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Abstract 
We study how firms’ management can ensure steady dividend growth and payout to the share-
holders in an emerging market. We create the dividend equalization reserve account whereby 
during high profit some amount of money is kept in order to top up dividends during deficiency. 
We use a mean reversion stochastic differential equation with a functional mean reversion speed 
to find the optimal dividend policy with optimal dividend equalization reserve. One of our results 
indicates that, it is optimal to pay high dividends when we have high mean levels. Also, we realized 
that a higher level of volatility which implies more dividend can be paid. And high dividend can 
also be paid as the interest rate rises but this is more significant when the firm makes profits 
above average. Lastly, we compared the buffer approach to a situation where hedging was not ap-
plied and found that the buffering approach is more suitable because it gives shareholders steady 
dividend payments. 
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1. Introduction 
Since the seminal works by Jeanblanc-Picqué and Shiryaev [1] and, Radner and Shepp [2], there have been a 
number of literatures on the optimization of dividend policies of a firm. These literatures include studies by 
[3]-[5] among others. Dividend policy has been among the most critical company decisions, not only from the 
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viewpoint of the company, but also from that of the shareholders [6] [7]. The firm financial managers deciding 
on the dividend increase, focus on maintaining stable or increased earnings aimed at sustaining steady dividend 
payouts [7]-[9]. Bistrova and Lace [9] further argued that the topic of dividend is under-researched in the devel-
oping countries, whereas according to Dewri and Islam [10] there are prevailing investor demands for dividend 
particularly in such countries. In fact, these investors consider dividends as the principal component of stock re-
turns [11], complying to the theory of bird-in-the-hand in which investors prefer dividends from stocks to capital 
gains [12] [13]. Most of investors in such countries are at infant stage and needs to grow. 

In our study, we show how the firm’s financial managers can ensure a steady dividend payout growth for the 
shareholders in addition to optimizing the dividend policy. Most models found in the literature have mainly been 
concerned with addressing the approaches to maximize the dividend payouts [1] [4] [5] [14]. This approach has 
been particularly used to determine the market value of a firm which is defined as the present value of the future 
dividends [15] [16]. 

Dividend policy is one of interesting topics in financial literature today [17]. A large literature on optimal 
dividend payouts applies controlled diffusion models while considering other issues such as risk, solvency 
restrictions and investment [3] [5] [16]. The paper by Højgaard and Taksar [3] provides a typical example of the 
studies that attempted to find a policy which maximizes the expected discounted dividends paid until bankruptcy. 
In the paper they considered a risky company such as an insurance company with investments strategy, risk 
control and dividend distribution scheme. They presented a model for risk management by choosing different 
business activities, however, the dividend payments remain unsteady. [18] consider the dividend and investment 
policies of a cash constrained firm that operate in an environment where equity trading is not feasible but has 
access to loans. In this situation a firm can raise fund only by issuing collateral debt when it runs out of liquidity. 
In their study they maximize the shareholders value through dividend and optimal debt issuance. Since by rule, 
debt cannot directly be used to pay dividend, steadiness in dividend payment is not assured. Akyildirim et al. [14] 
considered exogenous influences to a firm and shown how dividend payment changes, following the macroe- 
conomic fluctuations. They contended that firms tend to distribute more dividends when interest rates are high. 
This means that in a situation of fluctuating economy there would always be unsteady payment of dividends. We 
build on such studies to address the steadiness of the dividend payments. Which is a requirement by share- 
holders and in order to attract new investors [8] [9]. 

Three facts mainly contribute to the significance of undertaking this study. First is that investors in emerging 
markets continuously demand for dividend [10] thus there is a need to pay dividend consistently, that is, the 
amount and frequency of payment should not be perturbed. Second, to such investors dividend is the primary 
motivation for investing in stocks [11] so firms’ failure to maintain steady and high dividend payments is a 
discouragement to the investors. This is likely to cause a general failure to the growing markets. Third, in such 
emerging markets, business is more affected by macroeconomic shocks and therefore firms cannot have stable 
levels of profitability which would have automatically ensured the steady dividend payments. This is why 
having steady dividend policies is very important under this context. 

We therefore model dividend as related to profit rather than cash holding of a firm as it is common in other 
literatures. Also compared to most of the literature such as [1] [3] [14] [18], we define the bankruptcy in some 
different way, that is, the company is bankrupt when it can not make profit and the buffer for hedging dividend 
is empty. 

The paper is organized as follows: Section 2 gives model formulation, definition of the buffer and its 
dynamics, and definition of the objective function. In Section 3, we state and prove properties of the value 
function. We show that the value function for our objective function is unique, concave and thus can be a 
solution of the dynamic programming equation. In Section 4, we carry-out numerical experiment. We simulate 
the dynamic of the profits, the dividend payouts and the corresponding buffer levels; we present numerical 
illustrations of the value function and give a comparison of this buffer approach and a situation where hedging is 
not applied. In Section 5, we summarize results of our study and make a conclusion. 

