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ABSTRACT 

The purpose of this research is to derive a new algorithm for obtaining a realistic implied correlation matrix. One con-
temporary method has a limited scope from its simplified assumption of equicorrelation matrix. However, the result of 
this limitation is not realistic and cannot be applied to most applications. Another existing method may produce the re-
alistic correlation matrix that is not positive-semi definite. To handle this problem, we expand the existing algorithm to 
obtain the realistic implied correlation matrix by using the relationship between two implied volatilities of the portfolio 
of underlying assets. 
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1. Introduction 

Correlation measures how two securities move in relative 
to each other. The correlation coefficient can range from 
−1 to 1. A perfect positive correlation coefficient of 1 
means the two security moves in sync with each other. 
On the other hand, a perfect negative correlation coeffi-
cient of −1 means the securities will move in an opposite 
direction. Correlation is useful in portfolio management 
because it can be used to reduce risk. In general, correla-
tion can be computed from historical data of asset prices. 
However, the derivation of implied correlation index is 
something completely different; it is derived from the 
option premiums of index options and single-stock op-
tions that are index constituents. Since the option pre-
mium represents the risk associated with the underlying 
assets, the implied correlation index can be extracted by 
comparing the option premiums. 

In July 2009, Chicago Board Options Exchange 
(CBOE) started to publish the daily values for the CBOE 
S&P 500 Implied Correlation Indexes. Currently, CBOE 
disseminate three indexes (ICJ, JCJ, and KCJ) tied to 
three different maturities. The ticker symbols of these 
indexes are rotated as time elapses. Basically, the implied 
correlation index measures the market-based estimate of 

the average correlation of the stocks that are underlying 
reference index. In other words, the implied correlation 
index represents the overall diversification level among 
index constituents. The application of implied correlation 
index can be found in stock market forecasting [1,2], 
multivariate asset pricing [3], portfolio management [4], 
and dispersion trading [5]. 

Theoretically, an implied correlation index can be calcu-
lated using the method proposed by CBOE [6]. This 
method assumes that all correlation coefficients are identi-
cal. As a result, the correlation matrix is simplified to 
equicorrelation matrix, which makes the implied correla-
tion index can be computed easily. However, it is unrealis-
tic to assume that all correlation coefficients will be the 
same. Thus, this method might not be applicable in some 
situations like multivariate asset pricing or portfolio man-
agement. To our limited knowledge, the only method of 
finding realistic implied correlation index is the Buss and 
Vilkov’s method [4]. The reason is that this method does 
not assume the implied correlation matrix to be equicorre-
lation matrix. Even so, this method still have stability 
problem because there might be a change that the realistic 
correlation matrix may not be positive semi-definite in 
some circumstances, which conflicts with the definition of 
a valid correlation matrix. 
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The method proposed in this paper expands the scope of 
Buss and Vilkov’s method of finding a realistic implied 
correlation matrix by adjusting the correlation matrix based 
on the relationship between two implied volatilities of the 
portfolio of underlying assets. This adjustment will elimi-
nate the risk of getting an invalid realistic correlation ma-
trix. Comparing to the existing methods, the newly pro-
posed method can efficiently extract a realistic implied 
correlation matrix, which is more applicable and useful in a 
wider range of applications. 

2. CBOE Method 

The objection of this section is to illustrate the method 
employed by CBOE [6] for calculating their implied 
correlation index. The method starts from calculating the 
variance of the portfolio  2 Port

2
. Given that the portfo-

lio consists of n assets, Port  can be calculated from 
Equation (1) 

2
,

1 1

n n

Port i j i j i j
i i

w w  
 

   .       (1) 

where: 

Port  = Standard deviation or volatility of the portfo-
lio (per annum). 

,iw w
,

j  = Weight of asset i and j. 

i j   = Standard deviation or volatility of asset i and 
j (per annum). 

,i j = Correlation coefficient between asset i and j. 

