appeared at two points of aθ . 
In Figure 4(a), Figure 4(b), when 1 0=E , from curves (1) and (4), a D+ ion 

in the range of 0 14.5aθ≥ > −   are not reflected but those in the range of 
14.5 80aθ− ≥ −   are reflected. On the other hand, when 1 0≠E , from 

curves (2) and (4) in Figure 4(a), a D+ ion in the range of 0 3aθ≥ −   are re-
flected, but a D+ ion in the range of 3 36aθ− −    is not reflected, that is, the 
acceleration by 1E  has brought about such a disadvantage for reflection of a D+ 
ion. We missed previously this factor. About relativistic electrons, such a prob-
lem does not arise, because the second term increasing together with 2

ozυ  with-
in the root of (9) is much more predominant than the first term within the root 
in magnitude. In Figure 4(a), Figure 4(b), from comparison between curves (2) 
and (3), relativistic effects are seen from around 50aθ − 

 . In the case where ℓ 
=110 m (Figure 4(b)), it is seen that a D+ ion starting from plane (a) in the range 
of 0 80aθ≥ ≥ −   are reflected all. Under the assumption that every D+ ion has 
the velocity-magnitude of iυ , the loss angle of mirror (a) - (d) becomes nearly 
zero in the case of ℓ = 110 m. But in the case of ℓ = 52 m, it is presumed that the 
loss angle of mirror (a) - (d) will be larger than 3˚, due to the minus factor men-
tioned above with respect to a D+ ion escaping from plane (a) with a veloci-
ty-component in the direction of –z near the y-z plane. 

 

 
Figure 5. A schematic diagram of an apparatus for replenishing a large quantity of D+ ions and electrons. Static electric fields 

S±E  are ones for decreasing the number of charged particles colliding with the metal plate by the forces of S± ×E B . Escaping 
D+ ions must be sent to a plasma source. 
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4. Conclusion 

We have made it clear that, in order to reclaim escaping D+ ions whose incident 
directions make small angles for a direction of B by a magnetic mirror of a linear 
type, a very long cyclotron resonance space is necessary. Though the loss angle, 
about 5˚, of the mirror (a) - (d) designed in Section 3 is presumed to be still too 
large from the viewpoint of plasma confinement, the mirror (a) - (d) shown in 
Figure 1 is a sufficiently too long apparatus. Therefore, we consider that, for 
shortening a length of acceleration space, a powerful means replenishing a large 
quantity of D+ ions and electrons from the outside ought to be introduced. We 
show with Figure 5 an idea about a means for replenishment. This apparatus 
must be protected from heating and damage of the metal surface due to colli-
sions of escaping D+ ions. 
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Abstract 
It is well-known that two bodies attract one another by gravitation. The the-
ory of Newton gives a formula for this attraction depending on the masses of 
the bodies. General relativity of Einstein explains gravitation as geometry. 
There exists no satisfactory explanation for the meaning of gravitation. A 
theory of gravitation in flat space-time gives non-singular, cosmological 
models. In the beginning of the universe, there is no matter and all the energy 
is uniformly distributed gravitational energy. This energy is attractive and 
converts to dark matter generating our universe. Gravitational energy is the 
reason for attraction and not the mass of the bodies. It is well known that 
each body is surrounded by a gravitational field. This field gives the attraction 
of bodies. 
 

Keywords 
Gravitation in Flat Space-Time, Gravitational Energy, Universe, Dark Matter, 
No Singularity, No Big Bang 

 

1. Introduction 

General Relativity (GR) gives good agreements of theory and experimental re-
sults for weak gravitational fields. This result is considered as proof for GR. GR 
states for homogeneous, isotropic, cosmological models of the universe a 
point-singularity, called big bang, which is in general considered as beginning of 
the universe. Hence, the universe starts with infinite density of matter. It is 
worth to mention that infinities are physically not realistic. Furthermore, an in-
flationary expansion of space after the beginning (called cosmic inflation) is 
needed to get at present the big, flat universe. Nevertheless, the big bang is at 
present always considered as best description of the universe.  

In the year 1979, I have studied a theory of gravitation in flat space-time 
(GFST) which gives for weak gravitational fields the same results as GR to mea-
surable accuracy. The energy-momentum of gravitation of GFST is a tensor in 
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contrast to that of GR. Hence, gravitational energy by GFST is well defined con-
trary to that of GR. This energy is important for studying the universe and for 
the meaning of gravitation. The result for the universe by the theory of GFST is 
quite different from that of GR. The theory of GFST starts from uniformly dis-
tributed gravitational energy and no matter exists in the beginning of the un-
iverse. Gravitation is attractive yielding inhomogeneous distribution of gravita-
tional energy which is converted to matter. Locally, only a part of the contracted 
gravitational energy is used to give a body with mass whereas the rest of the gra-
vitational energy surrounds the body. This is important because otherwise the 
universe would consist of bodies without gravitational field. But gravitational 
energy is the reason for attraction of bodies and not the mass of them. A greater 
mass is surrounded by a bigger gravitational field. Hence, we get the meaning of 
gravitation, in particular for the attraction formula of two bodies already stated 
by Newton. There is no electrical charge or electromagnetic field. Therefore, the 
generated matter of the gravitational energy is the dark matter of the universe. 
Luminous matter is generated by electro-magnetic field. All physical quantities 
are finite, i.e. no big bang, and space is non-expanding. Shortly after the big bang, 
the results of the two theories agree to high accuracy for a flat universe of GR. It 
is worth to mention that astrophysical observations indicate that our universe is 
flat. The theory of GFST with applications is given in the book [1]. Further stu-
dies of GFST, especially with applications to cosmological models, are found in 
the articles [2] [3] [4] [5] and [6]. In these articles, the formulae for the universe 
are given. In the beginning of the universe, there was only uniformly distributed 
gravitational energy and matter didn’t exist. The matter arises in the course of 
time and the universe is not expanding. 

2. GFST and Cosmology 

GFST is already studied in the article [7] in pseudo-Euclidean metric and in the 
article [8] in general covariant form. The theory with applications can e.g. be 
found in the book [1]. 

Let ( )ix  be a four-vector of space-time with flat space-time line-element  

( )2d d di j
ijs x xη= − .                      (2.1) 

Put 

( )ijdetη η= . 

Let ijg  be the gravitational field and define ijg  by 
kj j

ik ig g δ= . 

The proper-time is defined by  

( )2d d di j
ijc g x xτ = − .                     (2.2) 

Put 

( )ijG det g= . 
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The Lagrangian of the gravitational field ijg  is given by 

( )
1 2

/ / / /
1
2

mn ik jl ij kl
ij kl m n m n

GL G g g g g g g g
η

 −  = − −   −   
 

where the bar/denotes the covariant derivative relative to the metric (2.1). 
Define the differential operator 

1 2

/

/

i mn ki
j jk m

n

GD g g g
η

  − =   −  
. 

Then, the differential equation for the gravitational field is 

1 4π
2

i i k i
j j k jD D Tδ κ− =                      (2.3) 

where i
jT  is the total energy-momentum tensor of matter and gravitational 

field, i.e. 

( ) ( )i i i
j j jT T M T G= + . 

The energy-momentum ( )i
jT G  of gravitation is also a tensor. The equations 

of motion are 

( ) ( )//

1
2

k kl
kl ii kT M g T M= .                   (2.4) 

Cosmological models of GFST which are homogeneous and isotropic are al-
ready studied previously. Put 

( )0 1,2,3iu i= =  

and 

r mp p p= + , r mρ ρ ρ= +  

where r and m denote radiation and matter. 
Subsequently, we use the pseudo-Euclidean metric. It holds 

0mp = , 1
3r rp ρ= . 

We have for homogeneous, isotropic, cosmological models 

( ) ( )
( ) ( )

( )

2 1, 2,3

1 4

0
ij

a t i j

g h t i j

i j

 = =
= = =
 ≠

 

The initial conditions at present time 0 0t =  are 

( ) ( )0 0 1a h= = , ( ) 00a H= , ( ) 00h h=  , ( ) 00m mρ ρ= , ( ) 00r rρ ρ=  

where 0H  is the Hubble constant and ( )0h  is an additional constant. 
It follows by the use of the field Equations (2.3) and the conservation of the 

total energy by longer calculations 

( )
( )

2 2
2 3 60

024 2
02 1

m r m
Ha a a a

a c t t
κ

κ λ ϕ
Λ

  = −Ω +Ω +Ω +Ω 
  + +



.     (2.5) 
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Here, 2cλ  is the conserved total energy, rΩ , mΩ  and ΛΩ  are the density 
parameters of radiation, matter and cosmological constant. 

Define the abbreviations 

0
0 0

0

13 1
6

h
H

H
ϕ

 
= + 

 



, 
24

0
0 2

00

1 8
12m

c
HH
ϕκ λκ

  
 Ω = −     

         (2.6) 

Then it follows  
3 4 2

02 1a h c t tκ λ ϕ= + + .                   (2.7) 

Relation (2.5) yields at present time 0 0t =  and the initial conditions 

01r m mκΛΩ +Ω +Ω = +Ω .                   (2.8) 

Relation (2.5) gives non-singular solutions under the condition 

00 mκ< Ω  

which implies by the use of (2.7) and (2.6)  
4 2

02 1 0c t tκ λ ϕ+ + >                      (2.9) 

for all t∈ . Furthermore, assume 

0 1mκΩ   

that is the full assumption 

00 1mκ< Ω  .                      (2.10)  

Then, it follows from (2.5) the existence of 1a  with 10 1a<   and 
2 3 6
1 1 1 0r m ma a a κΛΩ Ω +Ω = Ω+ .                 (2.11) 

That is that there exists 1 0 0t t< =  such that 

( )1 1a a t= , ( )1 0a t = . 

