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ABSTRACT

The effects of future output price uncertainty and wage uncertainty on a firm’s investment decision are examined in this
paper, by assuming the competitively risk-neutral firm maximizes the expected value of the sum of discounted cash
flows. We find that the optimal investment behavior is such that the expected proportional growth rate of investment is
invariant over time, although there exists a tradeoff between the effects of the two uncertainty on firm’s investment be-
cause the shift in output price has positive effects on firm’s investment, whereas the shift in wage has negative impacts
on firm’s investment. And what’s more important, fluctuations in output price and wage are correlated so that changes
in output price tend to be accompanied by changes in wage.
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1. Introduction

During the past decades, many scholars studied the
effects of uncertainty on a firm’s input and output de-
cisions. Regarding to this topic, one can see references
we enumerate at the end of the paper and etc. Within
those papers, considerable results and conclusions have
been achieved. For example, Hartman [1] examined the
impacts that increased uncertainty in future output prices,
wage rates and investment costs has on the quantity of
investment undertaken by a firm, and pointed out current
investment doesn’t decrease with increased uncertainty
in future output prices as well as wage rates, and in-
variant to increased uncertainty in future investment
costs. The sign of the investment-uncertainty relationship
is negative, and that the quantitative negative impact is
substantially greater in industries dominated by small
firms are shown in Ghosal and Lougani [2] by studying
the impact of profit uncertainty on investment and whe-
ther or not this response is different in industries that are
dominated by small firms versus those that are domi-
nated by relatively larger firms. These results are robust
to accounting for potential endogeneity of the uncertainty
measure, alternate procedures for measuring uncertainty,
and alternate ways of segmenting industries into small-
and-large firm groups. In Peeters [3], empirical results
proved that both demand and price uncertainty correlate
significantly with corporate investment, and that output
price uncertainty depresses investment in Belgium and
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Spain. Applying dynamic panel data methods, Temple, et
al. [4] found that all sources of uncertainty exert a con-
siderable negative impact on investment while financial
factors may be important in some industries. Bloom
offered a structural framework to analyze the impact of
these uncertainty shocks and built a model with a time-
varying second moment, which is numerically solved and
estimated using firm-level data in Bloom [5]. The para-
meterized model demonstrated higher uncertainty causes
firms to temporarily pause their investment and hiring,
and the increased volatility from the shock induces an
overshoot in output, employment, and productivity. Thus,
uncertainty shocks generate short sharp recessions and
recoveries. In Lee and Shin [6], they discovered that in
the absence of fixed adjustment cost, a higher labor share
strengthens the positive relationship between investment
and uncertainty, whereas in the presence of a lumpy
adjustment cost, optimal investment will drop to zero as
uncertainty increases if labor share is low, but will
increase if labor share is high. Both the case in which the
firm faces an uncertain price in a perfectly competitive
commodity market and the case in which the firm faces
an uncertain downward sloping demand function are
studied in Nielsen [7], the results showed higher ex-
pected price increases optimal output, and a quantity
setting policy implied a tendency towards smaller quan-
tities and higher price, while on the contrary, a price
setting policy implied a tendency towards lager quantities
and lower price, than under certainty.