,

If all correlation coefficients in the correlation matrix 
1 for 1, ,i i i n   . 

are assumed to be identical, then all ,i j  for i  j is 
equal to r in which r is a constant real number lying 
within the closed interval [–1, 1]. The correlation matrix 
with such correlation coefficients is called equicorrela-
tion matrix. Suppose that the equicorrelation matrix is 
being used to describe the relationship among assets in 
the portfolio, Equation (1) can be rewritten as: 

1
2 2 2

1 1

2Por

n n n

i i i j i j
i j i j

t w r w w 


  

     .      (2) 

Thus, a closed-form formula of r can be derived by 
simple rearrangement of Equation (2). 
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Since , iw i , and Port  are non-negative number, 
the terms  

2 2

1

n

i i
i
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and  
1

1

n n

i j i j
j i j

w w  


 
  

will also be non-negative number. For this reason, if 

i, ,i jw w  , and j  remain unchanged, the higher Port  
will result in higher r; on contrary, the lower Port  will 
result in lower r.  

Further, the Equation (3) can also be used to calculate 
the implied correlation coefficient  Er  of equicorrela-
tion matrix by simply changing the volatility to be im-
plied volatility as follows: 

   2 22
1

1

1
2

nQ Q
i iiE

n n Q Q
i j i jj

P r

j

o t

i

w
r

w w

 

 




 





 

.           (4) 

where: 
Q
Port

,Q
= Implied volatility of the portfolio (per annum). 
Q

i j  = Implied volatility of asset i and j (per an-
num). 

Although the CBOE implied correlation index as-
sumes equicorrelation matrix, it is considered to be use-
ful for hedging correlation risk or indicate overall corre-
lation trend. However, because of unrealistic correlation 
assumption, equicorrelation matrix not be widely ac-
cepted for other applications, for instance, option pricing, 
portfolio allocation, or risk quantification. 

3. Buss and Vilkov’s Method 

To the best of our knowledge, Buss and Vilkov’s method 
[4] is the only existing method for calculating realistic 
implied correlation matrix. So this section aims to give 
an overview of Buss and Vilkov’s method. The underly-
ing concept of realistic of having realistic implied corre-
lation is that every asset shouldn’t share the same corre-
lation coefficient. For example, assets in the same indus-
try should be more correlated together; assets with high 
market cap should be less correlated to assets with low 
market cap. Thus, it is important to have a prior knowl-
edge about correlation matrix structure of portfolio that 
we want to extract realistic implied correlation matrix 
 QR . Assume that PR  is a valid correlation matrix 
under the objective measure, we are interested in obtain-
ing a valid  from QR PR  where the valid correlation 
matrix is defined in Definition 1. 

n nDefinition 1. An   valid correlation matrix must 
have the following characteristics:  

1) Diagonal entries must be 1; 
2) Non-diagonal entries are real numbers lying in the 

closed interval [–1, 1];  
3) The correlation matrix is symmetric; and  
4) The correlation matrix must be positive semi-defi-

nite.  
When correlation coefficients among assets are not 

identical, the implied volatility of the portfolio  Q
Port  

can be described as: 

 2Q Q Q Q
Port W V R V W      .        (5) 
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where: 
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2
n n n

Q Q Q
Port i i i j i j i j

i j i j
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        (6) 

Because i , w Q
i , and Q

Port  are non-negative num-
ber, the terms  

 22

1

n
Q

i i
i

w 

  and Q Q

i j i jw w    

are also non-negative number. Given that other variables 
in Equation (6) are fixed, an increase in any of ,  will 
result in a rise in 

Q
i jr

Q
Port . Likewise, a decrease in any of 

,  will result in a drop in Q
i jr Q

Port . To be realistic,  
must not be an equicorrelation matrix where all  are 
identical, but  should be a function of 

QR

,
Q

i jr
QR PR .  

Buss and Vilkov [4] use the theory similar to the 
weighted average correlation matrices (WACM) method 
[7] to extract realistic correlation matrix in which the 
realistic correlation coefficient  is set to 

,

 ,
Q

i jr
, 1 p p

i j i jr   r , where  1,0   . Suppose that U is 
the square matrix with n dimensions with all elements are 
1, the above assumption can be written in matrix form as: 

Q P PR R U R     .           (7) 

By substituting Equation (7) into Equation (5), it is 
straightforward to show that the following equation can 
be obtained: 

 
 

2Q Q P Q
Port

P

W V R V W

W S U R S W




    
 

    
.      (8) 

Once   is found, we can easily calculate  from 
Equation (7).  