Relation (2.5) gives 

( )1 22 3 60
04 2

02 1 m r m
Ha a a a

a c t t
κ

κ λ ϕ Λ= ± −Ω +Ω +Ω +Ω
+ +



.     (2.12) 

The upper sign holds for 1t t≥  with increasing ( )a t  and for 1t t≤  with 
decreasing ( )a t . Let us introduce the proper time τ  by 

( )d 1 dh t tτ = .                      (2.13) 

Then, the differential Equation (2.12) can be rewritten by the use of (2.7) in 
the form 

1 2
0

0 6 4 3

d1
d

m mraa H
a a a
κ

τ Λ

Ω ΩΩ = ± − + + +Ω 
 

.            (2.14) 

The Equation (2.14) is with the upper sign and by virtue of (2.10) for suffi-
ciently large a, i.e. not to near to the big bang nearly identical to the cosmologi-
cal model of GR with flat space. 

Non-singular cosmological models of GFST are already given in article [9]. 
More detailed studies of chapter 2 are found in the articles [2] [3] [4] [5] [6] and 
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[10] where the theory of GFST and the results are compared to those of GR, too. 

3. Meaning of Gravitation 

The study of GFST with applications show that GFST and GR are logically quite 
different from one another, e.g. GFST has flat space-time as metric and the 
energy-momentum is a tensor where the total energy-momentum is the source 
of the gravitational field. Nevertheless, the results of the two theories agree with 
one another for weak gravitational fields to measurable accuracy. But cosmolog-
ical models are in the beginning of the universe quite different whereas at later 
times the results approximately agree if the universe of GR is flat. The universe 
of GFST has no singularity and is non-expanding. The interpretation of ex-
panding space is also possible by virtue of the general covariance of the theory. 
In contrast to GR where the space must expand GFST gives non-expanding un-
iverses which are already studied in article [11]. An expanding space makes little 
sense and it was introduced by the curious solution of a point-singularity of the 
universe by GR. The universe of GFST starts from uniformly distributed gravita-
tional energy in space. Gravitational energy is attractive implying non homoge-
neities which are converted to dark matter. This gives the dark matter of our 
universe because no electrical charges are active. The luminous matter arises by 
electro-magnetic fields. Not the whole clumpy inhomogeneity of the gravitation-
al field is converted to matter and the non-converted gravitational energy sur-
rounds the body. This is important because gravitational energy yields attraction 
and bodies without gravitation field could not attract one another. Hence, the 
reason for the attraction of two bodies is the surrounding gravitational fields of 
the bodies and not the masses. This gives an explanation of Newton’s law of the 
attraction of two bodies. Therefore, a body with bigger mass must have a 
stronger gravitational field. Hence, we have received the meaning of gravitation, 
that is, the gravitational field is attractive and not the mass of the body. GFST 
cannot give an explanation of the generation of the uniformly distributed gravi-
tational energy in space in the beginning of the universe. This may be an indica-
tion for the existence of GOD. 

Hence, we have also got an explanation for the attraction of two bodies, a long 
not answered problem. 

4. Conclusion 

GFST gives non-singular cosmological models (no Big Bang), the generation of 
dark matter in the universe by virtue of the attractive gravitational field and an 
explanation of the “Meaning of Gravitation”. Gravitational field is attractive and 
bodies are surrounded by gravitational fields. The mass of a body doesn’t attract. 
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Abstract 
Where did matter in the universe come from? Where does the mass of matter 
come from? Particle physicists have used the knowledge acquired in matter 
and space to imagine a standard scenario to provide satisfactory answers to 
these major questions. The dominant thought to explain the absence of anti-
matter in nature is that we had an initially symmetrical universe made of 
matter and antimatter and that a dissymmetry would have sufficed for more 
matter having constituted our world than antimatter. This dissymmetry 
would arise from an anomaly in the number of neutrinos resulting from nu-
clear reactions which suggest the existence of a new type of titanic neutrino 
who would exceed the possibilities of the standard model and would justify 
the absence of antimatter in the macrocosm. We believe that another scenario 
could better explain why we observe only matter. It involves the validation of 
the negative energy solution of the Dirac equation, itself derived from the 
Einstein energy equation. The theory of Relation describes a negative energy 
ocean with the creation of real particle/antiparticle pairs. The origin of the 
masses of the particles would come from this ocean. A physical mechanism 
would allow their separation in the opposite direction and, therefore, the 
matter would be enriched at the expense of the ocean. The matter would be 
favored without resorting to negation or annihilation of negative energy, 
without the need for a CP (the behavioral difference between particle and an-
tiparticle) violation that would be responsible for matter/antimatter asymmetry 
in the universe. And without the savior contribution of an undetectable obese 
neutrino: his search appears to us more a desperate act towards an “ul-
tra-massive catastrophe” than a real effort to try to discover what really hap-
pened. 
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1. Introduction 

The standard model of the big bang makes it possible to reconstruct the history 
of the cosmos in large part, in good agreement with the astronomical observa-
tions, until the first fractions of a second that followed the zero-time. In spite of 
this, we have not succeeded in combining the three fields, electromagnetic, elec-
tro-weak and strong into a single one at very high interaction energies, and we 
are unable to reconcile the requirements of quantum mechanics with those of 
general relativity to quantify the gravitational field. This has not prevented the 
theoreticians of particle physics, astrophysics, and cosmology from engaging in 
the craziest speculations to answer some of the great questions that aspire to ex-
plain our universe.  

One of the questions that seem to have found a satisfactory answer concerns 
particle physicists: How did matter appear? The consensus is reached on the idea 
that in the moments following the initial moment of the big bang, when the 
universe is in a neutral matter state of photons for the most part and neutrinos, 
this neutral matter will transform and separate into matter and antimatter which 
will re-annihilate, etc., up to the present stage. The question of whether at the 
beginning the universe was completely neutral, which would imply that there is 
now as much antimatter as matter, seems to be discarded since one does not find 
constituted antimatter. The current dominant idea is that of the Soviet physicist 
Andrei Sakharov: the universe was slightly biased on the matter side, which 
would explain its predominance at the present time [1] [2]. 

To corroborate the idea of Sakharov, physicists rely on certain physics ex-
periments, some disintegrations which generate a dissymmetry coupled with the 
particle/antiparticle symmetry. It is believed that a small dissymmetry, similar to 
that of kaons which decompose differently from their antiparticle, would suffice 
to leave a tiny excess of baryons with respect to the antibaryons. But we now 
prefer experiments with leptons. Thus, the first results of the T2K experiment 
carried out since 2011 in Tokai, Japan, indicate that a very slight imbalance may 
have appeared during the disintegration of certain particles: heavy neutrinos. 
This reaction gives birth to leptons (electron, muon, tau) or antileptons, but not in 
equal proportions: for 100,000 antileptons, 100,001 leptons would be formed. It sug-
gests that during the big bang, slightly more matter was created than antimatter. 

In our view, the thesis of a small violation of particle/antiparticle symmetry at 
the first moments of the universe is not a theoretical necessity. The argument 
that this difference will prove to be crucial to demonstrate that after the appear-
ance of matter and antimatter at about 10−30 seconds, obese, ultra-massive neu-
trinos would have broken the equilibrium of the cosmos, seems to us unfounded 
and desperate. 

The intention of this article is to propose an alternative to the direction taken 
to answer the question How did matter appear? In Section 2, we show that Sak-
harov’s idea of an original dissymmetry that would have privileged matter is bi-
ased and causes particle physics towards dead-end directions. Any solution of 
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negative energy is treated as non-physical, despite the fact that they are mathe-
matically valid predictions of the Dirac equation. Several experiments have high-
lighted the concept of oscillation which surmises that neutrinos can change their 
flavor throughout their journey because they have a mass. It has been found that 
the number of antineutrinos produced by a reactor is lower than theoretically 
expected, which evokes an original dissymmetry. Physicists speculate the exis-
tence of heavy neutrinos at the exit of the reactors which would accredit the 
process of oscillation, could constitute the dark matter and would explain the 
absence of the antimatter of our universe. We think they are putting their finger 
in the eye too quickly. In Section 3, we show that Dirac’s negative energy solu-
tion, banned from physics, is a reality. But it is a question of a virtual reality in 
which the sea of negative energy materializes above the surface of the pairs of 
particle/antiparticle which annihilate immediately. We present an alternative in 
Section 4, namely the solution of the negative energy of the theory of Relation. 
Throughout the expansion, the highly intense electromagnetic field of the ocean 
spontaneously converts energy into particles/antiparticles, both for matter and 
space. A separation mechanism allows the creation of real particles of positive 
energy. A new variable ( 2

vpM ), from the equation of the theory of Relation, gives 
mass to these particles. 

2. Origin of the Matter According to the Idea of Sakharov 
2.1. Sakharov’s Idea of a Dissymmetry at the Origin of Matter in  

the Universe 

Today, the consensus is that although there would have been an initially sym-
metrical universe made of matter and antimatter, there would still have been 
some dissymmetry in the particle laws, and this dissymmetry would have suf-
ficed so that more particles remain than antiparticles, and this would explain 
why there would have been a small excess of particles which would have served 
to fabricate the cosmos we know [3]. 