Besides, Lucas and Prescott [8] made an extension of
“cost-of-adjustment” type investment theory to situations
involving demand uncertainty, and determined the time
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series behavior of investment, output, and price in a com-
petitive industry with a stochastic demand. The effects of
demand and cost uncertainty on a firm’s investment, out-
put and pricing decisions are examined in Pindyck [9],
the conclusion suggested the desired capital stock and
output level will be higher/lower if marginal adjustment
costs are rising at an increasing/decreasing rate, under the
condition that demand shifts stochastically. At the same
time, when the marginal adjustment costs of a risk-averse
firm rise at an increasing or constant rate, uncertainty
will increase the desired capital stock and output. Fur-
thermore, the effects of stochastic fluctuations in factor
costs are the same as demand fluctuations on a firm’s
behavior. And what’s more important, these results are
robust and consistent whether a firm is competitive or
monopolistic. In particular, Abel [10] demonstrated the
results of Hartman [1] continue to hold using the sto-
chastic specification of Pindyck [9] and the analysis of
Pindyck’s applies to a so called “target” investment rate
which is not optimal in general, by developing a special
case of the model in Pindyck’s to verify the effects of
output price uncertainty on investment decision for a
risk-neutral competitive firm with convex adjustment
costs. Abel and Eberly [11] extended the theory of in-
vestment under uncertainty to incorporate fixed costs of
investment, a wedge between purchase price and sale
price of capital, and potential irreversibility of invest-
ment. They found investment is a nondecreasing function
of shadow price of installed capital, and the optimal rate
of investment relies on the value of shadow price relative
two critical values. By using information on the sub-
jective probability distribution of future demand for
firm’s products, Guiso and Parigi [12] investigated the
effects of uncertainty on the investment decisions of
some ltalian firms. The results suggest uncertainty wea-
kens the response of investment to demand, and the
negative effects of uncertainty on investment can’t be ex-
plained by uncertainty proxying for liquidity constraints.
In Bloom, et al. [13], they showed that with (partial)
irreversibility higher uncertainty reduces the respon-
siveness of investment to demand shocks, and uncer-
tainty increases real option values making firms more
cautious when investing or disinvesting, which con-
firmed both numerically for a model with adjustment
costs and time-varying uncertainty. And so on(See [14-
27)).

Ultimately, it’s worth mentioning that the shortcoming
of Pindyck [9] is that it didn’t derive an expression for
the optimal rate of investment in the general model, but
analyzed it by stochastic phase diagram approach instead,
of which the problem is that it’s unreasonable for a firm
to be on the locus with zero expected change in invest-
ment, even in the long-run. In view of this, we construct
a concrete case can be solved explicitly herein. In addi-
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tion, our model is an extension to that in Abel [10], since
we take output price uncertainty and wage rate uncer-
tainty into account simultaneously, rather than consider
output price uncertainty only. Evidently, it’s sensible and
logical to consider the price uncertainty and wage uncer-
tainty together because fluctuations in output price tend
to be accompanied by variations on wage in general, that
is, changes in output price and wage are correlated.

The major contributions, in brief, of this paper relative
to existing literatures are, on the one hand, an explicit
solution is derived and firm’s investment behavior is
analyzed qualitatively and quantitatively rather than just
qualitatively, on the other hand, both price and wage
uncertainty are taken into account reasonably and simul-
taneously rather than consider the price uncertainty only.
What’s more important, so far to our knowledge, the
question we discussed in the paper is still open. As we
expected, our conclusion is consistent with that in Abel
[10], which shows that the optimal investment behavior
is such that the expected proportional rate of change of
investment is constant over time. The remaining of this
paper is organized as follows. In Section 2, we describe
our model at length. Section 3 analyzes the effects of
uncertainty on investment. Finally, conclusion is pre-
sented in Section 4.

2. Model Description

In this section, we will introduce the model again in
detail for the sake of intactness, although it’s a special
case of the model in Pindyck [9], and is an extension to
the model in Abel [10]. For our purpose, we give hy-
pothesis as below.

(H,) The firm is risk-neutral and competitive with
strictly quasi-concave production function as well as with
convex costs of adjustment function. But for simplicity
and operability, production function is adopted by Cobb-
Douglas type, namely

F(K,L)=AK“L"®, 0<w<l,

where, K and L are respectively capital stock and
labor, and A denotes technology. Without loss of gene-
rality, we normalize A to unit one hereafter, i.e., A=1.
It’s obviously that F (K, L) =K“L"” satisfies the con-
ditions of quasi-concave, i.e.,

Fe,F.>0,F,F, <0,F, =F,>0F.F, -F >0
And the convex costs of adjustment function is adopted
by the form as C(1)=vl¢,0 >0 is the purchase price
of one unit capital(equipment), ¢ >1 is the constant
elasticity, and 1 is the gross investment. As many lite-
ratures suggested previously, C (I ) confirms with
C(0)=0 and C(1)>0,C'(1)>0,C"(1)>0, for any
I >0. Note that the convexity of the adjustment costs
function C(1) implies that it is more costly to increase

JMF



140 J. W. HUANG

capital stock quickly than slowly.

