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Abstract

In this paper, the model formulated incorporated stochastic variables such as bank loans and de-
posits as well as some deterministic variables: cash available, depreciation, capital expenditure,
tax and costs, comprising variable costs and fixed costs. This paper assumes that the dynamics of
bank loans and deposits at time ¢ follow a geometric Brownian motion, therefore, it satisfies cer-
tain stochastic differential equations (SDEs) formulated on some probability space. On the other
hand, the growth rate x,(t) in loan at time ¢, growth rate up(t) in deposit at time ¢, and the variable
cost n(t) at time t are assumed to be driven by mean-reverting Ornstein-Uhlenbeck processes. The
SDEs of the dynamics of bank loans, growth rate in loans, bank deposits, growth rate in deposits
and variable cost arising from the model were solved by means of the It0 Lemma. Discrete time
approximations of the exact solutions of the SDEs were derived and used in a Monte Carlos simu-
lation software.
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1. Introduction

In recent times, there has been a high level of bank consolidations especially in the emerging markets. Some of
the benefits of these consolidations of the banking industry includes availability of funds for small and medium
scale enterprises, opportunity for emerging banks to explore other regional and international markets, reduction
in capital flight, massive and continuous innovation in the banking sector, externally-focused competition and
restoration of confidence in the banking sector.
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According to [1], bank management focuses on four operational concerns. Firstly, the bank has to be liquid
enough to finance its obligations to depositors. This aspect of bank management is called liquidity management
and it involves the acquisition of sufficient liquid assets to meet the demand from deposit withdrawals and de-
positors payment. In addition, banks engage in liability management that entails the sourcing of funds at an ac-
ceptable cost. Thirdly, banks must have incentives to invest in assets that have a reasonably low level of risk as-
sociated with them. This process is known as assets management and aims to encourage investment in assets
that have low default probability and strategies that are sufficiently diverse. Finally, capital adequacy manage-
ment involves the decision about the amount of capital the bank should hold and how it should be accessed.

According to [2], little has been written on the valuation of banks using the contingent claim approach. Most
of the work done on bank valuation can be found in textbooks and practitioners’ guide which include ([3]-[7]).
[8] asserts that bank valuation is one of the unresolved issues in financial research.

In corporate finance, it is not unusual to specify valuation models for particular types of firms. For example,
[9] proposed a real option based valuation approach to natural resources companies, explicitly modeling the op-
tions to temporarily close, reopen and shut down the mine depending on the market price of the resource and [10]
developed a model suitable to the traits of young, fast-growing firms, including little or negative current earn-
ings but fast revenue growth.

The new models according to [2], do not aim at introducing a new paradigm in asset pricing theory. Rather,
the common features of these models is the attempt to better grasp the underlying characteristics of the business
in which equity is the residual claim—when compared to standard approaches. For the same reasons, one can
argue for a special valuation approach for banks.

The characteristics of the banking business motivating a distinct valuation approach can be as a result of the
following: First, due to their central role for the economy, banking is typically a heavily regulated industry, cov-
ering a wide range of provisions, such as market entry, deposit insurance, reserve requirements, or capital struc-
ture. Second, banks operate on both sides of their balance sheets, actively seeking profits not only in lending but
also in raising capital.

In their study, [2] proposed a valuation model for banks derived from [10], Black-Scholes pricing model and
the concept of matched maturity marginal value of funds (MMMVF). However, the model has a few shortcom-
ings: it is abstracted from taxes, reserve requirements, minimum capital requirements and other regulatory fac-
tors, and it does not include non-cash items in valuation (depreciation, amortization, etc.).

In order for banks to successfully carry out these operational concerns, there is the need to continually value
them. We adopt in this study the ([11] [12]) model with some modifications as in [13]. The valuation model
adopted in this study takes care of the non-cash items (depreciation, accumulated property, plant and equipment
and amortization) which are excluded in [2].

2. Materials and Methods

A bank’s valuation begins with understanding its business model, which reflects its operating activities, sources
of revenues and cost structure. According to [2], a bank is an “institution whose current operations consist of
granting loans and receiving deposits from the public”. As a result, it seeks to make profit on both sides of the
balance sheet, a fact that is sometimes referred to as duality of the banking business. Our formulation involves
stochastic differential equations, cash flow analysis and an indication of the simulation formula of the resulting
model.