This consensus starts from the idea of Sakharov of an original dissymmetry 
that would have advantaged matter. He posed the problem in the form of three 
conditions. The first—that the universe is in a state of violent thermal imbal-
ance—is fulfilled by the standard cosmological model of the big bang. The sec-
ond—that matter can be transformed into antimatter—is, also, already author-
ized by the standard model of particles. The third condition dives at the heart of 
the problem. To build a world filled with matter, the processes that transform 
matter into antimatter must violate the combination of two symmetries: the 
symmetry C (charge), which stipulates that a process remains unchanged if the 
charges of the particles involved are changed; and the symmetry P (parity), ac-
cording to which if a transformation occurs in nature, then the transformation 
which would be the image in a mirror is just as possible. In the early 1960s, it 
was observed that some unstable particles, kaons, decompose slightly differently 
from their antiparticle. It was thought that this small violation of parti-
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cle/antiparticle destroyed the initial perfection of nature. It has been anticipated 
that a small similar dissymmetry between baryons with respect to the 
anti-baryons which would leave a tiny excess of baryons would prove that the 
universe is only made by baryons. So far no proton disintegration has ever been 
observed. The physicists then turned to the leptons, concentrating on the neu-
trinos. The T2K experiment (Tokkai to Kamioka) has been working to observe 
the transformation of a neutrino type, the muon neutrino, into an electron neu-
trino. They then compared with the transformation of muonic antineutrinos 
into electronic antineutrinos. After two years of measurements, they found too 
many neutrinos detected and not enough antineutrinos, proof of a violation of 
the CP symmetry [2]. 

This second anomaly is, for theorists, an indicator of a violation of symmetry 
between matter and antimatter. Such a violation goes against the current stan-
dard particle model and, moreover, has the theoretical consequence of sowing a 
disorder that invalidates its current formulation [4]. But it must be recognized, 
until today, neutrinos of the standard model do not agree with the data of the 
observation and do not allow, in particular, to explain the deficit of antineutri-
nos compared to the excess neutrinos. According to experts, these anomalies 
should be the manifestation of a particle still unknown. A particle which, on the 
one hand, is the result of the mutation of a standard neutrino, from which their 
disappearance, and which, on the other hand, is capable of transforming into a 
standard neutrino, what would explain the excesses observed. This particle 
would be a neutrino of a fourth type not yet detected. They called it “sterile neu-
trino” because it is not sensitive to any of the three basic interactions of the 
standard model. Not even to the weak nuclear force. It interacts only through 
gravitation (almost zero intensity at the particle scale and undetectable in the 
context of a microscopic physics experiment). They suspect it endowed with a 
state of right-handed helicity. Such a particle could not only explain how matter 
prevailed over antimatter but it could also be the original particle from which 
the mass of matter comes. 

2.2. The Original Particle from Which Comes the Mass of Matter 

Only a few years ago, the particle that confers its mass on all the others was the 
Higgs boson which represented the Brout-Englert-Higgs (BEH) field. It is an 
unstable particle that survives barely 10−22 seconds after its production. The 
boson is not observed since it disintegrates immediately by splitting into other 
particles which can be observed. In fact, it is only an excitation of the BEH field 
which can be compared to an ocean surface. To excite the ocean and produce 
waves, it is enough to supply energy, whether through wind, tidal power or an 
earthquake. We excite the ocean of BEH by supplying it with energy with parti-
cle accelerators. This excitation or wave is none other than the scalar boson of 
Higgs and it is manufactured exactly as is manufactured the antiparticle in the 
accelerators. 
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Theorists had suggested that the universe was filled with an ocean of BEH. 
Other physicists have proved that this ocean (or field) exists by creating excita-
tions of this field in the form of Higgs bosons, thus completing the standard par-
ticle model. In the end, most physicists are disappointed because there are no 
waves without water and no Higgs boson without BEH ocean. For them, con-
ceptually, the incoherence of an ocean of negative energy (that it bears the name 
of Dirac, Higgs, or other) is monumental: it deals with an ocean that physically 
has no consistency, even if it holds some exotic properties; An ocean that con-
nects two kinds of energy that ignore each other is very inconsistent. Detection 
of the boson of Higgs completes the standard model but to go beyond, towards 
an ocean of negative energy, is forbidden by the official Physics and excluded 
from the model [5]. 

In fact, the problem is circumvented from the moment we perpetuate the hy-
pothesis that everything is only of positive energy. By deciding that the physical 
properties of particles and antiparticles are only positive energy, physicists im-
pose ipso facto a radical dissymmetry that violates CP symmetry and annihilates 
the antimatter. For the hypothesis to continue to work, it is imperative to put in 
the closet the particle of God, that has become cumbersome and without future. 
Dethroned, it will quickly be replaced by the sterile neutrino, the fourth type. 
The new physics of neutrinos, with this invisible savior, should explode the 
standard model and entail vast cosmological consequences, such as making dark 
matter, justify the absence of antimatter in the universe. 

2.3. The Sterile Neutrino, the Perfect Phantom Particle that  
Succeeds the Higgs Boson 

According to specialists, the tiny relic of the disintegration of super heavy neu-
trinos and antineutrinos would have tipped the cosmic balance towards the 
matter. The imbalance of the cosmos towards 10−30 seconds would have been 
transmitted to the quarks, then to the protons and neutrons until the great anni-
hilation towards 10−4 seconds, destroying all the antiparticles to leave alone the 
grains of matter which will be structured in atoms, stars, planets. This undetect-
able particle would explain the failure counts in the neutrino flux measured for 
more than fifteen years near nuclear reactors. Detectors at the output of nuclear 
reactors have detected more neutrinos than antineutrinos. The number of anti-
neutrinos measured is 7% lower than that theoretically expected. As if they had 
mysteriously disappeared. This flagrant anomaly would not only break the re-
strictive framework of the standard model of particle physics but would also 
have unbalanced the cosmos 10−27 seconds after the big bang, having thus given 
birth to all the matter of the universe and having been able to constitute dark 
matter, i.e., 85% of the mass of the natural world. 

This scenario uses data from the T2K experiment that argue in favor of the CP 
symmetry violation, about 1000 times stronger than in processes involving 
quarks. Even with this asymmetry, these neutrinos do not make the weight to 
explain the predominance of matter in the universe. According to the models, 
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the smallness of the masses of the three classic neutrinos can only be explained 
by means of a fourth type of neutrino, heavy as tens of billions of protons. A 
primordial version of the current neutrinos, that must have existed at the begin-
ning of the creation. Theoreticians are obliged to introduce a titanic sterile neu-
trino, with a mass-energy of the order of 109 teraelectronvolts (TeV). However, 
such energy far exceeds the possibilities of describing the standard model, whose 
equations become crazy when they attempt to describe elementary phenomena 
involving energy greater than a few TeV.  

The tracking down to these obese neutrinos susceptible to solve the problem 
of the mass of their congeners is already launched. Current experiments use the 
oscillation phenomenon, valid for any type of neutrino, to flush them out. An 
alternation of appearances and disappearances of standard neutrinos, near nu-
clear power stations for several months, should suffice to conclude that the un-
detectable sterile neutrino is unmasked [2] [6].  

2.4. Neutrino with Neither Faith Nor Law  

In view of the experimental success of the discovery of the Higgs boson, it is ex-
pected that the sterile neutrino will not be a theorist’s simple whim, but will be 
demonstrated in the next few years through experiments [7]. And yet could it be 
that the thought of the neutrino specialists was misled? Is the neutrino oscilla-
tions phenomenon, crowned by a Nobel Prize, merely a praise of error? Would 
not the building of twenty years of experience and data build upon a gigantic 
mistake? 

Then if the sterile neutrino exists for nuclear reactors and acts on the elec-
tronic neutrinos, why would it not exist for the Sun, the ideal nuclear reactor 
which produces only electronic neutrinos? If the sterile neutrinos act on the 
electronic neutrinos of the Sun, before or at the photosphere exit, and we do not 
see why it would be otherwise, it would mean that the theory of the oscillation 
would be false.  

It is known that two-thirds of the electron-type neutrinos produced by nu-
clear reactions in the core of the Sun are observed to change to muon- or 
tau-type neutrinos before reaching the Earth. The experience of the Sudbury 
Neutrino Observatory (SNO) would have demonstrated that a good part of the 
electronic neutrinos emitted by the Sun is transformed into muon and tau neu-
trinos along the way. The SNO detector, using heavy water, a substance allowing 
to detect the three flavors of neutrinos, could have verified that the sum of the 
three neutrino types corresponded to a number of electronic neutrinos produced 
by the Sun. The specific SNO measures would thus have demonstrated the abil-
ity of neutrinos to change from one type to another in transit to the Earth from 
the Sun, to “oscillate”, proving by the very fact that they have finite masses. But 
would this demonstration be as well obvious with this new invisible parameter, 
the sterile neutrino? 

With this fourth player, would the sum of the three neutrinos flavors corre-

https://doi.org/10.4236/jmp.2019.102013


R. Bagdoo 
 

 

DOI: 10.4236/jmp.2019.102013 169 Journal of Modern Physics 
 

spond to an amount of electronic neutrinos produced by the Sun? It is known 
that the missing standard neutrinos are transformed on the way into another 
type and that such a transformation requires at least a great distance. If the ster-
ile neutrino changes the identity of the neutrinos without any distance, it is that 
there are not many oscillations over great distances. So the theory of neutrino 
oscillation would be wobbly. Especially since the neutrinos from the supernovae 
1987A [8] were traveling at substantially the same speed as the photon, which 
would not have been the case if they had had a mass [9]. 

One would have the new parameter of the heavy neutrino for the very short 
distances which explains an unforeseen deficit and the oscillation of the mass 
states of the light neutrinos for the great distances which explains the total defi-
cit. These two deficits are contradictory and one can apprehend an “ul-
tra-massive catastrophe”. Which reminds the “ultraviolet catastrophe” at the end 
of the 19th century concerning the radiation emitted by the bodies being heated; 
we had the Wien law which reported experimental observations for short wave-
lengths without being capable for long wavelengths, and Rayleigh’s law for long 
wavelengths but which did not diverge for small wavelengths [10]. The neutrino 
oscillation hypothesis and the sterile neutrino hypothesis contradict each other. 
Which is false? What if both were false? What if the negative energy ocean ex-
isted? What if the antineutrinos were attracted by the ocean? 