2. The Model Set-Up  
Uncertainty is given by a filtered probability space ( ), , ,tΩ     satisfying the usual assumptions and let tW  
be one dimensional ( )t -Brownian motion. We consider a company whose profit level follows a Stochastic 
Deferential Equation (SDE) with an average of profitability µ  and volatility σ  given by  
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d d d .t tX t Wµ σ= +                                       (1) 

We denote by tZ  the cumulative amount of dividends paid from zero up to t, and by tC  the total amount 
collected from the profit to the Dividend Equalization Reserve (DER) up to time t. Both processes Z and C are 
assumed to be nondecreasing, ( )t -adapted processes and have sample paths which are left-continuous with 
right limits. In addition to tZ  and tC , we also incorporate a functional mean reversion speed, φ  which 
virtually acts as the force that brings back the profit level to its mean by taking a reasonable amount of cash 
from the DER. The function φ  depends on the amount of dividend required and the profit made at a given time. 
So we eventually have the following model:  

( )[ ] 0d , d d d d , .t t t t t t tX X Z X t W Z C X xφ µ σ= − + − − =                       (2) 

We denote the DER by B which is in actual sense the buffer whose increments or decrements depend on the 
difference between the profit X and the planned dividend Z at a specified time instance. The plan for dividend is 
such that always the dividend payouts will increase by the percentage γ  when profit is sufficient to pay the 
dividend otherwise the dividend maintains its previous level. When 0t tX Z− ≥  the buffer is increased by the 
value ( )t t tC X Zδ= −  where δ  is predefined such that ( )0,1δ ∈ . That is, δ  is the fraction of the 
remaining profit after distribution of dividend that is added to the buffer while the rest ( )( )1 t tX Zδ− −  is used 
for other operations of the company. When 0t tX Z− < , a sum equal to t tX Z−  is taken from the buffer and 
added to the profit level tX  so as to satisfy the planned dividend tZ . The increments or decrements of the 
buffer B at any time instance are defined by  

( ) ( ).
t

t t

C
X Z

t t tB X Zδδ −∆ = −                                   (3) 

The mean reversion speed ( ),t tX Zφ  grows faster as the increment tB∆  takes a higher value. We consider 
an exponential relationship between ( ),t tX Zφ  and tB∆  at any point of time and have the functional mean 
reversion speed φ  defined by  

( ), e .tB
t tX Zφ ∆=                                      (4) 

We make the assumption that the company should make positive profits or have sufficient buffer for its 
survival, otherwise it has to undergo bankruptcy. We define the bankruptcy time τ  by  

{ }inf 0 : 0 and 0 .t tt X Bτ = ≥ < <                               (5) 

Our objective is to maximize the performance index J given by  

( ) ( )0 0
; , limsup e d e d ,

t tx rt rt
t t

t
J x Z C Z C

τ τ∧ ∧− −

→∞

 = +  ∫ ∫                        (6) 

where the discount factor r is the constant interest rate. 
Given an initial condition x, we denote the set of all admissible dividend and buffer increment scheme 

( ),Z C  by ( )x . We assert that ( ),Z C  is admissible at initial value x if 0tX ≥  for all [ ]0,t τ∈  with 
almost surely probability. The corresponding optimal value function is given by  

( )
( ) ( )

( )
,

; , .sup
Z C x

v x J x Z C
∈

=


                                 (7) 

3. The Value Function  
In this section, we present the analytical characterization of the optimal value function. Generally, we aim at 
maximizing the expected discounted dividend payments under steady scheme and the corresponding expected 
discounted buffer increments over all dividend and buffer increment strategies. We let 0Z z=  then if 

0x z− ≥  the buffer is increased by the value ( )0C x z cδ= − =  otherwise the buffer is reduced by the value 
x z− . So, the buffer should start with a value greater than x z−  i.e. 0B x z> − . We state the theorem that 

captures the important characteristics of the optimal value function, mainly uniqueness and concavity. Next we 
prove the existence, uniqueness and concavity of the value function. We first define the differential operator   
as  
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( ) ( )[ ] ( ) ( )21: , ,
2

v x x z x v x v xφ µ σ′ ′′= − +                           (8) 

used in the theorem. 
Theorem 1. The value function v is the unique concave function satisfying the following:  
1) [ )( )2 0,v C∈ ∞ . 

2) For every 0x > ,  

( ) ( ) 0 for ,v x rv x x z− ≥ =                                (9) 

( ) 1 for ,v x x z′ ≤ <                                   (10) 

( ) 1 for .v x x z′ ≥ >                                   (11) 

Taking into account the time value of money, we assert that it is optimal to take a portion of profit to the 
buffer only when the profit is more than the required dividend. Also it is optimal to improve profit by a 
deduction from the buffer at most to the level of required dividend only when profit is less than required 
dividend. The firm should take no action as far as the profit made matches with the required dividend. 