QR

Let P
Port  be the implied volatility of the portfolio 

obtained from PR , which can be described by Equation 
(9) or Equation (10): 

 2P Q P Q
Port W V R V W               (9) 

P Q P Q
Port W V R V W              (10) 

Since every element in PU R  is greater than or 
equal to zero,   will be positive only when 

P Q
Port Port  . However, positive may cause the realistic 

correlation matrix  QR  to be invalid when 
P Q
Port Port  . That is the reason why, we propose another 

algorithm that can handle such cases. 

4. New Algorithm for Obtaining Realistic  
Implied Correlation Matrix  

According to WACM [7], suppose that and are valid 
correlation matrices with n dimensions. And the weight 
(w) is a real number in the closed interval [0,1]. If 

 1w A w BC     , then C must be a valid correla-
tion matrix. Let U and L be the equicorrelation matrix of 
1 and  1 1n  . Further, it is important to note that U 
and L are the valid upper bound and valid lower bound of 
equicorrelation matrix respectively.  

Suppose that B and C are replaced by PR  and  
accordingly, we will get: 

QR

 1Q PR w A w R               (11) 

By simple formula rearrangement, we can obtain: 

Q P PR R w A R                (12) 

By substituting Equation (12) into Equation (5), it is 
straightforward to show that the following equation can 
be obtained: 

   
 

2 2Q P
Port Port

Q P Q
w

W V A R V W

 


    
        (13) 

The four-step algorithm for obtaining realistic implied 
correlation matrix from implied correlation index is then: 

Step 1: Calculate the Q
Port  by using Equation (10). 

Step 2: Select the boundary matrix (U or L) based on 
relationship between two implied volatilities of portfolio 
( P

Port  and Q
Port ). 

• If , P Q
Port Port  then we will set A = L.  

The lower bound matrix (L) is selected. It means that 
we need to adjust PR  down toward L to obtain the real-
istic implied correlation matrix .  QR
• If , P Q

Port Port

The upper bound matrix (U) is selected. It means that 
we need to adjust 

   then we will set A = U.  

PR  up toward U to obtain the realis-
tic implied correlation matrix .  QR

Step 3: Compute w by using Equation (13) according 
to the choice of A in step 2. 
• When P Q

Port Port , w can be calculated from:  

   
 

2 2Q P
Port Port

Q P Q
w

W V L R V W

 


    
         (14) 
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P Q
Port Port  , w can be calculated from: • When 

   
 

2 2Q P
Port Port

Q P QW V U R V W     
w

 
          (15) 

Step 4: Calculate the realistic implied correlation ma-
trix  using Equation (12) based o
previous step. 

e are interested to find a realistic implied 
rtfolio of five as-

 QR n w from the 

5. Hypothetical Example 

Suppose that w
correlation matrix of a hypothetical po
sets as described in Table 1. 

Let the implied volatility of portfolio  Q
Port  be 0.17. 

The following matrices are extracted from the informa-
tion given in Table 1: 

 0.30 0.25 0.20 0.15W      (16) 

0.25

 0.10

0 0 0 0

0 0.27 0 0 0

0 0 0.29 0 0

0 0 0 0.31 0

0 0 0 0 0.33

QV

 
 
 
 





    (17)  









   (18) 

The minimum eigenvalue of




1 080 0.70 0.60 0.50

0.80 1 0.75 0.65 0.55

0.70 0.75 1 0.70 0.60

0.60 0.65 0.70 1 0.15

0.50 0.55 0.60 0.15 1

PR




 




 

 PR  is 0.1435. So it en-
sures that PR  

t s

is a valid correlation matrix. Then, we 
can start using the above al  to obtain realistic 
im

gorithm
. plied correlation matrix  QR

In the firs tep, we use Equation (10) and information 
in Equations (16)-(18) to obtain 0.2379P

Port  . 
For this scenario, Q

Port  . So the matrix A is set 
to

0.17
 be equal to L in Equation (19) because P Q

Port Port  . 
 

othetical pTable 1. The hyp tfolio of five assets. or

Correlation coefficients 
under the objective measure Symbol Weight 

Implied 
volatility 

AA BB CC DD EE

AA 30% 1 5025% 0.80 0.70 0.60 0.