3. Dirac’s Negative Energy Solution 
3.1. The Original Swindle 

At the outset, the thesis of an alleged symmetrical creation made of matter and 
antimatter, with an asymmetry in the laws concerning the particles that would 
have sufficed so that it remains a small excess of particles used to produce the 
universe, is not based on sound scientific evidence. It has been totally fabricated 
from an idea issued in 1967 by Sakharov. This idea goes beyond the hypothesis 
for practically all specialists. It takes on the dimension of a true scientific theory 
that explains the origin of matter. But it is also a form of scam. For the simple 
reason that we are talking here about a strictly positive energy solution frame-
work and that physics has officially eliminated the negative energy solution. 
Which gives a speculative and unfounded character to the idea of an originally 
symmetrical universe, but in which a particular mechanism would have quickly 
preferred matter [11]. 

For those who might doubt it, it should be stressed that it is foolish to want to 
apply only the equations of Einstein’s special relativity concerning positive en-
ergy at the moment when the age of the universe is equal to Planck’s time. All 
physicists know that the energy-momentum-mass relationship of the Dirac 
equation E2 = c2p2 + m2c4, which is always associated with Einstein’s special rela-
tivity, has two roots. Those of positive energy and negative energy: ±E = (c2p2 + 
m2c4)1/2. The negative energy solution is that of Dirac sea. Under the pretext that 
it could not be observed directly, Heisenberg, Pauli, Jordan, and others, have ex-
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cluded all negative energy solutions from classical physics; it is, therefore, ille-
gitimate to use negative energy solutions in a quantum period where there are 
only particles and antiparticles. How do we want the concept of matter, a notion 
which is the basis of our universe, has a meaning at the particle and atom level, 
whereas the deep concept of antimatter is eliminated as a theoretical chimera 
from the equations and laws of quantum mechanics [2] [12]?  

It was the original swindle which ended in the total annihilation of the anti-
matter. The so practical causal dissymmetry is equivalent to the exclusion of the 
negative energy solution from the equations. And it is, in our opinion, because 
of this negation of a Dirac sea, that particle physicists no longer know what to do 
with the Higgs boson, and that the BEH field (which is the Dirac sea under a 
new name) is now becoming a skeleton in the closet of particle physics. 

3.2. Solution of Dirac Equation’s Negative Energy 

To solve this thorny problem, we postulate that contrary to what is assumed by 
classical physics, negative energy actually exists as much as positive energy. In a 
universe of only positive energy, the mechanism that was chosen to transform 
matter into antimatter is that of Sakharov: the universe would have been origi-
nally symmetrical, but soon after the materialization of particles and antiparti-
cles, a mechanism of disintegration before annihilation would have quickly cho-
sen matter. The other processes originally asymmetric universe, an originally 
symmetric universe where particles and antiparticles separate to form galaxies 
and anti-galaxies, an originally symmetric universe favoring the antimatter were 
ruled out. Several physicists have already proclaimed the existence of the Dirac 
sea of negative energy. 

3.3. Creation of a Virtual Particle/Antiparticle Pair and  
Annihilation 

The equation of Dirac gives to a particle of mass m the possibility of having 
negative as well as positive energies. Dirac interpreted the result assuming that 
all states of negative energy are occupied by unobservable electrons, forming an 
invisible “sea”, the electrons of positive energy floating on this sea being the only 
observed ones. The hypothesis may seem ad hoc. However, Dirac added with the 
next argument: If a photon of energy hv greater than 2 mc2 interacts with an 
electron of the sea of negative energy −εo(εo > 0), he can communicate his energy 
and make it pass in a state of energy hv − εo; this electron is then observable. The 
two symmetrical solutions of this equation, one of positive energy and the other 
of negative energy, allowed him to postulate the existence of particles analogous 
to the electron but of opposite electrical charge. With Anderson who discovers 
the positron in 1932, appears the reality of the antimatter, as Dirac equation 
predicted, without physicists having discerned it. It will then be discovered that 
almost all the particles are matched to antiparticles [13] [14] [15].   

Would we have created matter and electric charge from energy with the nega-
tive energy solution of Dirac equation? It is not believed because it has been as-
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sumed that there is now a “bubble” or “hole” in the sea. 

3.4. Dirac’s Negative Energy Solution Unacceptable to Explain the  
Asymmetry between Matter and Antimatter 

The Dirac sea despite the constant annihilations and creations of “pairs”, total 
transformations of mass in energy, of energy in mass in no way diminishes its 
level of water in favor of the ground (matter). The emersion of the ground, 
which leaves a hole in the water, is immediately harpooned by the sea which 
hates the decreasing water levels, no matter how high the waves. In other words, 
the electromagnetic energy (E = mc2) is turned into mass-energy of the particle 
and the antiparticle (which leaves only a hole in the sea because the antiparticle 
is only a mirror image) but the two are condemned to annihilate in a flash of 
energy to ensure the stability of the ocean. Despite their undeniable spectacular 
metamorphoses, these negative energy solutions remain virtual and are physi-
cally unacceptable to explain the asymmetry between matter and antimatter. 

4. Origin of Matter According to the Theory of Relation 
4.1. Negative Energy Solution Would Involve the Creation of a  

Pair of Real Particles 

However, the ocean of the theory of Relation [16] [17] can explain why today the 
universe consists essentially of matter whereas matter and antimatter must have 
been produced in equal quantities after the big bang. It is worth remembering 
that according to the theory our universe has two structures: a structure of ex-
pansion with an expanding negative electromagnetic energy (identified or 
equivalent to dark energy, to BEH ocean or to the Dirac sea) and a structure of 
condensation that uses known matter and general relativity. There is coopera-
tion, not competition, between these two antagonistic structures, and it is this 
cooperation that determines the nature of expansion. The structure of the ex-
pansion comes from a universe that has decomposed and has transferred its en-
ergy to the condensation structure of our universe that he gave birth to. The 
process would have started with a big bang (we assume a pre-existing quantum 
plenum) in the Planck era and would continue again. The compensation princi-
ple ensures that the negative energy of the structure of the expansion is trans-
formed into positive energy of the structure of the condensation. The total en-
ergy density remains constant, although the two energy contributions respond to 
the expansion in a radically different way. The first, the energy density of the 
quantum “vacuum” of the structure of expansion, is progressively diluted, like 
that of any ordinary fluid housed in a volume that extends. It plays the role of a 
negative cosmological constant. It tends to decelerate the expansion and solves 
the problem of the vacuum catastrophe: The value of the energy of the vacuum 
today corresponds to the cosmological value observed, which is 10120 times 
smaller than that calculated by the quantum theory for the Planck era. The sec-
ond, the density of the energy of the structure of the condensation, which comes 
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from the lost energy of the quantum vacuum, increases and condenses progres-
sively, like that of any ordinary fluid lodged in a volume that shrinks. This is 
how stars, galaxies, clusters of galaxies are formed. 

In addition to this duality, note that the Dirac sea applied to the atom while 
the ocean of the theory of Relation concerns the atom and the vacuum of space, 
hence the term “ocean” instead of “sea”. Before elaborating further, let’s say that 
the asymmetry between matter and antimatter is mainly explained by the crea-
tion of a pair of real particles (leaving two holes in the ocean); the antiparticle 
annihilates itself by regaining its oceanic hole while the particle is added to the 
matter leaving an oceanic hole. All in all, the hypothesis of the sea of Dirac is 
beautiful, but defective to explain the asymmetry between matter and antimatter. 
The particles of this sea are virtual whereas they are a reality in the ocean of the 
theory of Relation, which makes all the difference. The Dirac sea hypothesis is 
beautiful, but defective in explaining the asymmetry between matter and anti-
matter, while that of the ocean of the theory of Relation is effective. 

4.2. Ocean of Negative Energy Seen by the Theory of Relation 

Since all forms of energy is equivalent to mass, it is logical to expect that elec-
tromagnetic energy can also be converted spontaneously into particles. This is 
precisely the deep meaning of our mathematical model of the universe. The 
quantum vacuum is polarized by the very intense electromagnetic field that pre-
vails in the ocean of negative energy. Above this ocean, pairs are constantly cre-
ated and destroyed. The very intense electromagnetic field of the ocean sponta-
neously converts energy into particles. For a brief moment, a particle and its an-
tiparticle separate. There are then four possibilities: Process 1: the two partners 
meet and annihilate. 

Process 2: the negative energy antiparticle is captured by the negative energy 
ocean and the negative energy particle materializes in the outer world. The latter 
becomes an antiparticle of positive energy.  

Process 3: The negative energy particle is captured by the ocean and its part-
ner (negative energy antiparticle) escapes to become a positive energy particle.  

Process 4: Both partners plunge into the negative energy ocean. 
Since matter predominates, we incline towards process 3. The energy balance 

of the negative energy ocean of the theory of Relation shall be the following: by 
preferentially capturing particles of negative energy (the latter will encounter an-
tiparticles of negative energy: they will annihilate each other in the ocean or they 
will materialize above) and by losing antiparticles of negative energy, the ocean 
spontaneously loses energy, hence mass. For an outside observer, lands of matter 
emerge on the horizon while the ocean evaporates by emitting radiation and 
particles. It is what explains the asymmetry between matter and antimatter.  

4.3. Creation of a Real Particle/Antiparticle Pair and Separation 

The ocean of the theory of Relation is filled with particles and antiparticles of all 
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kinds. If a photon of energy hv greater than 4 mc2 interacts with an electron and 
a positron of the ocean of negative energy −εo(εo > 0), it can communicate to 
them its energy and make them go in a state of energy hv − εo; This electron and 
this positron are then observable. There are now two “bubbles” or two “holes” in 
the ocean.  