From the standard theory of singular control, we arrive to the following form of dynamic programming 
equation  

( ) ( ) ( ) ( ){ }max , 1, 1 0, 0,v x rv x v x v x x′ ′− − + − = >                     (12) 

of which we have the boundary condition ( )0 0.v =  This is a Hamilton-Jacobi-Bellman (HJB) equation 
characterized by  

( ) 1 0, for .v x x z′ − = ≠                                  (13) 

( ) ( ) 0, for ,v x rv x x z− = =                               (14) 

( )0 0,v =                                       (15) 

We prove Theorem 1 by considering Equations (13) to (15) above. We begin by showing the existence and 
uniqueness, then we prove the concavity. 

Proof. The general solution to the Ordinary Differential Equation (ODE) (14) is given by  

( ) 1 2
1 2e e ,x xv x c cκ κ= +                                  (16) 

where the real numbers 1c , 2c  are constants and the real numbers 1κ , 2κ  are given by  

( )[ ] ( )[ ]( )2 2
1 2

1 , , 2 ,x z x x z x rκ φ µ φ µ σ
σ

 = − − + − + 
 

                  (17) 

( )[ ] ( )[ ]( )2 2
2 2

1 , , 2 .x z x x z x rκ φ µ φ µ σ
σ

 = − − − − + 
 

                  (18) 

For future reference we note that 2 10κ κ< < .  
In order to verify the existence of the optimal value function as presented in Equation (14), we evaluate the 

Wronskian of 1e mκ  and 2e mκ  obtained from Equation (16) as follows  

( )[ ]( ) ( )1 21 2 1 2
2 2

2 1 2

2e e e e , 2 e 0.xx x x x x z x r κ κκ κ κ κκ κ φ µ σ
σ

+− = − + ⋅ ≠              (19) 

Since the Wronskian is nonzero then we conclude that there exists a solution to Equation (14) of the form 
given in (16). 

In order to prove the uniqueness of the value function, we state the following lemma 
Lemma 1. The value function v as presented in (16) is unique if the constants 1c , 2c  are unique for the 

given initial value x. 
Now, every function v satisfying (13) and (14) is given by  



A. P. Mtunya et al. 
 

 
372 

( )
1 2

1 2

1 2

1 2

e e , ,
e e , .

x x

z z

c c x z
v x

x z c c x z

κ κ

κ κ

 + == 
− + + ≠

                             (20) 

To specify the parameters 1c , 2c  and the free boundary point z, we use Equation (15) with the assumption 
that v is 2C  at z, as suggested by the smooth pasting condition of singular control. We therefore obtain the 
following equations,  

1 2
1 2e e ,z zc c zκ κ+ =                                      (21) 

1 2
1 1 2 2e e 1,z zc cκ κκ κ+ =                                    (22) 

1 22 2
1 1 2 2e e 0,z zc cκ κκ κ+ =                                    (23) 

which lead to  

1 2

1 2

,z κ κ
κ κ
+

=                                        (24) 

( )
1

2
1

1 1 2

e
,

z

c
κκ

κ κ κ

−−
=

−
                                     (25) 

( )
2

1
2

2 1 2

e
.

z

c
κκ

κ κ κ

−

=
−

                                     (26) 

From the equations above we find that the value of z in Equation (24) is unique, then when considered with 
the other two Equations (25) and (26) show that the value function v is unique and thus we conclude that the 
HJB Equation (12) has a unique solution. 

Next, to prove the concavity of the value function, we evaluate the second order derivative for the value 
function v and obtain  

( ) ( ) ( )1 21 2

1 2

e e 0 for .x z x zv m x zκ κκ κ
κ κ

− − ′′ = − − < ≠ −
                       (27) 

The inequality is due to the fact that 2 10κ κ< < . This shows that v is concave. The concavity of v and the 
boundary condition ( ) 1v z′ =  leads to Equations (10) and (11). Also ( ) 1v x′ = , for x z= , and considering 
that  

( ) ( )[ ] ( ) ( )21 , 0
2

v z x z x v z rv zσ φ µ′′ ′+ − − =                          (28) 

imply Equation (9) in the theorem.  
From the theorem proved above we state the following corollary about the value function. 
Corollary 1. Consider the maximization problem of the value function ( ); ,J x Z C  over all strategies 

( ),Z C  in ( )x . Then the concave solution v to the HJB Equation (12) given by (20), where the constants z, 
1c  and 2c  are as found in (24) to (26) is the optimal value function. 

