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ABSTRACT 

In this note a simple extension of the complex algebra to higher dimension is proposed. Using the proposed algebra a 
two dimensional Dirac equation is formulated and its solution is calculated. It is found that there is a sub-algebra where 
the associative nature can be recovered. 
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1. Introduction   
The physical motivation of a generalized quantum me- 
chanics is that, although the low-energy effective theories 
governing the strong, electroweak, and gravitational in- 
teractions of elementary particles are believed to be de- 
scribed by local complex quantum field theories, at- 
tempts to construct an underlying unifying theory within 
the same framework have run into difficulties. Perhaps a 
successful unification of the fundamental forces will re- 
quire one or more new ingredients at the conceptual level. 
One possibility, is to sacrifice the assumption of locality 
or of “point” particles, as is done in string theories. A 
second possibility, which motivates the present work, is 
that a successful unification of the fundamental forces 
will require a generalization beyond complex quantum 
mechanics [1-3]. The purpose, in the present paper, is to 
give a description of an algebra which can be used in a 
possible extension of the local complex quantum field theo- 
ries. Also, a considerable emphasis is placed on the de- 
velopment of two dimensional Dirac equation. A number 
of interesting and characteristic features of the non asso- 
ciative algebra will be seen to emerge. 

2. Number Systems Used in Quantum 
Mechanics and the Generalized-C 

To determine the allowed structure of the algebra that can 
be used for a generalized quantum mechanics, Adler [1] 
introduce a number of assumptions concerning the pro- 
perties of the modulus function N of the number φ ele- 
ment of the algebra by: 

 0N   0
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The  ’s are elements of a general finite dimensional 
algebra over the real numbers with unit element, of the 
form 
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where A  are real numbers and the A  are basis ele- 
ments of the algebra, obeying the multiplication law 

  

with real-number structure constants ABCf . By using the 
Albert theorem [4], it is found that the only algebras over 
the reals, admitting a modulus function N with Adler pro- 
perties, are the reals R, the complex numbers C, the qua- 
ternions or Hamilton numbers H and the octonions or 
Cayley numbers O. However, from experimental point of 
view, there is no guarantee that the Adler postulate about 
the modulus function N will be satisfied in the new en- 
ergy domains. Perhaps, new physics can emerge. Thus, 
there should be no restriction on the algebra that can be 
used for a possible extension of the complex algebra. The 
only requirement is that the expected extension should 
verify Adler postulate in its sub-algebra. Moreover, it is 
more natural, to assume a simple extension, rather than 
making extension to 4 dimensional or even higher. This 
idea will be used in our approach. In fact, we propose to 
use a three dimensional algebra. Our intuitive assumption 
is based on a geometrical approach as proposed by Des- 
cartes in describing the complex number. 

The proposed approach, is to generalize C algebra to 

Copyright © 2012 SciRes.                                                                                 JMP 



S. HAMIEH  ET  AL. 185

the so-called Generalized-C (GC) algebra which is finite- 
dimensional non division algebra1 containing the real 
numbers R as a sub-algebra and has the following pro- 
perties: 

A general q number in GC can be written as 
q a bi cj  

, , ,a b c R

1  ii jj

0. ij ji

 2 1 2 i c c j

 
where 

 
and the imaginary GC units, i, j are defined by 

 

 

The addition of q1 and q2 in GC defined by 

 1 2 1 2 1    q q a a b b  

is associative 

   1 2 3  q q q1 2 3 q q q  

The multiplication defined by 
is non-associative under multiplication that is (q1 q2) q3 ≠ 
q1 (q2 q3). 

The norm of an element q in GC is defined by 

     1 2
N q qq  1 2

2 2 2a b c 

  q a bi cj

   

 

with the GC conjugate q given by 
. 

By using the previous properties of the GC, a genera- 
lization of the Euler formula to three dimension can be 
found. For a q in the GC, one can find the following for- 
mula 

 

cosRe

1
cos

!

q a bi cj

R I
n

   

   

  sin

sin

I j

n
j

 

 

 

 
 

where a = , b = cos R    cossinR  , c =  sin  R


 
sin   and R, Θ, φ∈R, are the distance from the origin, 

the polar and the azimuthal angle in the three dimension 
Euler space, respectively. 

The commutativity and the non associativity of the 
multiplication law gives 

   cos   sin    cos sin .I j I je 

    cos   sin , 

e e     

It is essential to notify as we mention previously, that 
there exist a sub-algebra of GC where the probability is 
preserved in quantum mechanics. In this sub-algebra if we 
assume that the azimuthal phase φ is constant, then the 
GC will be an associative and division sub-algebra. We 
call the found sub-algebra as special GC (SGC). Hence 
any two numbers in this sub-algebra q1 and q2 in this 
sub-algebra can be written as 

11 1 1 1 1
    I j

    cos   sin ,

q a b i c j R e  

22 2 2 2 2

where the phase   is a free parameter that can be deter- 
mined from physical properties. Also, in this sub-algebra, 
the product of two elements have a physical meaning that 
is a rotation in the Euler space 

      1 2 cos   sin
1 2 1 2 .     I jq q R R e

3. Two Dimensional Dirac’s Equation 
in the Generalized-C 

This article does an ab initio development of the Dirac 
formalism in two dimension using the proposed Gener- 
alized-C. We know that, in C, the Dirac’s equation is 
often given by 

  0i m
     

which involves iC and thus forces the first decision 
point in transitioning to another mathematical algebra. 
For clarity, to avoid the explicit use of i, the most general 
form (c = ħ = 1) of Dirac’s equation is 

 
      .

    

I j q a b i c j R e     

          x x y y z z t t

H C

C C C C m
(6) 

To recover the Klein-Gordon equation 

 2 2 2
t m                (7)      

the following conditions must hold 

 2 2
, , 1;   1;   , 0x y z t v v vC C C C C C C C            (8) 

 
where μ ≠ ν and μ, ν = x, y, z, t. Equation (6) can be re- 
written as2 

  0,  1,2,3, 4 m             (9) 

by defining 
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this avoids the explicit use of an imaginary scalar. Using 
the following Dirac matrices that take into account i, j 
symmetry, satisfying (8) 

 

j

j
 

 
    

 

2 0
C

0
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y
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i
 

 
    

 

 

 

 
2Throughout this work the position of the indices, μ, ν etc. have no sig-
nificance with respect to covariance or contravariance and are placed 
for typographical convenience. Repeated indices, however, do indicate 
summation. 

1A division algebra, is a finite dimensional algebra for which a ≠ 0 and 
b ≠ 0 implies ab ≠ 0, in other words, which has no nonzero divisors of 
zero. 
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4. Conclusion 

    

in Equation(9) we obtain 

 
            

          

z x

x y t

m
i j m

    

y t

z

m j i j

(10) 

We have developed an algebra that extend quantum the- 
ory to new class of theories based on the non associative 
algebra. Also, we have found a two dimensional repre- 
sentation of the Dirac wave function in the non associa- 
tive algebra. We believe that such algebra merit to be 
explored in more physical problem. 
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