BB 25% 27% 0.80 1 0.75 0.65 0.

0.

0.

EE 10% 33% 0.50 0.55 0.60 0.15 1 

55

CC 20% 29% 70 0.75 1 0.70 0.60

DD 15% 31% 0.60 65 0.70 1 0.15

1 0.25 0.25 0.2 5 0.2

5 5 .25

5 5 .2

0.25 0.25 0.25 1 0.25

0.25 0.25 0.25 0.25 1

5

0.2 1 0.25 0.2 0

0.2 0.25 1 0.2 0 5L

 
     
     
 
    
     

   ) 

By using Equation (14), we can then obta
0.5016. Finally, by substituting w into Equation (12), 

 will be: 

(19

in w = 

QR

1 0.2733 0.2235 0.1736 0.1238

0.1736 0.1985 0.2235 1 0.0506

0.1238 0.1487 0.1736 0.0506 1

R

0.2733 1 0.2484 0.1985 0.1487

0.2235 0.2484 1 0.2235 0.1736Q

 
 
 
 
 

 
  

  

(2
The above is still a positive semi-definite as its 

minimum ue is 0.6882. By calculating 

0) 
QR  

 eigenval Q
Port  

. Then
Eq

from Equatio (5), (16), (17), and (20)  
can be obtained. This proves that the 
ns 

e 
0.17Q

Port   
tio

ua-
n (20) is th correlation matrix that can make the 

portfolio volatility equal to implied volatility of the port-
folio. Since QR  in Equation (20) is generated based on 

PR  an  an equicorrelation matrix, we can conclude 
that it’s a realistic implied correlation matrix. As a result, 
ones can use this correlation matrix in other application 
such as pricin asket options.  

n comparison with the existing method introduced in 
Buss and Vilkov [4], 

d not

g b
I

  from Equation (8) is calculated. 
Based on the information in this example, 0.12688  , 
which is not in the range of (–1, 0]. In theory, the QR  in 
Equation (21) that is generated from Equation (7) based 
on out-of-range   may not be positive semi-definite. 

1 0.5462 0.3194 0.0925

0.5462 1 0.4382 0.2059 0.0210

0.3194 0.4382 1 0.3194 0.0925QR

0.1344

0.0925 0.2059 0.3194 1 0.9285

0.1344 0.0210 0.0925 0.9285 1

 
  
 
 

 
    

  

(21
The minimum eigenvalue of in Equation (21) is 

–0.0323. Although this  ca nerate
this is not 

6.

ance o
ew

Vilkov [4]. The empirical exam-
OE S&P 500 Implied Correlation Index 

) 
 QR  
n ge
inite 

QR
positive semi-def

 0.17Q
Port  , 

nor valid anymore. QR  

 Results 

In the above example, we compare the perform f 
our n  algorithm (NA) and the existing method (BV) 
introduced by Buss and 
ple of the CB
(CSPICX) from CBOE [6] will be used throughout this 
section (see Table 2). 
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Table 2. Information of SPX stocks on May 29, 2009. 