The holed ocean is equivalent to a full ocean and to two objects, one of posi-
tive energy +εo and of charge +e opposite to those of the electron, the other of 
positive energy +εo and of charge −e opposite to those of the positron. The initial 
photon disappeared and created a real electron and a real positron, that is, an 
electron with a positron hole and a positron with an electron hole. Four entities: 
two pairs of particle and antiparticle, a pair of positive energy over the ocean 
that can be observed and a pair of holes in the negative energy ocean. 

The particularity of the mechanism would be this: a photon which has in itself 
its particle and its antiparticle makes cross a pair electron-positron of negative 
energy the barrier that separates the negative energy from the positive energy. 
The negative energy electron becomes a positron of positive energy while the 
positron of negative energy becomes the positive energy electron. There is then 
materialization of the electron-positron pair. Afterward, the electron and the 
positron separate each going in an opposite direction. The positron of positive 
energy will regain the negative energy ocean and will become again the negative 
energy electron. There will at that time annihilation equivalent to 2 mc2. As for 
the positive energy electron, it will add 2 mc2 to the matter and leave a hole in 
the ocean that will have the image of an electron of negative energy. 

The conservation of energy is preserved but it can be said that there is a crea-
tion of matter and electric charge from energy since there is manifestly a pre-
ponderance of matter on antimatter. There is currently no evidence that anti-
matter exists in the world in the form of atoms, like matter, in appreciable quan-
tities. Antimatter is only observed in the form of isolated antiparticles, which are 
produced either by cosmic radiation or by large accelerators. Negative energy 
appears to be liquid cement destined to produce matter. 

4.4. How the Mass Comes to Particles 

This cement also gives masses to the particles. It is akin to the Higgs mechanism. 
In the article “The Equation of the Universe” [18], we have seen that the flat spa-
tiotemporal ocean of special relativity merges with the ocean of Higgs, itself as-
similated with the Dirac sea, amalgamated with the ether ocean (minimum vac-
uum energy). Under the Principle of Compensation of the theory of Relation, 
there is a continuous transformation of so-called “negative” energy into “posi-
tive” energy. The principle of Compensation says that the decrement of negative 
electromagnetic energy-mass during the expansion induces a proportional and 
opposite increment of the positive gravitational energy-mass [16].  

According to the equation 2 2
vp oke = M t c  of the theory of Relation [here Mop 

is the proton rest mass; Mop(1/(1 − v2/c2)1/2) gives the relativized proton Mvp, i.e., 
the rest mass + the kinetic energy; v = the estimated recessional velocity of the 
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galaxies], or more precisely ±ke2 = ±[Mop/(1 − v2/c2)1/2]2 toc, since the particles 
come in pairs, each with a counterpart antiparticle, the term 2

vpM , or [Mop/(1 − 
v2/c2)1/2]2, is a new fundamental variable in physics. Its value changes throughout 
the expansion. We suspect it to be the non-zero average value in the vacuum of 
the Higgs field. It would be the scalar field of the ocean of Higgs at the origin of 
the inertia of matter which measures the force that must be applied to an object 
to print it a given acceleration. It would follow a transformation of a space-time 
more and more flat into a space-time more and more locally curved. 

Before being a boson that contains a particle and an antiparticle, 2
vpM  is a 

field that gives masses to the particles of the four forces. It blends in with the 
Higgs mechanism. Like him, he is as a mud in a field that sticks to the boots 
which thus become heavier. Similarly, particles-boots begin weighing.  

5. Conclusions 

Particle physicists assume the existence of an undetectable ultra-massive sterile 
neutrino which, not only would explain the anomalies in the neutrinos flux 
measured near nuclear reactors but which would have unbalanced the cosmos 
after the big bang, thereby giving birth to all matter in the universe, including 
dark matter [2] [6]. Excited, they hope that an alternation of appearances and 
disappearances of standard neutrinos near nuclear reactors for several months 
should suffice to conclude that the sterile neutrino is discovered. We think that 
the hypothesis of a fourth neutrino, very heavy, following the discovery of a 
deficit of antineutrinos, contributes more to invalidating the phenomenon of the 
oscillation of neutrinos than to fortify it. The contradiction is too blatant be-
tween the oscillation of standard neutrinos over long distances and the oscilla-
tion of the sterile neutrino with standard neutrinos over virtually non-existent 
distances. 

Unlike neutrino physicists, we consider that such an alternation of neutrinos 
appearances and disappearances near nuclear power stations would mean a 
completely different phenomenon coming from a negative energy field. Accord-
ing to the theory of Relation, the origin of the masses of the particles would 
come from the ocean of negative energy. There would be a physical mechanism, 
likely beyond the standard model, at the origin of elementary particle masses. 
We have described it above: the creation of a pair of real particle/antiparticle and 
their separation in opposite direction, from which it follows that ground (mat-
ter) levels are rising while the ocean’ levels are going down [7]. Energy power 
near the reactors would be better able to create neutrino-antineutrino pairs in 
favor of neutrinos. The natural tendency of antineutrinos would be to join the 
ocean of negative energy. One would not need a CP violation that would be re-
sponsible for the matter/antimatter asymmetry in the universe. It is ironic to 
think that Dirac’s negative energy solution was perceived as non-existent. On the 
contrary, its relations with cosmology play in its favor and, more generally, it 
would be its origin. 
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Abstract 
A transformation of the electron states—say those enclosed in a potential 
box—into the de Broglie waves done in the paper, enabled us to calculate the 
energy change between two quantum levels as a function of the specific heat 
and difference of the temperature between the states. In consequence, the 
energy difference and that of entropy between the levels could be examined in 
terms of the appropriate classical parameters. In the next step, the time inter-
val necessary for the electron transition between the levels could be associated 
with the classical electrodynamical parameters like the electric resistance and 
capacitance connected with the temporary formation of the electric cell in 
course of the transition. The parameters characterizing the mechanical inertia 
of the electron were next used as a check of the electrodynamical formulae 
referring to transition. 
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1. Introduction 

The spectacular results obtained by Planck (see e.g. [1]) at the very beginning of 
the quantum theory allowed him to couple the energy changes of the quantum 
oscillators with the temperature and entropy. The Planck’s results concerning 
the probabilistic aspects of the changes of quantum oscillators were next genera-
lized by Einstein [2]. Further development of the quantum theory led mainly to 
an accurate calculation of the stationary quantum states leaving the problem of 
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the electron transitions, and their properties, approximately on the level pre-
sented by Einstein. A step forwards was here the wave functions of the stationary 
states applied in calculating the transition probabilities between different quan-
tum levels. 

Another feature of the probabilistic Einstein theory was the assumption that a 
large, though rather undefined, number of the quantum objects should enter a 
given transition. This difficulty seems to be not involved in the Planck’s ap-
proach where the number of the states which participate in transition can be de-
finited and not necessarily large. This property allows us to consider also transi-
tions in which the number of participating objects is relatively small. Moreover, 
when the Joule-Lenz classical approach [3] is applied on the quantum footing 
[4], the intensity of the energy emission can be estimated for a transition of a 
single particle without any reference to the probabilistic theory. 

In effect, the aim of the present paper became to examine a single electron 
transition in small quantum systems on both probabilistic and non-probabilistic 
footing. An analysis of the classical physical parameters of mechanics, thermo-
dynamics and electrodynamics which can be connected with the transition 
seems to be then of use. 

2. Notion of Temperature Applied for a Small Number of  
Quantum Systems 

Historically the quantum theory began as a statistics of photons emitted in 
course of the black-body radiation. Here the notion of temperature does accom-
pany systematically the presentation of the energy distribution among the quan-
tum levels. Somewhat later a concurrent quantum theory by Schrödinger banned 
essentially the notion of temperature and that of particle oscillations from the 
basic idea of the quantum states: the spectrum of levels has been replaced by a 
set of discrete entities being in general essentially different in their individual 
properties. The temperature is then assumed to be close to zero. 

Nevertheless, for less or more numerous ensembles of particles, a reference 
between the temperature and energy remained of importance. The point became 
especially sound for the case of very low temperatures. Here we have, on one 
side, the well-known Nernst law representing a reference between the vanishing 
temperature and similar behaviour of the specific heat, but on the other side, the 
Planck’s doubt does exist concerning the validity of the thermodynamical laws in 
general in case when the system absolute temperature T approaches zero [1]. 

The first step of the present paper is focused on a special problem of the elec-
tron specific heat. In general this heat is considered for large electron ensembles 
occupying a large number of the electron states. In consequence the problem is 
mainly reduced to the change of the Fermi level as an effect of the change of the 
temperature [5] [6] [7]. Such an approach seems to neglect details concerning 
the influence of the temperature on the individual levels. But the levels beha-
viour can be important also for small quantum systems, especially those having 
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low dimensionality. In such systems the number of considered quantum levels 
can be limited to only few states. Their examination as a function of the change 
of T becomes especially convenient when the dimensionality of the system is 
reduced together with the system size. An example can be a linear 
one-dimensional potential box represented by a very thin straight-linear tube. 
For, in this case, the system can be replaced by a set of the de Broglie waves. An 
advantage of such an approach is a transformation of the system into a frequen-
cy-and-temperature dependent ensemble similar to the photon system consi-
dered earlier by Planck.  

3. The One-Dimensional Free-Electron System and Its  
Wave-Like Properties  

The Schrödinger-like approach to such system is well known [8]. If we have the 
free-electron particles enclosed in a one-dimensional potential box of length L, 
their wave-mechanical properties are represented by the eigenenergies (see e.g. 
[8])  

2 2

28n
n hE
mL

=                         (1) 

with the integer numbers  

1,2,3,4,n =                          (2) 

indicating the quantum energy levels in (1), and the electron wave functions are  
1 22 πsin ;n

n x
L L

ψ    =    
   

                    (3) 

x is a position coordinate extended along the box. Here any nψ  satisfies at the 
box boundaries the vanishing properties  

( ) ( )0 0.n nx x Lψ ψ= = = =                     (4) 

The wave-like character can be attributed to the free-electron particles by tak-
ing into account, first, their kinetic energy in any state n, viz.  