(H,) Capital accumulation equation at time t is
defined by

K, =1,-6K,, @

here, 0< & <1 is the depreciation rate.

(H3) The stochastic behavior of output price p and of
wage rate w at time t follows geometric Brownian motion,
that is

dp,/ p, =v,dt +o,dW,, 2
dw, /w, =v,dt + o,dW,, (3)

where, W, and W, are two Wiener processes with zero
mean and unit variance, v,,v,,o,,0, are all non-zero
constants. As a matter of fact, v; and v, can be re-
garded as inflation rates. Besides, we set

E[dW,dW, | = p,,dt, (4)

here, 0< p, <1 is the instantaneous correlation co-
efficient for the two Wiener processes W, and W,. E
is the expectation operator.

For a risk-neutral and competitive firm, its objective is
to maximize the expected present value ¥ of cash flow
by selecting labor L and investment | . Mathema-
tically, the optimal problem can be described as

¥ (Ke pow )
= max E, (P KL —w L -0l e ds,

Vs >t,

subject to constraints in (1)-(4). Of course, discount rate
£ >0 issetto be constant here.
Remark 1. In Pindyck [9], the general model can be
rewritten as
® ~B(s-t)
rLr:ﬁz(Et (PF (Koo L) =w, L, —C(1,))e " Vs,

Vs >,

subject to (1) and dp =z (p)dW,,dw = u, (w)dW, ,
where, F(K,L) is a general production function with
strictly quasi-concavity and C(I) is a general adjust-
ment-cost function with convexity, and s, (p), s, (W)
are two functions respectively with respect to p,w. In
the general case, Pindyck did not obtain an explicit solu-
tion for the optimal investment, but analyzed the firm’s
investment behavior qualitatively by using stochastic
phase diagram approach instead. However, our model
will collapse to the the special case expressed in Abel [10]
by setting v, =0 as well as v,=0,0,=0, ie., the
wage is non-stochastic. In this special case, Abel derived
an explicit solution and found the optimal investment
rate is such that the expected proportional rate of change
of investment is a non-zero constant over time.

Remark 2. We argue that it is not nonsense to assume
that the wage rate follows a stochastic process in reality.
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Also, it’s feasible in practice. For example, Hartman [14]
has considered the wage rate as a random variable and
perfect results have been achieved. Differently, however,
we here need not presume that the distribution of price
p, and of wage rate w, are independent, which was
proposed in Hartman’s. Conversely, the dependence of
them is allowed in our paper. Fortunately, we will prove
later that this case is feasible too. Alternatively, it’s
logical to think wage rate changes with the fluctuation of
output price. Indeed, by supposing that the firm’s goal is
to pursuit the maximum profit, then, at least in the
short-run, the employers would cut back their costs by
reducing wage rate if the price of output falls due to
some reasons. By contrary, if the price of output rises,
then the firm would raise the wage rate to make
employees work harder to produce more.

It’s not difficult to prove that W (K, p,,w, ), reduced
by W hereafter, obeys formula

B¥dt = max(p KL —wL, —ol{ )dt

5
+E, (dV¥). ©

Straightforwardly, the left-hand side of (5) can be
regarded as the total mean return desired by the firm over
the time interval dt, if the firm requires a mean return
rate . On the contrary, the right-hand side of (5) is the
whole return expected by the firm, which is the sum of
cash flow and expected capital gain or loss E (d¥). In
other words, optimality means the desired mean return is
equal to the expected return.