2.1. The Equations of the Model
In this section, the stochastic differential equations of the loan, deposit and cost dynamics are formulated and
solved.

2.1.1. Dynamics of Bank Loan
Let L(t) be the loan given out by a bank at time t. It is assumed that the dynamics of L(t) is given by the
stochastic differential equation:

L(t)

T M (t)dt+GL (t)dwl’ L(O):Lo @

d
L(t)
)
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The volatility o, (t) of the return on the loan is assumed to converge to an average in the long-run, and is
assumed to satisfy the ordinary differential equation:

do,(t)=k (5, -o(t))dt, o (0)=0, )

For the growth rate (t) of the return on loans in Equation (1), it is assumed that its dynamics is given by
the following stochastic differential equation:

dus (t)sz(ﬁL —H (t))dt+77|_ (t)dw, ®)

Finally, the volatility 7, (t) of growth rate of the return on loans is assumed to satisfy the ordinary differen-
tial equation:

dn, (t): K, (ﬁL M (t))dt (32)

In the long run, the unanticipated volatility of growth rate of the return on loans is assumed to converge to
zero, in which case, Equation (3a) reduces to:

dr, (t)=—k,m_ (t)dt (4)
According to [9], the real world probability measure is converted to the risk-neutral probability measure. The
dynamics of loans under the risk neutral probability measure is:

dL_(t)=[yL ()= Ao, Jdt+o (t)dw, ®)

L(t)

where 4= risk premium. It is Equation (5) that shall subsequently be solved to get its exact solution which
will then be discretized.

2.1.2. Dynamics of Bank Deposit
Let D(t) be the bank deposit at time t. We assume that D(t) satisfies the stochastic differential equation:

d[?((tt)) = pp (t)dt+ o (t)dW,, D(0) =D, (6)
The volatility o (t) , IS assumed to also converge to an average in the long-term, and it follows that:
doyp (t) =k, (G —op (1)) dt )
The growth rate x4 (t) is assumed to satisfy the following stochastic differential equation:
Aty (t) = #5 (1 — (1))t + 175 (1) AW, (®)
Finally, the volatility 7, (t) of growth rate in deposit is assumed to satisfy the stochastic differential
equation:
dnp (t) =k (775 =15 (t))dt (8a)

In the long run, the unanticipated growth rate in deposit is assumed to converge to zero, in which case Equa-
tion (8a) reduces to:

d7p (t) = kg (t)dt 9)

Then, the dynamics of deposits under the risk-neutral probability is given by:
dD(t
W(t)):['uD (t)—/IO'D]dt+aD ('t)dW2 (10)

where A= risk premium.
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We solved Equation (10) to get the exact solution for deposit and then discretized. A is the covariance be-
tween the loans, deposits and market return. This relationship can be represented as:

P (4 =11 ) PRy (11)

On

where,
pR, = correlation between percentage changes in loans and returns of the market,
M, = average return of the market,
o, = standard deviation of the market,

r, = risk free rate.

2.1.3. Dynamics of Variable Costs
The total cost of a bank will consist mainly of two components, the variable cost and fixed cost. The variable
cost is the non-operating loan, which is a percentage of the total amount of loans. The fixed cost is the building
and operating equipment cost. The fixed cost is assumed to be constant.

The total cost of a bank is therefore:

C(t)=r(t)L(t)+F (12)

The variable cost function should be stochastic to reflect the uncertainty of future technology advancement
and competition. Since only the variable cost would allow for the stochastic process, the variable cost can be
written as:

dy (t) =k (¥ —r(t))dt+&(t)dw, (13)
The volatility §(t) of variable costs is assumed to satisfy the following ordinary differential equation:
dE(t) =k, (& -&(t))dt (14)

Lemmas 1 and 2 are used to establish some of the formulae used in the simulation.
Lemma 1: The solution X (t) of the stochastic differential equation:

dX (t) = (x—Ac) Xdt+ o XdW, (t) (15)

in the interval [z,s], where x,0,4 are constantsand W, a standard Brownian motion is:

2

X (t) =X (r)exp{(y—/la)—%}(l—rﬁo-w (1)-W (z) (16)

Remark 1: Note that W, (s)-W,(z)~N(0,s-7), so W,(s)-W,(r)=¢evs—7, with ¢~N(0,1). By
applying this solution for every time step At =t, —t,, gives:

X(t)=X (til)exp{( ,Ll—/?,O')—%Z:HAti +&,04 AL, 17)

where &~ N(0,1).