2

2
n

n
mv

E=                           (5) 

where nv  is the velocity of the particle in the box. This gives  
1 22

.
2

n
n

E nhv
m mL

 = = 
 

                    (6) 

The particle is moving in one or another of the box directions with the speed 
of (6). 

The de Broglie wave representing the particle in state n has the frequency  

2

1
2 4

n
n

n

v nh
L mL

ν
τ

= = =                     (7) 

so  
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2 .n
n

Lv
τ

=                             (8) 

In (7) the time period nτ  of the wave oscillation is characterized by assuming 
that the particle is passing twice the way of the length L. 

The next requirement is that the energy possessed by the electron in state n is 
conserved by remaining equal to (1) also in the case of the de Broglie wave:  

2 2 2 2

2 2 2 .
8 4 4n n
n h nh n hE nh nh
mL mL mL

α ν α α= = = =             (9) 

We find from (9) put equal to (1) that  

1 .
2

α =                          (10) 

Therefore the quantum  

2n nnh Eν =                        (11) 

represents a full (non-interacting) energy of the electron pair occupying—according 
to the Pauli principle—a single level n.  

4. Planck’s Oscillator System as a Substitution of the  
Electron System  

In effect of Sec. 3 we obtain the energy of the system of electron particles re-
placed by the energy of a system of the oscillators: each pair of particles situated 
on the level n is replaced by the oscillator having the energy nnhν . The energy 
of the total system is therefore  

2 ,n n
n n

E nhν=∑ ∑                       (12) 

where summation runs over the occupied states n. 
A similar system of oscillators and its dependence on the temperature T has 

been considered by Planck [1]. The probability that a single oscillator has at any 
time the energy  

0n nnhε ε ν= +                         (13) 

in the temperature bath of T is:  

( )e 1 e e .
n n

n

nh nh
h kTkT kT

nw
ν ν

ν
− −

−= − ≅                (14) 

The last step in (14) is due to the assumption of a very low T. 
In effect - by neglecting 0ε  which is the energy constant characteristic for all 

oscillator levels n - we have the energy  

( ) e .
nnh

kT
n n n nE T w nh nh

ν

ν ν
−

= =               (15) 

The dependence of ( )nE T  on T can be examined by taking different n. In 
general we can look for the contribution of the state n to the specific heat. This is  

( )d .
dV nc E T
T

=                     (16) 
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here the assumption of a constant volume V implies a constant box length L. We 
obtain  

( )2 2
2

d 1e e e
d

n nnh nh
unkT kT

V n n
nh

c nh nh k u
T kT kT

ν νν
ν ν

− −
− = − = = 

 
       (17) 

where  

;nnh
u

kT
ν

=                            (18) 

k is the Boltzmann constant.  

5. Examination of Vc   

The function (17) gives  

( ) 2e .uVc f u u
k

−= =                        (19) 

The first derivative of ( )f u  is  

( ) ( )2e 2uf u u u−′ = −                       (20) 

which gives  

( ) 0f u′ =                            (21) 

for  

1 0u u= =                           (21a) 

and  

2 2.u u= =                          (21b) 

The second derivative of (19) is  

( ) ( )2e 4 2uf u u n−′′ = − +                        (22) 

which for 1u  in (21a) becomes  

( )1 2 0f u′′ = >                         (22a) 

indicating a minimum of ( )f u  equal to  

( ) ( )1 0 0.f u f= =                         (23) 

For 2u  in (21b) we have  

( ) 2
2 2e 0f u −′′ = − <                        (22b) 

which indicates a maximum of ( )f u  equal to  

( ) ( ) 2
2 2 4e .f u f −= =                        (24) 

A characteristic point is that results (19)-(24) hold for any quantum number n. 
The result  

2 2 n

n

nh
u

kT
ν

= =                          (25) 

implies that nT T=  at the maxima of Vc  satisfy the equation  
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2 2

22 8
n

n
nh n hT

k mL k
ν

= =                        (26) 

with the size of each maximum  

( ) ( )max
2 2

42Vc kf u kf k
e

= = =                    (27) 

independent of n. A similar property of the independence on n holds for the mi-
nima of Vc  which are  

( ) ( )min
1 0 0Vc kf u kf= = =                     (28) 

for all states n. 
The formula (26) provides us with an important relation:  

2 2

2 .
8n n
n hkT E
mL

= =                       (26a) 

6. Heat Transfer Due to the Temperature Interval ΔT  
between Two Extrema of the Specific Heat  

The heat transfer of the amount ( )hE∆  due to the temperature interval T∆  
will be considered with the aid of a simplified formula  

( )h
VE c T∆ = ∆                       (29) 

where Vc  is, first, an average specific heat  
av

V Vc c=                          (30) 

in the interval T∆  between two extrema (maxima) of the specific heat. In the 
second case Vc  is put equal to a maximum of the specific heat, i.e.  

max ,V Vc c=                         (31) 

where max
Vc  is equal to the value obtained in formula (27). The both ( )hE∆ , 

obtained respectively according to (29), (30) and (29), (31), will be next com-
pared with the energy E∆  calculated from the energy difference between two 
quantum levels. 

The temperature difference between two maxima of Vc  can be derived from 
the formula (26):  

( )2 2
2

1 2

1
.

8n n

n n
T T T h

mL k+

+ −
∆ = − =                  (32) 

The average Vc  between these maxima is approximately equal to  

2 22 2
0 0

2 1e d e d
2 2 2

u uk u u k u u− −=
× ∫ ∫                 (33) 

where we assumed that the distance separating the maxima is roughly equal to a 
double distance between position of a minimum ( )0u =  and that of the nearest 
maximum ( )2u =  of Vc . In effect we obtain  

( ) ( )
2

2 2 2
0

0

1 1e d 1 e 2 1 0.65 0.33
2 2 2

u
av u u
V

u

kc k u u u u k k
=

− −

=

= = − + + = ≈∫     (34) 
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from which  

( ) ( )2 2
2

2

11 0.65 0.33 0.33 .
2 8

h
n

n n
E k T h E

mL
+ −

∆ = ∆ ≈ = ∆            (35) 

In the last step of (35) the energy difference between the electron states 1n +  
and n, viz.  

( )2 2
2

2

1
8n

n n
E h

mL
+ −

∆ =                       (36) 

obtained from (1), is taken into account. 
The case of max

V Vc c=  leads to result  

( ) ( )2 222
max 2

2 2

12 2 0.54 .
ee 8

h
V n n

n n
E kc T k h E E

mL k
+ −  ∆ = ∆ = = ∆ ≈ ∆ 

 
      (37) 

which is not very much different from that obtained in (35).  

7. Change of Entropy Referred to the Energy Change of a  
Quantum System  

A well-known fact is that many ideas of classical physics did penetrate gradually 
into the quantum theory after being “only” submitted to modifications of a spe-
cific kind. The main idea of the modern theory was just to point out that physi-
cal parameters are quantum parameters. In general this means that a suitable 
size of parameter should be important for the physics of many phenomena in 
which the quantum situation can be involved. 

The size limitations of the quantum theory did apply certainly to the energy 
and its changes. The aim of the present section and Secs. 8 and 10 is to examine 
from the quantum point of view the entropy parameter S systematically accom-
panying the changes of energy in thermodynamics according to the formula [1]  

d d d ;U p V T S+ =                     (38) 

here U is the internal energy of a system having the volume V, the external 
pressure p is exerted on V, and T is temperature. 

Because of the presence of T and p the system is regularly considered as a 
many-particle ensemble submitted to the laws of a statistical theory. However, a 
difficulty connected with a many-particle approach can be circumvented by li-
miting the problem to that similar to a one-particle system. This is easy to dem-
onstrate on the example of a single particle enclosed in a potential box by consi-
dering the particle, say an electron, as a de Broglie wave of matter spread into a 
one-dimensional box volume of the length L. 

In order to meet a quantum situation we should assume that the de Broglie 
wave, corresponding to any quantum state n of the electron, has its special fre-
quency nν . When the number of free electrons in the box is reduced to a pair 
occupying the same quantum state n, it can be demonstrated that the kinetic 
energy of such pair, i.e. obtained by neglecting the electrostatic interaction 
energy, is equal to (see [8]):  
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2 2

22 .
4n n
n hnh E
mL

ν = =                     (38a) 

A characteristic point is that a superposition of n de Broglie waves of the same 
frequency nν  gives a conservation of the kinetic energy of the pair when this 
pair is transformed into the waves; 
here  

nhν                            (39) 

is the energy carried by a single wave of the frequency  

2 .
4n

nh
mL

ν =                        (40) 

The reciprocal value of nν , viz.  
21 4

n
n

mL
nh

τ
ν

= =                     (41) 

is the time period of the electron wave equal to the oscillation time necessary for 
the electron to travel twice—in two opposite directions—along the box length L.  

8. Entropy Change and the Specific Heat  

The formula (38) can be simplified by assuming that the volume increment dV  
is equal to zero, i.e. we can put  

0.V L∆ = ∆ =                        (42) 

In this case the entropy increment dS  in (38) is reduced to  
d d .U T S=                        (43) 

Our aim becomes first to calculate a suitable specific heat Vc . 
In Sec. 4 (see (14)) the problem—for the sake of simplicity—was reduced to a 

situation of a very low T by limiting the Planck’s probability expression for the 
temperature bath of T  

e 1 e
n nnh h

kT kT
nw

ν ν
− − 

= −  
 

                 (44) 

to the first component entering (14). In this case the formula (17) accompanied 
by (18) is obtained. 