Symbol Share Price Implied Volatility Weight 

AAPL 135.81 41.49 2.92% 

ABT 45.06 29.85 1.68% 

AMGN 49.94 40.2 1.25% 

BAC 11.27 73.02 1.74% 

BMY 19.92 33.51 0.95% 

CMCSA 

GOOG 417.23 

1  

L

M  

 3  

W  

13.77 46.48 0.96% 

COP 45.84 38.91 1.64% 

CSCO 18.5 37.87 2.61% 

CVS 29.8 34.25 1.05% 

CVX 66.67 32.97 3.22% 

DIS 24.22 40.36 1.08% 

GE 13.48 48.55 3.43% 

GILD 43.1 34.96 0.95% 

32.61 2.41% 

GS 144.57 43.88 1.75% 

HD 23.16 40.12 0.95% 

HPQ 34.35 37.16 1.99% 

IBM 06.28 29.37 3.44% 

INTC 15.72 37.61 2.11% 

JNJ 55.16 22.76 3.68% 

JPM 36.9 52.88 3.35% 

KFT 26.11 27.44 0.93% 

KO 49.16 24.41 2.36% 

LLY 34.57 32.81 0.84% 

OW 19.01 45.71 0.67% 

MCD 58.99 26.56 1.58% 

MDT 34.35 35.13 0.93% 

MM 57.1 31.08 0.96% 

MO 17.09 28.18 0.85% 

MON 82.15 41.52 1.09% 

MRK 27.58 35.66 1.40% 

MSFT 20.89 35.91 3.85% 

ORCL 19.59 34.62 1.81% 

OXY 67.11 45 1.31% 

PEP 52.05 25.45 1.95% 

PFE 15.19 35.45 2.47% 

PG 51.94 26.92 3.67% 

PM 42.64 30.39 2.06% 

QCOM 43.59 7.54 1.73% 

SGP 24.4 26.95 0.96% 

SLB 57.23 46.56 1.65% 

T 24.79 33.43 3.52% 

UPS 51.14 35.45 1.23% 

USB 19.2 58.82 0.81% 

UTX 52.61 33.47 1.20% 

VZ 29.26 32.12 2.01% 

FC 25.5 63.61 2.61% 

WMT 49.74 27.87 2.68% 

WYE 44.86 24.33 1.44% 

XOM 69.35 30.99 8.27% 

Sourc OE [6]. 

Theoretically, the CSPICX is orrelatio -
cien quicorrelation matrix, w can be d  
usin ation ( wever, fo index, not all un-
der ssets in &P500 i X) ar  in 

 Other than implied volatility of SPX op-
tio

e: CB

 the c n coeffi
t of e hich erived by
g Equ 4). Ho r this 

lying a  the S ndex (SP e used
the calculation.

ns, we only need to use the information of 50 largest 
underlying assets in SPX and their options to calculate 
CSPICX. By assuming that the portfolio of SPX con-
sisted of 50 underlying assets, the minimum and maxi-
mum values of its valid equicorrelation matrix is −1/49 
and 1 respectively. Further, these boundaries can be ap-
plied to CSPICX because it is derived based on the as-
sumption of equicorrelation matrix with 50 underlying 
assets. 

To test the performance, we first assume that the 
CSPICX is lying in the open interval of (–1/49, 1) and 
the valid correlation matrix under the objective measure 
 PR  is randomly generated by using the algorithm in 
[8]. Then we can calculate the following variables:  

1) Implied volatility of the portfolio of SPX  Q
Port  

by using Equation (2).  
2)   and P

BVR  based on Buss and Vilkov [4] by 
Equations (8) and (7) respectively.  

3) w and 
using 

P
NAR  based on the new algorithm introduced 

in d (12)

ed  ex

 the previous section by using Equations (13) an  
respectively.  

Bas  on our periments of 1 million simulations, we 
cannot find any invalid P

NAR . However, as shown in 
Figure 1, the probability of correlation matrix  P

BVR  
being invalid rises as CSPICX drops. This invalidity 
arises from the Q decrease of Port , which leads to the 
higher chance of having P Q

Port Port  . Thus we can 
clearly see that NA can outperform BV for obtaining 
valid realistic correlation matrix in terms of stability of 
the solution. 
 

 

Figure 1. Probability of P
BVR  being invalid. 
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7. Concluding Remarks 

The proposed algorithm in this article allows us to obtain 
a realistic and valid implied correlation matrix given that 
a valid implied equicorrelation matrix can be obtained 
from the same set of information. In other words
implied correlation index or the correlation coefficient of 
implied equicorrelation matrix must be in the closed in-
terval 

, the 

 1 1 ,1n    , where n is the dimension of
relation matrix. It’s worth nothing that the method in 
Buss and Vilkov [4] can achieve the same objective, but
the scope is more limited. This new algorithm outper-
forms both Buss and Vilkov’s and CBOE methods be-
cause it can be used to obtain a valid implied correlation 
matrix. Once the realistic and valid implied correlation 
matrix can be obtained, we can use this information in
various applications, such as portfolio optimization,
stress t p

 cor-

 

 
 

esting, option pricing, dis ersion trading, and so 
forth. 
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