Equation (17) is a recurrence relation; starting from X (to)z X (0) assumed to be known, it produces a
random path for X (t,) at the desired times.

Remark 2: Let L(t) and D(t) be the bank loans and deposit respectively at time t. Then it follows from
Lemma 1 that the solutions of the stochastic differential equation.

dL(t)=[p — Ao [L(t)dt+L(t)o dW,(t) (18)

and
dD(t) =[sp — Ao | D(t)dt+D(t) o, dW, (1) (19)

)
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in the time interval [7,s], where 1, uy,0,,0,,4 are constantsand W,,W, , standard Brownian motions are

L(t)= L(r)epr(,u —ﬂGL)—%ij (t=7)+o, [W, (t)-W,(7)] (20)

and

D(t)= D(z’)exp{[(y—/iaD )—0-—2[2) }(t —-7)+0p [Wl (t)-wW, (r)] (21)

It follows from Equation (17), that Equations (20) and (21) can be written as:

2

L(t)= L(til)exp{( n —AUL)—%}}AQ N (22)

D(t;)=D(t_,)exp {(yD - Aop) —0-—2?’}} At + op &AL (23)

Equations (22) and (23) are recurrence relations; starting from L(t,)=L(0) and D(t,)=D(0), assumed
to be known. They produce a random paths for L(t;) and D(t;) at the desired times. This will be used in the
body of the simulation.

Lemma 2: Let X be the solution of:

dX (t) =k[ Z— X (t)]dt+odw (t), te[0,T] (24)

where k, z and o are positive parameters and W(t),astandard Brownian motion.
Then,

X(t)=a-[a-X(1)]e") +o e dw (u), for s,t[0,T], s<t. (25)

Remark 1: Equation (24) describes an Ornstein-Uhlebeck process.
Remark 2: Since, U > e "™ is a deterministic function, the stochastic process given by Equation (25) is a
normal random variable with zero mean and variance:

E ((j:e"‘("“)adw3 (u))zj = J:[e'k("”)]z du

By the Ito isometry, the variance of L[e‘k(““)dw(u) is:

—2k(t-s)

E [( :e"‘(t*“)o-dw3 (u))zj = J: [e’k(‘*”)]z du = Lte’ZK(t*“)du = 1_62—k (26).

Combining Equations (25) and (26), gives:

1— e—z(t—s)

X(t)Zﬁ—[,L_I—X(t)}eik(tis)-*-O'&' T (27)

By applying this solution for every time step At =t, —t,, gives:

1— >N

X(t)= ﬁ[/j_ X(t, ):I e +os oK

. £~N(0,2). (28)

Remark 3: If the growth rates in bank loan and deposit and variable cost of the bank describes an Ornstein-
Uhlenkeck process, then it follows from Lemma 2 that the solutions of the stochastic differential equations:

dpry (t) =k (- g (t))dt+ e dW; (1) (29)
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At () =K (22— s (1))t + o dW, (1) (30)
dy (t) =k (7 —»(t))dt+EdW, (t) (31)
where Kk, z,7,¢ ,¢,,& are positive parameters, and W,,W, and W, are standard Brownian motion are:
o (t)=E-[ - ()] 4 [ aw, (u) (32)
oy (t) = =[5 (1) ]€ ™)+ oy [ &AW, (u) (33)
=7-[7-r(t)]e )+ &[ e dw (u) (34)

It follows from Equation (28) that Equations (32) (33) and (34) can be written as:

7kAt 1 672kAl
() =m—(E-m (t4)) (35)

(1 e—ZkAtI )

Hp (ti ) = ﬁ_(ﬁ /10 —1 7km (36)
1

e*ZkAH )
y(t)=7-(7-r(ts))e k'+§ (37)
Equations (35), (36) and (37) are recurrence relations, starting from (t0 (0) Hp (to): u(O) and
7o (t,) =7(0), which are assumed to be known.
Lemma 3: Let do (t), do,(t) and d&(t) be the volatility of loans, deposits and variable cost of the
banks. Then:

o (t)=o, (0)e™ +5, (1-e™) (38)
op (t)=0p (0)e ™ +5, (1-e™) (39)
E(t)=£(0)e™ +&(1-e™) (40)
Lemma4: Let dz (t) and dzp, (t) be the volatility of growth rate in bank loans and deposit. Then:
n (t)=mn,(0)e™ (41)
75 (t) =15 (0)e™ (42)