In the present case we apply a full probability expression (44), therefore  
tot suppl ,V V Vc c c= +                     (45) 

so Vc  calculated in (17) is supplemented by the expression  

( ) ( )
( )

( )
11suppl

2

1e 1 e 1 .n
u nn h kT n

V n n
uc nh n h n uk
nkT

ν ν ν
− ++= − + = − +      (46) 

In result  

tot 2 1e 1 e 1 .u u n
Vc k u

n
− −  = − +    

                   (47) 

In the next step we examine the extremum position of tot
Vc  divided by k. To 
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this purpose we calculate  

( )

( )

( )( )

( )

( )

tot 2

2 2

2 2

2 2
2

2 2

d d 1e 1 e 1
d d

1 1 1e 2e 1 e 1 e e 1

1e 2 1 e e e

1e 2 1 1 e

1e 2 e e

u u n
V

u u u n u u n

u u n u u n

u u

u u

c k u
u u n

u u u
n n n

u u u
n

u uu u u
n n n

uu u u
n n

− −

− − − − −

− − − −

− −

− − −

  = − +    
      = − + − + + − +            

 ≅ − − + − 
 

   ≅ − − + + − +   
   

≅ − − ≅ ( )2 1 2 1 0.uu u
n

− − =

(48) 

In the end steps of calculations we assumed that n is large. 
The extremal positions are obtained from (48) either for  

1 0u u= =                          (49) 

or  

2 1u u= =                          (50) 

The next derivative with respect to u performed with the expression in (48) 
gives  

( ) ( ) ( )2 2 2d e 1 e 1 e 2 3 .
d

u u uu u u u u u
u

− − −− = − − + −           (51) 

Evidently for 1 0u u= =  the formula (51) gives again zero, but a similar 
substitution of 2u  into (51) indicates a negative result:  

( ) ( )2 1

1

d 1e 1 e 2 3 0;
d e

u

u

u u
u

− −

=

− = − = − <             (52) 

in effect the property of a maximum position can be attributed to 2u . 
By assuming the approximation  

1 1 1n+ ≅                             (53) 

we obtain for 2 1u u= =  the maximum value of the specific heat equal to  

tot 2
1

1

1 1e 1 e 1
e e

u
u n

V n
u

c k u k
−−

=

   = − = −       
                (54) 

9. De Broglie Waves for the Electron Particle in a Potential  
Box Referred to a Harmonic Oscillator  

Before the results for tot
Vc  are applied to calculations of the entropy let us 

demonstrate a harmonic-like behaviour of the de Broglie oscillating waves. This 
is based on an analysis of the oscillation constant together with the frequency 
and energy carried by the oscillator [9]. 

For a particle enclosed in a potential box of the length L the amplitude a  of 
the de Broglie wave can be assumed to be close to L, i.e.  

,a L≈                              (55) 
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so a  approaches the length of path allowed for the particle motion in one di-
rection. This holds for any state n. The energy nW  of the oscillator in state n is 
coupled with a  and the oscillation constant nk  by the formula [9]  

2

.
2

n
n

k a
W =                          (56) 

In the next step nk  is coupled with the frequency nν  of the oscillator by the 
relation  

2π .n
n n

k
m

ω ν= =                       (57) 

Together with (55) and (56) this implies that the formula  
1 2

2 n

n

W
a L

k
 

= =  
 

                      (58) 

should be satisfied. Having  
,n nnh Wν =                         (56a) 

and the oscillator energy and particle energy formulae [see (7)] giving  

2 2

π2π 2π ,
24n

nh nh
mL mL

ν = =                 (59) 

we obtain [see (56a), (57) and (59)]:  
2 2 2 2

2 2 2 2 2 4

2 2 2 1 .
4 2

n n nk W nh n h n h
m a m L m mL L m m L

ν
= = = =            (60) 

On the other side from (57)  

2 24πn
n

k
m

ν=                         (61) 

which gives [see (59)]  
2 2 2 2 2

2
2 4 2 4

π4π
416

nk n h n h
m m L m L

= =                (62) 

valid for any n. Evidently the last formula in (62) differs only slightly from the 
result obtained in (60).  

10. Entropy Change Calculated with the Aid of the Specific  
Heat  

We calculate the entropy change by applying to it a maximal value of the specific 
heat. In this case [see (54)]:  

( )tot 2

1

1 1e 1 e 1 1
e e

u u n
V u

kc k u k
n n

− −

=

 = − ≅ − + = 
 

        (63) 

since 2 1u u= =  corresponds with a maximum value of tot
Vc . 

Moreover in this case [see (18)]  

1 ,n

n

nh
u

kT
ν

= =                     (64) 

so we obtain [see (40)]  
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2 2

2

1
4

n
n

nh n hT
k k mL
ν

= =                     (65) 

or  

.n nnh kTν =                         (64a) 

According to the formula (43) (see also [1]) we have  

tot .V
U TS c
T T
∆ ∆

∆ = =                     (66) 

Let us take the T∆  corresponding to the temperature difference between 
two neighbouring quantum states:  

( )1 1
11 .n n n nT T T n h nh
k

ν ν+ +∆ = − = + −                (67) 

Therefore a maximal change of entropy corresponding to the change of the 
quantum number n by one is  

( )
2 2 2

2tot 2
2 2 2 2 2 2

1 4 2 21
4 4V

h h mL k k n kS c n n
k nemL mL n h n en

 
∆ = + − ≅ = 

 
      (68) 

which implies  

2

1 .S
n

∆                           (69) 

Let us note that T∆  between the neighbouring states obtained in virtue of 
(65) is twice as large as T∆  calculated in (32) with the aid of (26).  

11. Classical Physical Parameters Associated with Electron  
Transitions in Small Quantum Systems  

In many cases the treatment of quantum systems is considered as fundamentally 
separated from the classical physics and its results. Sometimes this view is dic-
tated by the properties which are actually in our interest and are expected to be-
long mainly to a quantum domain. For example the statistics of the electron gas 
is usually a priori considered to be of a special character dictated by the Fer-
mion-like classification of the electron particles and consequently, such kind of 
behaviour is from the beginning taken into account in course of the calculations 
performed on a given system. Another example concerns small quantum objects 
in which a special kind of the observable, say the energy connected with an elec-
tron transition, is mainly of interest. In this case the energy change due to transi-
tion is usually examined independently of other parameters which can be asso-
ciated with the location of the electron particle and its change. In effect we ob-
tain an exact or almost exact quantum result concerning the energy, but simul-
taneously an insight into numerous parameters describing the physical back-
ground of the transition process can be lost. 

The aim of Sections 12 and 13 is to obtain some view on the classical second-
ary effects connected with the transition of an electron coupled mainly with the 
energy emission done in small quantum systems.  
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12. Transition Time between Quantum States and Its  
Reference to Parameters of the Classical  
Electrodynamics  

In quantum mechanics the transition time t∆  of an electron between two 
quantum energy levels is regularly difficult to assess. In fact the calculation of 

t∆  is replaced by a probabilistic treatment of the electron transitions started by 
Einstein [2] already in reference to the old quantum theory. A step due to the 
modern quantum theory was to associate the probabilities of the electron transi-
tions with the matrix elements of the electron transition operator calculated with 
the aid of the wave functions describing both the initial and final state of the 
examined transition; see e.g. [10] [11]. An evident advantage was the selection 
rules for transitions provided by the calculation of the mentioned matrix ele-
ments, as well as the dependence of these rules on the character of the applied 
operator. A drawback seemed to be the absence of a direct insight into the size of 
the interval t∆ . 

This difficulty could be at least partly removed by applying the classical 
Joule-Lenz law for the transition of energy between the quantum levels [4] [12]. 
If we have the energy difference E∆  defined by the formula  

1 ,n nE E E+∆ = −                        (70) 

so E∆  concerns a difference between two neighbouring quantum levels, the 
Joule-Lenz law states the relation [3] [4] [12]  

2 .E Ri
t

∆
=

∆
                         (71) 

here R can be considered as a resistance due to the voltage V connected with 
E∆  and intensity i of the electron current between the states 1n +  and n. 
In other words we assume i to be associated with a condenser having the vol-

tage  

EV
e
∆

=                             (72) 

and the current in the condenser is  

,ei
t

=                             (73) 

where t is the time of the current effectiveness. Together with the well-known 
formula  

VR
i

=                            (74) 

we have for (71) on the basis of (72)-(74) the result  
2E E t e E

t e e t t
∆ ∆ ∆ = ⋅ = ∆  

                   (75) 

which means that 
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.t t∆ =                            (76) 

The E∆  in (72) and (75) is a parameter usually easy to obtain, whereas (76) 
can be associated classically with the resistance R in (74) and the capacitance C 
of the condenser by the formula  

;t RC≈                           (77) 

see e.g. [13]. We expect (77) to be a constant term. In fact C in (77) is given by 
the formula  

2

,e eC
V E

= =
∆

                       (78) 

whereas R in virtue of (72) and (74) becomes  

2 .E t EtR
e e e
∆ ∆

= ⋅ =                       (79) 

In effect we obtain  

RC t=                             (80) 

which is a confirmation of the expression given in (77). 
This means that R and C should be known parameters in order to give the 

transition time (80). Beginning with R we have  

2

V E t E tR
i e e e

∆ ∆ ∆
= = ⋅ =                     (81) 

where in the last step the result of (76) is applied. We postulate that  

E t h∆ ∆ =                            (82) 

which implies that t present in (77) should be a very special interval of time. This 
makes on the basis of (81)  

2 ,hR
e

=                            (83) 

which is a result much independent of the examined quantum system; see [4]. 
The validity of the postulate in (82) is checked in Sec. 13 given below. 