It is also worth pointing out that optimizing the dividend payments without this buffer approach as referred to 
[1] [14] leads to the following performance index  

( )
0

; e d ,x rt
tJ x Z Z

τ − =   ∫                                  (29) 

and the corresponding HJB equation is  

( ) ( ) ( ) ( )21max , 1 0, 0,
2

v x v x rv x v x xµ σ ′ ′′ ′+ − − + = > 
 

                    (30) 

with the boundary condition ( )0 0v = . In this situation, the only and main goal is to maximize the total 
discounted dividend payment without taking care of the frequency and level of the payment. We provide a 
numerical comparison of our buffer approach and this approach in the next section. 
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4. Numerical Illustration  
In this section, we discuss the sensitivity of the value function to the mean of reversion, volatility and interest 
rate for the given profit levels. We adopt the parameter values for the mean and volatility from Pierre et al. [18] 
and make an estimate for the interest rates. We start simulating the dynamics of the profits, the dividend payouts 
and the corresponding buffer levels at a given time interval. The simulation is presented in Figure 1 with initial 
conditions and parameter values specified. The figures thereafter are about experiments on the value function. 
At the end of this section we provide a numerical comparison of our results with a situation where hedging is not 
applied as given by (29) and (30) in the previous section. 

In Figure 2, we find that the value function is higher when the difference between profit and dividend is made  
 

 
Figure 1. Simulation of the dynamics of profits, dividend payouts and buffer with 2x = , 

1.5z = , 2µ = , 1σ = , 0.01%γ =  and 0.5δ = .                                             
 

 
Figure 2. Comparing value functions with 2µ = , 1σ = , 0.2r =  for different values of 
x z− .                                                                                         
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minimum, for the small and average profit values. However, when the profit is more than 70% of volatility 
above mean, a bigger gap between profit and dividend is optimal, thus more fund is taken to the buffer. 

In Figure 3, we observe that, defining a higher mean of reversion for the profit will lower the value function 
and the difference widens as the profit becomes high. So it is optimal to have a mean level as minimum as 
possible. The case is different for the volatility as it is seen in Figure 4. Where the greater the volatility level, 
the higher the value function. The influence of volatility is similar to that of the difference between profit and 
dividend given above. 

 

 
Figure 3. Comparing value functions with 1σ = , 0.2r = , 1x z− =  for different values of µ .                                             

 

 
Figure 4. Comparing value functions with 2µ = , 0.2r = , 1x z− =  for different values of σ .                                             
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Moreover, for the case of the interest rate, in Figure 5, we observe that the higher the interest rate, the higher 
the value function as it is stated in [14]. However in this study we established further that, these differences 
between interest rates with respect to the value function, continuously grow as profit level increases. 

Figure 6 illustrates a comparison of a buffering approach with the situation where steadiness of the payment 
is not implemented as presented in Equations (29) and (30). We find that for small values of profit, the buffering 
approach with a minimized difference between profit and dividend, gives a slightly lower value function than a  
 

 
Figure 5. Comparing value functions with 2µ = , 1σ = , 1x z− =  for different values of r.                                             

 

 
Figure 6. Comparing value functions with 2µ = , 1σ = , 0.2r =  for extreme values 0.1x z− = , 

2.9x z− =  and a situation without buffer approach.                                                            
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situation where optimization is done without a buffer. But for the higher profit values, buffering approach gives 
significantly greater value function as compared with a non-buffer approach. When the gap between profit and 
dividend is extremely large, then the value function is significantly greater for a non-buffer approach except for 
the very high values of profit. 

5. Conclusions and Future Outlook  
In our study, we have established strategies for a company that wants to optimize the policy of paying steady 
dividends to the shareholders. We consider the company that makes profit which can be modeled by a SDE with 
constant mean and volatility. The company creates a buffer account to hedge the dividend levels. 

We find that the optimal dividend with hedging policy relies on four factors. The first is the gap between 
profit and dividend, whereby it is optimal to minimize the gap so as to pay more dividends. This means that the 
company can enhance the dividend by ensuring that there is a minimal difference between profit and the 
dividend to be paid. Secondly, we found that it is optimal to pay high dividends, when we can balance on mean 
levels that are high particularly for high profits. The third factor is the volatility in which we have found that a 
higher level of volatility implies more dividend can be paid. The last factor, is the interest rate, where we have 
illustrated that high dividend can be paid as the interest rate rises but we further establish that this is more 
significant when the firm can make profits above average. 

We have also compared this buffer approach and a situation where hedging is not applied and found that the 
buffering approach is more suitable than the non-buffer approach because it satisfies more the shareholders by 
steady payments and when the profits are high more values are offered to the shareholders. 

We suggest, a further research on use part of the amount that is left for other operations of the firm to expand 
the firm’s investment which may improve profitability. This investment can be in the risk free assets such as 
bonds. It is also possible to apply this steady scheme to investment, that is, optimizing the steady investment 
plan and leaving dividend distribution to depend on what remains after allocating profit to the investment plan. 
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