2.2. Cash Flow Formulation

2.2.1. Bank Revenue

The basic business of a bank is to generate funds through customer deposit and the giving out of these deposits
as loans to its customers at a cost called interest. However, there are other sources of revenues for the banks. In
this work, all the sources of revenue to the bank is depicted in Equation (43). The bank revenue can be defined
as:

I(t)=a+(L(t)(1+r)-D(t))(1-s) (43)

2.2.2. Loss Carry-Forward
In any new business start-ups, where there is no profit, the company is not expected to pay tax. However, the
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loss experienced in the current year is carried forward to the next year. Where there is no loss made, the after tax
net-income of the company is given in Equation (44). The condition F of whether profit is made or not is
given in Equation (45).

With the bank revenue and cost known, the after-tax net income given as Y (t) is:

Y (t)=(I1(t)-C(t)-Dep(t))x(1-7,), (44)

2.2.3. Accumulated Property, Plant and Equipment

There are two variables that affect accumulated property, plant and equipment (P): the rate of capital expendi-
ture and the corresponding rate of depreciation. Therefore, the accumulated property, plant and equipment can
be expressed as:

dP(t) =(Cap x(t)—Dep(t))dt
Cap x(t)=CX (t') fort<t’ (45)
Dep(t)=DRxP(t)

2.2.4. Amount of Cash Available
In the banking sector, just like any other business venture, certain amount of money is set aside for the running
of the company. The amount of cash available to the bank is actually used to reinforce the bank’s cash flow.
When this amount is exhausted, the bank is said not to meet the financial requirements of his depositors. It is
therefore imperative for banks to always have cash available. Where this is not available, the bank is said to be
insolvent and this might lead to bankruptcy. This amount is as depicted in Equation (46).

The total amount of cash available for the company is given as:

X (t)=((r+1)TI(t)+Y (t)+ Dep(t)—Cap x(t))dt (46)

2.2.5. The Value of a Bank

In this model, the value of a bank is a function of the state variables (loans, expected growth in loans, deposit,
expected growth in deposits, variable cost, cash balance, loss-carry forward, accumulated property, plant and
equipment), and time. This may be writtenas V =V (L,yL, D, u°,7, XY, P,t).

V(0)=e T[Ey[(X(T))+M(r(T)-C(T))]] (47)

3. Result and Discussion

Due to path dependency of the model, the cash available at any point in time, which determines when bankrupt-
cy is triggered, depends on the whole history of past cash flows. Similarly, the loss-carry-forward and the depre-
ciation tax shields, which determine when and how much corporate tax the firm has to pay, are also
path-dependent. These path-dependencies can easily be taken into account by using Monte Carlo simulation to
determine the value of a bank. The value V (t) of a bank at an arbitrary time te [O,T] is given by:

V(t)=eeT {EQ [X(T-t)+M (T -t)-C(T —t))]} )
—g (™) {EQ [X (T-t)+M (H(T -t)-C(T —t))]}, te[0,T).

Equation (47) follows from (48) by putting t=0.
But,
+Y (t)+ Dep(t)—Cap x(t)

(1+r)-D(t)(s-1)
) L(t)
(t)=[11(t)-C(t)-Dep(t)J(1-7)
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Substituting these in (48), gives:
V (t)=e " {E [TT(T ~t)(1+r)+Y (T ~t)+ Dep(T —t)—Cap x(T —t)

M (W L(T —t)(L+1)=D(T ~t)(5 1) = (T ~t)L(T ~t)+ F)]},

=e "L EII(T —t)+ rII(T —t)+II(T -t)-C(T -t)

—Dep(T —t)(1-7,)+ Dep(T —t)—Cap x(T —t)

~M (W+ L(T =t)(1-r)=D(T ~t)(s=1) (T ~t) L(T —t)+ F)}

=e "L EIT(T —t)+ rTI(T —t)+T1(T -t)-C(T -t)

+7,C(T —t)—Dep(T —t)+7z,Dep(T —t)+ Dep(T —t)—Cap x(T —t)
M(v‘v+L(T t)(1+r)-D(T - t)(s—l)—c(T—t))}