Now, we will derive the expression of the optimal
investment rate 1, step by step. To begin, we present
the following Proposition 1.

Proposition 1. The firm’s optimal rate of investment
I, can be expressed as

., (0-1)/ 0 J/((—l)

_| XbB Wt( W

I, =| &=¥———"—F— , (6)
1,08

where

= Cl)(l— a))(w—l)/(u ,

4= prs- i@y @

(1-o) (012 +0l -20,0,p, )

20°

It is clear to see from (6) that the optimal rate of
investment 1, does not depend on K,, but increases
with p,, decreases with w,, since 0<w<1,¢ >1.

Proof. First of all, we claim that 1t6’s Lemma is
applicable under the hypothesis (H,)-(H;) . Thus,
applying 1t6’s Lemma to calculate the capital gain or loss
d¥, we have

JMF



J. W. HUANG 141

d¥ =¥ dK, +%¥ dp, +¥,dw,
W (dK ) 24, (dp, ) /24, (dw, ) /2
+\PPK (dpt)(th)+\PwK (th)(th)
+‘Ppw(dpt)(dwt).

Inserting (1)-(4) into (8), meanwhile recalling that
Et(dW)=(dt)’ =(dt)(dW)=0 and (dw)*=dt for
any standard Wiener process W , we get

E (dW)=((1, 0K, )W +vp ¥, +v,Ww ¥,
+O'12 pf‘l’pp/2+G§W[2‘PWW/2+alazp12 p[Wt‘PpW)dt.
©)]

®)

Substituting (9) into (5), we obtain
B¥ = max(p KL —wL —olf +(I, —5K,) ¥y
VP, v, W, + ol pPY, [2 (10)
+OLW, ‘~I’WW/2+O'10'2p:12 pw, 'Y, )
By simple computation, it yields

ax:(pth’”L%""—W[L[) xnp’” wl/wK

t
(11)

7= C{)(l— w)(w—l)/w .
Notice that, z p/”

product of capital.
Next, differentiating the right-hand side of (10) with

respectto 1, there holds
Dl R O (12)

An economic interpretation can be seen straightly from
(12), i.e., the optimal investment rate is such that the
marginal cost of investment equals the marginal valu-
ation of capital. Plugging (11) and (12) into (10), we have

w“ s the marginal revenue

where
2= U(Cf—l)(u{j)d(l{)

It’s well known that we can rewrite (12) and (13) as a
nonlinear second-order partial differential equation, des-
pite such equations are unsolvable in general case. But
fortunately, an explicit solution can be derived herein due
to our assumptions. Note that we can strictly prove that
there exists a W to satisfy the nonlinear second-order
partial differential equation given by (12) and (13)
together. The argument process, however, is not the
emphasis in the paper. Hence, we omit the details here.
Now that the solution W exists and taking the form of
(12) and (13) into account, we guess the form of ¥ as

¥ =24 piwW K, + 4, pM W, (15)

where, 4,,4,,a,b and m,n
coefficients.
In terms of (15), it yields

=ﬂlpf‘ w,
—abﬂiptal blK +mn22pml nl

VY, =alpi WK +ma, pl )
v, =a(a-1)4pi*wK (17)
+m(m-— 1);tzpm2 w'
¥, =bA p*wW 'K, +n4, p{”wt”’l,
¥, =b(b=1)2 piw ?K, (18)
+n(n-1) 4, p"w

Lastly, applying method of undetermined coefficients,
and combining (13) as well as (16)-(18), it’s not difficult
to get

,and g asin(7). (14)

are all undetermined

(16)

w. (0-1)/o _ /?1 a)—l )@
Y =up Wt( v/ K, +}(3\Pé};/(§ l)_é‘Kt‘PK ¥= X P “ (19)
+Vl pt\Pp +V2W1\PW +012 ptz‘Ppp/2 (13) +l pg/m = 1 w—l)/ro(g—l)
+622Wt2\wa/2 + 010-2,012 ptWt\P pw? Where
gi¢-1
27, (Zl/lz) e