A consequence of the formula (83) is that R becomes equal to a well-known 
resistance value characteristic for the integer quantum Hall effect; see e.g. [14]. 
With the formula (83) for R and (78) for C we obtain  

hRC
E

=
∆

                           (84) 

or  

.RC E h∆ =                            (85) 

13. The Time Interval Equal to RC Characteristic for the  
Electron Transition in Different Quantum Systems  

We demonstrate an invariance of RC in (84) for different quantum systems be-
ginning with a free electron particle in a one-dimensional potential box. In this 
case (see e.g. [8]) 
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( )2 2 2
2

1 2 2

1 1 ,
48n n

n n nhE E E h
mL mL+

+ −
∆ = − = ≈            (86) 

so from (84)  
24 .h mLRC

E nh
= ≅
∆

                     (87) 

It should be noted that RC in (87) is an interval equal to the time period cha-
racteristic for the free-electron oscillation in state n:  

22 2 42 .n
n

L L mLmL
v nh nh

τ = = =                  (88) 

This holds because for a free electron in state n the one-dimensional kinetic 
energy becomes  

2 2 2

22 8
n

n
mv n hE

mL
= =                       (89) 

from which we obtain the electron velocity in n equal to:  
1 22 2

2 ;
24n

n h nhv
mLmL

 
= = 
 

                   (90) 

see also (6). The result obtained in (90) is applied in (88). 
A corresponding RC can be calculated also for the electron transition in the 

hydrogen atom. By the virial theorem, we have the kinetic electron energy equal 
to the absolute value of the total electron energy:  

22 2 4

2 2 .
2 2 2

n
n

mv m e meE
n n

 
= = = 

  

               (91) 

here  
2

n
ev
n

=


                         (92) 

is the electron velocity on the nth orbit; see [15]. The energy difference in the 
hydrogen atom is  

( )
( )

( )

4

1 2 2 2

2 24 4 4

2 2 2 4 2 32

1 1
2 1

1 2 1 ,
2 21

n n
m eE E E

n n

n nme me n me
n nn n

+

 
∆ = − = − 

+  

+ −
= ≅ =

+



  

           (93) 

where in the last step E∆  is simplified to the case of large n. The time period of 
the electron circulation along the orbit n becomes [15]  

2 2 3 3

2 2 4

2π 2π 2π ,n
n

n

r n n n
v me e me

τ = = =
  

                (94) 

if we note that the radius nr  of the nth circular orbit in the hydrogen atom is 
equal to [15]  
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2 2

2 .n
nr
me

=
                            (95) 

On the other hand from the formula (84) for RC and (93) for E∆  we obtain  
3 3

2 3
4 4

2π .h h nRC n
E me me

= = =
∆



                  (96) 

This means that RC becomes equal to the time period nτ  of the electron cir-
culation given in (94). 

The last small quantum system considered in the paper is the harmonic oscil-
lator. For the oscillator having the frequency ν  we have the time period of the 
oscillation equal to  

1 T
ν
=                            (97) 

and the energy difference between two neighbouring quantum levels is  

.hE h
T

ν∆ = =                         (98) 

This gives  

1 .hRC T
E ν

= = =
∆

                     (99) 

In effect the formula (84) is satisfied for all examined cases, i.e. the electron 
particle in a one-dimensional potential box, the electron in a hydrogen atom and 
the harmonic oscillator. In the last case the electron mass m and charge e do not 
enter into an explicit calculation of RC.  

14. Parameters of the Electron Mechanical Inertia Examined  
as a Check of the Formulae Applied for the  
Electron Transition  

Interesting results gives the examination of parameters connected with the elec-
tron inertia exhibited in course of the electron transitions, say those represented 
by the change  

1 .n n+ →                          (100) 

A similar reasoning was applied in considering the Tolman-Stewart effect 
characteristic for the slowing down of the motion of the electrons in metals; see 
e.g. [12] [13]. 

The energy difference  
E eV∆ =                          (101) 

can be represented by the product  
mal eV=                          (102) 

where m is the electron mass, a —electron acceleration attained in course of the 
transition between the quantum levels, and l —the way length connected with 
the time characteristic for the transition. By the conservation of momentum this 
l  should be not much different than a distance travelled by an electron with the 
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speed nv  characteristic for the electron level at the end of transition multiplied 
by the transition time which is  

;RC τ=  

see respectively (88), (96) and (99) in different physical objects. 
In effect we obtain  

2nl L=                          (103) 

for a free particle in a one-dimensional potential box,  
2πn nl r=                          (104) 

in the hydrogen atom, and for the harmonic oscillator nl  should approximate 
four times the amplitude of the classical oscillator equal to the product of the 
maximal velocity in state n and time τ :  

max .n nl v τ=                        (105) 

In all these cases the acceleration a in (102) can be represented by the ratio  

va
τ
∆

=                         (106) 

where v∆  is the velocity change of the electron particle given by the difference  

1 .n nv v v+∆ = −                     (107) 

In effect we obtain in place of (102) the equation  

2 2 ,n
V e Vml v eV RCeV eV e e R h
i V i

τ∆ = = = = = =         (108) 

because of the result (83) obtained for R. 
We check below that in fact equation (108) is well satisfied. 
For a free-electron particle in the box:  

2nl L=                           (109) 

is independent of n and  

( )1 1 ;
2 2n n

h hv v v n n
mL mL+∆ = − = + − =             (110) 

see (90). The above two formulae give  

2 .
2n

hml v m L h
mL

∆ = =                 (111) 

For the hydrogen atomic orbit we have  
2 2

22π 2πn n
nl r
me

= =
                     (112) 

and the absolute value of v∆  is  

( )
2 2 2

1 2 .
1n n

e e ev v v
n n n+∆ = − = − ≅

+  

            (113) 

In this case the product entering the numerator of (102) becomes:  
2 2 2

2 22π 2π .n
n eml v m h
me n

∆ = = =






                (114) 
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The above reasonings confirm the value (83) obtained for the resistance R. 
The case of the harmonic oscillator is slightly more complicated [9]. The 

maximal electron velocity in state n is given by the formula  

( ) 2
max1 2 mv nhν=                        (115) 

from which the distance l  obtained by the electron inertia in course of the time 
period of the electron oscillation T is  

( )1 2

max max 1 2 1 2

21 .
nh

l v T v
mν ν

= = =                   (116) 

On the other hand the work performed by the electron on the distance l is  

maxv
mla ml eV

τ
∆

= =                       (117) 

where  

Tτ =                              (118) 

is the time period connected with the electron current:  

.ei
τ

=                             (119) 

The maxv∆  in (117) is a difference of the maximal velocities associated re-
spectively with the quantum state 1n +  and n:  

( )
( )

1 2 1 2 1 2
1 2max 1 2

1 2 1 21 2

2 2 1 2 11 .
21

h h n n hv n n
m m m nn n
ν ν ν+ −      ∆ = + − = ≅           + +

(120) 

In effect we obtain for (117):  

( )1 2 1 2
max

1 2 1 2 1 2

2 2 1
2

nh hml v m h
mm n
ν

ν
 ∆ = = 
 

            (121) 

which is the expected result.  

15. Summary 

In the first step, by assuming the conservation of energy, the electron states en-
closed in a one-dimensional potential box are transformed into the de Broglie 
waves having definite frequencies in time. The dependence of these waves on 
temperature can be studied according to the well-known Planck’s formalism ap-
plied to the black-body radiation. When the specific heats due to the electron 
waves are examined, they show an extremal (maximal) behaviour at some tem-
perature different from the absolute zero. In a further treatment, the difference 
of temperature characteristic for two extremal positions of the specific heat ob-
tained for two quantum levels can be multiplied by a maximal specific heat due 
to these levels. This product estimates the amount of the heat transfer of energy 
associated with the electron transition. The amount occurs to be close to the 
change of the electron energy due to the quantum-mechanical transition. 

The next step of the paper concerns the calculation of the changes of the en-
tropy of a free-electron particle enclosed in a potential box. Usually the temper-
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ature and entropy refer to a large ensemble of particles whose statistics and 
energy are known. However, at the early stage of the quantum theory, the par-
ticle ensembles were considered as sets of the oscillators having definite frequen-
cies and remaining in equilibrium with respect to some external temperature. 
According to the de Broglie idea, it is easy to transform the behaviour of par-
ticles enclosed in a potential box into that of a system of the oscillating waves. In 
effect, the thermodynamical properties of the oscillators, like the specific heat, 
can be examined with the aid of the probabilistic formalism given by Planck. 
Because of the relation existent between the specific heat and entropy, the 
changes of entropy which accompany the energy transfer become easy to calcu-
late with the aid of the temperature intervals defining the separations between 
the quantum levels. 

In the last step, the aim of the paper was to point out that the time of the 
emission of energy between two neighbouring quantum states is associated—on 
a classical level—with production of the electric current due to a transport of a 
single electron particle. The current corresponds to a temporary formation of 
the electric cell in a quantum system and exhibits the properties of intensity and 
resistance known from the classical electrodynamics. 

Having a known energy emission E∆ , the current parameters provide us—on 
the basis of the Joule-Lenz law—with the time t∆  necessary for the dissipation of 
energy E∆ . But the same interval t∆  can be obtained as a product of the cur-
rent resistance R and capacitance C of the condenser represented by a temporary  

presence of the potential difference E
e
∆  between two quantum levels. 

The calculations are limited to three quantum objects considered as examples: 
the electron in a one-dimensional potential box, electron in a hydrogen atom 
and the electron representing a harmonic oscillator. 

Classical parameters obtained for the examined objects in effect of the emis-
sion process are checked by considering the properties of the electron mechani-
cal inertia exhibited in the same objects in course of the emission of the energy 

E∆ . 
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