TOE, [201(T =)+ rTI(T —t) =7, IT(T —t)-C(T —t)

+7,C(T —t)+7,Dep(T —t)—Cap x(T —t)
(v—v L(T —t)(2+1)=D(T ~t)(s-1)-C(T -t)) |
TO{E, [(2+r—7)I(T —t)—(1-7,—M)C(T —t)—7,Dep(T —t)

—~Cap X(T —t)=MW—M (1+1)L(T =t)+ M (s—1) D(T -t) |}
=e"(T“){EQ[(2+r—rC)V_\/+L(T—t)(1+r)—D(T—t)(s—1)
—(1-7,—M)C(T —t)—z,Dep(T —t)—Cap x(T —t)
—MW—M (1+1)L(T =t)+M (s-1)D(T —t) ]}
=e T E [(2+ 1 =7, )W+ L(T t)(L+1)-D(T ~t)(s-1)
~(1=z,—M)(7(T -t)L(T —t)+F)—z,Dep(T —t)-Cap x(T -t)
~MW—M (1+1)L(T =t)+M (s-1)D(T —t) |}
:e"(H){EQ[V_\/(2+r—rc)+(l+r)(2+r—rc)L(T—t)—(s—l)(2+r—rc)D(T—t)
-(1-7z,-M)y(T-t)L(T -t)-F(1-7,—M)—7z,Dep(T —t)—Cap x(T —t)
—M#—M (1+1)L(T =t)+M (s-1)D(T —t) |}
=e " TE [ pL(T —t)= psD(T —t)— psy (T —t) L(T 1)
~p,L(T -t)+ p,D(T -t)+ A}
=e " THE[(p = p,) L(T =t)+(py = ) D(T =)= poy (T ~t)L(T ~t)+A]}
where A =[W(2+r-7,)-F(1-7,—M)—z,Dep(T —t)-Cap x(T —t) - Mw |
p=(1+r)(2-r-17,)
p, =M (1+r)
ps=(s-1)(2+r-7)

P, =M(s-1)
Ps = (1 7, M)

(49)
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In the implementation of the model the study assumed that all the mean reversion coefficients are equal and
their unique value is inferred from the expected half-life of their standard deviations. Equation (49) cannot be
evaluated directly. This can be resolved using Monte Carlo simulation. To this end, the study partitioned the in-
terval [0,T] as follows:

O=t, <t <---<ty, <ty =T.

Then, from (49):

vi=e (- p) S (- pEP0)- p 0L A}

Equation (50) is used in the simulation.

4. Conclusion

In this paper, we successfully derived a model for the valuation of banks in terms of cash liquidity. As stated ea-
lier, the equation of the model, Equation (49), could not be solved directly, as a result, we decided to use Monte
Carlo simulation in finding an estimate for the value of a bank. With appropriate parameters estimated, Equation
(50) can be used in estimating the value V (t) of a bank at an arbitrary time t[0,T]. Further work would
require full estimation of the parameters needed to implement the model. We leave the development of a Monte
Carlo simulation software and an application of the model to selected banks for future work.
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Appendix

A Nomenclature

Symbol

Definition

L(t)
u(t)

It
B
Rm

C(t)

Y(t)
X(t)
Dep

Capx
DR
V()

Vv(0)
Eo

Bank loan at time t

Growth rate of bank loan

Multiplier

Continuously compounded discount factor

Volatility of bank loans at time t

Bank deposits at time t

Growth rate of bank deposit at time t

Volatility of bank deposit at time t

Standard Brownian motion from the dynamics of loan
Bank value at time t

Long-term average volatility of variable cost

Standard Brownian motion from the source of growth rate in loan
Standard Brownian motion from the dynamics of deposit
Volatility of growth rate in loan at time t

Volatility of growth rate in deposit at time t

Mean reversion coefficient

Risk premium

Risk free rate

Beta of the market

Market risk

Total cost at time t

Variable cost at time t

Fixed cost

Long term average of variable cost

Volatility of variable cost at time t

Standard Brownian motion associated with growth rate in deposit
Standard Brownian motion associated with variable cost
Other sources of bank income

Interest on loan

Interest on deposit

After tax net income

Cash balance at time

Depreciation

Accumulated property plant and equipment

Capital expenditure

Percentage of depreciation

alue of bank at an arbitrary time t

Value of bank at present time

Equivalent martingale measure

Corporate tax rate
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