Xo =

—v,rav,)¢ (@t -0g)iol +(of —o-of +¢) o} + 20, (0-1) P00,

(v
2p-22

X x.asin(7),and y, asin (14).
Following (12) and (19), we see immediately that

| = X B th(wil)/w
' X208

Obviously, some results can be obtained directly from
(19) and (20). The firm’s value , for instance, is a linear

Y
J VX X, asin(7) - (20)
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o (¢ -1)°

function of the capital stock K,. The optimal rate of
investment It does not depend on K., but increases with
p, . decreases with w,, since O0<w<1,¢ >1.

3. The Effects of Uncertainty on Investment

We will analyze the qualitative effects of price and wage
uncertainty on investment in this section, for given the

JMF



142 J. W. HUANG

current level of output price p,, and of wage rate w,.
Proposition 2. If

2+l >2p, (\/<012 +& ) (o} +63) —0'10'2) , then the

increases in uncertainty of output price and of wage rate
together will have positive effects on the optimal
investment rate |, . Conversely, if

e2+e2 <2p, (\/(0'12+512)(0'22+822)—0'10'2), then the

increases in the two uncertainty will have negative
effects on the optimal rate of investment. Particularly,
there will be no effects of shifts in uncertainty on the
investment so long as

g +el=2p, (\/<o—f + gf)(azz +522) - 0102) . Here,

g, & are respectively the fluctuations in uncertainty
o?, 07, which associate with p,, w, , correspondingly.

Proof. As a matter of fact, in order to analyze the
effects of uncertainty on investment behavior, we just
need to determine the effects of uncertainty on

& =2 plow@ e pecause I, relies on & only. To
X2

this end, taking the expression of &, y,, x, into account,

we only require focusing on the change of

ol +0} —20,0,p,. By simple analysis, we see the

changes in uncertainty of output price and of wage rate

together will result in a rising in the optimal investment
rate |, if

% 457+ 0b +52 —2p12(\/(0'12 vef)(o? +g§))
2 2
>0 +0, —20,0,0,,
i.e.,
2+l >2p, (\/(of +gf)<022 +g§) —0102) . Similarly,

the changes in the two uncertainty will lead to a falling in
the optimal rate of investment if Specially, as long

g +el<2p, (\/(012 +512)(022 +522) —o-lo'z) . Specially,

aslongas &2+&2=2p, (\/<012 +&)(of +&3) —0102) :

then there will be no effects of changes in uncertainty on
the investment behavior.

Remark 3. Certainly, the conclusion above will hold
aslongas ¢ >1, but no matter the marginal adjustment
cost function is convex (¢ >2), concave (¢ <2), or
linear (¢ =2).

Subsequently, we will explain the effects of uncer-
tainty on investment. To achieve this goal, it’s a good
choice to simulate the idea in Abel [10]. As mentioned in
(11), zpY“w“™ is the marginal revenue product of
capital( M, hereafter), thus

v +(0-1)v, N (l—a))(O'l2 +0o? —20'10'2,012)

E (M s) =1k ( pi/wwgwfl)/w) =1 pt]/l”Wt(wfl)/“’ exp

Here, we used (2)-(4) to get the second equality.
Naturally, the expected present value of the marginal
revenue product of capital is

j:oEt(Ms)exp(—(ﬂ+§)(s—t))ds. Inserting (21) into
this integral directly, we see that the integral is actually

equal to &, this indicates ¢ =4 pYow eV s the
X2

expected present value of the marginal revenue product

w 2w

. (s—t);. (21)

uncertainty affects investment by means of influencing
the expected value of future marginal revenue product of
capital.

Finally, the dynamic behavior of investment will be
explored at the end of this section.

Proposition 3. The optimal investment behavior is
such that the expected proportional growth rate of in-
vestment(non-zero in general) is constant over time.

Proof. Applying 1to’s Lemma to & = ZL pYow(@ /e

of capital  p’“w”™“. Hence, we can say that the it yields X
2 2
%: 1 dpt +w_1%+l_(20 % +l_(20 % +w_21%% (22)
& @ P o W 20 P 207 \ W, o P W
Substituting (2)-(4) into (22), it’s easily to obtain
1_dé& v+(eo-1)yv, (1_0))<012+O'22—2610'2p12)
—E 2= + > : (23)
dt =~ & ® 20
Applying 1t6’s Lemma to (20), there holds
dl, 1 dp, w-1 dw l+o-of (dp) (L-0)l+el-20)(dw w-1 dp, dw,
—L = —t+ —L+ S — | + > 5 — |t @9
L o(¢-1) p o(l-1) w20 (¢-1)" P, 207 (¢ -1) W, ) @f(¢-17 P W,
Copyright © 2013 SciRes. JMF
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Substituting (2)-(4) into (24), it’s easily to get

1 dl v +(@-1)v, +(l+a)—a)§,’)¢:>'12 +(1-0)(1+ o -20)0; —Z(a)—l)alazplzl

dt I, w(¢-1)

So far, from (23) and (25), we observe that both the
expected growth rate of marginal revenue product of
capital and the expected proportional growth rate of in-
vestment are constants over time, neither they depends
on output price or wage. Simultaneously, it’s clearly to
see the two expected growth rates are zero in the case
without uncertainty.

4. Concluding Remarks

The objective of this paper is to analyze the effects of
uncertainty on a competitively risk-neutral firm’s invest-
ment decision. By referring the methods presented in
Abel [10] and Pindyck [9], we find that given the current
output price and wage rate, then the fluctuations in
uncertainty of output price and of wage rate together will
result in positive impacts on the optimal investment rate

I, if & +&l>2p, (\/(0'12 +512)<0'22 +522) —0102) ,

whereas the fluctuations in uncertainty will lead to
negative impacts on the optimal rate of investment if

g +e<2p, (\/(012 +512)(022 +522)—0'10'2) , and there

won’t have any effects of fluctuations in uncertainty on
the investment so long as

g +es>2p, (\/(012 +£12)(022 +£22) —0'10'2) , Where

g, & are changes in uncertainty of output price o7
and of wage rate o7 , respectively.

The expected growth rate of marginal valuation of
capital and of investment are both invariant over time.
And moreover, by observing (23) and (25) carefully, we
see that the expected growth rate of marginal valuation of
capital multiplies the elasticity of investment with respect
to marginal valuation of capital, 1/(¢ —1), is equal to the
expected growth rate of investment when the marginal
adjustment costs function is linear, i.e., ¢ =2. Asto the
convex marginal adjustment costs function and the
concave type, the relationship between the two expected
growth rates are uneasy to determine, which is unlike the
case demonstrated in Abel [10].

We remark that it’s unnecessary to confine the produc-
tion function to Cobb-Douglas type, and strictly speaking,
the argument presented in the paper can be applied to any
production function obeys homogeneous of degree one.
Besides, we derived our results without considering whe-
ther the marginal revenue product of capital is convex,
concave or linear, which is different from Pindyck [9].
Self-evidently, our model will collapse to the one in Abel

Copyright © 2013 SciRes.

(25)

2

20° (£ -1)

[10], if set v, to be zero and assume the wage rate w,
without uncertainty.

At last, we mention the major contribution of this
paper. For one thing, an explicit solution is derived and
firm’s investment behavior is analyzed qualitatively and
quantitatively rather than just qualitatively. For another
thing, both price and wage uncertainty are examined
simultaneously since fluctuations in output price tend to
be accompanied by fluctuations in wage, rather than con-
sider the price uncertainty only. What’s more important,
so far to our knowledge, the question we discussed in the
paper is still open.
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